Modular Forms Homework 2.
Due October 15, 2025.

(a) Prove that
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(b) Find similar expressions for oy3 in terms of o3 and o9, and in terms of o5 and o7.

(a) Find rational numbers A and p such that

K (b)*** Let 7(n) be the nth coefficient of the Fourier expansion of A at infinity. Show that
7(n) € Z, and prove Ramanujan’s congruence:

7(n) = o11(n) mod 691.

(a) Define
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(b) Use the fact that
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and then for any v = ( Z Z ) € SLy(Z),

Ea(y2) = (¢ + d)? <E2(2>_1 ¢ )
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c¢) Show that if f is a modular form of weight k for T, then Of := = f' 4+ 2kE,f is a
2711
modular form of weight £ + 2.
(d) Prove that %EG = ﬁEﬁ/l + 8E2E4 and %Eg = ﬁEé + 12E2E6

¥ (e)*¥** Prove that 2By = 5= Eb + 2E3.
(f) Conclude that the ring C[Es, Ey, Eg| is closed under derivation.

4. Let L(N) be the set of pairs (A, P) where A is a lattice in C and P is a point of order N
in the (additive) group C/A.
(a) Show that the relation on £;(N) given by:
(A, P) ~ (N, P') iff there exists a € C* such that for any w € C with w+ A = P in
C/A, we have aA = A" and aw + A" = P in C/A’
is an equivalence relation.
(b) Prove that there is a bijection between the equivalence classes in £, (V) and I'; (N)\H.

5. Let T,, = T"X be the nth Hecke operator. Show (6.24) In Iwaniec’s book, i.e. show that
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6. Let T}, = T"X be the nth Hecke operator. Show (6.27) In Iwaniec’s book, i.e. show the
formal relation

ST X0 = (1 T,X + x(p)p* 1 x2) .
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