
Modular Forms Homework 2.
Due October 15, 2025.

1.

(a) Prove that

σ9(n) =
21

11
σ5(n)− 10

11
σ3(n) +

5040

11

n−1∑
j=1

σ3(j)σ5(n− j) for all n ∈ Z>0.

(b) Find similar expressions for σ13 in terms of σ3 and σ9, and in terms of σ5 and σ7.

2.

(a) Find rational numbers λ and µ such that

∆ = λE3
4 + µE12.

***(b)*** Let τ(n) be the nth coefficient of the Fourier expansion of ∆ at infinity. Show that
τ(n) ∈ Z, and prove Ramanujan’s congruence:

τ(n) ≡ σ11(n) mod 691.

3.

(a) Define

G2(z) := 2ζ(2) + 2
∞∑
m=1

∑
n∈Z

1

(mz + n)2

E2(z) := − 1

8π2
G2(z).

Show that

G2(z) = 2ζ(2)− 8π2

∞∑
n=1

σ1(n)qn

E2(z) = −B2

4
+
∞∑
n=1

σ1(n)qn.

(b) Use the fact that∑
m6=0

∑
n∈Z

(
1

mz + n
− 1

mz + n+ 1

)
= 0

∑
n∈Z

∑
m6=0

(
1

mz + n
− 1

mz + n+ 1

)
= −2πi

z

to show that

z−2G2(−1/z) = G2(z)− 2πi

z
and z−2E2(−1/z) = E2(z)− 1

4πiz
,

1



and then for any γ =

(
a b
c d

)
∈ SL2(Z),

E2(γz) = (cz + d)2
(
E2(z)− 1

4πi

c

cz + d

)
.

(c) Show that if f is a modular form of weight k for Γ, then ∂f := 1
2πi
f ′ + 2kE2f is a

modular form of weight k + 2.
(d) Prove that 7

10
E6 = 1

2πi
E ′4 + 8E2E4 and 10

21
E8 = 1

2πi
E ′6 + 12E2E6.

***(e)*** Prove that 5
6
E4 = 1

2πi
E ′2 + 2E2

2 .

(f) Conclude that the ring C[E2, E4, E6] is closed under derivation.

4. Let L(N) be the set of pairs (Λ, P ) where Λ is a lattice in C and P is a point of order N
in the (additive) group C/Λ.

(a) Show that the relation on L1(N) given by:
(Λ, P ) ∼ (Λ′, P ′) iff there exists α ∈ C∗ such that for any ω ∈ C with ω + Λ = P in
C/Λ, we have αΛ = Λ′ and αω + Λ′ = P ′ in C/Λ′
is an equivalence relation.

(b) Prove that there is a bijection between the equivalence classes in L1(N) and Γ1(N)\H.

5. Let Tn = T k,χn be the nth Hecke operator. Show (6.24) In Iwaniec’s book, i.e. show that

Tmn =
∑
d|(m,n)

µ(d)χ(d)dk−1Tm
d
Tn

d
.

6. Let Tn = T k,χn be the nth Hecke operator. Show (6.27) In Iwaniec’s book, i.e. show the
formal relation

∞∑
v=0

TpvX
v =

(
1− TpX + χ(p)pk−1X2

)−1
.
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