Emat 213: a Classification

Instructor: Dr. Marco Bertola

Provided AS IS: no guarantee of being typo-free

1 First Order ODEs

Separable: prototype

dy
"=h z); /— :/ x)dz
y = h(y)f(x) o) f(x)
Exact: prototype
oM  ON
M (z,y)dz + N(z,y)dy =0 ; 5 = Tz
oF OF
F(«/E7y)_c7 %(%y)—M(%y) 3 8_y($,y)—N({L‘7y)

Homogeneous: prototype

M(z,y)dz + N(z,y)dy = 0; Mtz ty) = t"M(z,y) ; N(tz,ty) =t*N(z,y)
Substitute: y =z - u(z)

Bernoulli: prototype
y' + P(x)y = f(z)y™ ; Substitute: y = ut

By Substitution: prototype

y' = F(Ax + By + C) ; Substitute: u= Ar + By +C
Linear: prototype

Y+ Pla)y=f(z); y=e /PO / fla)el P@dzqy 4 cem | P@)d



2 Second (and higher) order Linear ODEs

Const-Coeffs (CC): prototype

ay” +by' +cy = f(z)
Auxiliary Eq. am? +bm+c¢=0

1€ 4 coe™2” Real and distinct mq, mo
Yo = ¢ c1e*? cos(fx) + coe*” sin(Bz)  Complex conjugate mi o = a £
c1e™ + coxe™” Only one root my =mo =m

yp = By undetermined coefficients or Variation of parameters

Cauchy—Euler: prototype

az®y" +bxy +cy=f(z), (x>0)
Auxiliary Eq. am(m —1)+bm+c=0

crx™ 4 cox™2 Real and distinct mq, mo
Ye =4 crz®cos(fIn(z)) + coz¥sin(BIn(xz)) Complex conjugate my 2 = a £ i
cax™ + ¢ In(z) 2™ Only one root m; =mg =m

yp = Variation of parameters

Variation of Parms : put in normal form the equation

y'+ Pa)y + Qx)y = f(x)
Find complementary solutions y; and y, then

Yp = U1Y1 + U2Y2
u/1 — _yzf(l‘) : u/2 _ ylf(x)
W W

W= det (gi zZ) = y1ys — Y1Ye

3 Series and solution by series (centered at x=0)

y' + P(x)y+ Q(x)y =0

o0
_ n _ 2 3 4 5
Yy = Cp = Co+C1x 4 cox” +c3x” +cqx” + st + ...

n=0

4 Homogeneous Systems

e Being able to convert from system form to matrix form and viceversa.

!
Ty = anT1+---+ a1,
I
T, = an1T1 + -t apny
a1 - Qin Z1
X = AX, A= . X=
Gnl crr Qpn T



e Find Eigenvalues and Eigenvectors of A
det(A=AD)=0 = Aq,...,
(A - A]I) K=MK

(a) Matrix is diagonalizable (n eigenvectors) and eigenvalues are real
X = clekltKl +...+ cneA"tKn

(b) There are repeated eigenvalues and less than n eigenvectors; e.g. A;
has multiplicity 2 but there is only one eigenvector

Xi = c1eM'K + ¢z M (K + P)

<A— /\11)]13’: K

(c) There are complex conjugate eigenvalues: find complex eigenvector
and split in real and imaginary part.

A=axif
K=A+/B

X; = e (A cos(Bt) — B sin(ﬁt)>
Xy = e (A sin(8t) + B Cos(ﬂt))

e Solution by exponentiation

B(t) = et

5 Nonhomogeneous Systems

In matrix form

X' = AX + F(¢)
Complementary solution from above, particular solution by

1. Variation of parameters
X, = (t) / B(t)~1F(t) dt

2. Diagonalization

X=PY: Y =DY+ P 'F(t)

A1 0
0 A
D=
0 An



