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1. INTRODUCTION

We assume the axioms ZF, and we call the universe of all sets V. (The axiom
of foundation allows us to present V' as the union of V,, for all ordinals o.) We can
then define Godel’s model L of all constructible sets, and prove that L satisfies the
axiom of choice and the continuum hypothesis.

In conclusion, the consistency of the axioms ZF implies the consistency of the
axioms ZFC+CH. In other words, using ZF, we cannot refute the axiom of choice,
nor the continuum hypothesis!

But can we prove them? The answer is no. In the 60’s, Cohen introduced the
method of forcing and used it to show that the axiom of choice cannot be proven
using ZF, and the continuum hypothesis cannot be proven using ZFC.

Combining Godel’s and Cohen’s results, we say that the axiom of choice is in-
dependent of ZF, and that CH is independent of ZFC. Proving this will be one of
our main goals.

1.1. Inner models. How can we prove this? At first, we started with an arbitrary
model V' of ZF and constructed an inner model L which satisfies ZFC+CH. Can we
repeat this idea? Perhaps start with an arbitrary model V of ZFC, and construct
some inner model M in which the continuum hypothesis fails.

This approach cannot work. What if the model we started with satisfies V=L.
Then any class inner model of it will be everything. For example, maybe we can
prove, just using ZF, that V=L, that is, that every set is constructible. Using this
inner model approach, we cannot even rule out this option.

1.2. Outer models? Let us take this “worst-case scenario” that V=L. Assume
further that there is a countable ordinal « such that L, is itself a model of ZFC
(this is not unreasonable to ask for). L, is a small, countable, set, and there are
many sets outside of it. We hope, perhaps, to create a different model of set theory
by adding to L, some sets. For example, L, contains only countably many real
numbers, so there are real numbers outside of L, that we may try to add.

More specifically, let wZL > be whatever ordinal L,, thinks is wy. (We are assuming
L, is a model of ZFC.) Like everything inside L, wQL“ is countable., so we may
actually find “wQL"‘—many” reals and add them to L,. Perhaps, by adding these
reals to Ly, we can find a model of ZFC having ws many reals, and therefore failing
to satisfy the continuum hypothesis!

In some sense, this is precisely what we will do. However, the approach above is
extremely naive, and is pretty far from reality. (Indeed the Continuum Hypothesis,
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#1 in Hilbert’s famous list of problems, was open for a long time.) Roughly speak-
ing, Cohen’s method of forcing allows us to add reals, and other sets, to some given
model of set theory. It turns out however that we need to choose these sets very
carefully for two reasons. One is to ensure that we can construct another model of
set theory, containing the original one and the additional sets. The other is to be
able to analyze the resulting model, for example, to determine whether or not it
satisfies the continuum hypothesis.

2. AXIOMATIC SET THEORY REVIEW

We begin by reviewing some basic set theory. We will take a logic-based and
axiomatic approach, emphasizing questions of definability in set theory. It should
make sense that paying attention to axiomatic issues will be helpful towards proving
independence results. However, the entanglement between logical methods and set
theory is much deeper. Often times a careful analysis of definability and axiomatics
sheds more light on seemingly unrelated questions.

2.1. Formulas. Given a language £ (some relation symbols, functions symbols,
and constant symbols,) terms in the language L are defined recursively as
follows. Any variable is a term (e.g. =z, y, 1, Z2,...); given a function symbol
f(z1,...,x,) from £ and terms ty, ..., t,, then f(¢1,...,t,) is a term as well.

For example, in the language of pure set theory, we only have the relation symbol
€ (and equality =). There are no function symbols, so the terms are only variables.

A formula in the language L is defined recursively as follows. An atomic
formula is of the form R(z1,...,z,), where R is an n-ary relation symbol from £
and x1, ..., T, are terms. We further construct formulas by logical connectives, for
example, given formulas ¢ and v, then ¢ V¢ and —¢ are formulas, and quantifiers,
if ¢ is a formula then Vz¢ and Jx¢ are formulas.

For example, in set theory the atomic formulas are of the form z = y or z € y.
VaIyIz(y # 2 Ax € y Ay € z) is a more complex example of a formula (without
free variable). Vz(x € y <= =z € z) is a formula with two free variables, y and z,
which, assuming the axiom of extensionality, is equivalent to the formula y = 2.

Remark 2.1. Given a formula ¢, in which the variable z does not occur, we may
still consider z as a free variable, a.k.a., a “dummy variable”. That is, we consider
it as a variable, but ¢ says nothing about it.

Given a language £, a model M for L is a set M together with interpretations
of the symbols in the language. Each constant symbol is interpreted as an element
in M, an n-ary relation symbol is interpreted as a subset of M™, and an n-ary
function symbol is interpreted as a function M™ — M. Sometimes M will be a
proper (definable) class rather than a set, and the interpretations will be definable
subsets and functions with class domain.

For example, working with ZF, we construct V,,, and may view it as a model
for the language of set theory by interpreting = € y, for z,y in V,, according to
the true value of “z € y”. In this case we may say that (V,,, €) is a model in the
language of set theory, but we will often drop the € when it is clear. There could
be also models in the language of set theory in which the symbol € is interpreted
in a very different way. For example when taking ultrapowers (we will talk more
about it).
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Given a model M, a formula ¢(x1,...,x,) with free variables x1,...,z,, and
members of a1, ..., a, in M, the satisfaction relation M |= ¢ is defined inductively
on the construction of formulas, in the logical way. For example, M satisfies Jz)(x)
if there exists a € M such that M = ¥(a).

For example, V,, satisfies all the axioms of ZFC apart for the axiom of infinity.

2.2. Bounded quantification and A, formulas.

Definition 2.2 (Bounded quantifiers). Given a formula ¢ and variables x, X (pos-
sibly free variables of ¢), the following are formulas

(Vo € X)o(z, X, ...), (Fr € X)o(z, X, ...)
which formally stand for
Ve(x € X = ¢(z,X,...)), Jz(z e X Ap(z, X, ...)).
These are called bounded quantifiers.

Definition 2.3 (A, formulas). A formula in the language of set theory is Ay if
all the quantifiers appearing in it are bounded. (Formally, we define these recur-
sively, stating that all the atomic formulas are Ag, applying any connectives to Ag
formulas gives Ag formulas, and applying bounded quantifiers to Ay formulas give
Ay formulas.)

Example 2.4. o (Jz € X)(Vy € X)(z € y) is a A formula with one free
variable X;
o (Vzre X)(xzU{z} e X)is a Ag formula with one free variable X. How to
write it formally?

VeeX)FyeX)reyn(Vzey)z=2Vz € )]

Remark 2.5. We care about formulas up to equivalence. For example, the formula
Va(x = x) is technically not A, but it is logically equivalent to a tautology, and
we consider it Ag.

2.3. Transitive models.

Definition 2.6. Recall that a set X is transitive if for any = € X if y € = then
y e X.

Remark 2.7. The formula ¢(X) defined by (Vz € X)(Vy € z)(y € X) is a Ay
formula such that X is transitive if and only if ¢(X) holds.

Theorem 2.8. Suppose X is a transitive set. Consider (X, €) as a model in the
language of set theory. Let ¢(x1,...,x,) be a Ag formula and ay, ..., a,, members of
X. Then

() ¢(a1,...,an) is true if and only if (X, €) = ¢(a1, ..., an).
Slogan: “Ag statements are absolute between transitive models of set theory”.

Proof. The proof is by induction, along the construction sequence of a formula.
First consider atomic formulas. If ¢ is of the form = € y, then (x) is true by
definition (we defined the relation € in X to be precisely the real relation €).
Similarly, if ¢ is of the form x =y, (x) holds.

To deal with logical connectives, suppose (x) holds for ¢ and ¢, then show that
(*) holds for —¢ and for ¢ V ¢. This is left as an exercise.
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Finally, we need to show that if (%) is true for ¢(x,y,x1,...,x,) them (x) is
true after applying a bounded quantifier. Let ¥ (y, x1, ..., z,) be the formula (3z €
y)o(z,y, 1, ..., Tp), and fix b, aq, ..., a, in X. Suppose first that (X, €) = (b, a1, ..., an).
Then, working in (X, €), there is some a € b such that ¢(a,b,ay,...,a,) holds in
(X, €). By induction hypothesis (by (x) for ¢), it follows that ¢(a,b,aq,...,ay) is
true (in V'), and therefore ¢ (b, ay, ..., a,) is true.

Assume now that ¥ (b, a1, ...,a,) is true. By the definition of 1, there is some
a € bsuch that ¢(a, b, as,...,a,) holds. Since X is transitive, then a € X. Therefore
in (X, €) we conclude that (b, aq, ..., a,) is true. O

Corollary 2.9. If X is a transitive set, then (X, €) satisfies the axiom of exten-
sionality. That is, given A, B € X, if A and B have the same members, then
A=B.

Proof. Given A, B € X, the axiom of extensionality for A, B can be written as a
Ag formula

((Vz € A)x € B) A ((Vx € B)x € A).
O

2.4. Relativization. When studying different models of set theory, we want to
know when a model M satisfies a sentence ¢. There is a simple way to express the
statement M | ¢ with a formula, as follows.

Definition 2.10. Let M be a set, or a definable class. For a formula ¢(x1, ..., z,)
we define the relativization of ¢ to M, denoted ¢™ (21, ..., x,,), by induction on the
construction of formulas.

(z € y)M is defined to be x € y;

(x = y)M is defined to be x = y;

given (¢ V )M is defined to be ¢p™ v M;
(—=¢)M is defined to be —(¢™);

(3x¢)M is defined to be (Jz € M)pM.

Remark 2.11. M is a parameter in the formula ¥™. If M is a definable class,
defined using the formula x(x), we replace x € M with x(x).

Example 2.12. Let ¢ be the sentence VaVy3z(z € 2 Ay € z). Then ¢~ is the
formula (Vo € V,,)(Vy € V,)(3z € V,)(z € 2 Ay € 2).

Exercise 2.13. Show that for any set M, considered as a model (M, €) in the
language of set theory, for any formula ¢(z1, ...,z,) and any ay, ...,a, € M,

oM (ay, ...,a,) is true if and only if (M, €) |= ¢(ay, ..., an)-
Exercise 2.14. (1) Show that for any set M and formula ¢, ™ is a Aq for-

mula.
(2) Suppose ¢ is a Ag formula and M is any set, show that ¢M is ¢.

2.5. The Levy Hierarchy.

Definition 2.15. Say that a formula is X, or Ilg, if it is Ag. Define recursively:

e a formula is ¥,y if it is of the form Jx¢ for some II,, formula ¢;
e a formula is IL,,; 1 if it is of the form Vx¢ for some 3, formula ¢.
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Say that a property P (that is, some definable relation) is ,, (resp. IL,) if there
is a X, (resp. II,,) formula ¢ which defines P. Say that a property P is A, if it is
both ¥,, and II,,.

Up to logical equivalence, ¥, formulas are precisely the negations of IT,, formulas,
and II,, formulas are the negations of 3, formulas. So a property P is A,, if and
only if both P and —P are ¥,, (equivalently, if both P and —P are IL,).

The proof that a specific formula “correctly represents the property P” will often
use some axioms of ZF (and will not be a simple logical equivalence). When saying
that “P is ¥,,” we usually mean that this is proved in ZF. In some contexts we will
allow ourselves to use more, or restrict ourselves to less, than ZF.

Example 2.16. The property P(R, X) saying that R is a (strict) well ordering on
X, is II;. It can be described as follows: R is a well ordering on X if

(1) for any z,y € X, if x # y then either x Ry or y R x, and not both;

(2) for any z,y,z € X,if « Ry and y R z then = R z;

(3) For any set Y, if Y C X then there is some y € Y such that for any other

z €Y, eithery Rz ory=z.

Properties (1) and (2) are Ag in fact. (3) is of the form VY followed by a Ay
statement (note that saying Y C X is A, (Vy € Y)y € X, and therefore is II;.

Example 2.17. The property P(z) saying that “z is an ordinal”, is Ag. It can be
expressed as follows: z is an ordinal if x is transitive and € is a linear ordering of
x. We saw above that being a linear order can be expressed by a Ag formula.

Note that we used ZF to argue that the above Ay formula captures the concept
of an ordinal. Specifically, the axiom of foundation tells us that if € is a linear order
on z then it must be a well order. Without the axiom of foundation, we would need
to stipulate this extra assumption, which would give a II; instead of Ag.

Example 2.18. The property P(x,y) saying that “z is the powerset of y”, is II;.
This can be expressed by the IT; formula ¢(x,y):

Va(a € v <= a Cvy)

Exercise 2.19. The property P(z,y) saying that “z is the union of y, z = Jy”,
is Ao.

Exercise 2.20. (1) Suppose that M is a transitive set, ¥ (x1,...,z,) is a II;
formula and ay,...,a, are in M. Show that if ¢(ay,...,a,) is true, then
(]\47 E) |: w(al, ...7(1“).

(2) Suppose that M is a transitive set, ¥(x1, ..., ,,) is a X formula and ay, ..., a,
are in M. Show that if (M, €) = ¢¥(ay, ..., an) then ¥(ay, ..., a,) is true.

(3) Conclude that if M is a transitive set, P(x1, ..., x,) is a Ay property, then for
any ai, ..., an in M, P(aq, ...,ay,) holds if and only if (M, €) = P(aq,...,an).
That is, Ay statements are absolute between transitive models of set theory.

(4) Show that part (1) can fail for ¥; formulas. That is, find a ¥; formula
d(x1,...,x,) (for some n), a transitive set M and ay, ..., a, in M such that
o(ay, ...,a,) is true, yet (M, €) = ~¢(ay, ..., an).

Closure properties. While the syntactic requirement for being ¥, or II, are
rather strict, the collection of 3,, properties and II,, properties are closed under a
variety of operations.

Theorem 2.21. For n > 1.
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(1) If P and Q are X,, (respectively II,,) properties, then PV @, PAQ, (3z €
X)P, and (Vx € X)P, are ¥,, (respectively IL,) properties.

(2) If Pis a %, property then JzP is a X, property.

(3) If P is a II,, property then Vz P is a II,, property.

Proof. The proof goes by induction on n. Let us consider the case n = 1, as the
inductive step is similar.

We show that if P is ¥; then JzP is X1 as well. Let ¢(z, z1,...,2,) be a 3
formula such that P(x, z1, ..., z,) holds if and only if ¢(x, z1, ..., z,). By definition,
¢ is of the form Iy (y, z, x1, ..., ), where ¢ is a ¥y formula. Now P is equivalent
to the formula Jx3IyY(y, z, x1, ..., ), which is equivalent to the ¥; formula

ElX(ElJZ, y e X)w(y7$7$17 71'71)

Next we show that if P is ¥y then (Vo € X)P is ¥;. Let ¢(X, 2,21, ...,2,) be a
%, formula such that P(X,z,z1,...,2,) holds if and only if ¢(X, z, 21, ..., 2,). By
definition, ¢ is of the form Jyy(y, X, z, x1, ..., ), where ¢ is a Xg formula. Now P
is equivalent to the statement (Vx € X)3yv(y, X, x, 1, ..., Zn), which is equivalent
to the 1 property

WY (Ve e X)By e Y)U(y, X, z, 21, ..., ).

Note that for the latter equivalence we used the axiom of replacement as well as
the axiom of foundation.

The remaining cases are easier, and left as an exercise. For example, we show
that if P and @ are 3 then P A Q is X;. For notational simplicity assume P(z)
and Q(z) are properties of a single variable. By assumption, there are ¥; formulas
¢(x) and ¢ (x) such that which define P and @ respectively. There are ¥ formulas
Yo(z,y) and ¢g(z,y) such that ¢ is Jygpo and ¢ is Jyyy. Now P A Q can be written
as Jyvo(x,y) A Jygo(z,y), which is equivalent to the Xy formula Jy(vo(z,y) A

bo(z,y))- 0

Exercise 2.22. Complete the proof of Theorem 2.21

2.6. The V,, hierarchy. Define recursively along the ordinals
o Vy=0;
o Vo1 =P(V,), the powerset of V,; and
® Vo =Up<, V. if o is a limit ordinal.
The axiom of foundation is equivalent to the statement that the whole universe is
V =U, Va. That is, any set z is in V, for some ordinal o.
Consider the formula ¢(y, F') saying that y is an ordinal and F' codes the con-
struction of V,, up to y. That is:
o F(0)=0;
o (VBey)(F(B+1)="P(F(B)):
e V3 €y, if B is limit then F(8) = U7<ﬁ F(v).
Note that the second bullet is ITy and the rest is Ag, so ¢ is a Iy property.

Corollary 2.23. The property P(X,«) saying that “X is V,,” is As.

Proof. First, X is equal to V,, if and only if there exists an F' such that ¢(a+ 1, F)
and X = F(«). This is a statement of the form 3(Il;), and is therefore 3s.
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Second, X is equal to V,, if for any F, ¢(a+ 1,F) = F(a) = X. This is
a statement of the form V(II; — Ay), equivalently, V(Aq Vv —IIy), which is V(3),
which is II5. O

Corollary 2.24. The property P(X) saying “X is V,, for some ordinal «” is 3s.

Proof. By the previous corollary, we may write this statement as 3(X5), which is
3. O

2.7. The axioms of ZFC. Recall the axioms of ZFC:

e Extensionality: for any A, B, if A C B and B C A then A = B.

e Empty set: there exists a set () with no elements.

e Comprehension (scheme): given a formula ¢(z, 1, ...,x,), we include the
axiom saying that for any aq, ..., a,, and any set A there exists a set B whose
elements are precisely those © € A for which ¢(z, a4, ..., a,) holds.

e Pairing: for any a,b there exists a set whose elements are precisely a and

b.
e Union: for any set X there exists a set Y such that y € ¥ <= dz €
Xy € x).

e Infinity: there exists an inductive set, that is, a set X such that § € X and
xU{z} € X for any z € X.

e Power set: for any set X there exists a set P(X) whose elements are all
subsets of X.

e Foundation: for a non-empty set X there exists € X such that xtNX = ().

e Replacement (scheme): given a formula ¢(x,y,z1,...,2,) we include the
axiom saying that for any ai,...,a, and for any set X, if for any z € X
there exists a unique y such that ¢(x,y, ai, ..., a,) holds, then there exists a
set Y such that for any x € X there is a y € Y such that ¢(z,y, a1, ..., an).

e The axiom of choice: for any set X, if all members of X are non-empty
then there exists a function f with domain X such that f(z) € x for every
rzeX.

Remark 2.25. The axioms of Extensionality, and Foundation are II; statement.
The axiom of Infinity is a 3; statement. The axioms of Pairing, Union, and Choice
are Il statements.

2.8. H(k). Let k be an infinite regular cardinal. Say that a set = is hereditarily
smaller than « if |t.c.(x)| < k, where t.c.(x) is the transitive closure of . Let
H (k) be the collection of all sets x which are hereditarily smaller than .

Remark 2.26. For a regular cardinal k, if x is hereditarily smaller than x then
x is in V. This can be shown by induction on the rank of z. So H(x) C V, and
H (k) is a set by comprehension.

It follows from the definition that H (k) is a transitive set.

Exercise 2.27. Show that H(w) = V,,. However, H(w;) is strictly contained in
Vo, -

Theorem 2.28 (Assume ZFC). For an uncountable regular cardinal x, H (k) sat-
isfies all the axioms of ZFC apart from the powerset axiom.

Proof. The main point is showing that the axiom of replacement holds. The others
are easier.
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For the union axiom, take z € H(k). Then the transitive closure of | Jz is
contained in the transitive closure of {z}. So |Jz € H(x). To be precise, we must
also show that the set z = |z is in fact the union of = as calculated in H(x). That
is, that H(k) = “z is the union of 2”. This is easy to show directly, but it also
follows at once from our observations regarding the complexity of this statement.
Recall that the definition of “z is the union of z” is II;, and H (k) is transitive,
therefore “z is the union of x” also holds in H (k).

Fix a formula ¢(x,y) and a set X € H(x) such that for any x € X there exists
a unique y in H(k) such that M | ¢(z,y). Then

(Ve € X)(3ly € H(k))(6Y (z,y)).

We may now apply the axiom of replacement for the formula ¢, to find a set
Y of all sets y € H(k) for which there exists some z € X such that ¢* (z,y) holds.

Since there is a surjective map from X onto Y, |Y| < k. It suffices to prove the
following:

Lemma 2.29. If Y C H(x) and |Y| < k then Y € H(k).

Proof.
te.(Y) = te(y).
yey
So t.c.(Y) can be written as a union of < k many sets of size < k. Since & is a
regular cardinal, we conclude that t.c.(Y) is of size < k. O
O

Exercise 2.30. Show that the powerset axiom fails in H(X;).

It follows that H (X;) satisfies all the axioms of ZFC but not the powerset axiom,
and therefore the powerset axiom is independent from the other axioms of ZFC.

2.9. The reflection principle.

Theorem 2.31. For any formula ¢(x1, ..., z,,) there is an ordinal « such that
for any a1, ...,a, € Vi, ¢¥=(ay, ..., a,) holds if and only if ¢(ay, ..., a,).
That is, V, “reflects” correctly the truth value of ¢.

Definition 2.32. Given a function f whose domain and range are ordinals, say
that « is a closure point of f if for any 8 < «, f(8) < a. We also consider
definable functions whose domain may be the class of all ordinals. That is, f
is defined by some formula x(z,y) in the sense that for each ordinal « there is a
unique ordinal é such that x(c«, ) holds.

Exercise 2.33. Given a definable function f from ordinals to ordinals, the collec-
tion of all closure points of f is
(1) definable via a formula;
(2) closed, that is, if X is a set of closure points of f and a = sup X = (J X,
then « is a closure point of f;
(3) unbounded, that is, for any ordinal § there is an ordinal o > /3 such that
« is a closure point of f.

Hint: part (3) makes an essential use of the axiom of replacement.
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We will prove the following strong version of Theorem 2.31: for any formula ¢
there is a definable function f all of whose closure points reflect ¢ correctly. That
is, there is a closed unbounded class of ordinals which reflect ¢.

Exercise 2.34. Suppose x1, ..., Xn are definable functions from ordinals to ordinals.
Show that there is a formula x defining a function from ordinals to ordinals such
that any closure point of x is a closure point for each of x1, ..., Xn-

Lemma 2.35. Let ¢(x1,...,2,) be a formula, then there is a definable function f
from ordinals to ordinals such that for any closure point of f

(x) for any ay, ..., a, € Vi, ¢V (a1, ..., ay) holds if and only if ¢(ay, ..., an)-

Proof. We prove this inductively on the construction of formulas. If ¢ is an atomic
formula then (%) is satisfied for any a. (In fact this is the case for any Ay formula
6)

The main inductive case is the existentional quantifier. Suppose ¢ is of the form
Jzp(x, z1, ..., xp), where we already know the lemma for ¢. That is, there is a
definable function A such that for any closure point « for h, (x) holds for V,, and
.

Define a function f recursively as follows. f(0) = 0. Suppose we define f on all
ordinals below a. Let 0 = supg_,, f(8). Let ¢ > 6 be the minimal ordinal such
that

Vai,...,an € Vo(Fzp(x,a1,...,a,) = Bz € Vo)(x,aq,...,a,)).

Such ( exists by the axiom of replacement. Define f(«) = h(/3) where S is minimal
such that h(8) > ¢. Note that any closure point for f is also a closure point for h.
(Also any closure point of f is a limit ordinal.)

Let a be a closure point of f and take aq, ..., a, in V,. Since « is a closure point
for h, we have

Ve (a,ai,...,ay) if and only if ¥(a, ay, ..., a,),
for any a € V,,. In particular

(bva (alﬁ e ln) = Plag, ..., an)~

Conversely, suppose ¢(aq, ...,ay) is true. Fix 8 < « such that aq,...,a, are all in
V3. Since Jxp(z, aq, ..., ayn), it follows from the definition of f that there is an a
in Vi) for which v¥(a,ay,...,a,) holds, and so YVe(ay,...,a,) holds. As o is a
closure point of f, f(3) < «, and so a € V,,. It follows that ¢"=(ay, ..., a,) holds,
as required. (I

2.10. Coding of formulas. We may code formulas as sets in V,, as follows. (We
fix an infinite list of variable xg, x1, ... to be used by our formulas.) For each formula
¢ we assign a code [¢] € V, recursively.

b [xi = Ij} = <07i7j>7 [mi € Ij} = <17i7j>;
o [-¢] = (2,[¢]);

o [pAY]=(3,[0], W]

b [szgb] = <47i’ [¢]>

Say that x codes a formula, Formula(z), if = [¢] for some formula ¢.

Claim 2.36. Formula(z) is a Ay property (using w as a parameter).
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Proof. x codes a formula if for any set Z, if
(Vi,j € w) (0,4, ) € ZN(L,1,5) € ZAN(Vy,z € Z) ((2,2) € Z N (3,2,y) € ZN(4,2,y) € Z)

then x € Z. That is, any set Z that has the codes for atomic formulas, and is closed
under the operations for formula constructions, must contain codes for all formulas
and therefore . This is a II; statement.

Also, z is a formula if and only if there exists a function F' whose domain is
a natural number and F' codes a construction sequence of formulas F(0), F(1), ...
where z is F(n) for some n in the domain of F. The latter can be written as a ¥
statement. (]

If x codes a formula we will write ¢, for the formula coded by x.

Exercise 2.37. For each natural number n there is a A; formula Formula,,(z)
such that z is a code for a %,, formula if and only if Formula, (x) holds.

Exercise 2.38. There is a A; formula Free(x, y) which holds if and only if = codes
a formula and y C w is the set of all free variables appearing in ¢,.

Similarly, the property Py(z,y, 21, ..., 2) saying “y codes a formula with k vari-
ables and x is the code for the sentence ¢, (21,...,2x)” is A1 (¢, is the sentence
obtained from the formula ¢, by substituting the free variables with constants).

Fact 2.39. For each natural number n > 1 there is a X, formula Truth,,(z) which
holds if and only if = is a code of a true X,, sentence.

Proof sketch. The proof is by induction. We sketch the 3; case. First we find a
¥, formula Truthge(x,z) which holds if and only if z = (z1,..., 2x) is a sequence
of length k, for some k € w, = is a code for a quantifier free formula with & free
variables and ¢, (21, ..., 2) is true.

Truthge(x, 2) says that there are sequences F' and T coding a construction se-
quence F(0), F(1), ..., F(n) which does not use the “3” clause at all and F'(n) is z,
and a sequence of “truth values” T'(0),...,T(n) € {0,1} such that for each i <n
if F(¢) is of the form (0,1,t), then T(i) = 1 iff z; = zy;
if F'(7) is of the form (1,1,¢) then T'(i) = 1 iff z; € zy;
if F'(4) is of the form (2, F'(j)), 7 <4 then T'(i) = 1 iff T'(j) = 0;
if T(i) is of the form (3, F(j1), F(j2)) then T(i) = 1 iff T(j;) = 1 and
T(2) =1
and T'(n) = 1. This is a ¥; statement, and it works.

Now we can define a ¥; formula Truth;(z, z) saying: z = (z1, ..., 2zx) and there
is a code y such that z is the code for the formula Jzg¢,(zo, x1, ..., zx) and there
is a zo such that Truthgs(z, (20, 21, ..., Zn))-

In particular if x codes a X1 sentence then ¢, is true if and only if Truth; (x, 0).
O

),
)

Corollary 2.40. For any n there is an ordinal « such that for any X, formula
¢(z1,...,x) and for any aq, ...,ar € V,

G (a1, ...,ar) <= ¢(aq,...,ax)

In this case we say that V, is a ¥, elementary substructure of V, written
Va <. V.
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Proof. Apply the reflection theorem for the formula Truth,,. There is an ordinal «
such that for any x, z € V,

(Truth,, )" (z,2) <= Truth,(z, 2).
Now for any %,, formula ¢(x1, ..., 2x), and any ay, ..., ar € Vy, let z = {(aq, ..., ag).
BV (a1, ar) = (Truthy)>([],2) <= Truthy([6],2) <= oar, . ax).

Remark 2.41. To be precise, in the left most “ <= " above we applied Fact 2.39
inside V,,, even though V,, might not satisfy all axiom of ZF. This can be remedied as
follows. We proved Fact 2.39 using ZF. The proof, like any proof, used only finitely
many of the axioms of ZF. Let ® be this finite collection. Using the reflection
theorem, we can find « such that V,, reflects Truth,, and all sentences in ®. In
particular, Fact 2.39 is true in V,,. (We will use this trick again, in particular when
talking about forcing)

O

2.11. Undefinablity of truth. [Not covered in class]

Theorem 2.42 (Tarski’s undefinability of truth). There is no formula Truth(z)
such that Truth(z) holds if and only if z is a code of a true sentence.

Proof. Assume otherwise that such formula exists. Let 8(y) be the formula —=Truth([¢, (y)]).
That is, 0(y) says “y is a code for a formula with one variable, and for the unique
x € V,, such that & = [¢,(y)], -Truth(z)”. (This can be done, in a similar way
to the exercises above. That is, we can define the relation for “substituting a

variable”.)
Let z = [f]. Then 6(z) holds if and only if —Truth(¢.(z)) if and only if
—Truth(f(z)) if and only if §(z) fails. A contradiction. O

2.12. Ordinal Definability.

Definition 2.43. Say that a set A is ordinal definable (OD) if there is a formula
¢(z,x1,...,x,) and ordinals ay, ..., a, such that for any set a

a€A = Pla,ar,....,ap)

Example 2.44. For any ordinal «, V, is ordinal definable. For any cardinal k,
H (k) is ordinal definable.

Exercise 2.45. A is ordinal definable if and only if there is a formula ¢( X, 1, ..., x,)
and ordinals aq, ..., a;, such that A is the unique set for whoch ¢(A, a1, ...,ay,) is
true.

Definition 2.46. Say that a set A is hereditarily ordinal definable if every set
in the transitive closure of {A} is ordinal definable. That is, A is OD, the members
of A are OD, the members of |J A are OD, and so on...

Example 2.47. Every ordinal is hereditarily ordinal definable.

Lemma 2.48. A is ordinal definable if and only if there exists an ordinal «, a
formula ¢, ordinals oy, ..., a,, < a such that

a€A = acVyAd(a,aq,...,ap)



12 ASSAF SHANI

In particular, being ordinal definable is a definable property: A is ordinal de-
finable if and only if “there is an ordinal alpha and ordinals «aq,...,a, < « and a
set X such that X =V, anda € A <= ¢*(a,1,...,an). The reason we can
definably quantify over all formulas is because we only quantify over Ag formulas.
Furthermore, truth for A, formulas is definable. (It is 31, and in fact A;.)

Similarly, the property “A is a hereditarily ordinal definable set” is a definable
property.

Definition 2.49. Let HOD be the class of all hereditarily ordinal definable sets.

By definition HOD is a transitive class. That is, if A is in HOD and a € A then
a is in HOD. This may not be the case for OD.

Theorem 2.50 (Assuming ZF). The class HOD satisfies ZFC.

Corollary 2.51 (Godel). If ZF is consistent then ZFC is consistent. In other
words, we cannot refute the axiom of choice using ZF set theory.

Proof. We prove for example the union axiom. Suppose A is HOD. In particular
A is OD. Let ¢(z, a1, ...,a,) be such that a € A < ¢(a,aq,...,a,). Define
(z, a1, ..., ap) as Jy(@(y, 01, ...,an) Az € y). This shows that (J A is OD as well.
Furthermore, the transitive closure of |J A is contained in the transitive closure of
A, so |J A is hereditarily ordinal definable as well.

The rest of the ZF axioms can be verified in a similar way, and the proofs are
similar to those we have seen in H(x) and V,, before. This is left for the reader.

The main point is showing that the axiom of choice holds in HOD, even without
assuming it in V. It suffices to show the following: given an OD set A there is an
OD relation < which is a well ordering of A. (If A is HOD then < will also be.)

Let A be ordinal definable. Fix « so that for any a in A there is a formula
¢, ordinals ag,...,a, < « such that a = {:17 e Vy: gbva(sc,ozl,...,an)}. We say
that a is defined via ¢, aq, ..., . (a is now fixed, and there could be many tuples
¢, q1, ..., o, defining the same set.)

Recall that given well orders <y, ..., <;, on sets Xy, ..., X;,, the lexicographic
ordering on X; x ... x X, is defined as follows: (z1,...,2m) < (Y1, .-, Ym) if and
only if for the first ¢ such that z; # y;, x; <; y;.

We coded formulas as members of V,,, which is countable. (Fix some well ordering
of V,,, for example, via an enumeration of it.) The ordinal « is well ordered by the
membership relation €. Consider the lexicographic ordering on V,, x a™.

We have a map from V,, xa<* sending ([¢], a1, ..., @) 10 ([g],ar,....an) = {x eVy:

where the image includes the transitive closure of A. Furthermore this map is de-
finable using the parameters w and a. For a € A let n(a) be the minimal n such
that a = a(g.a,,...,a,) for some (¢, ay,...,an) € V, x ™.

Finally, we can use this map to well order A: say that a < b if and only if either
n(a) < n(b) or n(a) = n(b) = n and the minimal tuple (¢, aq,..., ) such that
@ = Q(p,a,,..,a,) is lexicographically smaller than the minimal tuple (9, B1, ..., Bn)
such that b = by g, .. g,)- < well orders A and is ordinal definable. [l

2.13. Lowenheim Skolem theorems. Recall:

Definition 2.52. Given a language £, a structure M and a substructure N of M,
we say that N is an elementary substructure of M, denoted N < M, if for any
formula ¢(z1,...,2,) and for any as,...,a, € N,

M ':d)(alv"'van) — N ':¢(a1»'~'aan)'

Vo (@, 001, .. 0m) },
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(By definition, N is a substructure of M if N C M and the above holds for atomic
formulas. In the language of set theory, this simply means that N is contained in
M and they interpret € the same way.)

Given the notation introduced above, if M is a model of set theory and N is a
submodel of M, then N < M if and only if NV <5, M for each n.

Lemma 2.53 (Tarski-Vaught test). Suppose N is a substructure of M. Then
N < M if and only if for any formula ¢(z,1,...,x,) and any ai,...,a, € N, if
there is a b in M such that M = ¢(b, ay, ..., a,) then there exists a a € N such that
M ': ¢(a7a17 "'7an)'

Theorem 2.54 (Using ZFC). Suppose M is a model.

(1) For any X C M there exists an elementary substructure N < M such that
X C N and |N| = |X|+ Ng. (That is, if X is infinite then |[N| = | X| and
if X is finite then |N| = Rg.)

(2) For any cardinal k > |M]| there is an elementary extension of M, M < N
such that |N| = k.

Part (1) will be more relevant for us, so we outline the proof.

Proof. We define N as N = J,,,, N where N,, is defined recusively as follows.

Fix some choice function f defined on all non-empty subsets of M. Given a formula

¢z, 21, ..., x5) and ay, ..., ax, in M let M(d,a1,...,ar) ={a € M : M = ¢(a,a,...,ax)}.
Let Ng = X and

Npy1 =N, U LJ{f(M((;$7 ai,...,ar)) : ¢ is a formula and aq, ...,ar € Ny }.

This is a set, again using the fact that “truth in M” can be defined by a formula,
and then using the axiom of replacement.
Now N satisfies the Tarski-Vaught test, and therefore N < M. O

Remark 2.55. There is a subtlety here. This looks, and is, very similar to the
proof of the reflection principle. Why could we not guarantee V, < V there? The
point is that truth in V is not definable, and we had to limit our interest to X,
formulas for a bounded n in order to define truth. However, since M is a set, truth
in M is always definable (in a Ag way), for all formulas.

Definition 2.56. Two models M and N are said to be elementary equivalent,
denoted N = M, if for any sentence ¢, M = ¢ if and only if N = ¢.

Definition 2.57. Two models M and N are isomorphic if there is a bijective
function f: M — N such that for any formula ¢(x1, ..., z,) and any aq, ..., a, in M

M = é(a1,...,a,) < N E o(f(ar),..., f(an)).

Note that if N < M then N and M are elementary equivalent. Also if N and
M are isomorphic then they are elementary equivalent.
Recall:

Fact 2.58 (a corollary of the Mostowski collapse theorem). Suppose M is a set
and (M, €) satisfies the axiom of extensionality. Then there is a transitive set N
and an isomorphism 7: M — N. Furthermore, if X is transitive and X C M then
7w [ X =1id, that is, n(z) = « for any x € X.

Proof. Since € is well founded, have a rank function on € in M:
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e z € M is of rank 0 if there is no y € M such that y € z.
e z € M is of rank « if for all y € M, if y € = then y has rank < a.

Note that by extensionality there is precisely one set x in M of rank 0, and we
define 7(x) = 0. 7 is defined recursively by «(x) = {7 (y) : v € z}.
O

Corollary 2.59. For any transitive set M there is a countable transitive model N
which is elementary equivalent to N.

Proof. By Lowenheim Skolem we may find N’ < M which is countable. Applying
the mostowski collapse we find a transitive set (N, €) which is isomorphic to (N, €).
So N is countable and is elementary equivalent to M. O

Exercise 2.60. Show that if N < V,,, and N is transitive then IV is not countable.
Corollary 2.61. The property “x is a cardinal” is IT; but not %;.

Proof. We saw that this is a II; property. It remains to show that it is not ;. If
it were, then it would be absolute between transitive models of set theory.

Suppose first that we may find some transitive model of ZF, M. Then there is
a model N which is countable, transitive, and is elementary equivalent to M. In
particular N is also a model of ZF. There is an ordinal « such that N = “k is the
first uncountable cardinal”. Note that x > w. Since N is countable and transitive,
then x is in fact a countable ordinal. In particular, s is not a cardinal.

Remark 2.62. What if we cannot find a transitive model satisfying ZF? The proof
can be remedied by using the finiteness of proofs. That is, if we could prove, using
ZF (or ZFC), that “k is a cardinal” is a X7 property, this proof would following
from some finitely many axioms ¢ C ZFC. By the reflection principle we may find
Vo E ©. So we may find a countable transitive model satisfying all axioms in @,
again leading to the same contradiction.

O

The same proof also shows that “|X| < |Y|” is not II;.

Theorem 2.63 (Levy). Let x be an uncountable cardinal. Then H(k) <5, V.
That is, for any ¥ formula ¢(x1, ...,z,) and any ay, ..., a, € H(k),

¢H(m)(a17...,an) <~ oay,...,an).
(Note that we are not assuming that & is regular.)

Proof. Since ¥ formulas are “upwards absolute” between transitive models, it
suffices to show the implication <. Let ¢(x1,...,x,) be Iy (y, x1, ..., x,) where
is a Ag formula. Assume that ¢(ay, ..., a,) holds, for ay,...,a, € H(k). Fix b such
that ¥ (b, a1, ..., an).

Fix « large enough so that aq,...,a,,b € V,. Since v is a Ag formula and V,, is
transitive we have ¢V (b, ay, ..., a,). Let X be the transitive closure of {ay, ..., a, }.
Then |X| < k. By Lowenhein-Skolem, we may find an elementary substructure
M < Vg such that X U {b} C M and |M| = |X|+ Ry < k. Applying Mostowski
collapse, there is a transitive set N and an isomorphism 7: M — N. Furthermore,
m(z) =z for any z € X.
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Let ¢ = 7w(b). It follows that N = ¢(c,aq,...,a,). Finally, N C H(k), and
they are both transitive, so they agree on A, statements. That is, H(k) |
Y(c,an,...,a,), and therefore H(k) = ¢(aq, ..., an).

O

Exercise 2.64. Show that V,, Ax, V.

3. FORCING

From now on we will assume that there exists a transitive set M such that
(M, €) is a model of ZFC. (We will discuss later how to avoid this additional
assumption. We have seen similar arguments.) By applying Lowenheim-Skolem,
and a Mostowski collapse, we may assume that there is a countable transitive set
M such that (M, €) is a model of ZFC.

Remark 3.1. In particular, we may calculate L (L as calculated by M). By
absoluteness of being L, it follows that LM is L, for some ordinal a. So in fact we
have a countable ordinal « such that L, satisfies ZFC.

Let a be the minimal ordinal such that L, is a model of ZFC. Then in L, there
is no transitive model of ZFC at all!

Again, this is evidence that in order to find a model in which, say, the continuum
hypothesis fails, we cannot rely on inner models. Instead we must find a way to go
outside a given model of set theory.

We start by just adding something, for example, to prove the consistency if
V # L. For example, we will want to take some set a C w which is not in M, and
find a model M’ such that M C M', a € M’ and M’ is again a model of ZFC. Not
any set a would work, and part of the work will be to find a’s that do work.

Recall that a set a C w can be naturally identified with its characteristic function
Xa:w—{0,1}, xa(k) =1 <= k€a.

Definition 3.2. An approximation to a subset of w is a function p whose domain
is a finite subset of w, and it take values in {0, 1}.

We say that an approximation p is stronger than ¢ if p extends ¢ as a function.
That is, dom(g) C dom(p) and p(k) = ¢q(k) for any k € dom(q). (p decides more
values of the set a we try to approximate.) In this case we write p < ¢ (smaller is
stronger).

More generally we will consider arbitrary partially ordered sets (P, <).

Definition 3.3. A set P is partially ordered by < if < is a transitive symmetric
relation on P. We usually assume that P has a maximal element (sometimes denoted
as 1p). We call (P, <) a partially ordered set, or poset.

For example, let P be the set of all finite approximations to a subset of w, and
define p < q as above. The maximal element is the empty function (.

Definition 3.4. Let (P, <) be a partially ordered set. p,q € P are compatible if
there exists 7 € P such that r < p and r < q.

In our example, p and ¢ are compatible if and only if they agree on their common
domain dom p N dom ¢, which is true if and only if the set p U ¢ is a well defined
function whose domain is dom p U dom ¢, a finite subset of w.

Suppose we do find, as above, M C M’ with a € M’. Then, in M’, we can define
the set of all approximates of a
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G = all approximations p such that x, extends p.
Note that we can also define a from G, as follows: k € a if and only if there is some
p € G such that k € domp and p(k) = 1.
Some properties of G:

Definition 3.5. Suppose (P, <) is a partially ordered set and G C P. Say that G
is a filter if it satisfies the following.

e If pe G and p < ¢ then ¢ € G;

e If p,q € G then there is r € G such that » < p and r < q.

We will always assume that the filter G is not empty, in which case it must be
the case that 1p € G.

An additional property that we needed to define a from G is that for any k € w
there is some p € G such that k € dom(p). We will in fact add the set a by adding
a filter G, and define a as above.

Fix a transitive model M, a partially ordered set (P, <) € M and a filter G C
P (most likely not in M!). We now describe a model M[G] extending M and
containing G.

3.1. Names.

Definition 3.6. Define recursively on the ordinals the names for P as follows.
e Ny = @;
e Noy1 =P(P x N,);
® No =z, Np if @ is a limite ordinal.

Define N to be the union of all N, where « is an ordial in M. (A more precise
notation would be N (P), the class of P-names defined in the model M.) We say
that 7 is a P-name if it is in V.

For example, N1 = {}. The members of Ny are subsets of P x {(}, that is, they
are sets of pairs (p,()) where p € P. Generally, a member of N, is a set of pairs
(p, 7) where 7 is in N,.

Remark 3.7. The collection of all names for PP, in M, is a definable class in M.
In fact the relation “X = N,” is definable in M in a A; manner.

Definition 3.8. For a name 7 say that its rank is « if « is the minimal ordinal
such that 7 C P x N,.

3.2. Extension. Let G C P be a filter. We define a model M[G] as follows.

Definition 3.9. Given a filter G C P and a P-name 7, we define its realization
according to G, 7[G], recursively on the rank as follows.

(1) If has rank 0, 7 CP x ) = 0. So 7 = () and we define 7[G] = 0.
(2) Given 7 of rank o + 1 define

7[G] = {o[G]: Fp e G((p,0) €7)} .
We define the model M[G] as the collection of all 7[G] for 7 € N.
Lemma 3.10. M|G] is transitive.

Proof. Fix y € x € M[G]. Since x € M[G], there is a name 7 such that x = 7[G].
By definition of 7[G], there is a name ¢ and a condition p € G such that (p,o) € 7
and y = o[G]. In particular, y € M[G]. O
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It follows that M[G] satisfies the axioms of extensionality and foundation.
Lemma 3.11. M C M[G].

Proof. For each x € M we define a canonical name & recursively on rank, as
follows.
o () =0;
e Fix x and suppose §j was defined for all y € x. By replacement, applied in
M, there must be some ordinal § such that for all y € x, 3 is of rank < .
Now define & to be {(1p,9) : y € z}, a name of rank 5+ 1.
Finally, we prove inductively that Z[G] = « for all x € M (independent of G).
Indeed, @ = 0 and by induction

2@ =A{olG]: Fp e G(p,0) € 2)} ={ylG]: y ez} ={y: yca} =

Lemma 3.12. G € M[G].

Proof. We define a P-name G so that for any filter G C P, G[G] = G. Let G =
{(p,p) : pP}. O
Exercise 3.13. Show that if G € M then M[G] = M.

3.3. Some axioms in M|[G].

Lemma 3.14. The union axiom holds in M|[G].

Proof. Suppose x € M[G], x = 7[G]. We want to find a name 7* such that 7*[G]
is Jx. That is, z € 7*[G] <= there is y € x such that z € y.

Note that y € z if and only if y = o[G] where (p,o) € 7 for some p € G. For
such y, z € y if and only if z = p[G] where (g, p) € o for some g € G.

Define 7* to be the set of pairs (r, p) for which there are ¢,p € P and a name o
such that » < p and r < g and (g, p) € o and (p,o) € 7. [Note that if 7 is of rank
B then 7* is also of rank f.]

Finally, we claim that 7%[G] = |J7[G]. Assume first z € |J7[G]. Then z = p[G]
and there is y = o[G] such that z € y € 7[G]. That is, there are conditions p,q € G
such that (p,o) € 7 and (q,p) € 0. Since G is a filter, there is a condition r € G
which extends both p and q. We see now that (r,p) is in 7, and since r € G,
z = p|G] € T*[G].

For the other direction, assume that z € 7%[G]. So z = p[G] and there is some
r € G such that (r,p) € 7*. By the definition of 7*, there are p,q € P such that
r < p,q and a name o such that (q,p) € o and (r,0) € 7. Since G is a filter and
r € G, then both p and ¢ are in G. It follows that z = p[G] € o[G] € 7[G], as
required. (I

Assume P is the poset of finite approximations of a subset of w, a C w and
G = (G, is the set of all p € P such that a extends p. It follows from Lemma 3.12
and the above that a € M[G], as it can be defined as a = JG.

Exercise 3.15. Show that, for any filter G C P, M[G] satisfies
(1) the pairing axiom;
(2) the axiom of infinity.

Lemma 3.16. M and M|[G] have the same ordinals.
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Proof. We saw that M C M[G], so every ordinal of M is an ordinal in M[G]. We
prove by induction on the rank of names that if 7 is a name of rank 8 and 7[G] is
an ordinal then 7[G] < .

Indeed if 7[G] is an ordinal then for any (p,o) € 7, if p € G then o[G] is an
ordinal as well. By the inductive assumption we get in this case that o[G] < 8. So
T[G] is a set of ordinal, each of which is < 8, thus 7[G] < 8. ]

3.4. A “bad” filter. Recall that M is a countable transitive model of ZFC. Let
k = M N Ord, all the ordinals in M. Since M is transitive, k is an ordinal, and it
is countable. Fix a bijection f: w — k.

We can “code” f as a subset of w as follows. First, f can be coded as a relation
R C w X w defined by R(i,5) <= f(i) € f(j). Next, we can code a relation
R C w x w as a subset of w via some injective map w X w — w. For example, define
k€a < k=2"3 where (i,j) € R. (Alternatively use a “snake enumeration”
of wx w.)

Let G = G, be the set of all finite approximations of a. Then the axiom of
replacement fails in M[G]. To see this, recall first that G € M[G]. As the union
axiom holds in M[G], f = |JG is in M[G] as well, where f:w — {0,1}.

Assume towards a contradiction, that the axioms of replacement and compre-
hension hold in M[G]. It follows that that a € M[G], and therefore R € M|[G].
Note that for each ¢ € w we may consider R | {j € w: (j,4) € R}, which is a
well ordering of w, isomorphic to f(¢). Specifically the Mostowski collapse of
Rl{jew: (j,i) € R} is f(3).

Now consider the formula ¢(n,«) saying that « is an ordinal which is the
mostowski collapse of R [ {j € w: (j,n) € R}. Then in M[G], ¢ defines a function
with domain w, yet its range is not bounded, as it includes all the ordinals of M[G].

3.5. Generic filters. Let (P, <) be aposet. Given p € PdefineP, = {g € P: ¢ < p},
the set of all conditions that extend p.

Definition 3.17. A set D C P is open if for any p € D, if ¢ < p then ¢ € D.

In other words, if p € D then P, C D. We can view the sets P, is “basic open
sets”. Then any open set is a union of basic open sets.

Definition 3.18. A set D C P is dense if for any p € P there is ¢ < p such that
qe D.

Example 3.19. Let P be the poset of all finite approximations for a subset of w.

(1) The set of all p € P such that the domain of p is equal to some n € w, is
dense.

(2) The set of all p € P such that 3,5 € domp and p(3) = 1 — p(5) is open.

(3) The set of all p € P such that there is some n € w for which n,n+1,n+2 €
domp and p(n) = p(n+ 1) = p(n+2) =1, is dense and open.

(4) Fix n € w. The set of all D,, of all p € P such that there is some m € w
for which p(2™ - 3™) =1, is a dense open set. (That is, the binary relation
coded by the subset approximation by p has the pair (m,n) in it.)

Definition 3.20. Fix M and (P,<) € M. A filter G C P is generic over M if
G N D # () for any dense open set D € M.

Example 3.21. Let G = G, C P be the “bad” filter from Section 3.4. Fix n € w
such that f(n) = 0. Then there is no ¢ € w such that (i,n) € R, and so there is
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no 4 € w such that 2¢-3" € a. So GN D, = () for the dense open set D,, from
Example 3.19 part (4).

Exercise 3.22. The intersection of finitely many dense open subsets of IP is dense
and open.

Exercise 3.23. Let P be the poset of all finite approximations for a subset of w.
Suppose G C P is generic over M.

(1) Prove that G ¢ M.
(2) Prove that |JG is a well defined function from w to {0, 1}.

Claim 3.24. The following are equivalent:

e G C P is generic over M;
e GND #{ for any dense set D € M.

Proof. Suppose D C P is dense. Let D* be all conditions ¢ which extend some
condition in D. Then D* is dense and open, and contains D.

Suppose that G C P is a generic filter. We must show that it intersects all dense
subsets in M. Given a dense set D € M, we know that GND* # (. Fix ¢ € GND*.
By definition there is some p € D such that ¢ < p. Since G is a filter, p € G, so
p € GN D, as desired. O

Lemma 3.25. Let M be a countable transitive model and P a poset in M. Then
there is a filter G C P which is generic over M.

Proof. Let Dy, D1, Do, ... be an enumeration of all sets D € M such that D C P is
dense and open. We prove a stronger version of the lemma: that for every condition
p € P there is a filter G C P such that p € G and G is generic over M.
We define a sequence of conditions in P, pg, p1, ... such that pg > p; > ps > ...,
as follows:
o let po = p;
e given p,, let p,11 be a member of D,, which extends p,,.
This is possible by the density of each D,,.
Finally, let G be the set of all ¢ € P such that ¢ > p,, for some n. Then G is a
filter. For any n, p,+1 € GN D,,. Thus G intersects all dense open subsets of P
which are in M, and is generic. O

Given a filter G which is generic over M, we will call M[G] a generic extension
of M.

3.6. The forcing relation.

Definition 3.26 (The forcing relation). Let ¢(z1,...,x,) be a formula in the lan-
guage of set theory, p a condition in P, and 74, ..., 7, P-names. Say that p forces
A(T1y ey T ), written p IF (71, ..., 7 ), if for any generic filter G C P over M, if
p € G then M[G] = ¢(71[G], ..., T[G]).

Example 3.27. For any poset P and any p € P, we defined a name 7 = G and
showed that 7[G] = G for any filter G. So for any filter G, if p is in G then
p[G] € 7[G]. Thus pI-p € 7.

Our goal is to establish the following fundamental theorem about the forcing
relation.
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Theorem 3.28 (Truth and definability for the forcing relation). Fix a countable
transitive model M and a poset (P, <) in M.

e [Truth] If G C P is a generic filter over M, ¢(x1,...,2,) is a formula in the
language of set theory, and 71, ..., 7, are names for P in M, then

MI[G] & ¢(11[G], ..., 7[G]) <= (Bp € G)p Ik ¢p(11,...,Tn).

e [Definability] For any formula ¢(x1,...,z,) in the language of set theory
there is a formula (P, <,p, 21, ..., 2,) such that for any p and any 7, ..., 7,

plF ¢(7_1,~--,7—n) — M ':wqﬁ(IPvSap,Tla"'an)'

From the definition of I, it is not clear immediately that there are many instance
of conditions forcing statements. The first clause above shows that in fact anything
that is true in some generic extension is forced by some condition. The second
clause is even more remarkable. The definition of I+ takes into consideration all
possible generic extensions of M. A process one can certainly not define inside M.
However, it turns out to be completely definable in M!

Before proving Theorem 3.28 let us see how it is used. We show that for a model
M of ZF, any generic extension M[G] satisfies ZF, and if M satisfies the axiom of
choice then so does M|[G].

3.6.1. The axiom of replacement. Let M, P be as above and G C P a generic filter
over M. We show that M[G] satisfies the axiom of replacement. Fix ai,...,a, €
MIG], a formula ¢(z,y, 21, ..., 2,) and a set X € M[G] such that

MI[G] E (Vz € X)3'y)o(x,y, a1, ..., an).

We must find aset Y € M[G] such that M[G] = (Vo € X)(3y € Y)o(x,y,a1, ..., an).

Fix names p1, ..., p, and 7 such that X = 7[G] and a; = p;[G]. Given p € P
and a P-name p, define a(p, 1) to be the minimal ordinal « such that there is some
name 7 of rank « with p Ik ¢(u,n, p1, ..., Pn)-

Let 8 be the rank of 7. Since M satisfies replacement, there is an ordinal o*
such that for any name p of rank < 8 and for any p € P, a(p,u) < a*. Here we
use the definability clause of Theorem 3.28 to argue that the map p, u — a(p, ) is
definable in M.

Finally, let o be the name of all pairs (p,n) with a(p,n) < a* such that there
is a name p of rank < f and there is a ¢ € P such that p < ¢, (¢, ) € 7 and
p IF o(p,n, 01,y pn). We claim that o[G] is the set of all y for which there is
x € 7[G] such that ¢M(Cl(z y, a1, ..., a,) holds.

First, if y € o[G], y = n|G] where p € G and (p,7n) € 0. Then there is a p < ¢
and (q,u) € 7 such that p I+ ¢(u,n, p1,..., pn). Then p,q are both in G, and so
x = p[G] € 7[G] and ¢MIE) (2, y, a1, ..., a,) holds.

Conversely, fix x € 7[G]. Then there is a pair (¢, ¢) € 7 with ¢ € G and p[G] = «.
In particular g is of rank < 8. By assumption, there is some y € M|[G] such that
MI[G] E ¢(z,y,a1,...,a,). Fix ' such that y = #'[G]. By Theorem 3.28 there is
some condition p’ € G forcing that ¢(u,n’, p1, ..., pn)- By choice of &*, we may find
7 so that p’ IF é(u,n, p1, ..., pr) and a(p’,n) < a*. Since p’,q € G, thereisap € G
with p < p’ and p < p. Now (p,n) € o, and so y = n[G] € o[G], as required.
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3.7. Proof of the forcing theorem.

Definition 3.29 (Strong forcing). For a condition p € P, a sentence ¢ in the
forcing language, we define the relation p IF* ¢ (read “p strongly forces ¢”). More
specifically, one can think of p IF* ¢ as “p directly witnesses that ¢ must hold”.

First, consider atomic sentences and their negations. We define recursively on
the ranks of the names:

(1) pIF* o € 7 if there is a ¢ € P and a name A such that p < g and (¢, \) € T
and p IF* X\ =0,
(2) plF* o ¢ 7 if there is no ¢ < p such that ¢ IF* o € 7.
(3) pIF* o # 7 if either
e there is a ¢ € P and a name X such that p < ¢ and (¢,A\) € o and
plE* A& T, or
e there is a ¢ € P and a name A such that p < ¢ and (¢, \) € 7 and
plE* XA & o, (or both);
(4) pIF* o0 = 7 if there is no ¢ < p such that ¢ IF* o # 7.
(So, p witnesses that o = 7 if there is no way to extend p and witness that some
name is going to be in one set but not the other.)
We continue to define the relation IF* on all formulas, this time by recursion on
the construction of formulas:

(5) plIF* =¢(71, ..., ) if there is no ¢ < p such that ¢ IF* ¢(71, ..., 7);

(6) pIF* d(T1y ey Tn) VU(T1y ey ) I D IFF @(T1, oy 7)) O PIF* (71, 0y T )5
(7) pl* 3xg(x, 7, ..., ) if there is a name o such that p IF* ¢(o, 71, ..., T0).

Lemma 3.30. If p IF* ¢(7q,...,7,) and r < p then r IF* (1, ..., 7). That is, if p
knows that ¢ will hold, and r has more information than p, then r also knows that
¢ must hold.

Lemma 3.31. For any formula ¢(z1,...,,) and names 7y, ..., 7,, the set D of all
conditions p € P such that either p IF* ¢(71,...,7) or p IF* =¢(71, ..., 7), is dense
and open in P.

Proof. That D is open follow from the preceding lemma. Now for any condition p,
either there is some ¢ < p for which ¢ IF* ¢(1, ..., 7,), in which case ¢ € D, or there
is no such ¢, in which case p IF* —=¢(71, ..., 7,) by definiton, and so p € D. O

Theorem 3.32. Let M be a countable transitive model, (P, <) a poset in M and
G C P a generic filter over M. For any formula ¢(z1, ..., x,) and names 71, ..., T,

MI[G] E ¢(11[G], ..., [G]) <= (Fp € G)pIF* d(71, ..., Tn).

In particular, if p IF* ¢ then ¢ holds in any generic extension M[G] such that
p € G, and so p IF ¢. In particular, if M[G] = ¢(71[G], ..., T»[G]), then there is some
p € G such that p IF* ¢(7,...,7) and so p I+ ¢(11, ..., 7). So the Truth clause of
Theorem 3.28 follows.

Proof. We first prove the theorem for atomic formulas and their negations, by induc-
tion on the rank of names. Then for all formulas by induction on the construction
of formulas.

(1) Assume first p IF* o € 7, then there is a ¢ € P and a name X such that

p < qand (¢,\) € 7 and p IF* A = . For any generic filter G C P over
M, it p € G then also ¢ € G, and so A\[G] € 7[G] by definition. Since
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the rank of X is smaller than the rank of 7, it follows from the inductive
assumption, since p € G and p IF* 0 = A, that o[G] = A\[G]. We conclude
that o[G] € 7[G], as required.

Assume now that G C P is a generic filter over M and M|[G] = o[G] €
7[G]. By definition, there is some (¢, \) € 7 with ¢ € G and \[G] = o[G].
Since the rank of A is smaller than the rank of 7, it follows from the inductive
hypothesis that there is some p’ € G such that p’ IF* A = o. Since G is a
filter, we may find p € G with p < p’ and p < ¢. Now p < ¢, (¢,\) € T and
plF*AX=0,s0plF* o € 7 and p € G, as required.

(2) The proof is the same as in (5), we we assume the theorem holds for ¢ and
prove it for —¢.

(3) Assume first that p € G and p IF* 0 # 7. Assume that there is a condition
g € P and a name A such that p < ¢ and (¢,A\) € o0 and p IF* X ¢ 7.
(In the other case the proof is the same, replacing the roles of o and 7.)
Then g € G, so by the inductive assumption A[G] ¢ 7][G]. Furthermore, by
definition A[G] € o[G], so o|G] # T]G].

Assume now that G C P is a generic filter over M and M|[G] | o[G] ¢
7[G]. Assume without loss of generality that there is some x € o[G] \ 7[G].
By definition there is some (¢, \) € o with ¢ € G and A[G] = z. By the
inductive assumption, there is some p’ € G such that p’ IF* X\ ¢ 7. Take
p € G with p<p',q, then pIF-* o # 7.

(4) The proof is the same as in (5), we we assume the theorem holds for ¢ and
prove it for —¢.

(5) Assume that p € G and p IF* =¢(74, ..., 7). Then there isno g < p such that
q IF* @(r1, ..., 7). It follows that M[G] = —¢(11[G], ..., Tu[G]). Otherwise,
MI[G] & ¢(n1[G], ..., m[G]), and so by the inductive assumption there is
some ¢ € G with ¢’ IF* ¢(71,...,7,). Find ¢ € G with ¢ < ¢/,p. This
contradicts our assumption.

Now assume M[G] = —=¢(11[G], ..., n[G]). The set D of all conditions
p € G for which either p IF* ¢(71,...,7,) or p IF* =d(7,...,7,) is open
and dense, and therefore intersects G. By the inductive assumption, if
p € G and pIF* ¢(, ..., ), then M[G] = ¢(m1[G], ..., 7o [G]), which cannot
happen. Thus there must be some p € G with p IF* =¢(7q,...,7,), as
required.

(6) Left as an exercise.

(7) Left as an exercise.

O

Finally, we see that the difference between forcing and strong forcing is a double
negation.

Theorem 3.33. pl- ¢(m1,...,7) < pIF* = =d(T1, ...y ).
Since IF* was defined, in M, the definability of I+ follows immediately.

Proof. Assume first that p IF* ==¢(71, ..., 7, ). By Theorem 3.32, if G is a generic fil-
ter with p € G then M[G] = =—¢(m1[G], ..., Tn[G]), and so M[G] = ¢(11[G], ..., Ta[G]).
By definition, p Ik ¢(71, ..., 7 )-

On the other hand, assume p I ¢(71, ..., 7,,), that is, for any generic filter G with
p € G, M|G| = ¢(11[G], ..., 7o [G]). Then there is no ¢ < p with g IF* =¢(11, ..., ),
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as we can always find a generic filter which contains ¢ (and p). By definition,
p I ==(T1, ooy Th)- O

It follows from Theorem 3.33 that the forcing relation IF is definable in M,
concluding the Definability clause of Theorem 3.28, and so concluding the proof of
Theorem 3.28.

3.8. The remaining ZFC axioms in M[G].

3.8.1. The powerset aziom.

Definition 3.34. Let 7 be a P-name. Say that p is a canonical name for a
subset of 7 if for any (p, p) € u there is a ¢ € P with p < ¢ and (¢,p) € 7.

Exercise 3.35. If i is a canonical name for a subset of 7 then for any filter G,
ulG] € 7[G].

Note that if g is a canonical name for a subset of 7 then the rank of u is smaller
or equal to the rank of 7.

Lemma 3.36. Suppose 7, u are P-names, G C P is a generic filter and u[G] C 7[G].
Then there is a canonical name for a subset of 7, p*, such that p*[G] = u[G].

Proof. Define u* as the set of all pairs (g, p) such that there is some ¢ < p with
(p,p) € T and such that ¢ IF p € u. The definability clause of Theorem 3.28 allows
us to define p* in M. Furthermore, by definition p* is a canonical name for a subset
of 7.

It remains to show that u[G] = p*[G]. Suppose first € p*[G]. Then z = p[G]
where (g, p) € p* for some ¢ € G. By definition, there is some p € P such that
q<p, (p,p) €T and ql- p € u. We conclude that z = p|G] € p.

For the converse, assume that x € u[G]. By assumption, x € 7[G], so there is
some name p such that p[G] = x and (p, p) € 7 for some p € G. Since p[G] € p[G],
it follows from the truth clause of Theorem 3.28 that there is some ¢’ € G such
that ¢’ IF p € u. Since G is a filter, we may find ¢ € G such that ¢ < ¢’ and ¢ < p.
Now (g, p) € p* and so z = p[G] € p*[G], as required. O

Lemma 3.37. Suppose M is a countable transitive model of ZF, (P, <) is a poset
in M and G C P is a generic filter over M. Then M[G] satisfies the powerset axiom.

Proof. Fix a name 7. We must find a name o such that M[G] = o[G] = P(7[G)).
Define ¢ to be the name of all pairs (1p, 1) where  is a canonical name for a subset
of 7. Note that if 7 has rank 8 then ¢ has rank £ + 1.

Note that o[G] is equal to the set of all u[G] where p is a canonical name for a
subset of 7. It follows that and member of ¢[G] is contained in 7[G].

Finally, suppose z C 7[G] and * € M[G]. Then = = p[G] for some name pu.
By the lemma, there is a canonical name for a subset of 7, p* such that pu*[G] =
MIG] = z. Thus z € o[G]. O

3.8.2. The axiom of choice. We note first that in the proofs so far it was not nec-
essary for M to satisfy the axiom of choice.

Lemma 3.38. Suppose M is a countable transitive model of ZF, (P, <) is a poset
in M and G C P is a generic filter over M. If M also satisfies the axiom of choice,
then so does M[G].
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Proof. To prove that the axiom of choice holds, it suffices to show that for each
ordinal « there is a well ordering of V,,. Let M[G], be VaM[G], that is, V, as
calculated in M[G].

By Lemma 3.36 the map 7 +— 7[G] from N (the set of names of rank « in M)
to M[G], is surjective. Furthermore, this map is in M[G]. Since M satisfies the
axiom of choice, then there is a well ordering of NM.

Finally, recall that given a set X and a well ordering of X, and a surjective map
g: X — Y, we may injectively map Y into X by sending y € Y to the minimal
element in g7'(y). Furthermore, this injective map from Y to X induces a well
ordering of Y from the well ordering on X. t

Corollary 3.39. Assuming that ZF is consistent, then ZFC+V # L is consistent
is well. In other words, ZFC does not prove that every set is construcible.

Proof. As we have seen, we may find a countable transitive model M satisfying
ZFC and V = L. (If we somehow find such M that satisfies V' # L, then we are
done.) Let P be the poset for all finite approximations of a subset of w, and fix a
filter G C P which is generic over M.

By Exercise 3.23 the generic filter G is not in M. Furthermore, as M and M[G]
have the same ordinals, LM[¢] = LM —= M. More specifically: for each ordinal a
in M, M thinks that “L} is L,”. Since the latter is a A; statement, and M and
M]G] are transitive models, it is true in M[G] as well. So M|[G] thinks that “L}
is L,”.

So in M[G] there is a set G such that M[G] E G ¢ L, so M[G] thinks that
V # L. (Equivalently, G defines a characteristic function fg = |JG, which defines
asubset of w,a={nc€w: fe(n) =1}, and a ¢ L.) O

The extension M[G] above, where PP is the poset of finite approximations to a
subset of w and G C P is generic over M, is often called a “generic extension by a
single Cohen subset of w”, and the poset P is called “Cohen forcing”. In M[G] we
have the set a = {n € w: (Ip € G)p(n) = 1}, often called the “generic Cohen set”.

We show that this set a, or alternatively the filter G, are not ordinal definable
in M[G]. In fact, the model HODM!E (HOD as calculated in the model M[G]), is
contained in M. (So if M E“V=L" then HODMICl = [MI[G] — [ M _

Definition 3.40. Let (P, <P), (Q, <?) be posets. Say that f: P — Q is an iso-
morphism if it is a bijection and satisfies

p<'q = flp) <" f(a),
for any p,q € P.

Note that if f is such an isomorphism then f(1p) = 1g. Furthermore f~! is an
isomorphism from Q to P.

Lemma 3.41. Suppose f: P — Q is an isomorphism, f,P,Q € M, and G C P is
generic over M. Define H = {f(p) : p € G}. Then H C Q is generic over M and
MI|G] = M[H].

Proof. Fix a dense subset D C Q with D € M. First we show that f~}(D) C P
is dense. Fix some p € P. By assumption there is a ¢ < f(p) with ¢ € D. Now
p' = f~(q) € D and p’ < p since f is an isomorphism.
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Since f is in M then f~1(D)isin M as well and so there is some p € GN f~1(D).
Now by definition f(p) € H N D, as required.

Finally, note that H € M|[G], since it is defined from f and G, and similarly
G € M[H]. The following exercise therefore concludes the proof.

Exercise 3.42. Let M be a countable transitive model, (P, <) a poset in M and
G C P generic over M. Suppose N is a transitive model of ZF such that M C N
and G € N. Then M[G] C N.

O

Lemma 3.43. Suppose X € M[G], X C M and X is ordinal definable in M|[G].
Then X € M.

Proof. By assumption, there are ordinals aj, ..., ay, a formula ¢(z, 21, ..., z,) such
that

r€X <— (bM[G](x,oq, ey Q).
By assumption also any = € X is in M.

Claim 3.44. For any formula ¢ and zy,...,xz, € M, if p - ¥(&y,...,%,) then
0 I- (21, ..., %,) (where () is 1p here).

Proof. Assume towards a contradiction that () does not force (%1, ...,&,). Then
there is some condition ¢ € P such that ¢ IF = (&1, ..., &,) (important step!)

Find n large enough such that both domp and dom g are contained in n =
{0,...,n — 1}. Extend p and ¢ to p’ < p and ¢’ < g with domp’ = dom¢’ = n. Let
A={k<n:qk)#p'(k)}Cn.

Define a map f: P — P as follows. Given r € P, dom(f(r)) = domr and for any
k € domr

e ifke A f(r)(k)=1-r(k) and

o if kg A f(r)(k)=r(k).
Then f is a bijection (f is its own inverse) and it is an isomorphism from P to P
(which we call an automorphism of P). Note also that f(p') = ¢’

Now fix a generic filter G C M such that p’ € G. Let H = {f(r) : » € G}. Then

¢’ € H and so ¢ € H. Applying the forcing theorem twice we conclude
e M[G] = ¢(x1,....,xn), as p € G and p Ik (&1, ..., &p);
e M[H| | —¢(z1,...,2n), as ¢ € H and q I = (&1, ..., &p).
Finally, this is a contradiction as M [G] = M[H]. d

Back to the proof of the lemma: if x € X then there is some p € G forcing
(&, &1, ..., &) (by the forcing theorem), and so 0 IF (&, &1, ..., &y, ). Also, if x € M
and z ¢ X, then there is some p € G forcing —¢(%, &y, ..., &y,) (by the forcing
theorem), and so ) IF (%, v, ..., &).

In conclusion, X can be defined as

{z: 01 @(&, &1y .eey bin) T,
and this set is definable in M as I is definable in M.

[Of course, to apply comprehension we need to bound all the z’s in a single set
in M. As always, consider the map X > x + minimal a such that x € V™. This
is definable in M[G], and the domain is a set X, so by replacement there must be
a bound. In other words, if X C M then X C M, = VQM for some ordinal «. Now
define in M the set X as {z € M, : 0 IF ¢(&, &1, ..., &) }, using comprehension.]
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4. INDEPENDENCE OF THE CONTINUUM HYPOTHESIS

In the generic extension M[G] discussed so far, adding “a Cohen subset a C w”,
we added of course many different new subsets of w (e.g. w \ a). It turns out
however that if M satisfies the continuum hypothesis, then so would M[G]. To find
a model in which the continuum hypothesis fails we will add many subsets of w.

Definition 4.1. For an ordinal « let P,; be the poset of all finite function p: domp —
{0,1} with domp C k X w. Say that p < ¢ if p extends ¢ as a function. That is,
dom g C domp and p [ domq = q.

The idea is that for each a < &, p(«,-): w — {0, 1} codes a new subset of w, and
we add k of those this time.

Lemma 4.2. Suppose M is a countable transitive model, k € M and G C P, is
generic over M. Then f =(JG is a well defined function from s x w to {0,1}. For
a <k, let g ={kew: f(a, k) =1}. Then for o # B < Kk, T # 3.

Proof. This is a “standard density argument”. First note that for each n € w and
« < K the set of all conditions p € Py for which («,n) € domp is a dense subset of
P.. So by genericity there is some p € G with (a,n) € domp, so (a,n) € dom f.
Furthermore, f is a well defined function since G is a filter.

Finally, for any a # 8 < k, the set of all p € P, for which there is some m such
that (a,m) € domp and (8, m) € domp and p(a, m) # p(8,m), is dense in P,.. Tt
follows that for each o # 3 there is some m and p € G as above, and therefore
mex, < mé¢xg. O

We conclude that, by forcing with P, £ many distinct subsets of w are added.
So, if we let k = wi? and force with P,;, we will get a model in which there are wo
many subsets of w, so CH fails? Not so fast!

We know that M and M[G] have the same ordinals, but in general they do
not necessarily agree on the cardinals. For example, we know that wl! is just a
countable ordinal, so maybe we added a countable enumeration of it to M[G]. In
this case, the new “ws-many” subsets of w that we added, in M[G], would just be
countably many subsets of w...

Example 4.3. Let « be a cardinal. Let Col(w, k) be all finite functions p: domp —
k where dom p C w is finite. We consider Col(w, k) as a poset with the partial order
p < q if p extends ¢ as a function.

Exercise 4.4. Let M be a countable transitive model, s a cardinal in M (for
example, k = wM), and suppose G C Col(w, k) is a generic filter over M. Then
f=UG is a well defined function and f: w — k is surjective. It follows that x is
countable in M[G].

For example, if k = w}!, then M|[G] =k is a countable ordinal, that is, k < ws.

There is some other ordinal A = wi\/[ (€]

than N;”.

. Necessarily in M: “) is a cardinal greater
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4.1. Chain condition. The concept of cardinality, and of being a cardinal, is not
preserved between generic extensions in general. Nevertheless, Cohen’s forcing to
add (many) subsets of w is “mild” enough, and in fact does preserve cardinals. The
central notion is that of anti-chains.

Fix a poset P. Recall that two conditions p,q € P are compatible if there is
some r € P with r < p and r < ¢. In this case we write p || ¢. p and ¢ are
incompatible if there is no r € P with » < p and r < ¢. In this case, there can be
no filter G containing both p and ¢, and we write p L q.

Definition 4.5. Let P be a poset and A C P.

e Say that A is an antichain if for any p,q € A, if p # ¢ then p and ¢ are
not compatible.

e An antichain A C P is maximal if for any p € P there is some ¢ € A such
that p and ¢ are compatible.

Recall that, assuming the axiom of choice, for any antichain A C P, there is a
maximal antichain A C A’ C P.

In fact, the arguments in this section, involving chain conditions, do rely on the
model M to satisfy the axiom of choice.

Definition 4.6. Say that a poset P satisfies the countable chain condition (“P
is c.c.c.”) if all of its antichains are at most countable. (That is, there are no
uncountable antichains in P.)

Example 4.7. The poset P = P, of finite approximation for a subset of w satisfies
the countable chain condition, since P is countable.

Example 4.8. Let P be the set of all non-empty intervals (a, ) where o < 8 € R.
Consider P as a poset with the partial order p < ¢q if p C ¢q. Then P satisfies the
countable chain condition.

Theorem 4.9. Suppose M is a countable transitive model of ZFC, (P, <) is a poset
in M, and M =P is c.c.c.”. Then M and M|[G] agree on cardinals.

Proof. We need to show that for any ordinal k € M, M E=“k is a cardinal” if and
only if M[G] ="k is a cardinal”. The < implication is immediate, as II; statements
are downwards-absolute.

Assume now £ is a cardinal in M. Suppose f € M[G], f: a — & for some ordinal
a < k. We need to show that f is not surjective. Fix a name 7 such that 7[G] = f.
For each S < a,let Rg={C <k: (Fp eP)plF7(8) = (AT is a function}.

Claim 4.10. Rg is countable

Proof. Using the axiom of choice, in M, choose a sequence (p; : ¢ € Rg) of condi-
tions such that p; IF 7(8) = (. Note that {p; : ( € Rg} is an antichain of P, and
so must be countable by assumption. ([

Define (in M) R = {Js_, Rs. R is the union of o many countable sets, and so
its size is at most |a| X g = |a| (assume « is infinite). Since & is a cardinal in M,
there is some ¢ € K\ R.

Note that for any p € P and any § < «, p does not force 7(8) = ¢. In particular,
no p € G forces that, so f(8) # ¢ for all 8 < a. That is, f is not surjective. O
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Exercise 4.11 (ZFC). Suppose M is a countable transitive model of ZFC, (P, <)
is a poset in M, and M =P is c.c.c.”. Then M and M[G] agree on cofinalities.
That is, if M[G] thinks x is a cardinal with cofinality A, then M thinks that the
cofinality of x is A\ as well.

Exercise 4.12. Suppose k is an uncountable cardinal. Find an uncountable an-
tichain A C Col(w, k).

Theorem 4.13 (ZFC). Fix a cardinal k. Let P, be the poset of all finite function
p: domp — {0,1} with domp C k x w. Then P, satisfies the countable chain
condition.

Proof. Suppose A C P, is an uncountable antichain. Fix a regular cardinal 6 >
k for example, § = x¥). Apply Downwards LS to find a countable elementary
submodel M < H(#) such that kK € M, P, € M, and A € M. [M is not transitive!]

For any p € A consider p N M, which is the function p restricted to the domain
domp N M. Note that pN M is in M (any finite subset of M is in M). Since M
is countable and A uncountable, there is a condition p € A\ M. Let r = pnN M.
Note that p #r and r € M.

Now H(0) E “Jt(t € ANt < r)” (this is a statement about A and r). Since
M < H(#), A,r € M, M =“3t(t € ANt < 1) as well. Fix p’ € M such that
M | p' € A and p’ < r. Note that this p’ is in fact in A, and extends r as a
function.

Since dom p’ is finite and in M, then domp’ C M. So the only common domain
of p and p’ is domr, on which they both agree. So p and p’ are compatible,
contradicting the assumption that A is an antichain. O

A collection F of sets is called a A-system if there is a set r such that for any
z,yeF,zNy=r.

Lemma 4.14 (The A-system lemma). Suppose F is a set of finite sets and F is
uncountable. Then there is a F' C F such that F’ is uncountable and F’ forms a
A-system.

Exercise 4.15. (1) Prove the A-system lemma.
(2) Use the A-system lemma to prove that P, satisfies is c.c.c.

4.2. The precise size of the continuum. We have shown that in a generic
extension by P, M[G] thinks that there are at least k-many subsets of w, and the
cardinals in M and in M[G] are the same. In particular, if K = w?! then M|[G|
thinks “there are at least No-many subsets of w, and so CH fails. Next we show that
we did not add “too many” subsets of w, and in this model in fact |P(w)| = Ra.

Lemma 4.16 (ZFC). Let M be a transitive model, (P,<) € M, and G C P a
filter. The following are equivalent.

e (G is generic over M;

e For any maximal antichain A CPin M, GN A # (.

Proof. Given a maximal antichain A C P, let D4 be all p € P with p < a for some
a € A. Then Dy C P is dense: for any ¢ € P there is some a € A with ¢ || a. By
definition, there is some p € P with p < a and p < gq. Sop € Dy4.

Assume now G is generic and A € M is a maximal antichain. Then D4 € M is
dense, so there is some p € GN D 4. By definition, there is some a € A with p < a.
Therefore a € G, and so GN A # ().
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Assume now that the second clause holds and D € M is some dense open set.
Let A C D be a maximal antichain. That is, A C D is an antichain and any p € D
is compatible with some a € A. (Such A exists by Zorn’s lemma.) We claim that
A is a maximal antichain in P. For any ¢ € P, there is some p € D with p < q.
It follows that p || a for some a € A, and therefore ¢ || a. Finally, by assumption
ANG#0, 50 DNG #0,as AC D. O

Given a formula ¢(z1,...,2,) and P-names 7, ...,7,, say that p € P decides
d(T1, .., T) if either p IF @(711,...,7) or p Ik —=¢p(71,...,7,). Recall that the set
Dy(r,.....r,) of all p € P such that p decides ¢(71,...,7,) is dense and open in P.
So if A is a maximal antichain of conditions which decide ¢(71,...,7,), then A is
maximal in P.

Corollary 4.17. Let A € M be a maximal antichain among all conditions that
force ¢(71, ..., 7). If G is generic over M then

MG] E &(r1[G), ... a[G]) = GNA#D.

Proof. The implication < is clear. For the other direction, note that there is some
p € G which decides ¢(7y, ..., 7). Soif GNA = (), it must be that p IF =¢(1, ..., 70),
and so M[G] & —é(r1[G], ..., n[G]). O

Theorem 4.18 (ZFC). Suppose A € M is a cardinal. In M: define F' to be the
set of all functions f with dom f = A and with the range of f being an antichain
in P. Then in M[G]

2 < |F).

Note that the |F| above is calculated in M[G] and, as ordinals, | F|M[C] < |F|M.

Proof. Say that a P-name 7 is a simple name for a subset of X\ if
) TQIE”X{B: B<>\} and
e for any 3 < A the set Ag of all p € P with (p, §) € 7, is an antichain in P.
Note that if 7 is a simple name for a subset of A then 7 is in particular a canonical
name for a subset of A, and 7[G] C A for any filter G.
Given f € F it corresponds to a simple name 7 = {(p, B):pe f(ﬂ)} Further-
more, any simple name for a subset of X is of this form.

Claim 4.19. If G C P is generic over M, x € M[G] is a subset of A, then there is
a simple name 7 such that z = 7[G].

Proof. Let x = o[G]. For each § < A, choose a maximal antichain Ag among all
conditions that force 8 € o. Let 7 = {(p, B):pe Ag}.

As we have seen above, 8 € © = ¢[G] if and only if GN Ag # 0. It follows that
x = T[G]. O

In M there is a bijetion f — 7; between F' and simple names for subsets of A.
In M[G] the map f +— 74[G] is onto P(\) and therefore 2* < |F|.
O

Let us go back to a generic extension M[G] of M by P,. Note that [P.| =
k. Furthermore, P, satisfies the c.c.c., so there are at most |P.|N = x®0 many
antichains in P,. Consider F' as above with A = Ny3. We conclude that, in M
‘F‘ < (HNO)NO — K/N()XN() — HNO.
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Suppose M satisfies CH and x = R}, Then in M, R)° = R,. [Recall that
assuming CH, Nkf" = N;. Now since any function from w to ws is bounded below
wa, we get W8] < [U oo, 7] = Deu, 1% = 50,0 N0 = 0Ny = Ry
Finally, |F| < Ng in M, and so |F| < Ry in M[G] as well. We conclude that
|2R0| = Ry in M[G].

More generally:

Claim 4.20. Assume GCH. Then for any cardinal A,

o A AN
)\+ cfA = No.

Proof. Note that if ¢fA = Rg then A\t < AR < (2/\)N0 = 2* = A1, so the claim
follows. For A with c¢fA > Ny We prove the claim by induction. If cfA > Ny then
any function from w to A is bounded below \. Therefore

= =1 |<Zv°<sup7 <A

F<A <A
([l

Assume now that M satisfies the GCH (for example, if M satisfies “V=L"). Let
k be a cardinal in M such that cfx > w and G be generic over M for P,. Let F
be the set of all functions with domain w whose range is an antichain in P,,. Then,
in M, |F| = |(k¥)¥| = k% = k. Therefore in M[G], |F| < . Finally, in M[G] we
conclude that 28 > k and also that 2% < k, and so 2% = k.

So for the value of the continuum can be any cardinal with cofinality > w. This
is optimal, as cf2%0 > w.

5. A CHANGE OF NOTATION / PERSPECTIVE

As we noted many times, all the “action” in the forcing arguments happen in
the countable transitive model M. That is, the names are defined in M and forcing
relation is defined in M.

For example, we proved that after forcing with P = P, M we get a model with
the failure of CH. In other words, we proved that 1p I- ﬁCH and the latter holds
in M. The only place where we needed M to be a small countable model was to
find an actual generic filter. However, even in M, where such filters do not exists,
it knows that 1p IF ~CH, so it knows about the consistency of the negation of CH.
In other words, M can “imagine” the world M[G] where ZFC+—CH holds, even if
in M there are no means to construct such a model.

If we take P = P,,, (in the universe V'), then we know that 1p IF =CH. Formally,
this can only be expressed in terms of the strong forcing relation. This time we
cannot find filters which are generic over V. However, we will imagine such filter
and consider the statement 1p IF =CH as “if G C P is a filter which is generic over
V', then CH fails in V[G]”. Similarly, we proved that 1p IF“the universe is not L”,
which we will now think of as “if G is generic over V, then in V[G] the “Axiom of
Constructibility” fails.

In practice, we will even go as far as saying “fix a filter G which is generic over
V...” and go on to study the model V[G]. If one is ever worried about these issues,
at any point we can find a countable transitive model M which is sufficiently similar
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to V' (X1000-elementary equivalent) and conclude for M[G] whatever we imagined
for V[G].

Sometimes we will force over different (non countable) models. For example,
we may say “let G be generic over L, and consider L[G]...” So instead of saying
“assuming M is a countable transitive model satisfying “V=L” ... then in M[G]
“V=L” fails”, we can say: in L[G] the axiom “V=L” fails. Also, instead of saying
«LMIG) = LM» e simply have LYl = L, and more generally LVI¢] = L.

6. INDEPENDENCE OF THE AXIOM OF CHOICE

Next we proceed to construct a model of ZF where the axiom of choice fails,
show that the axiom of choice is independent of the axioms of ZF. This result
also appeared in Paul Cohen’s seminal paper where the method of forcing was
introduced.

Recall that if V satisfies ZFC, P is a poset in V and G C P is generic over V,
then V[G] satisfies ZFC as well. So, unlike the axiom of constructibility, and the
size of the continuum, we cannot “force to change the value of AC”. Instead, we
will find intermediate models V' C M C VG| in which ZF holds yet the axiom of
choice fails.

This idea goes back to Fraenkel in the 1920’s. Very roughly speaking, Fraenkel’s
idea to find a model in which the axiom of choice fails was as follows. Fraenkel
considered a theory of “set theory with atoms”, ZFA. In this theory we assume
ZF, yet omit the axiom of extensionality. Moreoever, we stipulate the existence of
infinitely many “atoms”, ag, ai, .... These atoms have no members (so in ZF-terms
they look like the emptyset), yet are distinct. Finally, consider the unordered set
A ={a;: i € w} of these atoms, and let M be a model of all sets “definable from
A”. For example, we can take something like L(A) or HOD(A). The point is now
that a well ordering of the atoms cannot be recovered from the unordered set A
alone, as they all “look the same”.

While actual distinct sets can never be atoms, Cohen noticed that his “generic
subsets of w” all look “sufficiently similar” to reproduce Fraenkel’s argument within
ZF.

6.1. The basic Cohen model. Let P = P, be the poset of all finite functions
p:wxw — {0,1}, where p < ¢ if p extends ¢ as a function. Suppose G C P is a
generic filter (over V). In V|G| we defined z(n) = {k € w: (Ip € G)p(n, k) = 1}.
Let A ={z(n): n € w}. Let & be the name {(p, (n,k)) : (n,k) € domp Ap(n,k) =1}
(so z[G] = z), let @(n) be the name {(p,k): (n,k) € domp A p(n,k) =1} (so
i(n)[G] = z(n), and let A be the name {(1p,%(n)) : n € w} (so A[G] = A). Note
that 1p forces that A is the unordered set of subsets of w which is enumerated by
z.

The following automorphisms of P will be useful. Suppose m: w — w is a per-
mutation. We define an automorphism II: P — P. For p € P, define II(p) € P as
follows.

e (n,k) € domIl(p) = (7~ '(n),k) € domp;
o I(p)(n, k) = p(r~'(n), k).
That is, II permutes the ordering of xg, z1, ... according to .

Exercise 6.1. Check that IT is an automorphism.
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Note that if G C P is generic, its image G’ = II[G] C P is generic, and
A = A[G] = A[G']. Furthermore, for each m € w, &(m)[G"] = #(7—(m))[G] =
(7~ (m)).

Consider the model L(A), the minimal transitive model of ZF containing all the
ordinals and the set A. (We get L(A) by transfinite recursion where Lq41(A4) is
the set of all subsets of L,(A) which are definable over (L, (A), €). The difference
with the usual L-construction is that instead of starting with Ly = (), we being
with Lo(A) = A.) We show that the axiom of choice fails in L(A). In fact it fails
in a very strong way.

Definition 6.2. Say that a set X is Dedekind-finite if there is no injective map
from w to X. (That is, there are no infinite sequences in X.)

Recall that using the axiom of choice, a set is Dedekind-finite if and only if it is
finite. (Where a set is finite if and only if there is a bijection between it and some
member of w.)

Theorem 6.3. In L(A), the set A is infinite and Dedekind-finite.

The proof relies on the fact that sets in L(A) are definable from A, and no
infinite sequence of members of A can be definable in such a way. It will be useful
to consider our generalization of ordinal definability.

Lemma 6.4. Suppose X is in L(A). Then there are finitely many z1, ..., z, € A,
finitely many ordinals s, ..., @ and a formula ¢ such that in L(A), X is the unique
set satisfying ¢(X, A, a1, ...,an, a1, ..., ).

Equivalently, there is a ¢ such that in L(A):

x€X <= Yz, A a1, ...,an, a1, ..., Q).

Proof. Work in L(A), and consider the model HODY(A). Recall that this is a
transitive model containing A and all of the ordinals. By minimality, it must be
equal to L(A). So any set in L(A) is in HODY™ | which is precisely the statement
of the lemma. ]

Proof of Theorem 6.3. Assume towards a contradiction that there is some f € L(A)
such that f: w — A is injective. Fix a formula ¢, finitely many ag, ..., a, from A
and some v € L such that in L(A):

fn)=2 <= o¢(n,x,A,a1,...,an,v).

(v can be a finite sequence of ordinals.) Fix Iy, ...,l;, € w such that a;, = z(I;).
Since f is injective, there is some k such that f(k) # aq,...,a,. Fix m such that
f(k) = z(m). Finally, fix a condition p € G forcing that

LD (k, 2(m), A, (1), ..., (1), D).

(Technically we should also write k, but we avoid that.) Given ¢ € w, consider the
permutation 7: w — w swapping m and ¢t. This in turn gives us a permutation II
of P and a generic II[G].

We want to find such ¢ so that p € II[G] as well (this is the only condition at
the moment which we know forces something interesting). This is possible since G
is generic. That is, for any N € w, the set of conditions ¢ for which there is some
t € w such that for any k < N, q(m, k) = q(t, k), is a dense subset of P. Let N be



145B SET THEORY II: AN INTRODUCTION TO FORCING 33

large enough such that for any k, (m,k) € domp = k < N. We may find ¢ and
t € w as above with ¢ < p and ¢ € G.
Finally, we have G’ = II[G] 3 p, as p > II(q). Working now in M[G’] we conclude

that
AlG"], & ()[G], -, 2 (1) [G]).
, #(1)[G'] = & (L)][G] = #[li][G] = a;, and
z(t)[G] = x(t). Thus in M[G’'] we conclude:
OFA (K, 2(t), A, ay, ..., ay)

and so in L(A), ¢(k,x(t), A, a1, ..., a,) holds. However, also ¢(k,xz(m), 4, a1, ...,ay)
holds. This contradicts the fact that f, which is defined by ¢(—, —, A, a1, ..., a,), is
a function, since z(m) # z(t). O

¢L<AG] (k, 2(t)[G"],
Recall that A[G'] = A[G] = A
&(m)[G'] = &(n~! (m))[G] = &(t)

i~2

Remark 6.5. In the proof above we showed that for any formula ¢ and for any
parameter v € L, given distinct a,aq,...,a, € A, if ¢L(A)(A,v,a1,...,an,a) then
there are infinitely many a’ € A such that ¢“) (A, v, ay, ..., an, a’).

So the set A in L(A) is infinite, yet Dedekind-finite, and so the axiom of choice
fails in L(A).

Remark 6.6. L(A) satisfies the linear-ordering principle. That is, for any set X
there is some linear ordering of X.

6.2. Choice for socks. Recall Russell’s famous metaphor for the necessity of the
axiom of choice. Given an infinite sequence of pairs of shoes, it is easy to choose
one shoe out of each pair in a uniform manner, we simply choose the left shoe of of
each pair. However, given the same task with pairs of socks this time, we are left
with no way to distinguish between the two socks in each pair, and we need the
axiom of choice to find a way to choose one out of each pair.

We show next that the axiom of choice can indeed fail that badly. That is, there
could be a countable sequence of sets of size 2 without a choice function.

Let P be the poset of all finite partial functions p: domp — {0, 1} where dom p is
a finite subset of wx (wx{0,1}). Let G C P be a generic filter over V. For i € {0,1}
andn € wlet a’(n) = {k € w: (3p € G)p(n, k,i) = 1} (the “generic (n, ) column”).
Define A!, = {a JAX: X Cw ﬁmte} where A is the symmetric difference. That
is, A% is the set of all subsets of w which differ from a(n) only finitely.

Let A, = {A% Al} and let A = (A, : n <w), the sequence of the sets A,,.
Finally, we consider the model L(A), the minimal transitive model of ZF which has
the set A as a member.

First note that our proof of Lemma 6.4 works in the following general context.

Lemma 6.7. Let N be some model of ZFC extending V. Let A be a transitive set
in N. Working in N form the relative constructible universe L(A).

Suppose X is in L(A). Then there are finitely many 1, ..., z, € A, finitely many
ordinals aq, ..., and a formula ¢ such that in L(A), X is the unique set satisfying
DX, A a1, ey Apy Q4 ey Q).

Equivalently, there is a v such that in L(A):

x€X <= Yz, A a1, ...,an, a1, ..., Q).

Proof. Work in L(A), and consider the model HODZ()(A). Recall that since A is
transitive, this is a transitive model containing A as a set and all of the ordinals.
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By the minimality of L(A), it must be equal to L(A). So any set in L(A) is in
HOD™ | which is precisely the statement of the lemma. O

Theorem 6.8. In L(A), [],, A, is empty. That is, there is no choice sequence f
with domain w such that f(n) € A,, for each n € w.

By applying Lemma 6.7 to the transitive closure of A, we see that the members
of L(A) are all definable using A and members of the transitive closure of A. What
is in the transitive closure of A? Each set A, is, each A%, and each a’(n). Anything
else is simply definable from one of those (for example, a finite change of a’(n), or
{A,}). Note that A! is definable from a’(n), each A, is definable from A, and AL
is definable from A and A? (as the only other member of A4,,), and vice versa.

As before, the proof of Theorem 6.8 relies on analysing definability questions in
L(A).

Proposition 6.9. Fix n € w, a formula ¢, and v € V. In L(A), for any k > n:
¢(A7a/87a/(]j7' a/O a/l A27/U) <:> ¢(A7A87"'7A91’A’](}’/U).

oy Uy Unysy

Proof. We assume that ¢“(1) (A, a3, a}, ..., a0, al, AY, v) holds and show that ¢ () (A, al, a}, ..., a2, al, A}, v)
holds as well. Fix names a’,, A%, A, A such that 4! [G] = ai,, AL [G] = A?,

Ap[G] = A, A[G] = A. For example, a'(n) = {(p,k): p(n,k,i) =1}. Fix a

condition p € P forcing that (bL(A) (A, ad, ad, ..., a,ak Ag, ).

Let f = JG: wxw x {0,1} — {0,1}. Define f': w x w x {0,1} — {0,1} by
f'(k,m,0) = f(k,m,1)and f'(k,m,1) = f(k,m,0), and f" agrees with f otherwise.
Exercise 6.10. There is a filter G’ € V[G] such that G’ C P is generic over V and
/=UG"

Then

A = AY[G] = AY;
A6 = AL[c] = Al
! G) = A%, for m # k;
G] = A,, for all m < w;

e 6 o o o
S
3=
Q
I
e

B
Q
I

'E‘.

Q
I
S

Define now f by f(I,m,i) = p(l,m,i) whenever (I,m,i) € domp, and f(I,m,i) =
f(I,m, i) otherwise.

Exercise 6.11. There is a filter G € V|G| such that G C P is generic over V and
f =UG. Furthermore, as f extends p as a function, p is in G.

For each [, a{[G] and a}[G’] differ by only a finite amount, so
o Aj[G) = AjlG;

o A[G] = AlG"] = A.
Finally, since p is in the generic G, working in V[G] we conclude that
oA (AIG), afIC), ab (G, ... (G, @, [G), A(G), 0[CY)
holds, that is,

¢L(A)(A,a87a(1)7 al, al A,lwv)

ceey Uy s Uy s

holds, as desired. ([l
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Proof of Theorem 6.8. Suppose towards a contradiction that there is some f €
L(A) with dom f = w and f(n) € A, for each n. There is some n, a formula ¢ and
v € L such that f is defined in L(A) by

f(k) = A, <= ¢(k, A}, A ag, ag, ..., 0y, ap, 0).

sy Wy Unps

Fix k > n, then we get from the previous proposition that f(k) = A} < f(k) =
A}, contradicting that f is a function. O

Remark 6.12. About the names. We wrote above the name @, such that for
any generic G' the name ¢ [G] is precisely the subset of w defined by the function
UG(n,—,i), and this was used to understand precisely how the names are realized
according to the other filters.

Given a finite set X C w, you can write explicitly, in the same manner, a name
@t (X) such that for any G, @ (X)[G] = a[G]AX. (Exercise!) Now a good name
for Al would be {(1p,a (X)) : X C w finite}.

We can also avoid worrying about the names for A% and A,,. Simply, in any
statement above replace the set A% by its definition using af,. So any statement
#(AL) can be translated to a statement v(a’)), and we can then talk about forcing
this statement using the name a?,.

More generally, if we have a name 7 and we care about some object definable
from 7, we do not really need to worry about finding a name for this object. For
example, given a name 7, instead of fixing a different name ¢ such that o is always
interpreted as the union of 7 (we saw how to find such a name), we will simply
write |J7 instead of o.

Remark 6.13. In L(A), there is no linear ordering of the set |, _, A, = {4} : i € {0,1},n € w}.
Otherwise, we could have chosen “f(n) is the smaller among the two elements of
A

Exercise 6.14 (ZF). For any ordinal 7 there is a total linear order on the set P (7).

7. COLLAPSING

Definition 7.1. Given cardinals k < A. Let Col(k, A) be the poset of all functions
p: domp — A where dom p is a subset of k of size < k. Define p < ¢ if p extends ¢
as a function.

Exercise 7.2. If G C Col(k, ) is generic then in V[G], ¢|JG is a function from &
onto A.

Definition 7.3. Let k be a cardinal. A poset (P, <) is called k-closed if any
descending sequence of conditions of length less than x has a lower bound. That
is, given p < k and a sequence (p, : a < p) of conditions p, € P such that for
a < B < p, pg < pa, then there exists some condition p € P such that p < p, for
all a < p.

Say that (P, <) is o-closed if it is wy-closed.
Example 7.4. Suppose « is a regular cardinal, then Col(k, A) is x-closed.

Proof. Given a descending sequence of conditions (p, : « < p) for p < &, let p =
Ua< pPa- Since the sequence is descending, any two conditions are compatible, and

so p is a well defined function from dom p to A, where domp = |J dom p,. Since

a<p
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K is a regular cardinal, domp has size < k, as a union of < k many sets of size
< K. [l

Lemma 7.5 (ZFC). Suppose (P, <) is w;-closed and G C P is generic. If f € V[G]
is a function f: w — 6, for some ordinal @, then f € V.

Proof. Suppose 7 is a name in V such that 7[G]: w — A. We need to show that
T[G] is a set in V already.

Fix a condition ¢ € P and suppose that g forces that 7 is a function with domain
w and it takes ordinal values. Define a sequence of conditions p,,, n < w such that

® po < qand ppi1 < pp;
e there is an ordinal § such that p, IF 7(n) = 8.

Since P is o-closed, there is some condition p € P such that p < p,, for each n < w.
We showed that the set

D={peP:Vnewdblplkr(n)=pLVpl “risnot a function...” }

is dense in P. Since G is generic there is some p € DN G. Since 7[G] is a function
with domain w and ordinal values, p must satisfy the first option in the definition
of D.

Define in V' a function h by h(n) = g if and only if p IF 7(n) = 5. Then
h=7[G] = f is in V, as required. O

Corollary 7.6 (ZFC). If P is o-closed then no new subsets of w are added when
forcing with P.

Corollary 7.7 (ZFC). If P is o-closed then w; is not collapsed when forcing by P.
V[G]

That is, w} = w; " for any generic filter G C P.

Similarly, if P is k-closed then no cardinal < k is collapsed and no new subsets
of a are added for any o < k.

Using collapsing we can give an alternative proof for the consistency of CH with
ZFC. Assume V is some model of ZFC, where CH might fail. Let x = 2% and
consider P = Col(w1, k). Let G C P be a filter generic over V.

Since P is o-closed, V[G] has no new subsets of w. So in V[G] we have |P(w)| = &
(there is a bijection in V between PV (w) and #, and PV (w) = PVI¢l(w)). Also, in
V[G], |k| = Ry, so 280 = ;.

8. MUTUAL GENERICITY

Lemma 8.1. Suppose M C N are transitive models of ZF. Let P be a poset in M,
and suppose G C P is generic over N. Then M[G]NN = M.

Remark 8.2. Note that in this situation G C P is generic over M as well. Note
however that forcing with P over M and over N can be very different. For example,
if P is o-closed in M it is not necesarily so in N, and if PP is c.c.c. in M it is not
necessarily so in N.

Proof. First note that for any name 7 € M, and any filter H C P generic over
N, 7[H] is the same as calculated over M or over N. Also, for any x € M, the
canonical name & is the same as calculated in M or in N.
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Fix a P-name 7 in M, and suppose that 7[G] is in N. Assume first that 7[G] C
VM for some ordinal a in M. Fix X € N with 7[G] = X. Note that 7 is a P-name
in N as well. By the forcing theorem (applied in V), there is some p € G such that

NEplFr=X.
Define in M
X' ={zeV,:plzer}.
Then X’ is in M by comprehension, and the definability of forcing. We claim that
X' =X.
First note that for p € P and x € M,

MEplkier < NEplicrT.

The = direction is clear, as any filter generic over N is generic over M as well.
For the reverse direction, recall that p IF ¢ if and only if there is no ¢ < p forcing
—¢. Now, if M = p | & € 7, then there is some ¢ < p such that M EqIF i ¢ 7.
By the previous argument it follows that N = gl-@& ¢ 7. So N =Eplf & € T as
well.

Finally, since in N, pIF 7 = X, we see that in N, forany z, plr # € 7 < z €
X. Therefore this is true in M as well, and we conclude that X’ = X.

To deal with the assumption that X C VaM for some «: the proof is carried
by induction on the rank of 7. Assume that for any o of rank smaller than 7, if
o[G] € N then o[G] € M. Then if 7[G] € N is of rank «, it follows from the
inductive assumption that 7[G] C VM and we are done. O

Corollary 8.3. Suppose P and Q are posets in V and K C P x Q is generic over
V. As we have seen in the homework, K = G x H where H is Q-generic over V[G]
and G is P-generic over V[H|. Then VIGINV[H] =V.

Proof. Apply Lemma 8.1 with M =V and N = V[G]. O

9. THE FEFERMAN-LEVY MODEL

We will now construct a model with the following extreme failure of the axiom
of choice: the cofinality of w; is w, and in fact P(w) can be written as a countable
union of countable sets.

Define P as the poset of all partial functions p: domp — R, such that domp C
w X w is finite and for all (n, k) € domp, p(n, k) € R,,.

Let G C P be a generic filter over V. Define f = |JG, and f,: w — RV by

(k) = f(n, k).
Exercise 9.1. Each f,, is onto R

In L[G], each RV and also RY, are countable ordinals. We will find a submodel
L(A) in which each XY is countable, yet it does not “see” any countable enumeration
of XY. Thus in this model XY will be the smallest uncountable cardinal, that is,
w1.

Let f, g be two functions from w to k. Say that f and g are similar if there are
only finitely many m € w for which f(m) # g(m).

For f: w — k, define

[f]={9: g: w— & is similar to f}.
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Back to our model L[G], define A,, = [f,] = {g: w — N} : g is similar to f},
and A = (A, : n < w). The model of interest will be L(A).
e For n < w and a finite function t: m — N,,, define ffL to be all pairs
(p, (k, &)) such that either k > m and p(n, k) = a or k < m and t(k) = o
Let f, = f! where t is the empty function. Then f,[G] = f, and f%[G] is
the finite change of f, according to .
o A, = {(1P,f',§) te (Nn)<w}. Then A,[G] = A,.

o A= {(1@), (R, An)) : n < w}. Then A[G] = A.

(Above when we write (72, A,) we mean a name o such that o[H] = (n, A,[H]) for
any filter H.)
The following automorphisms of P will be crucial for the analysis of L(A). Given
two functions ¢, s: m — ,,, define a = a, (¢, s): P — P by sending p to a(p) where
e doma(p) = domp,
e if p(n,i) = t(i) then a(p)(n,i) = s(i), and if p(n,i) = s(i) then a(p)(n,i) =
t(3),
e otherwise a(p)(n,i) = p(n, i),
o for n' # n, a(p)(n',j) = p(m’, j).

Exercise 9.2. Show that a is an automorphism of P. Furthermore, if G is generic
over L and G’ = a[G]. Then

) f:m [G"] is similar to fulGl = fu.
L] fm[G/] = fm[G] = fpifm 3"é n;

o A,[G'] = An,|G] = Ay, for all m;
e A[G'] = AlG] = A.

We will also apply automorphisms which change finitely many f,’s. This can
be done by composing the a,(t,s)’s. Given tq, sy, ..., tk, sx and nq,...,ng, then
a = an, (t, Sk) © ... © apn, (t1, 1) is an automorphism of P. By applying this a we
only change f,, when n is one of ny,...,n; and all A,,’s are preserved, as well as A.

For m < w, let P.,, be the set of all p € P whose domain is contained in
mxw = {0,...,m — 1} x w. Let PZ™ be the set of all p € P whose domain is
contained in (w\ m) xw = {m,m+ 1,..} xw. Given p € P let p.,, be the
restriction of p to m x w and let p=™ be the restriction of p to (w\ m) x w.

Exercise 9.3. The map P — P_,, x PZ™ sending p to (p<y,,p=™) is an isomor-
phism.

Given G C P generic over L, let G.,, = GNP, and GZ™ = G NPZ™. Then
G <m C Py, is generic over L and G=™ C P=™ is generic over L{G <)
Note that |Pypn| = Nppoq.

Proposition 9.4. Suppose g € L(A), g: A — 0 where A and 0 are ordinals. Assume
further g is definable as

g(Ol) :B — ¢L(A)(a767‘4any"'7fm—1aU)7
where v € L. Then g € L[G<p).

Before proving the proposition, let us see how to deduce the main result from it.

Theorem 9.5. In the model L(A):
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(1) wy has cofinality w. In fact, wy is RL;
(2) P(w) is a countable union of countable sets.

Proof. For (1), note first that each of the cardinals X. are in fact countable in
L(A), so it suffices to prove that RZ is not countable in L(A). Indeed, suppose for a
contradiction that g: w — NL were a surjective map in L(A). Then g can be defined
in L(A) using A, finitely many fo, ..., fm—1, and ordinals. By Proposition 9.4 we
conclude that g € L[G<y,]. However, L|G<p,] is a Pcy,-generic extension of L.
Working in L: P, satisfies the R,,-c.c. (as |[P<pn| < Rp,). So RE RL . RE
must remain cardinals in L[G <], and therefore cannot be countable.

Next we prove part (2). As usual, we identify P(w) with 2, all functions from
w to {0,1}. So by Proposition 9.4 every & € P(w) is in L[G<,,] for some m < w.
Let X,, be the set of all x € P(w) with € L(G<y,). (Equivalently, the set of all
ze L({4;: i <m))NPw).)

Note that the sequence (X, : n < w) is in L(A), by an application of compre-
hension. (We use the fact that we have a single formula defining when Y = Lg(B).)

Finally, what is the size of L[G<,,]NP(w)? It is bounded below RY, as calculated
in L. (The number of functions from w to antichains in P.) Since L satisfies the
GCH, X0 = N,,, (for m > 0). So in L[G<y], | Xm| < RE. In L[G] however, RL is
countable, so X, is countable.

Finally, in L(A), P(w) = X, is a countable union of countable sets. I

m<w
The proof of the proposition relies on the following key lemma.

Lemma 9.6. Let ¢ be a formula, v € V and p € P such that

pl- $FD (A5, fo o frnr)-
Then

(1) Pam IF 6PN (A, 0, fo, oo fn1).

(Note that both forcing relations |- above are referring to the poset P. We
consider in this lemma p.,, as a condition in P.)

Proof. 1t suffices to show that for any ¢ € P, if ¢ < p<,, then g does not force
-t (4) (A, 0, fo, fm,l) Assume towards a contradiction that q is such a condition.

Assume both ¢ and p have domains contained in I xw, [ > m. For eachm <n <,
let ¢, (i) = p(n,i) and s,(7) = q(n,i). Consider the automorphism a of P which is
the composition of ay,(t,, s,) for m <n <.

Now take a generic H C [P which contains the condition q. The automorphism «a
was chosen precisely so that p is in the generic filter a[H]. Now, working in V[H]
we get

" (A 0, fo, o fin-1),

as it is forced by ¢. On the other hand, in M[a[H]] we conclude
(ZSL(A)(Av v, an EE) fm—l)a

as p forces this. A contradiction! |
Proof of Proposition 9.4. Suppose g € L(A), g: A — 0 is defined in L(A) by
g(a):ﬂ <~ (ZSL(A)(a,ﬂ,AafO,“-,fm—hv)'
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By the previous lemma, for any «, 8 and any p € P,
p H_ (bL(A)(devAa f()v "'7.](:771*17{)) — P<m ”_ (bL(A)(OV[vBaAvaa '~'7fm7176)~

In other words, g(a) = A if and only if there is p € G forcing ¢*( (&, B, A, for ooy fnot, ),
if and only if there is p € G such that p,, forces ¢*4) (&, 5, A, fo, s fm_l,f[)), if
and only if there some ¢ € G, forcing ¢“ (&, B, A, fo, ...,fm,l,i}). Note that
the final statement can be defined in L[G <], where we have G, and the forcing
relation IF¥ is definable (in L).

That is, we may define a function ¢’ in L[G<,,] by

gl(a) = ﬁ <~ El(q € G<m)q ”_ ¢L(A)(d757Avf()7 ~"7fm717{1)7
and we see that ¢’ = g. O

10. SACKS FORCING: A MINIMAL EXTENSION

Let P be the Cohen poset for adding a single subset of w. Given a generic filter
G CPover V, let a C w be the subset of w where | J G is the characteristic function
of a. Recall that V[G] is the minimal transitive model of ZF which extends V' and
contains G as a set. G and a can be simply defined from one another, and we will
often denote V[G] as Va], the minimal transitive extension of V' containing a as a
set.

Consider the map f: P x P — P defined as follows.

_ Jp(k) n=2k&k c domp;
f(P7Q)(”)_{q(k) n=2k+1&k € domg.

(In particular, n € dom f(p,q) if and only if either n = 2k and k € domp or
n=2k+ 1 and k € domg.

Exercise 10.1. f is an isomorphism between P x P and P.

So if G C P is generic over V, then f~![G] = K x H C P x P is generic over
V and is in V[G]. Let a,b,c be the subsets of w corresponding to G, K, H. Then
b,c € V]a] yet ¢ ¢ V[b] and b ¢ Vc] (recall that H is generic over V[K] and K is
generic over V[H]).

Let us take V' = L now. Then the question if whether or not b € L[c| can be seen
as whether b is constructible relative to c. Say that b and ¢ have the same degree of
constructibility if L[b] = L[c]. Inside the extension L[a], where a is a Cohen generic
subset of w, there are many different degrees of constructibility.

We will now consider a very different poset, such that after forcing with it we will
add a minimal degree a C w. That is, if b € L[a] then either b € L or L[a] = L[b].

Let 2<% be the set of all finite binary sequences, that is, all functions ¢: n —
{0,1} for some n € w. We think of 2<% as a tree, with root () =<>, which then
splits to < 0 > and < 1 >, and each < ¢ > splits to < i0 > and < ¢1 > and so on..
each node ¢ € 2<% gplits to t~0 and ¢~1. (Here ~ is concatenation of sequences.)
For t € 2<% let I(t) = dom(¢) be the length of ¢t. (See Figure 1.)

Say that T C 2<¢ is a tree (a subtree of 2<%) if for any ¢t € T for any k < I(t),
t [ kisin T as well (T is “downwards closed”). [We will usually assume that T is
not empty, and therefore () € T'] Say that a node ¢t € T is splitting (in 7') if both
t—0 and t—1 are in T'. Say that a tree T is perfect if for any ¢ € T there is some
u € T such that w is splitting in 7. (See Figure 2.)
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FIGURE 2. A perfect tree with stem = <1 >

The stem of a tree T is the unique ¢t € T such that ¢ is splitting in ¢ yet ¢ [ k is
not splitting for any k& < [(¢). Note that if T}, T are trees and T} is contained in
T5 then the stem of T7 extends the stem of T5.
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Definition 10.2. Sacks forcing S is the poset of all non-empty perfect trees in 2<%,
where Th < Ty if T1 C T5. (A smaller tree gives more information which gives a
stronger condition.)

For T € S and t € T let T} be the subset of T" containing all w € T such that u
either extends ¢ or t extends u. Note that the stem of T; extends ¢.

Remark 10.3. We have been working a lot with the set 2 of all functions from
w to {0,1}. We identify this with all subsets of w. This can also be identified with
the “Cantor set” in R. For a tree T' C 2<% let [T] be all f € 2¢ such that f [n €T
for all n < w. Then the closed sets in 2* are precisely those of the form [T7] for
some tree T, and the perfect sets are those of the form [T7] for a perfect tree T'.

Proposition 10.4. Suppose G C S is generic over V. Define f as the union of all
the stems of the trees in G. Then f: w — {0,1} is a well defined function, and

fev.

Proof. First, since G is a filter, f takes at most one value at each n € w. Next we
show that each n € w is in the domain of f. Consider the set D,, of all T' € S such
that the length of the stem of T' is > n. Each D,, is dense and therefore there is
some T in G whose stem is defined on n. Finally, fix h: w — {0,1} in V. Let D be
the set of all T in S such that for the stem s of T" there is k < I(s) with s(k) # h(k).
Then D is dense, and so there is some k for which f(k) # s(k). O

Let G C S be generic over L.
Lemma 10.5. L[G] = L[f], the minimal transitive extension of V' containing f.

Proof. We need to show that G is in V[f]. In fact, it can be defined as G =
{T esV: fe [T]} The inclusion C is immediate. For the other direction, assume
that T € V is such that f € [T].

Exercise 10.6. Show that for T, U in S, if U is not contained in T" then there is a
U’ < U such that U NT is finite. (This implies that [U] N [T] = 0.)

Working now in V, it follows that the set of U € S such that either U < T or
UNT is finite is dense in S (and is in V). So there is such a U in G. Since f € [U]
and f € [T, it cannot be that U NT is finite, therefore U < T, and so T € G as
well. O

Remark 10.7. Generally speaking, for T' € V the sets of branches [T] as computed
in V or V[G] could be very different. For example, of T' = 2<% is the full binary
tree, then [T is 2*, which is different in V' and V[G].

However, if T NU is finite, then [T] N [U] is empty in V and in any generic
extension.

Say that ¢t € T is an n’th splitting node of T if there are precisely n splitting
node among {t [ k: k <I(¢)}.
Lemma 10.8 (Fusion). Suppose Ty, 11, Ts,... is a sequence of perfect tress such
that
e 1,11 CT,
e The n + 1’th splitting nodes of T}, are n + 1’th splitting nodes of T}, 1.
Then T = (T, is a perfect tree.
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FI1GURE 3. Fusion

Proof. Take t € T. Let m be the number of nodes of the form ¢ [ k£ which are
splitting nodes of T. Now t is a member of T},. Since T, is a perfect tree, we may
find ¢’ above t which is splitting, and is an m-splitting node of T},,. By construction,
t' is an m-splitting node of each T/, m’ > m. That is, both #~0 and ¢'"1 are in
T, for each m’, and so they are in T. Therefore ¢’ is a splitting node of T O

Theorem 10.9. Suppose X € L[G], X C n for some ordinal 7, then either X € L
or L[X] = L[G].

Proof. Let T be a name with 7[G] = X. Assume that X ¢ L and fix some condition
Tp forcing that 7 is not in L (that is, 7 ¢ V,;H. Note that for any condition 7" < Ty,
there must be some ¢ < 7 for which T does not force either ( € 7 nor { & 7.
[Otherwise, we could define X in V by ¢ € X <= T IF ¢ € 7.] In this case we
may find extensions of T forcing either statement.

We now work in L. We will find a single tree in L such that going “left or right”
will decide different statements about members of X = 7[G]. We will therefore be
able to “decode” the function f from X.

Let ¢y be the minimal such that Ty does not decide if {y € 7. Let s be the stem
of To.

Consider (Tp)s~o and (Tp)s~1- It cannot be the case that they both force (y € 7.
Since the set of conditions S € S such that S is either below (Tp)s~0 or (Tp)s—~1, is
dense in S, below Tj. So this would imply that all extensions of T force the same
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value for “(y € 77, and therefore Ty would force this. Similarly, it cannot be the
case that they both force {y ¢ 7.

It follows that there are trees Uy and U; such that U; < (Tp)s—~s, and such that
one of Uy, Uy forces ¢y € 7 and the other forces (o & 7.

Now define Ty by T3 = Uy U U;. Note that Ts~; = U;. Furthermore, 77 and Tj
have the same stem s (the same 1-splitting node).

For each U;, i = 0,1, we apply the same process: let { be the minimal such that
U; does not decide ¢ € 7. Let s; be the stem of u; (note that s; is a 2-splitting
node of T1).

We may find U; < U; such that U/ and U; have the same stem s; and if s, ¢ are
the two 2-splitting nodes of U/, then one of (U})s, (U/): forces ¢ € 7 and the other
forces ¢ ¢ 7.

Now let Tp = U{ UUS. Then Ty and T; have the same 2-splitting nodes (the
1-splitting nodes of U} and Uj).

For the general construction: assume we arrived at 7,,. For each m + 1-splitting
node t of Ty, let U = (T),):. Find U], U] two extensions of Uy~g and Up~; which
force conflicting statements of ¢ € 7, for some ordinal { < 7. Let U/ = JUy U Uj.
Then U is an extension of (T},):, with the same stem ¢. Finally, let T,, 1 be the
union of all these U/, where ¢ is ranging over all m + 1-splitting nodes of Ty,.

The sequence Ty D 17 D 15 D ... is a fusion sequence, and therefore T' = ﬂn T,
is a perfect tree. Also T < Tj.

In conclusion: we showed that the set of all trees T satisfying the following
condition is dense in S: for any splitting node ¢ of T" there is some ordinal { < 7
such that Ty~¢ and T;~1 decide conflicting statements about “¢ € 77.

Since G is generic, there is a tree T' € G is above. We can now define f from
the set X = 7[G] as follows. First f extends the stem of T, ¢g. There is some ¢
such that T;~; force conflicting information about ¢ € 7. Choose the unique ¢ such
that Ti~; IF ( € 7 <= ( € X. Let ¢; be the next splitting node of T above ;.
Continue this way, and define f = J,, t,. Therefore f is in L[X]. By Lemma 10.5
it follows that G is in L[X], and therefore L[G] C L[X]. O



