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Abstract

We consider the biorthogonal polynomials associated to the two—matrix model where the potentials
V1,V have arbitrary rational derivative and are constrained on an arbitrary union of intervals (hard-
edges). We show that these polynomials satisfy certain recurrence relations with a number of terms
d; depending on the number of hard-edges and on the degree of the rational functions V. Using
these relations we derive Christoffel-Darboux identities satisfied by the biorthogonal polynomials:
this enables us to give explicit formula for the differential equation satisfied by d; + 1 consecutive
polynomials, We also define certain integral transforms of the polynomials and use them to formulate
a Riemann—Hilbert problem for (d; + 1) x (d; + 1) matrices constructed out of the polynomials and
these transforms. Moreover we prove that the Christoffel-Darboux pairing can be interpreted as a

pairing between two dual Riemann—Hilbert problems.
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1 Introduction and setting

In this paper we consider the biorthogonal polynomials associated to the two—matrix model. The

model is defined by a measure on the space of pairs of Hermitean matrices My, My of the form

dp(My, My) := dMydMye™ (VM) =Va(M)+MMz) (1-1)



Using Itzykson—Zuber/Harish-Chandra’s formula, the model can be reduced to the study of biorthog-
onal polynomials [10] (BOPs for short), namely two sequences of polynomials {m, ()}, {on(v)}

|| dodye 00z, @) 0) = 5 (1-2)
R JR

For the model to have a probabilistic interpretation, the potentials should be real and satisfy certain
growth conditions to ensure the convergence of the integrals. In order to introduce the setting of
this paper we consider the following situation (which is strictly included in the more general setting
to be expounded later)

1. There is a finite collection of disjoint intervals I = [ JI; € Ry and J = J;J; € Ry (R,
denotes the real axis of the x-variable), in the complement of which the potentials are 4+c0: in
other words the matrices M7, M5 have spectrum confined to these multi-intervals, so that the
associated BOPs satisfy

J J dadye™ MO VWY ()0, (y) = Gm (1-3)
1JJ

2. The two potentials Vi (z) and V5(y) are the restriction to I, J (respectively) of real-analytic
functions with rational derivative (with poles symmetrically placed off the real axis, or on the
complement of the intervals on the real axis) together with the necessary growth condition if
the intervals are unbounded.

This situation has been addressed in [2] within the general context of bilinear moment functionals.
Indeed it is convenient to recast the orthogonality condition in a more abstract setting where one
considers a bimoment functional £ : C[z] ® C[y] — C defined by

L) = j j dedy aiyle W O-VBWey _ (14)
1JJ
and then extended by linearity to arbitrary polynomials. The biorthogonality condition then reads
L(Tp|om) = Onm - (1-5)

The properties of the potentials V7, V5 and the supports of integration can be dealt with on the same
footing by purely algebraic methods: to this end one introduce four polynomials A;, B;, i = 1,2
according to the strategy outlined hereafter. Let (x;,m;) be the location of the poles of V/(x) with
their order (we include all of the poles, in this case also the complex conjugates, which clearly come
in with the same multiplicities) and let a; be the endpoints of I. We define then Ay, By (and similar
expressions for Ag, By) as follows

Bi@) =[[@—-a)™ [[@=a),  Av:=VIBi-B}, (1-6)
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so that now V/ = AEB/ It is a straightforward exercise to verify (using integration by parts) that the

bimoment functional satisfies the following distributional identities for arbitrary p(z) € C[z], s(y) €
Clyl

£( - Bi@)p (@) + 4 (@)p@)|s(v) = L(Bi@)p(@)|ys(v) ) (1-7)
£(p(@)] = Bew)s' ) + A2(w)s()) = £(p(@) | Ba(w)s() ) - (1-8)

Abstracting formulee (1-7,1-8) from the specific context, we will say that a bimoment functional £

is semiclassical if it satisfies those same relations (1-7,1-8) for some given (and fixed) polynomials

A;, B;. The name comes from a similar usage in the context of ordinary orthogonal polynomials [9].
Such functionals have been studied in [2], where it was shown that

Proposition 1.1 For given A;,B;, i = 1,2, a semiclassical moment functional L is the linear
combination of sisy independent functionals L, ,, 1 = 1...,s51, v = 1,...,52, where s; =
max(deg A;,deg B; + 1)

More importantly (at least in the case deg A; > deg B; + 1) all of these moment functionals £, ,,
can be given an integral representation completely analog to (1-4), but without any restriction on
the reality of the potentials or of the contours of integration: this is the setting of the present paper.

1.1 Connection to other orthogonal polynomials

The algebraic properties of semiclassical bilinear moment functionals apply to a slightly different class
of orthogonal polynomials. Let us consider in fact orthogonal polynomials in the complex plane with
respect to a measure of the form

dpu(z,z) := e FPF2RV) g2, (1-9)

where V(z) is a holomorphic function such that V’(z) is rational. The convergence of the measure
mandates that the residues of V'(2)dz must have real part greater than —% and that the behavior at
oo of V' cannot exceed the second power (and also a certain open condition on the coefficient of this
quadratic term which we do not specify here). Orthogonal polynomials are defined as a holomorphic
basis of L?(C,du). It is amusing to note that the moment functional

L(|Z) ff 2 du(z,z) = (1-10)

is a semiclassical moment functional (using Stokes’ thm. in vece of integration by parts) with just
some (obvious) reality constraint on the bimoments. Therefore all the algebraic manipulations that
rely on the semiclassicity alone carry out verbatim to this case. In particular (with very minor
and trivial modifications) Section 2 almost entirely generalizes (in particular Thm. 2.1. Significant
differences (sufficient to require a different analysis to appear elsewhere) arise in the construction of
the fundamental systems and the Riemann—Hilbert problem.



1.2 Connection to 2-Toda equations

The framework of this paper is connected to the general theory of 2-Toda equations [16, 1]. This is
the theory of a pair of (semi)-infinite matrices P, @ (in our notation) where @) is lower-Hessenberg

and P is upper—Hessenberg® which evolve under a bi-infinite set of commuting flows {tj,th}jeN

0,Q=-710.@)=] . 5,@=—[Q.(P))] (1-11)
0P =-SPQ Nl &P =[P (Pl (112

where the subscript 1 denotes the upper/lower triangular part plus half of the diagonal (we are
assuming the normalization such that the upper triangular part of () coincides with the transposed
of the lower-triangular part of P).

Let now @, P be semi-infinite matrices. We can use @), P to denote the matrices expressing the

multiplicative recurrence relations of a sequence of polynomials,

n+1 n+1
Ty = Z anﬂ'j ) Yyon = Z Pnjan s (1'13)
j=0 Jj=0

where the polynomials are recursively defined by this relation. Using the generalization of Favard's
theorem proved in our [2] we prove the existence of (unique) a bimoment functional £ : C[z]®C[y] —
C such that

L(Tp|om) = Onm - (1-14)

It then follows easily that the 2-Toda flows are linearized by this moment map, in the sense that
the solutions Q(t,t), P(t,t) are simply the multiplication matrices for the biorthogonal polynomials
of the moment functional

Lozlole)i= £ (e ZF 0o 20 s) (1-15)

The moment functionals of semiclassical type (egs. 1-7, 1-8) that we are going to analyze form a
particular class of reductions of the above-mentioned 2-Toda hierarchy. The simplest situation is
the one of bimoment semiclassical functionals with polynomial potentials as the ones considered in
[3], where the matrices P, @ are also finite band. Moreover the solutions which arise in the context

of semiclassical bilinear functionals also satisfy the (compatible) constraint of the string equation

[P,Q] = 1 (1-16)

$We say that a matrix is lower Hessenberg its (4,1 + 1 + k) entries vanish (Vk = 1,2,...) and also all (3,7 + 1)-
entries are nonzero. A matrix is upper Hessenberg if its transposed is lower-Hessenberg.



(the constant % can be disposed of by a rescaling). The parameter of the (finite—dimensional)
reduction are the coefficients of the potentials: for more general semiclassical moment functionals
as the ones considered in this paper, the parameters involve not only the coefficients of the partial
fraction expansions of the (derivatives of the) potentials, but also the position of the poles and the
position of the end-points of the supports of the measure (the hard—edge endpoints).

The paper is organized as follows

1. In Section 2 we derive the recurrence relation satisfied by the biorthogonal polynomials of
a semiclassical moment functional. There are two types of recurrence relations: one which
involves the multiplication by the spectral parameter (and plays the réle of the more standard
three—term recurrence relation for orthogonal polynomials) and one which involves a differential
operator acting on the polynomials.

2. In Section 3 we recall some possibly not well known facts about a certain class of linear
homogeneous ODEs. These equations are next in simplicity to the class of constant coefficients
ODEs, inasmuch as the coefficients are allowed to be linear functions of the independent
variable. When considering the formal adjoint equation then the classical bilinear concomitant
provides a nondegenerate pairing between the solution spaces of the pair of mutually adjoint
ODEs. In this case we give an interpretation of it in terms of an intersection pairing
between certain contours used in the representation of the solutions as contour-integrals. This
part of the paper is logically quite independent on the rest but it is nevertheless necessary in
order to understand certain constructs of the following section.

3. In Section 4 we define the auxiliary wave vectors for our functionals, using a certain multiple
integral transform which relies upon the form of the bilinear concomitant associated to our
semiclassical moment functional (extending the some of the results of [5]). These expression
will prove crucial in the formulation of a first order ODE of rank d; = deg(A4;) satisfied by
the biorthogonal polynomials. We also derive the analog of the Christoffel-Darboux identities
satisfied by standard orthogonal polynomials to our case of biorthogonal polynomials: similar
expression were extensively used in [3, 5] for the case where the potentials V; are polynomi-
als (which is a subcase strictly included in our present setting) and in absence of hard-edge
endpoints. The novel feature is that these new identities involve not only the biorthogonal
polynomials of the moment functional £ itself, but also those of the associated bilinear
semiclassical moment functionals

L:=L(Byele); L:=L(s|Bse). (1-17)

This feature appears prominently in the perfect duality of the Riemann—Hilbert problems ap-

pearing in the next section.



4. In Section 5 we define a pair* of piecewise—analytic matrices constructed out of the entries
of the wave-vectors and their auxiliary wave-vectors. They satisfy certain jump conditions on
contours in the complex plane and some asymptotic behavior at the zeroes of By. Moreover
they satisfy rational first order ODEs with poles at the zeroes of B;1. The Christoffel-Darboux
identity, when written as a bilinear expression for these matrices becomes a perfect pairing
(Thm. 5.1) in the sense that establishes a nondegenerate constant (in x) duality-pairing
between the two solution spaces. This pairing is should be thought of as the “dressed” form
of the bilinear concomitant pairing introduced in Sect. 3. Similar Riemann—Hilbert problems
have appeared elsewhere in the literature, e.g. [14, 13, 5, 3].

In order to facilitate the navigation through the paper all proofs of more technical nature are collected
in appendix and only those that may help the understanding are left in the main body of the paper.

Acknowledgments. The author would like to thank R. Teodorescu for discussion during
the summer 2005 conference on Random Matrices at CRM and John Harnad for daily stimulating
interaction.

2 Semiclassical bilinear moment functionals of type BB

We consider an arbitrary bilinear semiclassical moment functional (as defined in the introduction) [2],
i.e. satisfying (1-7, 1-8). Let ¢; = deg(B;) and d; = deg(A;): we assume that d; > ¢;+1 ("type BB”
in the terminology of [2]). We also make the assumption that the two pairs of polynomials A;, B;
are reduced in the sense that the only common zeroes of A; and B; (i = 1,2) are simple zeroes of
B;. Any moment functional coming from a representation like the one in the introduction (1-4) has
this property of reducedness. In [2] the case of non-reduced moment functional is also considered,
and it corresponds to functionals which may be expressed as delta functions (or derivatives thereof):
we refer ibidem for details.
It is known [2] that any such reduced moment functional can be expressed in integral form

di  da
pi = L@y = D7D Ly (@ |y7) (2-1)
p=1v=1
Lo (@) = L L e~ Vi@=Va)+ay 4y (2-2)
Vi) = 2B (23
ro f f phyle Vi@ Va)+ey q2qy (2-4)
i} (2-5)

“In fact there are two such pairs, the other being obtained by interchanging the rdles of x,y, B1, B2 etc.



The two sets of contours of integration I'; , and T, are defined in the x and y complex planes
respectively and in completely parallel fashion: we will define them in Section 3.1. We have also

introduced the short-hand notation

JL = dZ dZ v LL (2-6)

p=lv=1 vV

Note that the case of hard-edges is included (in this case the fraction defining V.'s has common
divisors vanishing at the endpoints of the hard-edges).

The constants 5, , € C are arbitrary (not all zero). In the paper we will often invoke " genericity"
conditions for the moment functional £: by this we mean that the genericity is in the choice of the
»-constants and not in the choice of A;, B; which we consider as given once and for all. All of
the genericity conditions that we will use can be translated into the nonvanishing of certain infinite
sequences of minors of the matrix of bimoments M = [p;;]: since the moments p;; are linear in s
as per (2-1), this genericity boils down to avoiding an at-most-denumerable collection of divisors of

homogeneous polynomials in the s-space.

2.1 Biorthogonal polynomials

Let us consider the biorthogonal polynomials associated to this bilinear moment functional, namely

two sequences of monic polynomials satisfying the following conditions

{mn(2), 00(Y) }nen

Ta(z) = 2™ + O(z"1)

on(y) =y" + 0" )
L(Tn|om) = hnlnm - (2-7)

The existence of these BOPs is guaranteed provided that the principal minors of the matrix of

bimoments do not vanish
A, [L] = det[#z’j]osi,j,sn—l #0 VneN, (2-8)

which also guarantees that h,, # 0 ,Vn € N ([2]). We find it more convenient to deal with the

normalized BOPs;
Tn On

n = —, n = 2-9
Pni= = s (2-9)

We will use the following quasipolynomials

V= pne” 1@ b 1= spe” ") (2-10)



and the following semi-infinite vectors (wave vectors)

p(x) := [po,P1s- s Py -] s(y) := [50,81, . 8my -] (2-11)
U= p(w)e_vl(x) ) d = s(y)e_VZ(y) (2-12)
0] [ee]

It will become necessary to consider the following associated semiclassical functionals defined by
the relations

L(pls) == L(p|B2s) . L(pls) := L(B1ipls) - (2-13)

We leave to the reader the simple check that these are also semiclassical moment functionals where
the potentials are replaced —respectively— by

~

Va(y) == Va(y) = Ba(y) ,  Va(e) := Vi(x) — I By(a) . (2-14)

Note, however, that they have the same s's and are defined along the same contours as L.

2.2 Multiplicative recurrence relations
We now prove

Theorem 2.1 The BOPs satisfy the following finite-term recurrence relations:

dy

(pn—i- Ze n)Pn ]) = > o;(n)pn—; (2-15)

j=—1

y(sn + Z mj(n)sn—j) = i Bj(n)sn—j (2-16)

j=1 j=—1
= deg(B;), d; = deg(4;) ,

where £j(n) = 0 for n < dy and mj(n) = 0 for n < dy, under a genericity assumption specified in
the proof. The coefficients a_1(n) and B_1(n) are nonzero for any n; furthermore, under the same

genericity assumptions letting a;,b; be the leading coefficients of A;, B; we have

boctg, () h—a, = azly,(n) (M)A hn—g, #0, n = ds
O v o1

Proof. We prove only one relation, the other being proved by interchanging the roles.
The statement a_1(n) # 0 follows from the form of the recurrence relation by comparison of the
leading coefficients, which gives
hn+1

a_1(n) = o #0. (2-18)




The fact that £;(n) = 0 for n < dy is a choice of convenience: indeed, since da > g2 any zp, can
be written as a linear combination of the same BOPs of degrees m = 0,...,n + 1 for n < ds.
Consider xp,,(z): by "integration by parts” (i.e. using relation 1-8 from right to left), we immediately
conclude that

zpn(z) L By(y)C{L,y,....y" = 1} =y (2-19)

Therefore Vﬁ{h is in the common annihilator of zp,(z),...,2pn—g,(x). We now show that it is
generically possible to fix the coefficients ¢,,(j) of a linear combination as the left hand side of eq.

(2-15) such that the result is perpendicular to any polynomial ¢(y) of degree deg(q) < n — ds. Let

q(y) = Ba2(y)a(y) + b(y) (2-20)

be the long division of ¢ by By with remainder b: then

L (xpn(:n)

q(y)) = E(wpn(w)

Ba)at) +40) ) = £ (o)

b(y)) (2.21)

Since the remainder b(y) is of degree at most g2—1, we can find the aforementioned linear combination
by solving the system

0=1"L ((pn+Z€ pn]>

After doing so we have that a suitable linear combination in C{p,,,...,pn—q } is perpendicular to

), E=0,...,g0—1. (2-22)

any ¢ = Baa + b with deg(a) < n — ds — g2, deg(b) < g2 — 1, or -in other words - to any ¢(y) of
degree less than n — ds, thus proving the shape of the recurrence relation.

In order to clarify the genericity assumption we are imposing we express the above condition as
a nonvanishing condition of certain submatrices of the matrix of moments. Indeed the polynomials
Pr i=pn + 2,7 £,(j)pn—; are uniquely determined by the condition that (for n > ¢»)

1. The degree of p, is n;
n—gz—1

2. The polynomial p,, is L-orthogonal to 1,y,...,y

3. The polynomial xp,, is L-orthogonal to 1,y,...,y%"1



This determines them as the following determinant (up to a

D i= ¢, det

nonzero multiplicative constant)

Ho1 Ho,n+1
Hi1 Hin+1
Hgs—1,1 Hgs—1,n+1
oo Hon
K10 Hin
Hn—g—1,0 Hn—gs—1n
1 x x2 ikt z"

(2-23)

The genericity condition is then the nonvanishing of the principal minor of size n of the above

expression, namely the nonvanishing of the following matrices

An’g ;= det

Ho1 Ho,n
11 H1n
—1,1 —1,
Mgz Haz—1.n ,neN
Hoo Hon—1
H10 Hin—1
| Hn—qy—1,0 Hn—go—1,n—1 |

The normalization that p,, = p,, + (lower degree) gives for the ¢, of eq. (2-23)

Cn

1

- An,2 V hn

(2-24)

(2-25)

Let us now check that this genericity assumption is actually equivalent to requiring o, (d2) # 0 ,Vn.
Denoting by as, bs the leading coefficients of Ay (y), B2(y) we find

bactg, (M)A Py—a, = L(xPn| Bay™™%7%) = L(Pp| Ay~ @72 =0 (y" "= 71)) = L(Pnlazy™ %) = Ly, (n)az/hn—q,

10

(2-26)



This proves the identity (2-17): to prove that it does not vanish under our genericity conditions we

compute
[ Ho1 Hon+1 1
H11 H1n+1
- _ as Hgo—1,1 Hgo—1,n+1 a2Ap112
L(Pp|agy" ) = det = #0 (2-27)
7L| An,Q V hn Koo Hon An,2 V hn
H10 Hin
| HUn—gq»,0 HUn—gom
Q.E.D.

We can represent the previous recurrence relations in matrix form as follows

Proposition 2.1 The wave vectors satisfy the following recurrence relations
x(1+ L)¥ = A y(1L+ M)d = Bd (2-28)
[e0} [e0} [e0] [e0]

where L is the lower triangular matrix with gy subdiagonals whose matrix entries are L., = £,(n—m)
and A is a lower Hessenberg matrix with entries A, = a,(m —n) (similarly for M, B). The entries

in the lowest and highest diagonals in 1 + L, A are non vanishing.

2.3 Differential recurrence relations

Proposition 2.2 Under a genericity assumption for the moment functional (specified in the proof)

the BOPs satisfy the following differential finite—term recurrence relations

q1 dy

Vaz (pn + Zﬁ@](n + j)pn+j> = - Z ﬂj(n + j)pn-i-j (2_29)
1 j=—1
72 da

Vy <3n + ) b+ j)8n+j> == D @i(n+j)snsj (2-30)
1 j=—1

Ve =0, — V{(z), Vy =0y — Vi(y) . (2-31)

In matrix form we have

V.(1+ M')p = —B'p
V,(1+LYs = —Als | (2-32)

11



where the matrices above are defined by

My, = pi(n) . Bk = Fu-i(n)
Lnk = En_k(n) , Ank = an_k(n) . (2—33)

Note that they have the same shape as M, B, L, A respectively (whence the mnemonics of the
symbols).

Proof. We prove only the first of the two relations, the other being proved analogously. Consider the
unique (generically existing) vector py, in C[py, ..., Pntq | which is divisible by B;(z) and "monic”
w.r.t. p, in the sense that p, = p, + C[pp+1,...,Pntq]. Writing then p,, = Big, we find

e10,pne™"" = Blgn + Bid), — V{Bigy = Biq}, — A1gn. (2-34)

This implies that (—0d, + V{)py, is a polynomial of degree n + d; in spite of the fact that V] is

y’“) = E(qun yk“) = E(Nn

This concludes the proof. The genericity condition that we are using now is the nonvanishing of

rational. Moreover

c(<—ax VB,

yk) = /5( — Biq,, + A1qy

ka) =0 (2-35)
k<n—1 (2-36)

the principal minors of the associated moment functional L or (which is the same) the existence of
biorthogonal polynomials for £. Q.E.D.

For later convenience we remark that the genericity condition we are invoking now is also equiv-
alent to requiring that the vectors (the superscript () denoting the r-th derivative)

[P0 ), b (9)] (2-37)
Bi(z;) =0, r=0...1;,  Bi(x)=b][(z—z;)" (2-38)
j=1
be linearly independent: indeed
[ (1) Pntaq (1) ]
@ ) (r)
P+ D0+ PPy = en |22 _(xl) Prg, (1) (2-39)
1 . :
P () Py, (@s)
(@) Pn+1(z) . Pt (@)

where e, is the inverse of the (¢; + 1,1)—cofactor of the above matrix. The proposition can be
rewritten for the wave vectors as follows

12



Proposition 2.3 The wave vectors satisfy the following differential equations

0.(L+ MYW = —B'w, 0,1+ LYo =—A' , (2-40)
[ee] [ee] [o0] o0

where M\nk = Mmg_n(n) and ﬁnk = Qk_n(n) (and similar expressions for M\, é)
The matrices M,E,E,A\ play the same role of M, B and L, A for the moment functionals Land £
respectively.

Proposition 2.4 The vectors of polynomials

(1+ LYs(y) (2-41)

b= (1+D)7'p. 30) - 5

(where L (and ]\7) are defined by eqs.(2-32) of Prop. 2.2) are the biorthogonal polynomials for L.

Similarly the vectors of polynomials

(1+M)'p, 3y :=(1+M)s (2-42)

p(x) :=
are the biorthogonal polynomials for c

Proof. The two statements are completely parallel and hence we prove only the first.
By definition of the matrix Lin Prop. 2.2 the polynomial entries of (1 + lA}t)s are all divisible by

By, therefore § is indeed a vector of polynomials. Next we have (using an obvious matrix notation)

E(f)

We also have

gt) =L ((1 +I)7'p

s'(1 + E)) —(1+L)'¢ (p

st) (1+L)=1 QE.D (2-43)

Lemma 2.1 The matrices L, A, M, B and the matrices E, ﬁ, M, B are related by
AQl+L)=1+L)A, BQ+M)=@1+MB. (2-44)
Proof. Once more we prove only the first.

AQ+IL)=r (Ap

s'(1 + E)) =L (3:(1 + L)pls'(1 + i)) -

=L (w(l + L)p‘Bz@t) =L ((1 + L)p‘(—BQay + A2)§t> =L ((1 + L)p‘ — vszgt) =

~

=L ((1 + L)p‘ — V,s'(1+ Z)) =L ((1 + L)p stA) =(1+L)A Q.E.D.(2-45)

13



Lemma 2.2 The associated wave vectors p,S and P, S satisfy

2(1+L)p = Ap

y(1 + M)s = B3 (2-46)
Moreover, under the same genericity assumptions
mql (n) # 0 # 0y (n)  Vn (2-47)
balig, (M)A Ny —a, = a2€q2 (n)A/ hn—g, # 0 (2-48)
Proof. Recalling that p = (1 + L)~ 'p (by definition), we find
s(1+L)p=ap=(1+L)'"Ap=A(1+ L) 'p=Ap. (2-49)

The relations (2-48) for the moment functionals E,Z are proved in exactly the same way relations
(2-17) are proved for £. Q.E.D.

We can summarize all the relations collected so far in the following table:

Functional BOPs Mult. rec. Diff. Rec.
z(1+ L)p = Ap V(1 + Mt)p
c
(s]¢) P8 y(1 4+ M)s = Bs V,(1+Lt)s =
p 1+ L) 'p 1+ L)p=Ap 1+MtA=—BtA
S B—(]. + L ) *
>~ 1 t
p=75(1+M)p * *
c L(B Bt - - ~ ~
(ole) = L(Bre o) §=(1+)'s yA+M)E=D05 | V,1+Ih5=-A%%
5 _ { (14 Mt)
1+1L 1+ L)p = Ap
L(s|e) = L(By » |Bye) (t+0)™ e 21+ L)b = Ap x
- (1+ M)™'8 y(1+ M)S = BS
A+ INE
(1+L)A=AQ1+1L) (2-50)
(1+L)A=AQ1+1) (2-51)
(1+ M)B = B(1+ M) (2-52)
(1+ M)B = B(1 + M) (2-53)

Here the matrices A, A\,ﬁ are lower—Hessenberg matrices with ds nontrivial sub-diagonals, B, E,B
are lower—Hessenberg with d; nontrivial sub—diagonals. The matrices L, L, L and M, M, M are

strictly lower triangular matrices with g2 or g1 nontrivial subdiagonals respectively.
The *'s mean that there are (possibly under similar genericity requirements for the corresponding
functional) similar relations as in the corresponding box on the first line, for which however we do

not need to define symbols for our purposes.
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3 Adjoint differential equations and the bilinear concomitant

In this section we recall some results which —although simple— | was not able to find in the literature.

We consider a n — th order differential equations of the form

(4@ = 2B ) r0) =0 (31)

where A(D) and B(D) are polynomials and n = max(deg(A),deg(B)): the reader should keep
in mind the polynomials A;, B; of our matrix model. If we look for solutions written as “Fourier—

Laplace” transforms
fila) = | ayerrvo (3:2)

—where the contour of integration is so far unspecified—, simple formal manipulations involving inte-

gration by parts show that
A(y) + B’
‘71( ) (y) (y)

Bly)
where the relation between A, B,V and A;, B;, V; should be now completely clear.

(3-3)

In the situation of interest to us we will have A, B reduced
Definition 3.1 Two polynomials A, B are called reduced if they share at most a simple zero of B
It is a simple exercise to see that
Lemma 3.1 Two polynomials A, B are reduced if and only if A+ B' and B are.

This "duality” of the notion of reducedness will be important when considering the adjoint
differential operator.
We now remark that V' is a rational function with poles at a subset of the zeroes of B

B(y)=c][[(y—b)™"" ,c#0,degB=> m;, mjeN. (3-4)
j=1 j=1

d
ZZWH?f— Z Z _t];’j)kﬂ (3-5)

JeJCL,...,r k= 0

d m;
VO =Ty = b)) exp [Z Sy 2 Z ti’]b )k:| (3-6)

e
jeJ =0 j€J k= 1

W(y):=e VW -7

d := deg(A) — deg(B) 3-8

[Here it is understood that if deg(A) < deg(B) then the first sum in V' is absent.]
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Some of the zeroes of B(y) may appear also as zeroes of A(y) + B’(y) and hence in the partial
fraction expansion of V' those points do not appear. Since A, B are reduced, all multiple zeroes of
B are not shared with A + B’. We will call the zeroes of B which are common with A + B’ the
hard-edge points (note that not all simple zeroes of B are hard-edge points, but all hard-edge
points are simple zeroes).

We now define some sectors S(j), j=1,...p1, k=0,...m; — 1. around the multiple zeroes of
B (bj for which m; > 0) in such a way that

R(V(y)) e +00 . (3-9)
Yy — 0y,
Yy E S,gj)

The number of sectors for each pole is the degree of that pole in the exponential part of W (x), that
is d + 1 for the pole at infinity and g; for the j-th pole. Explicitly

©._f, cc HFroate arg(vge1)  2km+ % —e
Sy, .—{y.eC, 71 < arg(y) + Tl T 7
k=0...d;
. 2km — T 4+ o U 4+ T
5= {y ey BT BH gy —py) 4 2Bma) BT 6}7 (3-10)

k=0,...,mj—1, jeJ.

These sectors are defined precisely in such a way that approaching any of the essential singularities
(i.e. an bj such that m; > 0) the function W (y) tends to zero faster than any power.

3.1 Definition of the contours

The contours we are going to define are precisely the type of contoursI';, ,, 'y , entering the definition
of the bimoment functional £. Let A, B be reduced: we then define n = max(deg(A),deg(B))
contours. The definition of the contours follows directly [2, 15]. We first remark that the weight
W (y) is —in general- multivalued since it contains powers like (y — ¢)! with non-integer t; the
multivaluedness is multiplicative and in fact is not very important which branch one chooses in the
definition of the integrals (3-2) since different choices correspond to multiplying the same function by
a nonzero constant. Nonetheless it will be convenient at some point to have a reference normalization
for the integrals and hence we define some cuts so as to have a simply connected domain where
W (y) is single-valued. We do so by removing semi-infinite arcs extending from each branch-point
of W (y) to infinity: for convenience we choose the cuts approaching each singularity in one of the
sectors, for example S(()j), and approaching infinity within Séo). If deg(A) < deg(B) — 1 there no

sector is defined at oo and then we just choose arbitrarily an asymptotic direction for these cuts.
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Note that if deg(A) < deg(B) — 2 then the sum of the finite residues of V'dy is zero, hence we
could define the cuts as finite arcs joining in a chain the finite branch-points of W (y): the resulting
domain is not simply connected, however W(y) is single valued in such domain precisely because
of the vanishing of the sum of the residues of its logarithmic derivative. We will denote by D the
connected domain obtained after such surgery.

In the following our primary focus is on the case det(A) > deg(B) + 1 and we leave to the reader
to check the literature [15] for the remaining cases (only minor modifications are needed).

1. For any zero b; of B for which there is no essential singularity in W we have two cases

(a) If b; is a branch point (i.e. to; € C\Z) we take a loop (referred to as a lasso) starting
at infinity in some fixed sector (e.g. S(()O)) encircling the singularity and going back to
infinity in the same sector.

(b) If b; is a pole of W (i.e. to; € —N*) then we take a small circle around it.

(c) If b;'s which is a regular points (typ; € N) we take a line joining b; to infinity and
approaching oo in the same sector Séo) as before (this case includes the hard-edge points
for which we may say that to ; = 0).

2. For any multiple zero b; for which there is an essential singularity (i.e. for which m; > 0) we
define m; contours (which we call the petals) starting from b; in the sector S((]J) and returning
to b; in the next (counterclockwise) sector. Finally we join the singularity b; to oo by a path

(called the stem) approaching co within the sector S((]O) chosen at point 1(a).

3. If deg(A) > deg(B) + 1 we define by := o0 and we take d := deg(A) — deg(B) contours

starting at Xg in the sector S,go) and returning at Xg in the sector 5120421-

The reasons for the "floral” names should be clear by looking at an example like the one in Fig.
1. Cauchy’s theorem grants us large freedom in the choices of such contours; we use this freedom
so that the contours do not intersect each other in C\{bj}j=1,...,dcg(3) and do not cross the chosen
cuts.

We will refer to these contours collectively as admissible contours for the differential W (y)dy.
Note that we have defined exactly n = max(deg(A), deg(B)) contours.

It is a straightforward check to see that

fr(z) = Ldy eV V) = LemyW(y)dy ; (3-11)

all satisfy the differential equation (3-1): in these checks one is always allowed to perform integration
by parts discarding all boundary terms because of the properties of the contours. We leave this check
to the reader.

The content of [15] (and of the fix contained in [2]) was to show that these functions are also
linearly independent, hence providing a basis for the solution space.
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Figure 1: An example of contours I' and T for a pair of reduced adjoint differential operators.
The black contours are the admissible ones for L while the red ones are the admissible ones for L*.
Also shown in the picture are the cuts for W(y) and W(s) (line-dotted black lines and line-dotted
red lines respectively).
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3.2 Adjoint differential operators and the bilinear concomitant

In general, given a n-th order linear operator with polynomial coefficients

L:= Zaj(:n)a% , (3-12)
J
its classical adjoint is defined as
L* =) (=0:)a;(x) . (3-13)

J
Between the solution spaces of a pair of adjoint such operators Legendre defined a nondegenerate
pairing called the bilinear concomitant. We will show that this pairing for our class of reduced
operators admits a natural interpretation as intersection pairing.
We begin by noticing that in our case the pair of adjoint operators is written

L:= A(0;) —xB(0:) , L*:= A(—0;) — B(—0)x . (3-14)
Since A, B are reduced then L* is also reduced since
L* = A(-0,) — B'(—0,) — xB(—0:) (3-15)

in view of Lemma 3.1 (here the polynomials are A(—y) — B’(—y) and B(—y) which are clearly
reduced iff A(z) — B’(z) and B(z) are). Therefore L* is in the same class of operators as L and can

be solved by contour integrals in the same way. The solutions of L*g = 0 are of the form

g= ﬁ etV (9) (3-16)
N

Vi(s) = =V'(s) — (In B(s))" . (3-17)

A simple inspection shows that the sectors around the multiple zeroes of B(s) where R(V (s)) — —o0
are precisely the complementary sectors defined in (3-10) for V. We normalize V(s) by choosing the
integration constant in such a way that

—~ - 1
W(s) =" = Ve -1
(s):=e B(s)e (3-18)
(here eV is supposed to be defined on the simply connected domain 23) One then proceeds in the

definition of the admissible contours I' for the weight W(s) and of the simply connected domain D
in exactly the same way used for W (y). We make the following important remarks:
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1. If bj is a hard-edge point for W (y) (i.e. it is a zero of B(y) but a regular point for W (y) where
W does not vanish) then b; is a simple pole of T//T\/(s)

2. If bj is a zero of multiplicity m of W(y) (i.e. a simple zero of B(y) such that the residue of
(A + B')/Bdy is a negative integer) then it is a pole of order m + 1 for W (s).

3. In all other cases, the type of singularity of W and W is the same (logarithmic branch-points
or essential singularities of the same exponential type).

4. The intersection DD is the disjoint union of simply connected domains where W(y)I//I\/(y)B(y)
is constant. These constants depend only on the residues of V’(y)dy mod Z.

These observations and the fact that B(y)W(y)I//I\/(y) is locally constant (where they are both
defined) follows immediately from their definition and eq. (3-18).

From the definitions of the contours it is not difficult to realize that dual contours can be chosen
such that

1. For each flower (petal 4 stem) one can choose a dual flower whose elements intersect only the
arcs of the given flower. (This includes the petals at oo, in the case deg(A) > deg(B) + 1).

2. For each pole ¢ of W (y) (whose corresponding admissible contours I" is a small circle) the
dual admissible contour for W (s) is a semi-infinite arc starting at ¢ and going to c and can

be chosen so that it intersects only its dual.

3. For each zero or hard-edge point a of W (y) (whose corresponding admissible contour is a
semi-infinite arc starting at a) the dual admissible contours for W (s) (which is a small circle

around a) intersects only T.

4. For each non-essential other singularity of W(y) (i.e. a simple zero ¢ of B(y) such that the
residue of (A + B’)/Bdy is in C\Z), where the admissible contour I" is a lasso around ¢, the
dual loop r (also a lasso around c) is also chosen so that it intersects only the dual lasso (at

two points).

Lemma 3.2 Consider the two adjoint differential equations
(4600) ~ 2B ) 160) =0 (319
(42 - B2.)2)g(a) =0 (3-20)
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The solutions are of the form

f(z) = fr(z) := Le_v(y)”ydx , V= J%?f(y)dy (3-21)
g(z) = gf(w) — erf/(s)—wds , ‘A/(s) = Jggz; ds (3-22)

Then the following expression is constant and defines a nondegenerate bilinear pairing (the bilinear
concomitant ) between the solutions spaces of the two adjoint equations:

B(f.q) = ijr [(B(y) B B(s)) [y v 1 ] _Aly) —A(s) — B'(S)] P9V )+ (.23

—s  (y—s)? y—s

Proof. The integral representation of the solution is easily verified. We now write
0=9(a) | @B = A) e Oy (320
0= f(x) | (#B(s) = Als) = B()) 7O 7ds (3-25)
We take the difference and obtain
0= [ | (B~ B~ (A) - Be) - 4@) 0O Oayas (320)

It is promptly seen that the integrand of this double integral is absolutely summable w.r.t. the
arclength parameters along I and I, hence we can integrate w.r.t. = under the integral sign, thus

obtaining the bilinear concomitant;

LL ((B(y) — B(s)) (y r 1 ) _Aly) = B'(s) - A(5)> ex(yfs)f\/(y)-p\?’(s)dsd:gg_Q?)

—s  (y—s)? y—s

Note that the expression under integration is regular at y = s, and is —in fact— a polynomial in

Y,s

((B(y) —B(S)) (yl’ B (y_18)2) _ A(y) _B’(S) _A(S)) - .%BI(S) _ %B”(S) —AI(S) +O(y—8)

-8 y—3s y—s

In particular the integrand is absolutely integrable w.r.t. the arclength parameters and hence the
order of integrations is irrelevant. This concludes the proof. Q.E.D.

The bilinear concomitant is —in a certain sense— an integral representation of the intersection
pairing of the contours of integration. To make this statement more precise we first prove the

following standard
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Lemma 3.3 Let Q(y, s) be an analytic function D x D where D and D are simply connected domains.

Suppose that in each connected component of D N D there is a constant ¢ such that

Qy, s) = O(1) (3-28)

(y—S)+

as y — s within the intersection domain. Let I' € D be a smooth curve such that
JQ@JMyEO (3-29)
r
Let T = D be a curve of finite length intersecting once I" at p and oriented positively w.r.t. T': then

J dy ﬁ dsQ(y, s) = 2imc(p) (3-30)
r Jf

Proof. The integral
f@yzjgmy (3-31)
r

defines —in principle— different holomorphic functions in the connected components of ZS\I‘: the

difference among them -however- is the residue
res Q(y, s)dy (3-32)
Yy=s

which is zero by the assumption on €. Hence the analytic continuations of f(s) from one component
to the other all coincide. In our case they are all zero. The key fact is that, since € is singular on
the diagonal, the orders of integration matters (otherwise (3-30) would give zero by interchanging
the order of integration).

We compute the integral as a limit of regular integrals where we can interchange the order of

integration
(3-30) = hmf dyj dsQ(y, s (3-33)

where T'¢ is the curve (or union of curves) obtained by removing a small e-arc (which we denote by
I, i.e. an arc from p — € to p + ¢, where these two points lie on the curve I" at distance |e| from
the intersection and the direction of € is the same as the orientation of I') around the intersection

point p. This allows us to interchange the order of integration under the limit sign

lim dyJ dsQ(y, s )—hm dsf dyQ(y, s) = —hm dsj dyQ(y, s) =

e—0

= —lim dsjedy( +O( )) — lim dSLdy 9 (3-34)

e—0
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where we have dropped the O(1) part since the length of T is finite and that of I'¢ tends to zero.
In the last expression the inner integral is —strictly speaking— defined only for s # p: however on the

"left” and "right” the result is the same and gives

p+5 ] 1 1
_ll—{% dsf :C(p)ll—% ds(b p—E€ b—p—l—e):
= ¢(p) lim In (#) —In (M) (3-35)
e—0 a—p—¢€ a—p-+e

In this last limit the logarithms appearing have different branches: in particular the second differ by
2im from the first, hence the result follows by taking the limit. Q.E.D.

We now come back to the computation of the concomitant: first of all, since we know that the

result is independent of x we set x = 0, so that we have to compute

oo [ [ [FRO=BO)_ A A= B ot g

y—Ss

We have already remarked that this integral can be computed in either orders and gives the same
result. We express it in terms of

B(f,g) = (337)
f dyf ds[ — ;4 (_y)s] W)W (s) (3-38)
o R R e e IO (339

The integral (2) is zero because the inner integral w.r.t. s defines (for y ¢ f) the identically zero
function, as it is easily seen after an integration by parts. The integral (1) is computed using Lemma
3.3 after noticing that

Bly) _ A(y)] T Bs)W ()W (s) +0(1) . (3-40)

(y—s)? y-—s WIW(s) = (y — s)?

and hence satisfies the condition of the Lemma for €). The contour I' satisfies the condition of the

Qy, s) = [

Lemma. The contour T is not necessarily of finite length, but we can take only a small arc around
the point of intersection and the remainder will be computed to be zero by interchanging the order
of the integrals. To rigor one should also consider the common endpoints of contours like the petals
and dual petals: it is easily seen, however that those points do not correspond to a singularity of the
integrals (w.r.t. the arclength parameters) because of the fast decay of the weights W and W. For
example, if the two contours F,f‘ form an angle 6 € [0 + ¢,m — €] (asymptotically) near a point b
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(where W, W have an essential singularity) then
W ()7 (s)|
= sin? Qly — b2

‘W(y)%) (3-41)

(y —s)?

which is still jointly integrable w.r.t. the arc lengths (recall that the directions of approach of I'
and T are such that the weights tend to zero faster than any power of the local coordinate).

It is then clear that if ' T are a circle and a semi-infinite arc (or vice-versa) the bilinear concomitant
for the corresponding dual solutions is a nonzero constant (which depends on the choices of the
branches of W and W) This is immediate for a pair of contours which intersect only once. For
a pair of lassoes (which intersect twice and with opposite orientations), calling p1, p2 the points of

intersection we have

— —

B(fr,gz) = £(W(p1)W (p1)B(p1) — W (p2)W (p2) B(p2)) (3-42)
Since the local behavior at the singularity embraced by the lassoes is a noninteger power, let's say

(y —c)!, then the values of BWW on the two intersection points (which lie on different sizes of the
union of the cuts for W and W) satisfies

W (p1)W (1) B(p1) = e2™W (p2)W (p2) B(p2) (3-43)

so that
B(fr,g) = (W ()W (1) B(p1)(1 — €*™) £ 0 (3-44)

For dual flowers it is convenient to choose different paths for the dual contours as shown in Fig. 2,
where the petals have been replaced by stems using a linear combination of the contour-integrals
of the same petals and stem. It is easy to realize that the sub-block of the concomitant involving
these contours is nondegenerate, since it can be given a diagonal form with nonzero entries on the
diagonal. The precise values are not important since we are free to rescale each solution fr and gr.
Summarizing we have proved that

Proposition 3.1 There is a normalization of the integrals fr and gp such that the bilinear con-
comitant is precisely the intersection pairing of the contours I' and I'. With appropriate choice and
labeling of the contours the pairing is represented by the identity matrix.

4 Auxiliary wave vectors

Caveat In this section we will make statements concerning the biorthogonal polynomials p,,, s,, and
the corresponding quasipolynomials ,,, ¢,,. It will be understood that

24



Figure 2:  The equivalent choice of contours for the dual admissible petals.
1. Any statement made on the ,'s and the Fourier—Laplace transforms of the ¢,'s admits a
specular statement for the ¢,'s and the F-L transforms of the 1,,'s.

2. Any statement made on the 1,,'s admits an analog statement for the Jn’s and 1\/;”'5 by replacing
the moment functional £ with £ or £, and specular statements for ¢,,, ¢y,.

Consider the functions

J— pa— , J—
y—s y—s y—s
T 1 —Ts— % 1/1n(§)
T .- - . Ey—zs—Va(y)+V2(s) -
(N S ffds ff% dédyBa(z;y, s)e " (4-2)
If 2 belongs to a contour I'; ,, of the integration S% we obtain
Y (@) = 0 (@)= + Y Ba(T, Ty ) 5000 (€) (4-3)

where the subscript 24 denotes the boundary values from the left/right and Bg(f,FyW) stands for
the constant (in x) bilinear concomitant

Bg(f‘,l“%,,) = % LdsL dyBg(:E;y,s)e%(s)_%(y)”(y_s) . (4-4)

y,v
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Therefore their jump across the contours of discontinuity is a constant multiple of ¥, ().
We have

Proposition 4.1 The sequences of functions {q,z),(f)}neN satisfy the same recurrence relations (for n
large enough) as the quasipolynomials 1.,

do .
( oD+ Z 4( wgpy) = Z aj(n)wirjj ) nzdy+q (4-5)
-1
- . di .
Ox (wgm + Z mj(n + j)z/z%) =N G+l . =1 (4-6)
Jj=1 -1

(For the proof see App. A.1)

Definition 4.1 Beside the wave vector U we define the following do auxiliary wave-vectors
[ee}

@Od(x)::_QE_ dsJT dédy By (z;y, s)efY™ ws‘é@%Héw) (5) ody (4°7)
o0

um

We also define the dual wave vectors

2V(a) o= e ﬂ VO ——a(y) (4-9)
00 Py xTr — foo

@M@WZJ dyed(y) ,v =1,...,d (4-10)
o0 Fy,l/ o0

Proposition 4.2 The components of the dual wave vectors satisfy the recurrence relations

q2 do
x (@5? + > 4i(n+ j)@ﬁfjj) = >} @i+ )Y+ 60bu0v/hoe v =0, (4H1)

j=1 j=—1

<¢<”’+Zm ¢‘”)) 5 Bytn (M) v=1,....ds . (412)

7=1 j=—1

Remark 4.1 The wave vector ) does not satisfy a finite-term differential recurrence relation: a

[ee}
formula can be derived but it is not useful for our purposes.

Proof The formula for the Fourier—Laplace transforms follow from integration by parts from the
relations satisfied by ¢, (y) (Prop. 2.3). We only point out that integration by parts does not give
any boundary contribution because s, +Z£Z(n + J)sn+;(y) is divisible by Bs(y) and hence vanishes
at the hard-edge end-points.
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The only relation that needs to be checked is the multiplicative relation for v = 0. Denoting

temporarily by a tilde the linear combination
O = bn + D L0+ )nsy (4-13)
1

we have
~(0
QC?( ) (2) =" @ ﬂ ey v1<5> ¢ )

_ i@ ﬂ £y v1<5>¢ y)+evl<r) ﬂ Sy=Vi(¢ <5n(y)=
w_

—Vi@5, 0\ /hg + Vi@ ﬂ i@ O § () =

_evl( )5 \/—+ 2 n+] ¢(0)

1 ¢} . QE.D. (4-14)
=

4.1 Christoffel-Darboux identities

In the general theory of the two—matrix model the following kernels plays an essential rble in the

computation of statistical correlation functions
N-1
KY(z,y) Z pji(@)s;(y)e” VW = N i (@)5(y) - (4-15)

In a previous paper by the author and collaborators [3, 5] the case of polynomial potentials V; was con-
sidered (without hard-edges) and it was of capital importance the existence of a Christoffel-Darboux
identity allowing to express Kf\zf (or rather some transform of it) in terms of bilinear combinations of
the BOPs involving only a number of BOPs depending only on the degrees of the potentials.

We look for a similar bilinear expression in this model.

Definition 4.2 We define the windows of the wave vectors U") and ®®), ;1 =0,...,dy
o] ]

— () t
O (@) = [0, 0, 1. W@ = [0, W] (4-16)
We rewrite (4-15) in terms of the wave vectors

S, 0<i<N-—1

4-17
0 otherwise . ( )

KY = o )Ty w(a) . Ty = {
[e0} [oe]
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Recall the multiplicative and differential recurrence relations in Prop. 2.1 and Prop. 2.3 (which we

rewrite here for the reader’s convenience)
0,0'(1+L)=—a3'A, z(1+L)¥=Ay
o) o0 =R ~ e} e}
A+L)'"A=A1+10)'=Q.

Consider now the following expressions

(x +0,)0" ()1 + DL + L)' 9 () =
=0'(y)(1 + LI + L)7 AL + L)™' 0(2) — 9' (y) AL + L)' 0 () =
=o' AL + L)"'w + &[L, 0](1 + L)' A(1 + L) 'w+
) )y - gt[ﬁ, 1+ L)'y = ’

(4-18)

where we have set @ =(1+ E)*IA\. We now use the fact that @ is the recurrence matrix for the

associated U wave vector (see Prop. 2.2 where U := pe~"1(?)) and obtain
@ o0

~ ~

) (@) = sl — A M)

=~

(z +0,)"(4) (1 + D)TI(L +

(1+ L) 'w = p(z)e 1)
o0

8 8

(1+ L = §(y) Boe ™2 = 5(y)e ")
[0 0]
With these notation we have

Theorem 4.1 (Christoffel-Darboux identity) For the kernels

~ ~ ~ N7 t ~
K\ (') = f 3 (IyB(2") = 3V (@) Ty ()
Fy,u o0 6] o0 [ee]
Ky (a,a') = f U YTy T(a!) = 3D () TIyw(a) ,  j=1,....do
T o0 [oe] o0 o0

we have the identities

(¢ = )Ry (@', 2) = 29 (') () B(w)
(¢ =) Ky (@', 2) = 2O!) ()T (@)

(note the argument of Ay in the two formulae) where &N(:U) = [A\ — 2L, HN].
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Proof The identity for I?f\ll’j(w, ') follows by performing integration by parts on (4-19) and noticing
that the boundary contributions vanish since ®(y) = By (y)8(y)e~"2(®) and By(y) vanishes at the
hard-edges. The identity for Kﬁ’y (z,2") follows from the one for Kﬁ’] and this manipulation

(@ - 08" (@) T (@) = (o' — )20 (") (1 + D) =

- - o) (20 M (o) + 89 M) ) -
= (@ - RN + (- O R (r20)

Qo0

<8

so that

(2 —:L')Kf\lf (2, x) = _ L _ .
= (@' —2)K\! (2!, 2) — (2 — w)@(”’t(x')[hﬂ]g(x) = %m’t( ) Az )\I'( ) (4-27)

Q0

Q.E.D.

Note that —with a slight abuse of notation— in the RHS of the CDIls we can replace the wave

vectors @ by the corresponding window ®,, since the matrix f&n has a nonzero square block of size
0

dy + 1 with top-right corner in the (n — 1,7n) entry, and hence the bilinear expression dAY only
oo

involves the terms in the dual windows ®, and @n We will denote from now on by A only the
ds + 1 square matrix which is relevant to the pairing.

The importance of the theorem is that we can express the kernel K17 in terms of the dual
quantities ¢ (z) and n(2') involving only the indexes N —dy < n < N.

Note, however, that we must introduce the orthogonal polynomials p for the associated moment
functional Z in order to find a Christoffel-Darboux relation similar to the standard one for orthogonal
polynomials.

Theorem 4.2 (Auxiliary CDIs) The auxiliary wave vectors enter in the following auxiliary Christoffel—
Darboux identities

(a) (z = 920 ()T WO (2) = 2P (2)A(2)Vn(z) + "7V

[e0)
(- = 02" ', @) = 8O AT () + OV (4-28)
(b) (=~ )2 ﬂ><z>tn ¥@) = 8 DRET@) = 5= [ ] Bl sperr B0
0 2271' Iy, JT%

(-~ 037,30 (@) = 8P (A Tn(r) — 5. f f By(a:y, s)ev 25+ () 1200)
(i
Jk=1,....dy. (4-29)

8 [

(For the proof see App. A.2).
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4.2 Ladder matrices

In this section we derive an expression for the ODE satisfied by the polynomials in terms of the so-
called "folding” (see [3]). This will have certain advantages when explaining the relations between
the various ODEs that naturally appear in the problem: a different explicit representation of the ODE
will be given in the next section as well, using a completely different approach based upon the explicit
integral representations of the wave vectors and on the duality provided by the Christoffel-Darboux
pairing.

We first have the simple lemma

Lemma 4.1 (Ladder matrices) The multiplicative recurrence relations for the wave vectors &0, & =

0 [oe]
) (j=1,...dy)
[ee]
2(1+L)u® = 49 | 21+ LHeW) = At (4-30)
[o0] o0 o0 [oe]
are equivalent to the relations
v, () = an(2) () | (4-31)
oD (x) = Y}, (2)a, () (4-32)
where
0 0
1 T
a,(r) =A— a3 | o [ag, (n), ..., a0(n)] + a0 | o [0,..., 44, (n),..., 01 (nJ4133)
1 1
_ . -
do(n) l1(n+1)
1 ai(n+1) x :
S . — L,0,...,0]+ ——— | ~ 1,0, (4-30
ad2 (n+d2) 0

and A denotes the upper shift matrix (of size do + 1). The relations (4-31) and (4-32) hold also for
the other sequences of windows \Ilsf ) and Q%O) provided that n > ds + g2 (n = 1 respectively).

Proof. The proof follows immediately from the recurrence relations for the wave vectors (%) (the

00}
quasipolynomials) and ®U) (the Fourier-Laplace transforms) by solving for .1 (z) (or ¢ ) in
e —n—
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terms of ¥y, g,, ..., Un (qﬁn, e ,¢n+d ) and rewriting the relation in matrix form. The statement for
— — 2
the other sequences of windows follows from the fact that the corresponding wave vectors satisfy the

same finite-term recurrence relations in the specified range (see Prop. 4.1 and Prop. 4.2). Q.E.D.

Lemma 4.2 (Folded recursion relations) The differential recurrence relations for the wave-vector

\J
[e0]
0.(1+ M")w = —B'w (4-35)
[oe] o0
are equivalent to the relations
0y (Mn(:n)\lfn) = —B,(z)¥, (4-36)
—_ q1
My =1+ ) j(n)ay - angj-1 (4-37)
j=1
’I\’I/’LJ(TL) = dlag(ﬁlj(n +j—da),... ,ﬁzj(n +37)) (4-38)
d
Bn = B_i(n)(an-1)"" + Bo(n) + Y, Bj(n)an - ansj1 (4-39)
j=1
B(n) := diag(F;(n +j — da), .., F;(n + 7)) (4-40)

Proof. The formula is an iterated application of the ladder recurrence relations (on a window of
consecutive elements with indexes n — da, ..., n) to the differential recurrence relation for the wave
vector (see [3] for more details). Q.E.D.

Remark 4.2 A completely analogous statement can be derived for the windows of the dual vector
P j=1,....dy

Remark 4.3 The matrices a,, have a companion-form and are invertible since the determinant is

_Z‘ii((z)) which has been proved nonvanishing in Thm. 2.1. Moreover the inverse is also linear in x

(Exercise).

Remark 4.4 By the very definition ./\\//ln(az)\lfn = \\I"n is the window of quasipolynomial (and associ-
ated functions) for the moment functional L.

Corollary 4.1 The dy + 1 columns provided by the windows of the auxiliary wave vectors \I/(j)(w)
0]

provide a fundamental system for the ODE (4-36) for n = ds + qo.
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Proof. From Prop. 4.1 we know that the components of the auxiliary wave vectors satisfy the
same recurrence relations (both multiplicative and differential) as the quasipolynomials provided n
is large enough. Moreover the recurrence relations always involve a fixed number of terms with
indexes "around n": since the derivation of the ODE is entirely based on the recurrence relations
the statement follows. Q.E.D.

Proposition 4.3 The determinant of Mn(m) is proportional to Bi(x) by a nonzero constant.

Proof. Consider the window of polynomials p,, = [pn_d,,---,Pn]': from the definition of the
matrix M it follows that

M/n(l')pn(x) =B (:L')f)n(x) (4'41)

We first prove that det .K/l/n (which is a fortiori a polynomial) is divisible by Bj. Let ¢ be a zero
of By of multiplicity r: at least one component (say the ¢-th) of p,(c) is nonzero because of the
very genericity assumption which guarantees the existence of M (2-38). Let E(x) be the matrix
obtained by replacing the ¢-th column of the identity with p,,(z). Clearly det E(z) is nonzero in a
neighborhood of x = ¢ by our definition of £. It follows that the ¢-th column of .K/l/nE is precisely

B1P,, and hence each component vanishes at ¢ of order r. Also
det MnE = Pp—dy+o—1(z) det Mn (4-42)

and py—g,—1+¢(c) # 0. On the other hand det MnE must vanish at 2 = ¢ of order r since the whole
£-th column does. Repeating this for all roots of By we find the assertion of divisibility of det .K/l/n
by Bi(x).

On the other hand, using a technique of evaluation of determinants used in [3],

Antq

det M/n = det La 1) +1) — = (4-43)
an

mg,(n)| -+ |mi(n)] 0

Considering carefully the structure of the sparse matrix in the last identity, one realizes that the
highest power in x is

det M, = 2% T — + Oz (4-44)

This shows that (since the coefficient does not vanish as per (2-17,2-48)) the determinant is of
degree g1 = deg Bi; since it must be also divisible by B, this concludes the proof. Q.E.D.
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Corollary 4.2 The windows V¥, Cf'n satisfy

0,0, = — M (En + ax/\?n> v, (4-45)
0,0, = =B, M1, (4-46)
where B,,, M., are defined in ((4-37)—(4-40)). The ODEs have the same singularity structure as V.

The first relation follows from (4-36) and the second from the fact that Mn(x)\lfn(x) = U, ().

This shows that the ODE's for ¥,, and \in are gauge-equivalent, the gauge being provided by
the (polynomial) matrix M,,. Moreover formula (4-46) together with Prop. 4.3 shows that the
singularities of the differential equation are at the zeroes of Bi(x).

4.3 Differential equations for the dual pair of systems

In this section we present an explicit formula for the ODE satisfied by the dual pair of fundamental
systems, in particular the polynomials 121\71 and the Fourier—Laplace transforms Qn's. The result
generalizes those of [4] but the method of derivation is similar to the one adopted in [5], with
additional complications deriving from the presence of boundary contributions in the integration by

parts at various steps of the derivation.

Notation. In the proof of this and the following theorems we will encounter integrations by parts

that yield nonzero boundary contributions. Typically we will encounter integrals of the form

ﬂ ye? VO F(p)dp (y)dydp (4-47)

where F'(p) is some expression (typically polynomial or rational in p) possibly depending on “external”
variables. If we attempt an integration by parts on the term ye¥” = ¢,e¥", we obtain a certain number
of boundary terms. In all cases they will be boundary evaluation on the various contours I', ;; it is
the nature of all these integrals that only the contours emanating from a hard—edge point give a
contribution, due to the fast decay of e~"1(?) at all the boundary points of the other contours. In

the above example and in all minute detail, we have

|| v O P)0n) = = [[| VO =0, + Vi) F(p)6n ) + (Boundary term)
d

(4-48)

1 ds
(Boundary terms) = Z e_Vl(p)F(,O) Z v Jepy¢m(y)
v=1 Fy v peaF,,H

p=1

The evaluation at the boundary points of the various contours I'; , is clearly to be understood as

limits along the contours; the decay of e~V1(#) along the contours gives zero contributions except for
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the hard—edge contours, at the (finite) boundary of which V;(p) is regular. In order to economize
on space, we introduce the following shorthand notation for the above boundary terms

F(p)e_vl(p)g(”)(p) = (Boundary terms) (4-49)
PEOD, 3¢
Theorem 4.3 The dual fundamental system.
ds)
R e Y
o ¢<1) )
2, (z):=| . |= -l (4-50)
P{22) d d d)
<z>£_)1 ) L,
satisfies the ODE
[ V{(z) 0 0 T
Pn,n—l Pn,n Pn,n+d271
@, ()&, (r)=| 0  Purin : +
0 0
| 0 0 0 Pitrdontdo—1 Privdomintdo—1 |
. — N {I\/n q)gb%)
+ dlag(Pn+d2,n—17 e 7Pn+d2,n+dz—1)§n 1(%) + A(‘T) [%} A(x)W(a:)
P PEOD, 3¢
A V; —Vi(x
W) = £ (Do) 2D s a)) 0= 01 (a-51)
Pk = L(pjlyse) - (4-52)
where a,, is the ladder matrix for the dual wave vector (Note that P = ((1 + M)~'B)?!)
(For the proof see App. A.3).
Theorem 4.4 The direct system
Z LD e
Uy (2) = [P0, 0| = R . (4-53)
¢,2°_)1 oY, 04
H0) A(l) (=)
satisfies the ODE
ﬁTL*dQ,?’L*dQ ﬁn da,n—1 0
at Al An—d2+1,n—d2 : 0 R R
v, v, =- 0 : + diag(Prsindas - - - » Prt1n)8n 1+
0 ﬁn—l n—2 ﬁn—l,n 1 0
i Pn,n 1 Vll( ) |




~ (50) ~ ~
n [M] Az) + W (z)A(x)
g z £€0, 5

Pj 1 := L(Dj|y5k)

where W () was defined in the previous theorem and @,,_1 is the ladder matrix implementing the
multiplicative recurrence relations W,, = &, 1%, 1 as per Lemma 4.1 (in particular eq. (4-31))

specified to the hat-wave vectors.

(For the proof see App. A.4).

5 Dual Riemann—Hilbert problems

The shape of the Christoffel-Darboux identity (Thm. 4.1) suggests that the duality of the Riemann—
Hilbert problems (and of the differential equations) involves naturally the dual pair of fundamental
systems Qn(w),\fln(az) defined in Thm. 4.3 and Thm. 4.4. Recall (from Section 3) that we can

choose a basis in the relative homology of contours I, ,, and f‘y,,, (and a rescaling of the \’I}(J) wave
[ce]

vectors depending only on the residues of V3 (y)dy) which span the solution space of the two adjoint

equations and with bilinear concomitant

52(Fy,V>fy,u) = Fy,Vﬁfy,u = O - (5-1)
We can rewrite (Thm. 4.1) as
G A, 0 S
(@—2) Y 6 @0 @) = o) (@)A@E) IO () (5-2)
§=0
n—1 ©) R .
(z — ) Qg”) (@)¢5” () = @) () A(w) T () (5-3)
j=0
v=1,...,ds, where we stress the fact that on the LHS we have the quasipolynomials v,, whereas

on the RHS we have the @n's.

Theorem 5.1 The fundamental dual pair is put in perfect duality by the Christoffel-Darboux
matrix A

B, ()R () B (0) = [ YA ] (54)

where B(e, ) represents the (constant in x) bilinear concomitant for the solutions of the adjoint
ODEs along the contours 'y, ,,, Iy ., 1, v = 1,...,do. By suitable choice of the homology classes we
have seen that we can always assume it to be diagonal. The entries on the diagonal are nonzero and
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may be set to 1 by suitable rescaling of the dy left-most columns of W,,: these rescalings depend on
the way we have performed the cuts in the definitions of Vo and ‘72 but depend only on the residues
of Vj mod Z.

(For the proof see App. A.5).

5.1 Riemann—Hilbert data

In this section we summarily indicate how to obtain the data of the Riemann—Hilbert problems solved
by the dual fundamental systems. The details are considerably involved and not strictly necessary in
this paper. They will appear in a different publication.

Since the two matrices ®,, and U, are put in perfect duality by the Christoffel-Darboux pairing,
it is -in principle- sufficient to describe the Riemann—Hilbert data of one of the two members of the
pair, the data for its partner being completely determined by duality.

It is significantly simpler to analyze the RH data for the matrix ®,,. We recall that this means
controlling the jump discontinuities and the asymptotic behaviors near the singularities.

Jump discontinuities. They are uniquely due to the first row in the definition of ®, and

occur at the contours F%V:

[ 1 2imse,1 20w, ... 2im,g, |

1

®,(z4) = i ®,(z-) (5-5)

1

where 24 denote the boundary values on the left/right of the point z € I'; .

Note that the fundamental matrix \iln(:n) satisfies a similar jump condition which can be read
off eq. (4-3) (specified to the U quasipolynomials).

Singularities The bottom da rows (the Fourier—Laplace transforms) are entire functions. The
only singularities in the finite part of the plane arise from the first row @?) (x): apart from the jump
discontinuities (discussed above) we have all the singularities of €"(*) and the logarithmic branching
singularities around the hard-edge endpoints. Note that the (piecewise analytic) function

e~ Vi(E)+Ey

Fo(z) = ﬂ &) = 2, (0) (5-6)
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has a well defined limit as = approaches any of the non hard-edge endpoints (where it is understood
that the approach occurs within one connected component of its domain of analyticity). Indeed, if

c is such a point one finds
e_V1(§)+§y

R0 = || $u) = (5-7)

which is a well-defined value. In other words, near a non hard-edge singularity one has
@ () ~ diag (eVLmy(@, 1. 1) Yo(1 + O(z — ¢)). (5-8)

where Y} is just the evaluation of the Fourier-Laplace rows and the F},(z) defined above at the point
¢, and Vi 4ing denotes the singular part of V7 at c.

Near a hard-edge point x = a, if I';,, is the the hard-edge contour originating from a, we find
that the matrix

[ 1 In(z—a)s, 1 ... In(z—a)sn,.q

Y(z):= E 2, () (5-9)

1

has a removable singularity at = a and from this we can obtain the asymptotic behavior near the
hard—edge endpoints.

Stokes Phenomenon. Possibly the most intricate part is the description of the Stokes' phe-
nomenon at x = 0.

Indeed, apart from the aforementioned jump-discontinuities of ng) in a neighborhood of oo
(which may be interpreted as part of the Stokes data), the first row displays no Stokes' phenomenon,
and has an asymptotic behavior which encodes the orthogonality

80w =@ [| eomell) s ia s onm) ()

The remaining part of the Stokes phenomenon is given by the asymptotic behavior of the do Fourier—
Laplace transforms: this is precisely the same Stokes’ phenomenon displayed by the solutions of the
ODE

(A2(ax) - 5L'B2(am))f =0 (5'11)

These solutions are described by contour integrals of the same kind as the ones appearing in the
expressions for ng); a standard steepest descent formal argument shows that the leading asymptotic
is determined by the saddle-point equation

As(y) + By(y)

Bz(y) = ‘/YZI(y) =z (5'12)
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(x — o0) which has dy — H solutions (H being the number of hard-edge contours, i.e. the number

of (simple) zeroes of By which cancel against corresponding zeroes of the numerator in (5-12)).
Whereas it is not very difficult to analyze the formal properties of the asymptotic, it is considerably

harder and outside of the intents of the present paper to present the Stokes matrices associated to

this Stokes' phenomenon. We leave this topic to a different publication.

5.1.1 Isomonodromic deformations

The (generalized) 2-Toda equations for this reduction as explained in the introduction, determine
the evolution of the biorthogonal polynomials under infinitesimal deformations of the parameters
entering the semiclassical data A;, B;. It is more convenient to parametrize the polynomials A;, B;
not by their coefficients but by the location of the zeroes of B; and the coefficients in the partial
fraction expansions of the derivative potentials V;. Following the strategy in our [3, 6, 8] one could
easily write the pertinent 2-Toda flows corresponding to these infinitesimal deformations.

At the level of the pair of fundamental systems the flows will generate isomonodromic defor-
mations for the ODEs satisfied by @,

, and \i’n provided that the exponents of formal monodromy

at the singularities remain unchanged. In this case these are precisely the residues of V/(x)dz and
V4 (y)dy at the various singularities.

The reason why the deformations are isomonodromic is that —by their very definition— the fun-
damental systems are functions of these deformation parameters and the matrices inin_l (and
ini;I the dot representing a derivative w.r.t. one of the monodromy-preserving parameters) are
rational (or polynomial) functions of z, which follows from the analysis of their behavior at the
various singularities ([12, 7] for details on the general properties of isomonodromic deformations).

The details of this isomonodromic system could be derived from the complete Riemann—Hilbert
characterization of the fundamental systems and are beyond the scope of this paper, although their

derivation is -in principle- a straightforward computation.

A  Proofs

In this appendix we report all proof of more technical nature. The expressions are rather long and
hence to shorten them we have decided to suppress explicit reference to the variables of integration in
the multiple integrals below, since which variables are integrated on which contour is unambiguously
implied by the context. We have adhered to the following general naming scheme: the variables
&, p are integrated along the contours I'; , appearing in the integral S%, the variables y and 7 are
variables integrated on the I'y ,'s. The variable s is always running along the dual contours fy,u (the

admissible contours for the differential I//I\/(s)ds = e"(9)ds = eBV;((S; ds).
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A.1 Proof of Prop. 4.1

We temporarily denote by a tilde the following linear combination

1/’71"’26 wn —J

and notice that

Za] Y j -

For the transformed functions wg) (denoting by a tilde the same linear combination)

w%f):iff 62(x;y,S)eﬁy—xs—vg(y)—i-\;z(s)wn(f):
2im )7 x—&

2mff By (., s)esy—as—Va@)+Va(s) (1/, ©) + 6%(?) _

- Zaj ”)T/f f f Bo(z;y, s)ey ™75~ V2(y)+V2(8)1/, ()

=0 fOF n=da+qs

where the last term vanishes for n > g2 + ds because the bilinear concomitant kernel By(z;y, s) is

a polynomial in y of degree dy — 1 and the linear combination zbn contains the orthogonal function

wn_‘h'

For the differential equation we have (by definition of the {Z;ns)
- q1
Gn = G+ D (0 + )P
1

We then have

aqugf‘) = J‘A J} ef:vs 0, — S 82(33;3/57 5) e§y7V2(y)+‘A/2(s)J (g) _

€Xr —

f f J 32(8) e v2<y>+v2<s)¢n(f£)+

f ﬂ v V*”*Vz“)w (€)(=2¢ - )% ) _

JJJ Bo( y;_sB2 s) oEu—as—Va(y)+Da s)%(i) 5

fff 329(69673173 9 — s)cSus— Va(y)+Va( N (€) =
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d;
== DA +d) L)+

JJJ Bs(y) Bz Bs(y) — Ba(s) oSy %(y)+v2(s)1int(i)+

f f By(asy, s)(y — s)etv—ss—Ve+Ta() ¥n(&) _
) p— 5

:_Zﬁj n+«7 ngi-)j

=&

+f ﬂ #(Ba(y) - Bals)) — As(y) + By(s) + Ap(s))eSv—rs—Ver+Ta() L&) o somisg s

= —Zﬁj n+j) wggj J JJ (xBa(y As(y))e Ey—as—Va(y)+Va(s) qin_(gg

= —Zﬁg n+ )T+ f ﬂ Ba(y)eS s Vs V60, (6) 4

total derivative in y

~

f ﬂ (€Ba(y) — Aa(y))ety =5~ vz(y)ﬂ%(s)q}n(i) _

= —Zﬁg n+ )T+ f ﬂ By(y)ev o5~V V) ], <§)

=0 for n=qs+1

In the step marked with * we have performed an integration by parts: in this integration we do not
get any boundary contributions because the quasipolynomials 1), by definition are divisible by B;
(which vanishes at all endpoints and in particular at the hard-edge ones). This concludes the proof.
Q.E.D.

A.2 Proof of Thm. 4.2

During this and following proofs we use the notation

i>’n(y) = [¢TL—17 e 7¢n+d2—1] ) (1_8)

for the row-vector of quasipolynomials in y. Moreover, at the risk of marginal confusion, we omit all
differentials of the integration variables since which variables are integrated and on which contour
should be always uniquely determined by the context (the formulas become significantly longer
otherwise). For (a) we have (recall that A(f) is linear in &)

(a) :ni eV1(2) ﬂ e_Vl(f”fy(:]f(yg)wj(x)(z — 1) =
j=0 *
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Z—x

ENAC) ﬂ%e—%(£)+£yq§ (YAE) T, (z )m =
=eV1(Z)H e—m(s>+sy§n(y)&(5)@n(@( r_ 1 >=

z—& x—¢ ~
—ev1(2) fj *‘G(ﬁ)-ﬁ-ﬁy n(y )A(f)\i\/ (z) — Vi (2) Jf e V1 (O+y g n(y )A(S)\II () _

PE()

reu

S x—¢
; Vi(z) jf —V1(§)+§y y) ( ) (ZE) Vl(z) Jf V1(§)+§yq) ( )A(x)qj (5) _
n—1
=0 (2)A(2) Ty () + eW) > ﬂ e VIO G (1) ;(z) =
j=0 U
=00 (2)A(2) Ty () + &1V (1-9)

where in the identity marked * we have used the linearity of A which implies the following identity

A©) A _ Alr) A )
z—¢ x—¢& 2—¢ x—¢&° (1-10)

The second form of (a) is proved along the same lines using the principal CDI for the kernel I?H (in
Thm. 4.1). For (b) we have

fZlf ot LJ s 10
el e o

n—1
=@,<5><z> (=) B x)—% 3 f 0:) | ]| Batain et By, () =

200 (2)A(2) T (1) — = j j Ba(ws y, 5o o5+ Vatw) (111)
Ty

where the identity marked = is valid for n > ds (so that the kernel reproduces the polynomial
Ba(z; 1, s) of degree da — 1).

The proof of the second form of (b) is only marginally different in that we have to use the second
form of the principal CDI for the kernel K1 (in Thm. 4.1). Q.E.D.

A.3 Proof of Thm. 4.3

Let n —1 < m < n+ds— 1: in the following chain of equalities all the steps are “elementary”
and hence the computation is straightforward. For reader’s convenience we have tried to make
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annotations on the formula in order to highlight less obvious steps.

—Vi(§)
az?ﬁ;g) = Vll(:E)Qg)L) + eVl(:c) JI eﬁy(_ag)exijén(y) _

V1@V ) (Vi(@) = V(€)™ ©Ou4,,. () ye Vi(O+g (y)
—_ 2 409 Vi(z) 1 L Vi(z) =
IIJ'—&' Qm (S)gea %+e J‘J‘% :E_g J+e .[[{ IIJ'—&'
=«(B) =(C)
n+ds
=B+0)+ 3, 60 | estomsntmer -
i
=: ij
540 'Y 40
=(-B+C)+ ¢0 Vi (p)nPm(n)e + ¢0 (@) || ©ip)ngm( )epn—
L@ || v S [ v
n+ds
~(=B+C)+ Y, ¢\O(@)Pim + 5 o0 (@) [wm 0] .t
. j=n 7=0
= 3 69 [[ ontme 0@, ~ Vi)m () =
i=0 ”
nids O (VA ()T Vi(@)=Va(p)
=(=B+0)+ 3, o @)Pm + [‘D R (f)p+e : ¢£:’<p>] +
j=n PEOD, 3¢
n—1
+ 309 [ sntme OV (oymo) -
j=0 ”
n+ds q)(()) A
Z ¢(0) () Py [ (z) (wg n(p) 609 (p )] 4
PEO,, 3¢
fj SV (IJ(O)( )A(w)@;(_p)p_i_ eVi(@)=Vi(p) _
n+ds (0) A i’n
= 2 @B [ < x_:”j (”)9,(;;)@)] -
PEOD,, 3¢
(0) T —Vi(§)+€
f qu epnvl p)g (w)z' _(wp)\I/n Vl(x) JI * y¢ _
ntds [ (0), \5
_ Z ¢(0) Pjm + &n (x)qj” ¢(") J:[ (25 anI p) Vl(x) cI)(O)( ) ( ){I}n(p)
L ( \ PEOD, 3¢ —f
0 Va(z)—VA( )
+ V(2 ﬂ dm(n eﬂn_ (!L") ()x(_):e "
n+ds (0) A =
B Z O Py + [ o) (« l_(a:p)\l’n( )95:)(/7)] _ O () x)ﬂ (Pﬁ))_;ﬁ( x)
L PEOD, 3¢
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n—1
V@) Y 60 [ omnemsio) -
=0 %

tds O (VA ()5 R " (p) = Vi(a
=Y 6@ P + [9" WAL )| - 80 WAE [[ uleonmen T2
j=n €0, 3¢ >
F V@69 (@) ! (112)

We note that in this last expression we have (’y’m@g)(:n) expressed purely in terms of @0) (x) for
¢ =n—1,...n+dy, the value £ = n + dy entering only in the first expression. Given that Q;O)(x)
satisfies the same multiplicative recurrence relations as the Fourier—Laplace transforms for n > 1, we
can re-express @S)l
The computation for the Fourier-Laplace transforms gives also the same differential equation,

indeed

& in terms of the elements of the window leo) (x), obtaining the result.

n+ds
59@3;) (z) =J Yo (y) = Z Qy)(x) Jf e"nom(n);(p) =
i=0 &

i
= Z ?57“) (:E)P]m + Z ?gr)(ll?) JI enp—vl(/’)qu(n)(_ap + Vf(ﬂ))ﬂ'g(p)+
Jj=n 7=0 »
n—1
+ 2006 [P0 =
=0 -
n+ds , R
= P 957”) () Pjm + Qnr) (x)A(x) JJ;{ e d(n) Zlfp/)) T,.(p)+
3 ()
+ 00 @A) [‘I’”(p)?m (”)] _
d v PEDy 3¢
n+
=3 0z (") (2)A (x o Vilp) = Vi)
~ [ Ta(p)6 (p)
V@20 @A) [[ 2w, ) + 00 @A) [ = ] =
n+d1 J‘J‘% r—p T—p .
= Y 0P+ 80 | Bateronn O
(S B (6
+ Vi(x) Z #(z) ﬂ 03 () () + 30 ()R () [\I/n(ﬂ)¢>m (P)] _
=0 ] g £—p PEOD, 3¢

P r—p
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(1-13)

U (>9)
V@) (@) + 20 (@)A ) [Wl |
PED,, 3¢

T —p

The coefficients of these expressions in terms of ¢ ... are precisely the same as for the

: ?TL-‘rdz—l
previous computation, hence completing the proof. Q.E.D.

A.4 Proof of Thm. 4.4

Let n — do < m < n and let us compute

n—1
Orlofe) = 0, = V@) = V@) + 3, 350 ﬂ 7 (e VO3 () =

VP + 3 50 [Fu0376)] ﬂ Ty ) =

J

= — V{(2)dm () +

=
B
722%
N’
=3
B
=
I
>

>
B
722%
N’
=3
B
=
I
o
m
D
X
>

= % 5@ [[ B ©crdi0) =
j=m-—1 z

C [duee o
= — V@) ile) + [%} @)+
. £€0, 5 .

+ 255 || DOV 0) - @)D 0) = 3 B0 P =
7=0 i< j=m—1
C [haeel o

= — V@ i(e) + [M} R+
£€0, s .

+ [ tnte B0 ()R - Y B (110
j=m—1

The last term contains @n_drl (for m = n— ds) which is "outside” of the window of the quasipoly-
nomials. Using the recurrence relations and re-expressing it in terms of elements in the window
(using the ladder matrices) we obtain the formula.

For completeness one should also consider the other columns of the fundamental system \iln and
show that they satisfy the same differential relation as the quasipolynomials. Let n — ds < m < n,
then

aqu(r) =iaxj J‘J 82(333/ S)eﬁy—xs+\72(s)—\/2(y) ¢m(§) —
m 2271' f’ym B ) 9 T —S
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2mf ﬂ cy—zs+Va(s)=Va() ) (©)(0 — 9) By (x; yé By(wsy,s) _

B B Bo (1
2zﬂf ﬂ e -V, (6)[ 2y) = Bole) _ Balzig o) — Ba(;y, )0 ——

G-9@—9 (@@=

=:(B)

227rf fj 85 (BQ Y, S £y xs+V2 (s)—Va(y) wm ?) "
.[ f ¢m f) ey Vo)1) [B2( W) - + (y — )Bz(w;y,s)] +
f f Bo(w; y, s)etv o5+ Va()- va(w) (%% ‘;1(_§)£)pm(§) _

ho6mo because Vo=V,—In B,

(B)+f oVals)—rs ﬂ D Vz(y)+§yB2(y;+

~

~ 5 f ] Bt e KOS

f ﬂ Bo(1;y, 5)ev—as+Va(9)= Vo) Pm (&) _
x—§

=:(D)

N s S R
- (©)+ b Jr, o IRC || @i -

=—(B)—-(C)+ (D +Zw<r) [A 55(%)(5)]

—J

£€0, 3

+ Z 3 (@) H (VI(€) = VI () dm (€)B; (y)es¥ +

n—1
V@0 =600 - 3770 )] @, =

[aux_CDI] B

yé—as+Va(s)—Va(y)
2277 fj O ( x (w59, 5)e ) +
Vl

j j Vi (€)B() A (2) T () +
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[glves (@)]

QZWJ‘ f Vl g) —‘G(Z’))wm(g) Ey—aws+Va(s)— Vz(y)+

+ V(@) (1 = 8yt () — 2 Pyl () =

Jj=m—1
~ (%)
=¢m(£)_n (5) Vl 5 =4 N T T x
| Rwhe+ || Wn(©)Fa()A() B (1)
@@ = 3 00 @) j zzm@)y%j(y)eﬁy (1-15)

J=0

This is the same expression as for the quasipolynomials: since the auxiliary wave functions 1Z§T)(w)
satisfy the same multiplicative recurrence relation (for n large enough) as the quasipolynomials, re-
expressing 127(31(3:) in terms of the elements of the window yields the same differential equation.
Q.E.D.

A.5 Proof of Thm. 5.1

For brevity we denote A, () simply by A(z) during this proof. Since the rows (columns) of P, (¥,,)
are of two types, we need to carry out four types of computations

(a) = 21 (2)A(z) 1 () (b) = 2O (A@)TD (@), j=1...d
(©) = P @A@ TV (@) , j=1...dy (d) = O (@)A@)IM (2) , €,m =1...df1-16)

It follows trivially from (5-3) that (c) = 0 (set = 2’ in the LHS). For (a) we have
@ = 0 [ e Ot - (117)

n—1 . ~ ~ ~
_ V@ f J dCe VIO SN () (a) = V1) ﬂdc e VHOTE Gy ()i (z) =
> 7=0 *

where we have used that ggj(C), j = 1 are orthogonal to p(§) = 1. Note also that we had to use the
CDI in the form (5-2). Then we have to compute for 1 < ¢, m < dy (we suppress explicit reference
to the variables of integration because there is no possibility of ambiguity)

(d) = —2m<1>§f) ﬂf (237, 5) (x)\ljg( ) ofn—ws—Va(n)+Va(s) _ (1-18)
sel',
1S ~
~ ur Z ?55)(96) fj J R Bo(; 1, )15 (€)eSnws—Vam+Vals) — (1-19)
j=0 » Jsel'y,

46



- 2 e avester [ st sttt 2

- # ds [ dy Ba(w: g, 5)e"@=9=Va)+7a(s) _ (1-21)
27 £, T
= 82( y,ls ym) = 5€m ) (1‘22)

where in the step marked with a star we have used that for the polynomial of n P(n) := Ba(z;n, s)
is reproduced by the kernel

P = 3, 510 [[ anteus(@e O p() (1-23)
j=0 <

provided that n —1 > degP = ds — 1. Note also that in this latter computation we are forced to use
the other form of the CDI (5-3). Finally we need to compute (b), which involves quintuple integrals

_ Vl(w) J‘J V1(C)+PC Jf f 1’ 0, 5 ( ) (g) fn Ts— Vz(n)-‘er(s)
2im T — sef',, 7 r—§

— Vl(x) J‘J V1(<)+p< Jf J .Z' in, s (()@ (5) §77 rs— V2(77)+V2(s) + (1_24)
24T x — el T — 5
Vl(SU) J‘f p)[L p Vl C)+PC J:[ J F IL' ), S) ( ) En—xs— V2(77)+V2(s)
=0 If n=qi
Vl(m) n 1 C S
- ds e~V (O +Cptén—as—Va(n)+Va(s) B =
2im 4 J:[JI J;eF se” (b ( )wj (f) 2(‘T m, )( — C)( — 5)
Vl(:c) ” 1 1 1
1 (Q)+En—ws—Va(n)+Va(s)+C . . - _ =
- ﬁ M | dse M@ 5(p) s (€)Ba (i, 5) (x_g :U_g) =
Vl(m) n 1 1
= 2 . ﬁ ﬂf ds e~ V1(O)+&n—ws— V2(77)+V2(8)+<P¢( ) j(f)Bz(!E;ﬁaS)w—_C +

En—as—=Va(n)+Va(s)=Vi(§) —

Vl(w) ds Bof
G fﬂs i) e

e"® Vi(Q)=Va(p)+Coas+Das) 1
=3 dse Ba(x; p, s ) C+
- —
V1 X
i jﬂdse—vl<s>—v2<n>+fn—m+v2<s>zs2(x-ns) L _g (1-25)
24 P TPy —€

Once more, we are forced to use the CDI in the form (5-3). This concludes the proof. Q.E.D.
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