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1 Introduction

Affine term structure models (ATSMs) in interest rate theory have been the focus of a great deal of
study. The popularity of ATSMs is due to their analytic tractability and empirical properties. Examples
of ATSMs include the models of Vasicek [39], Cox, Ingersoll, and Ross [7], Hull and White [20],
Longstaff and Schwartz [29], Chen and Scott [4], and many others. The term ATSM was introduced by
Duffie and Kan [11] who carried out a general study of ATSMs and provided a characterization of the
bond price when the underlying factors process is an affine diffusion. The general ATSM of Duffie and
Kan [11] included as special cases most of the popular term structure models in the literature. ATSMs
have been further generalized to include a jump component in the factors process (see, for example,
Bjork et al. [1] or Chacko and Das [3] and the references therein). The study of ATSMs in finance has
also lead to very general studies of a class of processes, the regular affine processes, by Duffie et al.
[10].

Elliott and van der Hoek [14] studied ATSMs in the context of stochastic flows and the forward
measure to provide an alternative proof that the bond price is an exponential affine function of the
factors. A contribution to ATSMs of the flows methodology offered by Elliott and van der Hoek [14]
is that it avoids the necessity, as is in Duffie and Kan [11], of solving Riccati equations to determine
the bond price. Instead, the flows method involves solving a nonlinear integral equation with two
parameters and then integrating the solution with respect to one of the parameters. A key result upon
which the flows methodology is based is an approximation lemma which states that the conditional
expectation under the forward measure of the Jacobian of the stochastic flow is deterministic and is
equivalent to the two parameter integral equation.

While the flows methodology as presented by Elliott and van der Hoek [14] is conceptually very
interesting we have not been able to verify, in the case of the general ATSM, the approximation lemma
on which the method is based; there is a definite mistake in the proof of the approximation lemma.
Part of this paper completes and clarifies the results of Elliott and van der Hoek [14], to the extent
possible, by the introduction of forward-backward stochastic differential equations (FBSDEs) to the
stochastic flows approach. The introduction of FBSDEs avoids the technical difficulties with the orig-
inal approach of Elliott and van der Hoek [14] but it does come at a cost. The solvability of the Riccati
equation which appears in Duffie and Kan [11] is a sufficient condition for the FBSDE approach to
recover the main results of Elliott and van der Hoek [14] and thus their claim that “Riccati equations
are not needed” is weakened.

The application of FBSDEs to the particular case of the one-dimensional (CIR) model has already

been treated in Hyndman [21]. There are several important differences between the present paper and
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[21] beyond the obvious difference in dimensions of the model. Elliott and van der Hoek [14] employed
particular properties of the one-dimensional model, namely the semi-group property, to prove that the
Jacobian of the stochastic flow was deterministic and did not rely on the flawed approximation lemma.
The approach employed by Elliott and van der Hoek [14] for the CIR model cannot be directly applied
to multidimensional ATSM hence the authors’ use of the approximation lemma. Therefore, in contrast
to [21], the present paper addresses the results of Elliott and van der Hoek [14] in the case of the general
multidimensional ATSM.

The exposition of the FBSDE method presented in [21], while closer to the way we originally
derived our results, cannot be directly generalized to the multidimensional ATSM without some careful
modifications. A further difference between this paper and [21] is that the derivation of the backward
stochastic differential equation (BSDE) for the bond price presented in this paper is entirely different
from the approach presented in [21]. Where the approach presented in [21] requires the use of a result
on the representation of one component of the FBSDE in terms of the derivatives of the other two
components [21, equation (17)] a similar result is not used in this paper. In fact the result in question
emerges as Corollary 4.2 of the present paper. Therefore, the approach presented in this paper is the
probabilistic approach we state would be preferable in [21].

Grasselli and Tebaldi [16, 17] study the relationship between the flows approach, Riccati equa-
tions, and interest rate risk-management by algebraic methods. The flows approach must necessarily
be equivalent to solving the Riccati equation in cases where the ATSM is well-posed in the sense of
admissibility defined by Dai and Singleton [8] and consistency defined by Levendorskii [27, 28]. Gras-
selli and Tebaldi [16] take as a starting point for certain calculations that the conditional expectation of
the Jacobian of the stochastic flow is deterministic as claimed Elliott and van der Hoek [14]. However,
Grasselli and Tebaldi [16] assume the admissibility conditions of Dai and Singleton [8] and, as we shall
show, these conditions are sufficient to ensure that the conditional expectation of the Jacobian of the
stochastic flow is deterministic. Therefore, the results of Grasselli and Tebaldi [16] are not in question.
Nevertheless, one of these results, Grasselli and Tebaldi [16, Proposition 5], follows from the proof of
Corollary 4.4 of this paper.

The main result of this paper is the proof of an existence and uniqueness theorem for a coupled
nonlinear FBSDE, under the forward measure, associated with the bond price. Apart from the financial
applications the result is of independent interest since few explicit existence and uniqueness results
are available for coupled nonlinear FBSDESs and it represents a partial generalization of results proved
by Yong [40] for linear FBSDEs. From the existence and uniqueness theorem the characterization of
the ATSM and other results of Elliott and van der Hoek [14] and Grasselli and Tebaldi [16] follow as

corollaries.



The remainder of the paper considers affine price models (APMs) which have been used extensively
in financial modelling. The spot price of a risky asset (or a commodity) is specified as an exponential
affine function of a factors process. These models include Gaussian models as special cases. Examples
of Gaussian factor models include those of Gibson and Schwartz [15], Schwartz [36, 37], Cortazar
and Schwartz [5], Miltersen and Schwartz [32], Schwartz and Smith [38], and Manoliu and Tompaidis
[31] among others. General APMs offer further flexibility by also incorporating square-root or Cox,
Ingersoll, and Ross [7]-type factors and jump components. The general APM, in the context of futures
and forward contracts was studied by Bjork and Landén [2].

We extend the FBSDE approach for the bond to consider the futures and forward prices of a risky
asset (or commodity) paying a stochastic dividend yield (or convenience yield). The interest rate and
dividend yield are modelled as affine functions of the factors process. We also assume that the asset
price is modelled as an exponential affine function of the factors process. Similar to the case of the
bond we are able to completely characterize the futures price and forward price as exponential affine
functions of the factors process. We also indicate how the stochastic flows approach can be applied to
futures and forward prices, generalizing the results presented in Hyndman [22] for the Gaussian case.

The remainder of this paper is organized as follows. In Section 2 we provide the set-up for the
ATSM, review some of the existing results, and deal with some technical preliminaries. In Section 3
we introduce FBSDEs associated with the ATSM, and demonstrate the main results of the paper. In
Section 4 we examine the flows approach of Elliott and van der Hoek [14] and show the relation to the
FBSDE approach. Section 5 considers the generalization of the FBSDE method to APMs, futures and

forward prices, and stochastic flows. Section 6 concludes.

2 Prdiminariesand Notation

As is done in much of the literature on ATSMs, a notable exception being Duffee [9], we shall begin
our analysis on the risk neutral probability space (Q, F,{ %, t > 0},Q) for 0 <t < T* where T* is
the investment horizon and % is a right-continuous and complete filtration, and Q is the risk-neutral

(martingale) measure. The price of the zero-coupon bond is then given by

i
P(L.T) = Eqlexp(— | rudu)| ] n

at time t for maturity T < T*. There are numerous methods for calculating this conditional expecta-
tion. However, before any method can be applied some description of the risk-neutral dynamics of the
riskless interest rate, (ry), must be proposed.

We shall follow the methodology of Duffie and Kan [11] and assume that the riskless interest rate
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is a function of an R"-valued, { % }-adapted state process X; defined on (Q, F,{%, t > 0},Q) for
0 <t <T* Thatis, r; =r(X), for some function r : R" — R which will be specified shortly. As in
Duffie and Kan [11] and Elliott and van der Hoek [14] we study a factors process given by an affine

diffusion
dX; = (Axt+|§)dt+8diag(\/ai +BiXt)th )

where W is an n-dimensional %-Brownian motion (with respect to Q), A is an (n x n)-matrix of scalars,
B is an (n x 1)-vector of scalars, for each i € {1,...,n} the 0 are scalars, for each i € {1,...,n} the
Bi = (Bi1,---,Bin) are (1 x n)-vectors taking values in R", and S is a non-singular (n X n)-matrix.

In order to ensure nonnegative volatilities Duffie and Kan [11] consider solutions to equation (2)

taking values in the open set
D:={xeR":aj+pix>0, ie{l,...,n}}.

Further, Duffie and Kan [11] show that if, for all i, the conditions:
(A-I) for all x such that o + Bix = 0, Bi(Ax + B) > BiSS'B;/2;
(A-II) forall j,if (BiS); # O, then aj + Bix = o + B

are satisfied then there exists a unique strong solution X; to the SDE (2) that takes values in D. Further,

for all i, o + B X; is strictly positive for all t almost surely.
Assumption 2.1 Throughout we shall assume that conditions (A-I) and (A-I1) hold.

As remarked by Duffie and Kan [11], the set D is open and convex since it is the intersection of open
half-spaces. Therefore, the separating hyperplane theorem can be applied to prove the existence of a
strictly positive non-constant interest rate process ry = r(X;) which is an affine transformation of X;.

That is, we have:

Assumption 2.2 the short rate process is given by r; = r(X;) where, for x € D,
r(x) =R'x+k > 0.

Where R is an (n x 1)-column vector and k is a scalar.

For example, as in Duffie and Kan [11], we may set r(X) = ¥, yi(ai + BiX) for scalars y; > 0 not all

equal zero.



3 Connection between ATSM s and FBSDES

In this section we explore connections between the bond price, the forward measure, and forward-

backward stochastic differential equations (FBSDEs). Basic results on FBSDEs can be found in [33],

[13], and [30]. The derivation of the BSDE for the bond price presented here differs from that previ-

ously presented in [21].

Define Hs = exp (— [r(X,)dv) and Vs = Eqlexp (— N r(XV)dv) | ] forall s € [0, T]. Note that Hs

is of finite variation and satisfies

dHS — _r(XS)Hst

3)

Since Vs is a martingale there exists a progressively measurable process, J, taking values in R" and

written as a (1 x n)-row vector J = (J(M ... J™) such that
S
VS == VO + / \]uqu.
0
Define Ys = Vs/Hs. Then clearly P(s, T) = Ys and by 1t6’s formula we have that Ys satisfies
s J,

S
YS:Y0+/ Yur(Xu)du+/ U g,
0 0 Hu

Define Z, = J,/Hy to find
T T
Ye—VYr = — / F(Xa)Yudu — / Z,dW,.
S S
Since YT = 1 we have that the factors process and the bond price satisfy the decoupled FBSDE
s B S
X, +/ (AXy+ B)dv+/ Sdiag /ot + BiX, ) AW,
t t

T , T
Yo — 1—/ (va+k>YVdv—/ Z,dW,
S S

Xs

under the Q measure, for s € [t, T]. Recall the definition of the forward measure:

Definition 3.1 The forward measure, QT, is defined on 7 by
QT(A) :=EqlAr14]

where

dQT
AN = —
T 40

Define At = E[At|%]. Note that A\; = V; /Vj so that, from equation (4), /\; satisfies

:—{P(O,T)}lexp(—/OTr(Xu)du).

Fr

t JuHWVy
o VoHuWVy

tJ tZ
/\t:1+/ Haw, =1+ qu:1+/ AW,
OVO OYu
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Hence, by Girsanov’s theorem

i tz,
W =W _/ du 8)
0

u

is an %-Brownian motion under the forward measure. We may then write the dynamics of the FB-

SDE (5)-(6) under the forward measure:
s - z,) S T
XS:Xt+/ {AX\,+B+Sd|ag(\/0(i+BiX\,) Y }dv+/ Sdlag(\/aiJrBiX\,)de )
t \% t

T , / T
Yszl—/ {(R xv+k)YV+ZV<ZV) }dv—/ Z,dw,'. (10)
S S

Yv

Note that Itd’s formula, from S to T, applied to equation (10) gives

T . 12,2, TZ
logYs:—/S {(va+k)+2 \szv}dv_/s Yf:deT. (11)

The preceding arguments, employing the martingale representation theorem and It6’s formula, ex-

hibit the existence of a solution of the FBSDE (5)-(6) which characterizes the joint dynamics of the
factors process and the bond price. By changing to the forward measure we are also able to construct a
solution of the FBSDE (9)-(10). This nonlinear and coupled FBSDE appears much more complicated
and if we are interested in providing an explicit solution and proving uniqueness we might initially
attempt to study the FBSDE under the risk neutral measure. However, as is often the case, the forward
measure simplifies things despite the rather more complicated appearance of the FBSDE (9)-(10).
Indeed, we next prove an existence and uniqueness result, independent of the construction already pre-
sented, for the nonlinear FBSDE (9)-(10), by adapting a technique for linear FBSDEs from Yong [40],
which gives the solution explicitly. A corollary completes the characterization of the bond price as an
exponential affine function of the factors process. The following notation will be needed to state the
main result.

Since the diffusion matrix of the square root affine SDE (2) is an affine function of the state vari-

ables, adopting the notation of Bjork and Landén [2], we may write
n
Sdiag(ai + Bix)S =ko + Z kiX;
=1

for symmetric (n x n) matrices Kj, where Xj is the j-th element of a vector x € D. Define the (n? x n)

matrix K and, given a (1 x n) row vector ¥, the (n x n?) matrix B(Y) by

kl V len len
k 0
K — ‘2 and B(y): Ixn y
L kn 1 L Oixn - y |

respectively.



Theorem 3.2 If the Riccati equation

4 !

U(u)+U WA+ UK BU)] —R' =0, uel0,T]
U(T)=0.

12)

admits a unique solution U (-) over the interval [0, T| then the FBSDE (9)-(10) admits a unique adapted

solution (X,Y,Z) with explicit representation given by

dXs = (AXs+ B4k [U(s)] +K [BU (s))]’xs) ds+Sdiag(\/ou ¥ Bixs) awl,  (13)

logYs=U(s)Xs+ p(s), and (14)
Zs= U(s)Sdiag(\/ai +[3iXS)YS, (15)

where, for all s € [0,T],

b(s) = —/ST <k— %u (ko [U (u)] —U(u)B> du. (16)

Proof: Applying It6’s formula from s to T to f(s,x) = exp (U (s)x+ p(s)), when Xs is given by the
SDE (13) and p(s) satisfies equation (16), gives that Ys = f (s, Xs) satisfies

Ys=1 — /ST {U(u)Xu—U(u)é—%U(u)ko[u(u)],Jrk}Yudu
[ o [ 8) Hau ] K B @) ] e
/ " (u)sdiag (m)vude

B 22“ 1/ Ui(u
(1)

where Uj(u) is the j-th component of U (u), Xy’ is the I-th component of X, and [A]j; is the (i, j)

) ko + Z kX >] Y,du (17)
i

component of a matrix A for i, j=1,...,n. Note,

so that after some simplification equation (17) becomes

) Ko+ z kX ] — U (U)o [U(u)] +U (WK [BUW)] X
i]

=t = [How+uwas UK BUw) R b
— [ H{EX U@k )] UK BUW)] X Yoy
/T U (u)Sdiag (/o1 + B, ) YucWy (18)

Applying equations (12) and (15) to (18) gives that Yy satisfies equation (10). Substituting equation (15)
into equation (13) gives that Xs satisfies equation (9). Therefore, the process (X,Y,Z) that is determined

by equations (13), (14), (15) and (16) is an adapted solution of the FBSDE (9)-(10).
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To prove uniqueness let (X,Y,Z) be any adapted solution of the FBSDE (9)-(10). Set

logYs U (s)Xs+ p(s)

Zs = U(s)Sdiag (\ /i + Bi XS) U (SXs+p(s)
Applying 1td’s formula from s to T to the function f(s,X) = U(s)X+ p(s) when Xs is given by the
SDE (9) gives that f(s,Xs) = logYs satisfies

19)

log¥s= — /ST{U(u)U(u)Awt%U(u)K’[B(U(u))}/R'}Xudu

!

T U 1 ! 1 /
- [{®x0 - U@k V)] - UK BUW) %
U(u)Sdiag(\/a +B.XU) }du—/ U(u Sdlag<\/a|+B,Xu>dwT

T 17,2,
_ R'Xy k) — L 2ulu y d—/ ZugwT
/s {( utk) 2 V2 YuYu
Therefore, by equation (11), we have
: T (122, Z.zZ, 1Z.Z T(Zy Zu
logYs—logVs— — [ {4 =Zufu_Zulu | 1 2uby du—/ Su_LulgwT,
08 Ts 08 s /s {2 Y2 VaYe 2 V2 s {YU YU}

Define Vs := (logYs—logYs) and Z,, := (Zy/Yy — Zy/Yy) to obtain the equivalent BSDE

_|_

R T1,
Vo= — 2zuz du—/ Zydw, . (20)
S
By the results of Kobylanski [26] the BSDE (20) admits a unique adapted solution (Y,Z) = 0 1% (ne1)-
This means that any adapted solution (X,Y,Z) of the FBSDE (9)-(10) must satisfy (14)-(15). Then, X
given by (9)-(10) must also satisfy the equation (13). Hence, we obtain uniqueness from the SDE (13).

Remark 3.3 Ina more general setting Dulffie et al. [10] prove that admissibility of the model parame-
ters is a necessary and sufficient condition for the associated Riccati equations to have a solution over
the interval [0, T]. In the special case of the model considered in this paper Assumption 2.1 (see also
the admissibility conditions of Dai and Singleton [8]) give that the Riccati equation (12) has a unique
solution on [0, T] by [10, Theorem 6.1]. Therefore, the remainder of our results shall not explicitly

mention the solvability of the Riccati equation (12) as this is guaranteed by Assumption 2.1.!

The complete characterization of bond prices as exponential affine functions of the factors process
follows as a corollary to Theorem 3.2, in particular the explicit representation of the solution given by

equation (14).

'We thank an anonymous referee for pointing out this fact.
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Corollary 3.4 Under Assumption 2.1 the bond price has exponential affine form,

P(t,T) = eV OX+p)

9

where U (t) and p(t) solve equations (12) and (16) respectively.

Proof: Since P(t,T) =Y; and, by Assumption 2.1, the Riccati equation (12) has a unique solution
over [0, T] the result follows from equation (14) of Theorem 3.2. [
In the next section we discuss some results of Elliott and van der Hoek [14] and their relationship

to our FBSDE approach.

4 Stochastic Flows and the Forward M easure

We shall consider, as in Elliott and van der Hoek [14], a stochastic flow associated with the factors
process. For 0 <t <s < T write Xé"x for the flow associated with the solution of equation (2) such that

Xtt’x = X. That is, consider

s _ s
XX = x+/t (AXS + B)dv+/t Sdiag( dBy)vec(y/ i + BiXy™) 1)
where vec(y/aj + BiX\t,’X) = (/o + le\t,’x, ceo,A/On+ BnX\t,’X)/. For x € D let {(x, w) be the explosion

time of the SDE (21) as in [34, pp. 247-248]. As pointed out by Grasselli and Tebaldi [16] the
admissibility conditions of Dai and Singleton [8] imply, by Duffie et al. [10, Theorem 2.7], the existence
of a solution to the SDE (21) for all s > t. Further, since the coefficient of the stochastic integral in
(21) is locally Lipschitz with respect to Xy and Z(X, ) = oo, for all X € D, we have (see Protter [34,
Theorem 39]) that for x € D, the map X — X is almost surely differentiable and the Jacobian matrix

of partial derivatives with respect to X satisfies the equation
t.x u t.x [ ; txy—1 t.x

where C is the (n x n)-matrix whose rows are the vectors f3,.. ., Bn.

For 0 <t < T, since X; is a Markov process, it follows that
P(t,T)=P(t,T,X) (23)
Q —a.s, where for X € D we define

.
P(t,T,x):= EQ[eXp(—/t r(xt*)du)]. (24)

10



By differentiating P(t,T,x) with respect to X, where we write 0xP(t, T,x) for the vector of partial

derivatives, we obtain, subject to regularity conditions that allow the exchange of expectation and

differentiation
T
OPMLT.X) = Eolexp(— / FXX)du)L(t, T, x)] 25)
t
where
T !
L, T,x) = — / (3:X4%)Rdlu. (26)
t
We briefly consider the purely Gaussian dynamics where 3j = 0 for i = 1,...,n. In this case C = 0 and

equation (22) reduces to

u
(@OXEX) = 1+ /t ABX)dv

which has solution Dy, := (9xX™) = exp (A[u—t]) not depending on x. With
T !
B(t,T) := / D, Rdu
t

equation (25) reduces to

9P(t,T,x) = —B(t,T)P(t,T,x)

and can be solved to obtain P(t,T,x) = exp (—[B(t,T)]'x+A(t,T)). All that remains is to identify
A(t, T) (which can be done using the Feynman-Kac theorem as in Elliott and van der Hoek [14]) and
substitute X = X; to complete the characterization of the bond price as an exponential affine function of
the factors in the Gaussian case.

For C # 0, in contrast to the Gaussian case, L(t, T,x) cannot be brought outside of the expectation
in equation (25). Instead, by applying a general form of Bayes’ theorem with the forward measure it

can be shown (as in Elliott and van der Hoek [14]) that
OxP(t, T, X;) = P(t, T, X¢)ET[L(t, T, X¢)| ] 27

Provided Et[L(t,T,X;)| %] does not depend on X; for allt € [0, T] equation (27) can be solved to obtain
an exponential affine form for the bond price. In order to explore this possibility it is necessary to
examine the dynamics of (axx&X) under the forward measure. As a first step Elliott and van der Hoek

[14] employ Girsanov’s Theorem to construct a Brownian motion with respect to the forward measure.
Theorem 4.1 (Elliott and van der Hoek [14]) The process (W.") defined by

t /
W, ::wt—/0 diag(\/ai+[3ixu)8 Er[L(t,T,X,)|%,]du (28)

is a standard Brownian motion with respect to (QT, %).

11



Using the notation

A

Dy = ET[(GXX&X)‘X:X[ |%], for 0<t<u<T,

the dynamics for the i-th component, W,'T, of WT can be written in differential form as

. . T
AWT — AW, /o0 T BXR ( / Dt\,dv> Sevdt 29)
t

where €; denotes the unit vector in R" with 1 in the i-th position. Equation (29) can then be used to
write the dynamics of the Jacobian matrix of partial derivatives of the stochastic flow, evaluated at
X = Xt, under the forward measure.

Taking the Q" conditional expectation of these dynamics with respect to 7, gives that Dy, satisfies
R LA | L, LA t
D=1+ /t ADtVdv—E > /t Sdiag(e)CET[R ( / D, dvi)Sei (9:X,™) [, _, | A]dv (30)
i=1 v

almost surely. At this point it should be obvious that the key to proving the exponential affine form of
the bond price from equation (27) is a complete understanding of Dy for0<t<v<T.

Based on equation (30) it is stated by Elliott and van der Hoek [14, Lemma 4.3] that Dy is deter-
ministic for 0 <t < u < T. The proof given by Elliott and van der Hoek [14] proceeds by constructing
a sequence of deterministic processes which are supposed to converge to Dy, represented by equation
(30). However, there is a mistake in the proof using the proposed approximation since an upper bound
which is assumed, by Elliott and van der Hoek [14], to be constant actually grows from iteration to
iteration and the application of Gronwall’s inequality is ineffective. It should be noted that for the
particular case of the (one-dimensional) CIR model [7] Elliott and van der Hoek [14] prove, directly,
that Dy, is deterministic by using the semi-group property of the stochastic flow and properties of
expectation to solve equation (30) explicitly. However, these techniques are not generalizable to the
multidimensional case unless all the square-root factors are independent.

It is possible to prove a local version of the approximation lemma (see Hyndman [24]) by carefully
modifying the original proof of Elliott and van der Hoek [14] which, while of independent interest,
is not strong enough for our purposes. In fact, we shall prove that, under Assumption 2.1, Dy, is
deterministic for all 0 <t <u < T. This result emerges as a simple corollary to our existence and
uniqueness result, Theorem 3.2, for the FBSDE (9)-(10).

By adapting the results of Section 3 to include dependence on the parameters (t,X), through a
combination of a translation argument similar to that of [13, Proposition 4.1] with the derivation of the
BSDE (6), we may consider the BSDE associated with P(t, T,x)

Yi*=1- /S T(R/xf;X +K)Y4*du — / ' Z5*dW. 31)

S

12



where Xé’x is the solution to equation (21). For 0 <t <s < T define
Fl=o(W(u)-W(t):t<u<s)VA

where A denotes the Q-null subsets of TTVY . Then (Xé’X,Yst’X,Zé’X) is the unique F{-adapted solution
to the FBSDE defined by equations (21) and (31). Further, we find that Ytt"x is deterministic, Ytt’x =

P(t,T,x), and comparing with equation (27)

9y X

ox 't —

I = Er[L(t, T, Xt)| %] (32)
t X:X(

The derivation of forward measure, Brownian motion (8), and the FBSDE (9)-(10) may also be
carried through with a dependence on the initial conditions (t,X) so that we may consider the version
of the FBSDE depending on (t,X). Let Q™** and WX denote the parameterized forward measure
and parameterized F{-Brownian motion respectively. Then, given Assumption 2.1, the Riccati equa-
tion (12) has a unique solution over [0, T| and Theorem 3.2 gives that (Xé’X,Y§7X,Z;’X) satisfy (13)-(15)
with respect to W "% on (Q, F, { F}ext, QTHX).

An immediate corollary is a partial generalization of Pardoux and Peng [33, Lemma 2.5] and

El Karoui et al. [13, Proposition 5.9] adapted to the specific setting of ATSMs which was employed in
[21]

Corollary 4.2 Under Assumption 2.1, for any t € [0,t], s [t,T],andx € D
22 = (02Y57) (0:X8%) ' o(X$%),

where o(x) = Sdiag (N /ai + [3ix> . In particular Z{™* = (8,Y;") o(x).

Note that as the function o(X) is only locally Lipschitz and the generator of the BSDE does not satisfy

the required differentiability hypotheses the results of Pardoux and Peng [33], El Karoui et al. [13] do

not apply.

By comparing the integrand in equation (28) with our alternative derivation of the dynamics (8) of
the Brownian motion, the existence and uniqueness result, and equation (15) one can formally observe
the following completion, in a weaker form, of the results of Elliott and van der Hoek [14].

Corollary 4.3 Under Assumption 2.1

Er[L(t,T,X)[ %] = [U(1)]

forallt € [0,T].

13



Proof: If we evaluate equations (21) and (31) at x = X; then, under the forward measure, the triple
(X YEX 75 satisfies the FBSDE (9)-(10). Since, by Assumption 2.1, the Riccati equation (12) is

solvable Theorem 3.2 implies that

logYe* =U($)Xs*+p(s), selt,T].

From the initial conditions X{™ = X so, for s =t, we obtain logY{™ = U (t)x+ p(t). Therefore, by

%Ytt’x a tx
ET[L(taTuxt)’?E] = Yt,X = &IOth7
t XX,

The final result of this section completes the results of Elliott and van der Hoek [14] by providing a

equation (32)

sufficient condition for the conditional expectation, under the forward measure, of the Jacobian of the

stochastic flow to be deterministic.

Corollary 4.4 Under Assumption 2.1 the matrix Dy, is deterministic for 0 <t < u < T and satisfies

the integral equation

®(u,t) =1 +/tu{ % i Sdiag(e (V)Se; } ®(v,t)dv. (33)

Proof:  Assumption 2.1 and Corollary 4.3 give that [U (Vl)]/ = Er[L(vi,T,X,)|#,] for v € [t,ul.
Therefore, by equation (30), we have that Dy, satisfies

2

uo 10 u_
bu = 1+ ADtvldv1+§_Z /t Sdiag(e/)CU (v1)SeiEr (X5 | K ]dvy

u 1 n

almost surely. Equation (34) is equivalent to a deterministic linear system of ordinary differential
equations. Consider the (n x n) matrix W(t) whose columns are the vectors X(), ... (" which form a

fundamental set of solutions for the system

X (t) = {A+%i Sdiag(e;)CU (t)Sei}X(t). (35)

Since the columns of the fundamental matrix, W(t), for the system (35) are linearly independent W¥(t)

is invertible. Define
d(u,t) ;= W)W (1), 0<t<u<T.
Then ®(u,t) satisfies the integral equation (33). Therefore, we have that Dy is the deterministic matrix

®(u,t) forall 0 <t <u<T. [ |
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Note that equation (33) is analogous to Proposition 4.5 of Grasselli and Tebaldi [16] after reconciling
notation.

In the next section we consider the relationship between FBSDEs and affine price models for a
risky asset. We show how the method developed for the bond can be adapted to characterize the futures

and forward prices.

5 Connection between APMsand FBSDEs

Suppose the factors process given by (2) is driving not only the short interest rate but also the price of
a risky asset (or commodity) and the dividend yield of the asset (or convenience yield of the commod-
ity). We shall retain Assumption 2.1, Assumption 2.2, and make the following assumptions about the

functional form of the dividend (convenience) yield and risky asset price similar to Bjork and Landén

[2].

Assumption 5.1 We assume that the the asset (spot) price, and the dividend (convenience) yield are

functions of the factors process. That is,
St = S(t,Xt), and 6[ = 5(Xt),

where 8: R" — R, and S: [0,T] x R" — R, are specified by

(i) St =S(t, %), where for (t,x) € [0,T] x R", S(t,x) = exp (M(t)'x+h(t)), M : [0, T] — R", M(t) is
an (n x 1)-column vector, h(t) : [0,T] — R and both M(t) and h(t) are differentiable functions of

t,

(ii) & = d(X), where for x € R", 3(x) = N'x+1, N is an (n x 1)-column vector and | is a scalar.

We have included time dependence in the specification of the asset price so that we may consider
futures and forward contracts on zero coupon bonds with exponential affine forms, that is bond prices
resulting from affine term structure models, as underlying assets. Models satisfying Assumptions2.1-
5.1 have been referred to as affine price models (APMs). Within this framework a number of interest
rate and commodity price models which have appeared in the literature are included as special cases. In
the special case of Gaussian factor models (a; = 1,3 =0, i = 1,...,n) futures and forward prices were
considered separately in Hyndman [22] where we employed a version of the flows method. Examples
of models covered by Assumptions 2.1-5.1 which incorporate factors that are not all Gaussian include
the models of Ribeiro and Hodges [35] and Heston [18] as well as the continuous version of Bjork and

Landén [2].

15



5.1 The Futures Price

We next develop connections between the futures price, the risk-neutral measure for the futures price
reinvested in the bank account as numéraire, and forward-backward stochastic differential equations.
We shall also characterize the futures price as an exponential affine function of the factors process,
whose dynamics are given by (2), when the market model satisfies Assumptions 2.1-5.1.
A futures contract is an agreement to deliver some quantity of the underlying asset in the future for
a price agreed upon at the initiation of the contract. The delivery price which makes the value to both
parties of the contract zero at all times is called the futures price. By the mechanism of marking to
market, where changes in the value of the futures contract are settled daily, in accordance with changes
in the futures price the risk of default by one party is transfered to the exchange. Basic information on
futures contracts and market mechanics can be found in Hull [19]. The futures price of the risky asset
S is given by
G(t,T) = Eq[S(T. Xr)| %] (36)

at time t for maturity T (see Karatzas and Shreve [25, Theorem 3.7, pp. 45-46] for a proof).

We next derive the FBSDE for the factors process and the futures price which is similar to the
case the bond but actually simpler. We shall use similar notation as in Section 3. In particular, define
Ys=G(s,T) forall s € [0,T]. Since Ys is a martingale there exists a progressively measurable process,

Z, taking values in R" and written as a (1 x n)-row vector Z = (Z(1), ..., Z(") such that
S
0
Since Y1 = S(T, Xt) we have that the futures price satisfies the BSDE
T
S

for s € [t,T] and, taken together, equations (5) and (38) constitute a decoupled FBSDE for the factors
process and the futures price.

We may define the following risk-neutral measure for the futures price reinvested in the bank ac-
count as numéraire. This is the natural measure change that will allow us to characterize the futures
price in terms of a linear ordinary differential equation similar to equation (27) and, ultimately, as an

exponential affine function of the square root affine factors.

Definition 5.2 The risk-neutral measure for the futures price invested in the bank account as numéraire,

exp (for(Xu)du)G(-,T), is defined on F; by



forall A € f/-*-r, where
= — dQ
T=

For 0 <t < T define =t := Eg[=7|%]. Note that =y =Y; /Y, so that, from equation (37), = satisfies

G(T,T) S(T,Xt)

5 GOT)  G0OT)

_ t tZuYu tZu_
0 0o YuYo o Yu

Hence, by Girsanov’s theorem,
tz
WSC =W, — / —“du
0o Yu
is an %-Brownian motion under the risk-neutral measure Q® for the futures price reinvested in the

bank account as numéraire. We may then write the dynamics of the FBSDE (5),(38) under the measure

Q€ as
Xe=Xc+ [ 1A%+ B+ Stiag (Ve T B%) @)y gy 4 [ stiag(Var TBR)owE 69

Yy
TZ,(Z)
YS:S(T,XT)—/ VS(V)
S v

.
dv — / Z,dwC. (40)
S

Asin Section 3 we are able to prove an existence and uniqueness result, independent of the financial
application, for the nonlinear FBSDE (39)-(40). We omit the proof in the case of the futures price as
it is similar to, and simpler than, the proof of Theorem 3.2. A corollary completes the characterization

of the futures price as an exponential affine function of the factors process.

Theorem 5.3 If the Riccati equation

Us (u) +Ug(u)A+ JUg(u)K [B(Ug(u))] =0, ue[0,T]

!

Us(T) =M(T).

(41)

admits a unique solution Ug(-) over the interval [0,T] then the FBSDE (39)-(40) admits a unique
adapted solution (X,Y,Z) given by

dXs = (AXS+ B-+ko [Us(s)] +K'[B(Us(s))] xs) dt + Sdiag ( m) aWe. @)
logYs =Ug(s)Xs+ ps(s), and )

ZS:UG(S)Sdiag(\/ai +BiXs)Ys, (44)

where, for all s € [0,T],

Pa(s) = h(T) — /ST (—EUG(u)kO Ug(u)] —UG(u)B) du. 45)

Asin Section 3, Assumption 2.1 guarantees that the Riccati equation (41) has a unique solution over
[0,T] (see Remark 3.3). Therefore, we obtain complete characterization of futures prices as exponential

affine functions of the factors process as a corollary to Theorem 5.3.
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Corollary 5.4 Under Assumption 2.1 the futures price has exponential affine form,
G(t,T) _ eUG(t)XHrPG(t)7
where Ug(t) and pg(t) solve equations (41) and (45) respectively.

Example 5.5 [Bond Futures] With the dynamics (2) as the model for the factors of the economy and
Assumptions 2.1-5.1 in force, Theorem 3.2 gives that the bond price has exponential affine form.
Therefore, we may consider a zero coupon bond with maturity Tg as the asset underlying a futures
contract with maturity Tg where Tg < Tg. Set M(t) = U (t) and h(t) = p(t), where U (t) and p(t) solve
equations (12) and (16) respectively with T replaced by Tg. It then follows from Assumptions 2.1-5.1
and Corollary 5.4 that, with the terminal condition Ug(Tg) = U (Tg) in equation (41), for all t € [0, Tg]

the futures price with a bond as underlying asset is an exponential affine function of the factors.

5.2 Stochastic flows and the measure Q©

As in Section 4 we may consider the stochastic flow (21) associated with the factors process (2). In the
Gaussian case futures and forward prices were considered in [22] where, due to the Gaussian dynamics,

a change of measure was not necessary. For 0 <t <T we may write
G(t, T)=G(t,T,X)
Q — a.s, where for x € R" we define
G(t,T,X) = Eq[S(T, X)), (46)

Similar to Section 4 we may consider the vector of partial derivatives, 0xG(t, T,x), of G(t, T,x) with
respect to X

0xG(t,T,x) = Eq[(a:xXy™) M(T)S(T, Xy)]
where (GXX-tr’X) satisfies equation (22). By applying a general form of Bayes’ theorem with the measure

QFC it can be shown that

aXG(taT7X'[) = G(thvxt)EG[LG(taTvxt)|ﬁ]

where Lg(t,T,X) = (0xX})' M(t). Define, for 0 <u <v < T, Dy := Eg[0xX"| %] Then, similar to
Elliott and van der Hoek [14] and Section 4, we may express the dynamics of the Jacobian of the
stochastic flow, equation (22), under the measure Q and take the conditional expectation with respect

to % to show that D,y satisfies

u n !
Dy = | +/ ADydv + %Z/ Sdiag(e;)CEG[M(T) DyrSei (0xX)| %]dv. 47)
t =
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almost surely. Generalizing the derivation of the FBSDE (39)-(40) to include dependence on the initial
conditions (t,X), as outlined in Section 4 in the case of the bond, we obtain the following corollary to

Theorem 5.3.

Corollary 5.6 Under Assumption 2.1
EclLo(t, T,X)| %] = [Us(t)]
fort € [0,T].

Then, similar to Corollary 4.4, combining Corollary 5.6 with equation (47) we find that Dy, is deter-
ministic for 0 <t <u < T and satisfies the integral equation (33) with U (v) replaced by Ug(V).

We next consider the forward price of the risky asset.

5.3 The Forward Price

Similar to a futures contract a forward contract is an agreement to deliver some quantity of the under-
lying asset in the future for a price agreed upon at the initiation of the contract. The delivery price
which makes the value to both parties of the contract zero at the time of initiation is called the forward
price. A forward contract, in contrast to a futures contract, is not marked to market so the value of the
contract may differ from zero beyond the initiation date. The forward price of the risky asset S is given

by .
Eqlexp (— Ji' rudu)St[#]
P(t,T)

at time t for maturity T, where P(t,T) is the zero coupon bond price at time t for maturity T (see

F(t,T)= (48)

Karatzas and Shreve [25, Sec 2.3, pp. 43-45] for details).

In the absence of a stochastic dividend (or convenience) yield the numerator of equation (48) re-
duces to the current spot price S; by the fact that Q is a martingale measure. In the case of deterministic
interest rates the discount factor in the conditional expectation of equation (48) can be brought outside
and cancels the denominator. That is, in the case of deterministic interest rates the forward price (48)
of the risky asset is equal to the futures price (36) as noted by Cox et al. [6]. Therefore, in both cases
the results on the bond from Section 3 and futures price from Section 5.1 may be used to prove that
the forward price is an exponential affine function of the factors. As such, we shall only consider mod-
els which include stochastic interest rates and a stochastic dividend (or convenience) yield given by
Assumption 5.1.

Define

]
Vs:EQ[eXp(f/O F(Xa)dU)S(T, X7 )| (49)
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and note that Vs is a martingale and apply the martingale representation theorem as in Section 3. Define
Ys = Vs/Hs where Hs is given by equation (3). Then clearly F(s,T)P(s,T) =Ys and YT = S(T,X7).

Similar to Section 3 we find that Yg satisfies the BSDE
T, T
Ys = S(T,X7) — / (R +K) Yudv - / Z,dw, (50)
S S

for s € [t, T] and taken together equations (5) and (50) constitute a decoupled FBSDE for the factors
process and F (s, T)P(s,T).
We may define the following risk-neutral measure for the forward price reinvested in the zero-

coupon bond as numéraire.

Definition 5.7 The risk-neutral measure for the numéraire F (-, T)P(-,T) is defined on #; by
Q7 (A) =Eq[lT14]

forall A € ¥+, where

_dot| _ F(TT) T
=G0, T Fo T P TR

Define 'y := Eg['1|%]. Note that 'y =V;/Vj so that, similar to Section 3, 'y satisfies

tZ,
rt:1+/ Lur W,
0 Yu

Hence, by Girsanov’s theorem, the process W defined by
tz
W :Wt—/ —-du.
0 Yu

is an %-Brownian motion under the measure QY. We may then write the dynamics of the FB-

SDE (5),(50) under the measure Q" as

X=X+ | A%, + B+ sdiag (V/ai + BX,) CORYY / “sdiag(Var X)W 51)

Yy

T 2(2,) LI
S \Y S

We next give an existence and uniqueness result, independent of the construction already presented,

for the coupled nonlinear FBSDE (51)-(52), by adapting a technique for linear FBSDEs from Yong

[40], which gives the solution explicitly. A corollary completes the characterization of the forward

price as an exponential affine function of the factors process.

Theorem 5.8 If the Riccati equation

U (u) +Ue (u)A+ 3Ur (WK [B(Ug ()] =R =0, uel[o,T]

!

Ur(T) = M(T)'.

(33)
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admits a unique solution Ug (-) over [0, T| then the FBSDE (51)-(52) admits a unique adapted solution
(X,Y,Z) given by

dXs = (AXS+ B+ ko [Ur (u)] +K'[B(Ur(u))] xs) dt + Sdiag (\/ai n Bixs) aws,  (54)
logYs = Ug(S)Xs+ pe(s), and (55)

Zs = Ur(s)sdiag (v/ai + BiXs ) s, (56)

where, for all s € [0,T],

Pe(s) = h(T) — /ST <k— %up(u)ko Ug (U)] —uF(u)§> du. (57)

As in Section 3, Assumption 2.1 guarantees that the Riccati equation (53) has a unique solution
over [0,T] (see Remark 3.3). Therefore, we obtain complete characterization of forward prices as

exponential affine functions of the factors process as a corollary to Theorem 5.8.

Corollary 5.9 Under Assumption 2.1 the forward price has exponential affine form,

F(t,T) = e([Ur ()=U (1) X+ (pr (1) —p(t)])

9

where U (t), p(t), Ug(t), and pg(t) solve (12), (16), (53), and (57) respectively.

5.4 Stochastic flows and the measure QF

Again, as in Section 4, we may consider the stochastic flow (21) associated with the factors process
(2). For 0 <t <T we may write

F(tLT)=F(T,X)
Q-almost surely, where for X € R" we define

A Eolexp (— £ r(X5*)du)S(T,X%)]

F(t,T,x sg
(T.%) = P(t,T,x) (58)
and P(t, T,X) is as in equation (24). Differentiating (58) with respect to X gives
r(X5™)du)S(T, XP)Le (8, T.X)] — F(t, T, X)3P(t, T
OxF (1, T,X) = [GXP( ft r(Xy")du)S(T, T )Le(t,T,X)] (t,T,x)0xP(t,T,X) (59)

P(t,T,x)

where Le (t,T,x) = (— ;T (9xX5™) Rdu+ (8xX+*)'M(T)). Applying a general form of Bayes’ theorem

with the measure QF and using equation (27) it can be shown that

OxF (t,T, %) = F(t, T, %) (Br[Lr (6, T, X0) [ F] — Er[L(E T, X0)[ %)) (60)
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Define, for 0 <u<v<T, Dyw=Eg [(’9XX\>J ’X| .- Then, similar to Elliott and van der Hoek [14] and
Section 4, we can write the dynamics (22) under the measure Q" and take the conditional expectation

with respect to % to show that Dy, satisfies

u n u ! T ~ !~
Dtu=|+/ ADtVdv—% / Sdiag(ei)CEF[<R/ By, dvi — M(T) DvT> Sei (3,X0%4)| F]dv
t i=1 t \%

(61)
almost surely. Generalizing the derivation of the FBSDE (51)-(52) to include dependence on the initial

conditions (t,X), as outlined in Section 4 in the case of the bond, we obtain the following corollary to

Theorem 5.8.

Corollary 5.10 Under Assumption 2.1
Er[Lr (t. T, X0 ] = [Ur (t)]
fort € [0,T].

Then, similar to Corollary 4.4, combining Corollary 5.10 with equation (61) we find that Dy is deter-

ministic for 0 <t <u < T and satisfies the integral equation (33) with U (v) replaced by Ug (V).

6 Summary

In this paper we have considered a factor model whose risk-neutral dynamics are given by an affine
diffusion. The short interest rate is supposed to be an affine function of the factors process. We provided
a characterization of the joint dynamics of the interest rate and the zero-coupon bond price in terms
of a forward-backward stochastic differential equation (FBSDE) which is, after a change of measure,
coupled and nonlinear and to which the usual existence and uniqueness theorems for FBSDEs do not
apply. The main result of the paper is to prove that provided certain Riccati equations are solvable, a
condition guaranteed by the assumptions of the model, the nonlinear FBSDE associated with the bond
price under the forward measure has a unique solution. The solution of the nonlinear FBSDE is given
explicitly and is determined by the solution of the Riccati equation, the solution of a deterministic
terminal value problem, the solution of an SDE, and a pair of equations expressing the backward
components of the FBSDE in terms if the solution of the SDE.

The first corollary to the existence and uniqueness result provides the characterization of the bond
price as an exponential affine function of the factors process. Further corollaries provide sufficient
conditions such that the conditional expectation (under the forward measure) associated with the linear

ordinary differential equation for the bond price is deterministic. In fact this conditional expectation
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is equal to the solution of the Riccati equation. This result unifies the approach of Elliott and van der
Hoek [14] with the approach of Duffie and Kan [11]. A final corollary to the existence and uniqueness
theorem shows that, if the Riccati equation is solvable, the conditional expectation under the forward
measure of the Jacobian of the stochastic flow is deterministic. This result addresses a mistake in the
proof of the approximation lemma of Elliott and van der Hoek [14].

The methods presented for the bond price were also applied to characterize futures and forward
prices. We assume that the underling asset price is given by an exponential affine function of the
factors and the dividend yield (or convenience yield in the case of a commodity) is an affine function
of the factors process. The characterization of futures and forward prices in terms of FBSDEs proceeds
in much the same way, apart from the measure changes, as the characterization of the bond price.
Our approach, based on FBSDE:s, can be extended to the affine jump-diffusion models for the factors
studied by Duffie et al. [12], Duffie et al. [10], Bjork and Landén [2], Chacko and Das [3], Bjork et al.
[1], and Levendorskii [28]. The approach has been further generalized to consider the transforms of
an affine diffusion introduced by Duffie et al. [12]. The inclusion of jumps and the consideration of
transforms allows for the consideration of other financial derivatives and is considered in Hyndman
[23].
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