February 11, 2005
Instructor: Dr. Marco Bertola

Material allowed: non programmable, non-graphing calculators.

Solve five problems of your choice

Self-serve formula sheet. For a vector-valued functions 7(¢) in three dimension defining a smooth curve for
t € la,b]

K(t) = ar(t) = s(t) = T(t) = an(t) = N(t) = B(t) =
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[10 points] Problem 1.
(i) Find the velocity and the acceleration vectors ¥(t), d@(t) for a particle that moves as described by the vector-valued
function

7(t) = ti + [t sin(t) + cos(t)] j + [t cos(t) — sin(t)] k .

(ii) Compute the unit tangent T(t).
(iii) Compute the tangent component of the acceleration ay.

[10 points] Problem 2.

Using the chain rule, compute the partial derivatives % , g—?{j for the function f
f(u,v) = cos(uv),
where the variables u, v depend on the variables z,y as follows
u=In(1+z?); v =z%y.

[10 points] Problem 3.

For the given curve find the arclength parameter s(¢) and reparametrize the curve in terms of it
7(t) = t*1 + [tsin(t) + cos(t)]j + [t cos(t) — sin(t)] k , t>0.

[Advice: the ensuing integral is immediate if your derivatives are done properly]

[10 points] Problem 4.
(i) Compute the gradient of the function
F(z,y,2) = xy° cos(yz).

(ii) Find a direction along which the function F' increases as fast as possible at the point (0,1, 7).
(iii) Compute the directional derivative at the point (0,1, 7) along the direction of the vector @ = % j+ %k.

[10 points] Problem 5.
Find points on the surface 22 + 3y? + 422 — 22y = 16 at which the tangent plane is parallel to the zz-plane.

[10 points] Problem 6.

Compute the divergence of the gradient of the following function of three variables

1
F(z,y,2) = 2*yz = 2y’z + 22



Solution to Problem 1

We have
U(t) =i+ tcos(t)j — tsin(t)k
a(t) = (cos(t) — tsin(t))j + (—tcos(t) —sin(t)) k
T = g = \/11+—t2 (i+ tcos(t)j — tsin(t)k)
The tangent component is
- tcos?(t) — t? sin(t) cos(t) + tsin?(t) + t2 sin(t) cos(t) t

ar(t) =T d = -
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Solution to Problem 2

0f _ 05 ofov
Ox Oudx  Ov Ox

= —wvsin(uv) T2 usin(uv)2zy = —sin (2?y In(1 + 2?)) (121352 + 2zyIn(1 + x2)>
0f _ 0fou 9o
Jy Ooudy  Ov dy

= —vsin(w)0 — usin(uwv)z? = —sin (2®y In(1 + 2°)) In(1 + 2°)2®

Solution to Problem 3
The arclength parameter is

Here the speed v(7) is

(1) = 271+ 7 cos(7)j — 7sin(7)k

(1) = \/47'2 + 72 cos?(1) + 72 sin?(1) = V572 = 75 (since 7 > 0)

s(t) = /OtT\/ng = \/75752

To reparametrize the curve we have to express ¢ in terms of s. Solving the above relation for ¢ we have

Therefore

t(s) =4/ —=s

We now plug this into the expression for 7(t)

_Sl+ —SSIH( _S) +C()S( 8) .] SCOS( 8) - Sln( _S) k
S()lutl()n t() pr()blem 4

We have .
VE(z,y,2) = y® cos(yz)i + (2zy cos(yz) — zy’zsin(yz)) j — zy” sin(yz )k
At the point (0,1, 7) the gradient is
VF(0,1,7) = cos(m)i = —i.

Since it is already normalized (length one) the direction of max increase at this point is —i (the gradient itself). To

compute the directional derivative along « = %(J + k) we have to compute

- . ) 1 .
DaFlio1m) = VE(0,1,7) - i = (—i) - (50 ; k)) ~0



Solution to Problem 5
For a plane to be parallel to the xz-plane it is necessary that the normal is -say- j (y-direction). That is the gradient
of the function defining the surface must be parallel to j or equivalently must have zero components in the x and z
direction. The gradient is
VF = (2¢ — 2y)i + (6y — 22)j + 82k

Therefore we have to solve the system

20 — 2y =0 rT=y
82=10 = z=0
22+ 3y? + 422 — 22y = 16 422 — 222 =16 = = +V8

There are thus two points as required, namely (v/8,1/8,0) and (—+v/8, —/8,0).
Solution to Problem 6
The gradient is

= 1
VFE(x,y,z) = 2zyzi— y°2j + (a:Qy — gyg + 2z> k
The divergence of the gradient is
V- VF = 0,(0.F) + 8,(0,F) + 0.(8.F) = 2yz — 2yz + 2 = 2.

Note that the end-result is a scalar



