Elliptic curves. Fall 2018
Partial Solutions to Assignment 2. Due Wednesday October 3.

Directions:
Undergraduate students answer 2 problems at their choice.
M.SC. students answer 3 problems at their choice.

Ph.D. students answer 4 problems at their choice.

1. Show that Propostion 1.2 and Theorem 2.3 (of Chapter II in Silverman) are true for
C =P! and C; = C, = P! respectively.

(a) Proposition 1.2: Show that f € K(P'), f # 0 has only finitely many zeroes and

poles. Furthermore, if f has no poles, then f is a constant.

(b) Proposition 2.3: Let ¢ : P* — P be a morphism. Then ¢ is either constant or

surjective.

2. Show that Theorem 2.3 (of Chapter II in Silverman) is true when Cj,C5 are plane
curves given by a single equation.
Hint: Use the resultant of homogeneous polynomials with respect to different vari-

ables.

3. Let C': F(X,Y,Z) =0 be a plane curve given by a single equation. Show that a point

P is smooth if and only if Mp is a principal ideal.

Solutions: After a linear change of variable, we can assume that the smooth point is
(0,0). Let f(x,y) = 0 be an affine model where P = (0,0) is the smooth point and
£(0,0) = 0. We want to show that the ideal Mp = (z,y) in K[C]p is principal. Since

P is smooth, either
af
Ox

Wlog, say 2—5(0, 0) =6 # 0, and writing the Taylor expansion at P = (0,0), we have

Z2(0,0) £ 0, or g—z(o,o#o.

flz,y) = g—f((), 0)z + dy + higher order terms = Z bix' +y(0 + g(z,y)),
T

=1

where g(z,y) € K[z,y], and g(0,0) = 0. Then,

y(0 + g(z,y)) be



and 6 + g(x,y) is a unit in K[C]p. This gives y € xMp, and Mp = ().

Conversly, assume that Mp = (x,y) is generated by a single element, say z. Then, we
have the equations

ur +vy =%, Tr =28 Yy=2zr,

for u,v,s,r € K[C]p, and then us + vr = 1. Then, either r or s is a unit in K|[C]p,
wlog say that s is a unit. Since rx — sy = 0 in K[C]p we can find polynomials r(z,y),

s(z,y) and g(x,y) in K|x,y], where s(z,y) has non zero constant term, such that
f(@y)g(z,y) = r(z,y)z - s(z,y)y

By comparing the coefficient of y on both sides, we conclude that

of

5y (0,0) 0.

Another proof using Proposition 1.1.7:
Suppose that Mp = (t) is a principal ideal in K[C]p. Then, the map
¢ : E[C]p — MP/M?;
f = ft

is a surjective homorprphism of K-verctor space with kernel Mp. From Hilbert Null-
StellenSatz, we have that

K[C)p/Mp ~ K ~ Mp/M3,
and the result follows from Proposition 1.1.7.

. Let K be a field of characteristic different than 2. Let E/K be the curve with affine
equation

y2 + a2y + asy = 3+ a2$2 + asx + ag,
where aq, as, a3, a4, a6 € K.
(a) Show that E is isomorphic to a curve y* = x® + px + ¢, which is non-singular if
and only if 4p® + 27¢% # 0. We suppose from now on that E is non-singular.
(b) Show that the rational map ¢ defined on E by ¢(z,y) = (x, —y — a1z — a3) is an

isomorphism.



(c) Let f € K(F)and ¢*f = fo¢. Let P € E(K), Q = ¢(P) and tg be a uniformizer
at Q). Show that ¢*t¢ is a uniformizer at P and vg(f) = vp(o*f).

Solutions: (a) Seen in class.

(b) We have a rational map between non-singular curves, it is then a morphism. Also,
¢t = ¢ = (x,—y — a1x — a3) is the inverse of ¢, so ¢ is an isomorphism.

(c¢) Since ¢ is an isomorphism, ¢* is an field isomorphism of K (E). Since (¢*f)(P) =
f(#(P)) = f(Q), we have that ¢* is an isomorphism between the local rings K (E)p
and K(FE)q. Then, ¢*tg is a uniformizer at P and vg(f) = vp(¢*f). We remark that

the result is also a particular case of 3. taking f = tg since e,(P) = 1 for any P

because ¢ is an isomorphism.

. Let E be a curve as in 4.. Let f € K(E)*. Show that deg(div(f)) = 0 by following
the steps:

(a) Show that the result hold for f(x) = (x — z;), and then for any polynomial
a(z) € K(E).

(b) Show that result hold for f(x,y) = a(z) + yb(x). Hint: Use the map ¢ of 4.(b)
(c) Show that the result hold for a general f € K(E).

Solutions: (a) Let’s suppose that char(K) # 2, and write E : y* = f(z). Let
P = (x;,y;) be an affine point on E. Then, there are 2 points P € E(K) with a-
coordinate x = x;, namely P* = (x;,4+/f(;)) and they are equal if and only if

f(z;) =0 if and only if z; is a root of f(x). The uniformizer at P = (x;,y;) is
tp = (r—ux;) if z; is not a root of f(x)
tp = y if x; is not a root of f(z)

The uniformizer for z; a root of f(x) was done in class, and to show that x — x; is a

uniformizer at P; = (x;,7;) when x; is not a root of f(z) = 2% + Az + B, we use
(W=v)(y+u) =y* =y = 2’ + Av+ B— (2} + AXi+ B) = (v — ;) (2" + 2 + 27 + A).

So,
(x — z;)(2* + xa; + 22 + A)
Y—Yi = )
Y+ yi




and (x — x;) is the uniformizer. In the first case, vp+(z — ;) = vp-(x — x;) = 1, and
in the second case, P = PT = P~ and vp(x — x;) = 2. In both cases, we have that

vo(r — x;) = 2, Indeed, homogenizing

T — T2
r—X; = )
z

and evaluating at O = [0, 1, 0], we get that
ordp(z — x;) = ordp(x — zx;) — ordp(2),
and using the equation for the dehomogenization with y = 1, we get
z=(r—e12)(r — exz)(r — e32),

and ordop(z) = 3. We also have that ordo(z — zz;) = 1, which gives ordp (*2%) = —2.

Finally, we showed that
div(z — x;) = (PT) + (P7) — 2(0),

where Pt = P~ if and only if f(z;) = 0. Then, degdiv(z — z;) = 0.

For any polynomial a(x), we can write a(z) = Hle(a: — x;)™, which gives that

d
div a(x) = Z ndiv(z — x;) an (PF) +ni(P7) — 2n;(0), (1)
which is a divisor of degree 0.
(b) We now consider a function a(x) + yb(x), and the map
p:F —F
(y) = (z,-y)
Then, we have that
vp (a(r) +yb(z)) = ve(p) (a(z) — yb(x))

for all P € E(K), where P, $(P) where denoted by P* in (a). Hence, it follows from
(1) that

div (a(x) + yb(x an < div (a(x) —yb(x)) = an(gb(P



and degdiv(a(z) + yb(x)) = degdiv(a(x) — yb(x)). Now,

(a(z) + yb(x))(a(z) — yb(z)) = a*(z) — y*b*(z) = a*(z) — f(2)b*(x)
is independent of y, and by (a)

0 = degdiv(a(z) + yb(z))(a(x) — yb(z))
= degdiv(a(x) + yb(z)) + degdiv(a(z) — yb(x)) = 2degdiv(a(z) + yb(z)),
and degdiv(a(x) + yb(x)) = 0.

(¢) Now, any function in the function field K(E) = K[z, y]/(y* — f(z)) can be written
as g(x,y)/h(z,y), where g(x,y), h(x,y) € K[z,y]. Supoose that degg = 2n is even
(the proof for odd is identical). Then,

2n n n—1
g(z,y) = Z bi(z)y' = Z baiy® + Z bair (2)y* ™
i=0 i=0 i=0

n n—1
= Z boi() f ()" + Z/Z boi1(2) f(x)" = a(x) + yb(x),
i=1 i=1
and similarly for h(z,y). We have proven that any function in the function field
K(E) = K[z, y)/(y* — f(x)) writes as

ay () + ybi (x)
az(x) + yba(x)’

and the results follows from (b).

6. (Silverman I1.2.2) Let ¢ : C; — C3 be a non-constant map of smooth curves, f €
F(CQ)*, P € C;. Show that

ordp(¢*f) = eg(P) ordgp)(f).

Solutions: Let typ) € K(Cy) be a unformizer at ¢(P), and let f € K(Cs)4(p). Since
K(C3)g(py is a DVR, we can write f = t;ﬁ(p)u, where vgpy(u) = 0. Then, ¢*g =
(¢*ts(py)"¢*u, and by definition, ordp(¢*u) = ordypyu = 0. Then,

ordp(¢*f) = ordp((¢*t¢(p))k¢*u) = k ordp(¢™ts@p)) = ordyp)(f) es(P).

7. (Silverman I1.2.14)



Solution from Reginald Lybbert:
Question 7: For this exercise we assume that char K # 2. Let f(x) € K[z| be a

polymonial of degree d > 1 with nonzero discriminant, let Co/K be the affine curve

given by the equation:

Co : yQ = f(x) = aoxd + alxd_l +...+a4_1x+ay
and let g be the unique integer satisfying d — 3 < 2g < d — 1.

(a) Let C be the closure of the image of Cy via the map
(1,2, 22,..., 29" y]: Cy — PO
Prove that C' is smooth and tthat C N {Xy # 0} is isomorphic to Cy.

We see that the ideal of the image of Cjy via the map mentioned contains the following

set of homogeneous polynomials.

along with the polynomial.

H: X?

20X —(aoX{ + ar X' Xo + .+ ag 1 Xa X§ + agX)

Note that the image of these polynomials is bigger than Cj since it contains the hyper-
plane Xy = X; = 0. Thus, we must remove this, by substituting some of the equations

of F into H to get (in the case d is even):

. 2 d—2 2 d—2 d—2 d—1 d
H: Xg+2X0 - ang+1X0 - ClngXnglXO — ... adlelX(] - adXO
or in the case d is odd:
. 2 d—2 d—2 2 yd—2 d—1 d

Either way, we can now reduce the degree of this polynomial by removing a factor of
Xg’Q. This gives us Heyep if d is even, or H,qq if d is odd.

6



Heven : Xg2+2 —(&0X92+1 -+ &1Xg+1Xg + ...+ ad,1X1X0 + adXOQ)

Hoga : X}

g+2 —(ang+1Xg + CL1X§ + Ce + ad_1X1X0 —|— ang)

Let C be the variety corresponding to the ideal generated by F and H , where H =
H.yen, or H,qq, depending on the parity of d.

Now, if we set Xy # 0, we see that the only possible solutions to this correspond exactly
to Cy. Let P be a projective point that satisfies all of these equations, with X, # 0.
Then, we can scale to get a representative where Xy = 1. Then set X; = x, and then,
by equation X; Xy = X;_1X; € F, X; = 2. Then, this causes H to become exactly
the equation for Cjy. Thus, the affine part of C' where X # 0 is exactly the image of

Cy. It remains to show that C' is non-singular at the parts where Xy = 0.

Suppose Xy = 0, Suppose that X; 1 = 0 for some 0 < i < g+ 1. Then X? = X; 1 X; 1
is an equation in F. So, since X;_; = 0, we must have X; = 0. Thus, by induction we
see that if Xqg =0, then X; =0 for all : < g+ 1.

Now, if d is odd, this reduces the equation H to Xg2 oy
only one point at infinity, namely [0,0,...,0,1,0]. So, let us dehomogenize C' using
Xg11 = 1. Then, using the equation Xy 1 X, ; = XX, i1, we see that X, ; = X/,
for all 0 < i < g. So, call X;/X,41 = v, and X,12/X,41 = u. This gives us the

equation:

So Xg42 = 0. So, we have

u? = agv + a0 + ...+ agv? + aguttt

However, since f(x) had non-zero discriminant, we see that the polynomial ag + a1z +
...+ aqx? has no double roots, and since ag # 0, we also have agv + a;v? + ... + ago®H!
having no double roots. Therefore, the above equation gives a smooth curve. Thus C

is smooth, when d is odd.

On the other hand, if d is even, H reduces to X},, = aoX;,,. Here, we have two
points at infinity, namely [0,0,...,0,1,4,/ao]. Note that \/ag # 0, since f(x) is
exactly degree d. Now, we again homogenize at X,,; = 1. Using the same equations
as before, we still have X, ; = X;'“, so setting v = X,/ X, 11, and u = X190/ X411, we
get:



uQ:ao—i—alv—i—...—l—advd

Then, since f(z) had non-zero discriminant, we see that it had no double roots. So, if
we homogenize f and dehomogize with respect to the other variable, we still have no
double roots. But that is exactly what it here. Thus, ag+aiv+. ..+ aqv? has no double
roots. Therefore, the above equation describes a smooth affine curve. Therefore, C' is

smooth, when d is even.

(b) Let

d

ao + arv + ... +ag_ v +agu if d is even

aov + a1v® + ...+ ag_1v% + agv?t if d is odd

fr(v) = 0¥ f(1)v) = {
Show that C' consists of two pieces:
Co:y* = f(x) and Cy:u? = f*(v)
"glued together” via the maps

C() — (4 Cy — CO
(z,y) = (1/z,y/297) (v,u) = (L/v,u/vo*)

Using exactly the dehomogenizations is the last part, we have already shown that C'
consists of Cy and ;. Note that Cj contains all but one or two of the points of C,
but those points are shown to be in C}, thus these are the only two pieces necessary.

It remains to compute the gluing data.

We need only consider points on C' that are on both the affine part of Cy, (where
Xo # 0), and the affine part of Cy,(where X1 # 0). Now, using the coordinates of Cj,
we see that X, = 29" Thus v = X,/ X, 11 = 29/29" = 1/x, Also, w = X2/ X1
so w = y/z97!. Thus, the gluing map Cy — Cy is (z,y) — (1/z,y/z9T).

Now, to look at the other direction, recall that using the coordinates of ', we have
Xo=v9". Thus z = X; /Xy =09 /09" = 1/v, and y = X2/ Xo = u/v9tt. Thus, the
gluing map C; — Cp is (v,u) — (1/v,u/vI™h).

8. (Silverman 11.2.15))



9. (Silverman I1.2.16) Let C'/ K be a curve that is defined over K and let P € C'(K). Prove
that K(C') contains uniformizers for C' at P, i.e. prove that there are uniformizers that

are defined over K.
Solution from Martin Cech:

Let tp be a uniformizer at P. Then tp is defined over some field M which is a finite
extension of K. We will assume that the extension M /K is separable, and denote by
L the normal closure of M, so that L/K is finite and Galois.

In general, every uniformizer at P is of the form utp for a unit u € K[C]p. Let
01, ...,0r denote all the elements of Gal(L/K). Then for every i = 1,...,k, o;(tp) =
u; - tp for some unit u; € L[C]p — we would like to find a unit v € L[C]p such that
o;(vtp) = vtp, which would imply (by the exercise from previous assignment) that vtp
is a uniformizer defined over K.

Since we know that o;(vtp) = o;(v)u;tp, we need this unit v to satisfy u; = U:(’v) for

every 7. We can find such a v using Hilbert’s Theorem 90.

The map ¢ : o0; — u; is a 1-cocycle with values in L[C]}, since 0,0;(tp) = 0;(u;tp) =
oi(uj)uitp, so ¢(o;0;) = w;o;(u;). Since L[C]p is an (infinite dimensional) vector space
over L, we can use Hilbert’s Theorem 90 and a similar prove as in the last exercise of

the last assignment to show that H'(Gal(L/K), L[C]5) = 1. This shows that ¢ is a

1-coboundary, so is of the form ¢(o;) = u; = # for some w. Setting v = w™ !, we

v oi(w)

_ = u; as we wanted.
oi(v) w

have



