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ABSTRACT. The zeta function of a curve C over a finite field may be expressed
in terms of the characteristic polynomial of a unitary matrix ©c. We develop
and present a new technique to compute the expected value of tr(©%) for
various moduli spaces of curves of genus g over a fixed finite field in the limit
as g is large, generalizing and extending the work of Rudnick [Rudl0] and
Chinis [Chil5|. This is achieved by using function field zeta functions, explicit
formulae, and the densities of prime polynomials with prescribed ramification
types at certain places as given in [BDFT 16| and [Zha]. We extend [BDET16]
by describing explicit dependence on the place and give an explicit proof of
the Lindeldf bound for function field Dirichlet L-functions L(1/2 + it,x). As
applications, we compute the one-level density for hyperelliptic curves, cyclic
{-covers, and cubic non-Galois covers.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let I, be a finite field of odd cardinality, and let C' be a smooth curve over F,.
The Weil conjectures tell us that the Hasse-Weil zeta function has the form

Zc(u) = exp Z #C(Fq”)t:: = u_ﬁ(ftl(m)’

n=1

where
Pc(u) := det(1 — uFrob |HY (C(F,),Q;)) € Z[y]

is the characteristic polynomial of the Frobenius automorphism, whose roots have
absolute value ¢~1/2 and are stable (as a multiset) under complex conjugation.
Furthermore, Po(u) corresponds to a unique conjugacy class of a unitary symplec-
tic matrix ©¢ € USp(2g) such that the eigenvalues e?s correspond to the zeros
q~/2e" of Po(u). This conjugacy class O is called Frobenius class of C.

For many different families of curves C, Katz and Sarnak [KS99] showed that as
q — o0, the Frobenius classes ©¢ become equidistributed in certain subgroups of
unitary matrices, where the group depends on the monodromy group of the family
of curves. Stated more precisely, suppose F(g,q) is a natural family of curves of
genus g over F, with symmetry type M(2g), equipped with the Haar measure. The
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expected value of a function F evaluated on the eigenangles of curves in F(g, q) is

defined as

(F(OC)) 50 :=% S RO

Katz and Sarnak predicted that

Jim (PO 50 = [ o PO
where the integral is taken with the respect to the Haar measure. This means that
many statistics of the eigenvalues can be computed, in the limit, as integrals over
the corresponding unitary monodromy groups.

One particularly important and well-studied statistic is the one-level density,
which concerns low-lying zeroes. The definition of the one-level density W;(U) of
a N X N unitary matrix U and with test function f in the function field setting is
given by in Section

The work of Katz and Sarnak concerns the g-limit. Recently, there has been
work exploring another type of limit, examined by fixing a constant finite field F,
and looking at statistics of families of curves as their genus ¢ — oo, such as the
work of Kurlberg and Rudnick [KR09] who first investigated that type of limit for
the distribution of tr(@c) for the family of hyperelliptic curves. The statistics
are then given by a sum of ¢ 4+ 1 independent and identically distributed random
variables, and not as distributions in groups of random matrices. In a subsequent
work, Rudnick [Rud10] investigated the distribution of tr (@’é) for the same family
of hyperelliptic curves. Denote by Fp441 the family of hyperelliptic curves of genus
g given in affine form by

C:Y?=Q(X)

where Q(X) is a square-free, monic polynomial of degree 2g + 1. Rudnick showed
that the g-limit statistics for trace of high powers tr (@2’) over the family Fogq1
agrees (for n in a certain range) with the corresponding statistics over USp(2g)
given by:

2¢g n =20,
(1.1) /USp(Qg) trU"dU =< -, 1< |n| < 2g,
0 |n| > 2g.
where
1 n even,
(1.2) = {O n odd.
More precisely:
Theorem 1.1. [Rud10] For alln >0
—n 0<n<2g,
(O, =ma % Y qdif% +0(9q7 %) +{-1-75 n=2,
degv|% O(nq%_Q-") n > 2g,

where the sum is over all finite places of Fy[X].
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Furthermore, if 3log, g <n < 4g —5log, g and n # 2g, then

1
(tr@’é)z/ trU”dU—i—o().
USp(29) g

Moreover, if f is an even test function in the Schwartz space S(R) with Fourier
transform f supported in (—2,2), then

_ dev(f) (1)
w = WeU)dU + —= -
Wz, /Usp(2g) f(U) dU + ; +o0 ;)

where d )
_ _ %Y Ay
dev(f) = £(0) Z perer B e
and the sum is over all finite places of Fy[X].

We remark that the bias towards having more points over Fy» whenever n is
even (and in a certain range with respect to g), which follows from the symplectic
symmetry, was first pointed out by Brock and Granville [BG01].

The results of Rudnick [Rud10] hold for statistics over the space Fog41, which
is only a subset of the moduli space of hyperelliptic curves of genus g, H, (cf.
Section . The statistics for the whole moduli space of hyperelliptic curves of
genus g, H,, were obtained by Chinis [Chil5], and they differ slightly from the
statistics for Fog41.

Theorem 1.2. [Chil5| For n odd,
(tr(©%) >7—¢g =0,

and for n even,

-1 0 2
. . degv ., X <n<.azg,
<tr(@c)>H9 =q 2 Z 7qdegv n 1 + O(gq 2 ) —+ -1 — (127_1 n = 29,
degv| 3 O(ng==29) 2g<n,
deg v#1

where the sum is over all finite places of Fy[X].

It is interesting that when studying the distribution of zeta zeros for hyperelliptic
curves Faifman and Rudnick [FRI0|] can restrict to half of the moduli space (in
this case, polynomials of even degree) without it affecting the result; but when
one restricts to Fog41 the one-level density is not quite the same as the one-level
density on the whole moduli space H,4. The difference is explained by the fact that
the infinite place behaves differently in Fy,41 and Fyg42. work of The results of
Rudnick were vastly generalized in a recent paper of Bui and Florea [BF14], which
give formulas for the one-level density which are uniform in ¢ and d, and they
can then identify lower order terms when the support of the test function holds in
various ranges. For the one-level density of classical Dirichlet L-functions associated
to quadratic characters, some recent work of Fiorilli, Parks and Sodergren [FPS16]
exhibits all the lower order terms which are descending powers of log X.

We are interested in a different generalization, extending the statistics of Rudnick
and Chinis to statistics of families of curves for fixed ¢ and as g varies. In Section[2]
we first present a new proof for Theorem using function field zeta functions and
explicit formulae, specifically relying on densities of prime polynomials of different
ramification types, as described in [BDET16]. Our technique is much simpler than
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what is used in [RudI0] and [BF14], and the result presented in Section [2]is weaker
than the results of Rudnick and Chinis (as our result holds for a more limited
range of n), but it has the benefit of having clear generalization to many families
of curves. We present two such generalizations here. In Section [3| we generalize the
result from Section [2] for cyclic ¢-covers curve, and in Section @} we do the same
for cubic curves corresponding to non-Galois extensions. We summarize our main
results in the following theorems, whose details can be found in Section [3] and [4]
Throughout this paper, all explicit constants in the error terms can depend on /
and q.

Theorem 1.3. Let £ be an odd prime and let Hy o be the moduli space of £ covers
of genus g. For any € > 0 and n such that 6log, g < n < (1 —¢) (227791 + 2), as

g — 0o we have

1
(tr O, 2:/ frUm dU+O<>.
U(29) g

Let f be an even test function in the Schwartz space S(R) with suppf C (—ﬁ, ﬁ) ,
then

(Ws(Oc))y W (U) dU

w0 Jug)

| deg v 1
O Gy HO (g> ’

v

where the sum is over all places v of Fqy(X).

Theorem 1.4. Let E5(g) be the space of cubic non-Galois extensions of Fy(X) with
discriminant of degree 2g+4, and let §, B > 0 be fized constants as in Theorem[.1].

For 6log,g <n < %, and as g — oo,

(1102 ) = |

1
tr U™ dU + O () .
USp(2g) g

¢ 5)
2B+1’ 2B+1/”

Let f be an even test function in the Schwartz space S(R) with supp f C (
then for any € > 0,

Wf(U)dU—f;O)m—i-O( . )

9275

LACEIES

USp(29)
where k is defined by (4.2).

We remark that the one-level densities exhibit the predicted symmetries: unitary
for cyclic covers of order ¢ (for ¢ an odd prime), and symplectic for cubic non-Galois
extensions.

The main theorems of Sections [2| and [3| rely on results concerning the densi-
ties of prime polynomials with prescribed ramification types at particular places
from [BDFT16|, but also require understanding of dependence on those places. In
Section [B], we show how to make explicit this dependence, which involves proving
the explicit Lindel6f bound for L(s, x).
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2. HYPERELLIPTIC COVERS

In this section we present a weaker version of Theorem [I.2] using a different
technique, namely using the results of [BDET16] to count the function field ex-
tensions corresponding to the hyperelliptic curves in H, with prescribed ramifica-
tion/splitting conditions. Let H, be the moduli space of hyperelliptic curves of
genus g. Every such curve has an affine model

C: Y2 =Q(X),
with Q(X) is a square-free polynomial of degree 2g + 1 or 2¢g + 2.

Theorem 2.1. Let E(Z/27Z,g) be the set of quadratic extensions of genus g of
F,[X], let vy be a place, and let E(Z/2Z,g,vo,w) be the subset of E(Z/2Z,g) with
prescribed behavior w € {ramified, split, inert} at the place vog. Then for any e > 0,

#E(Z]2Z, g, v0, ramified) g~ degvo

_ -2
FEL2Lg)  Trq e O
#E(Z/2Z,g,vo, split)  #E(Z/27Z, g, vo, inert)
#E(Z/2Z,9) #E(Z/2Z,9)
1

— (e—1)(g+1)+edegv
N 2(1 + g~ degwo) +O(gle Dot redermo),

Proof. Tt is shown in [BDFT16] that

#E(L)2Z,9) = 2¢* (1 — ¢ %)
q deg vo 2 29+2(1 o 72) + 0(1)
14+ q- deg vo q q
#E(Z/2Z, g, %o, Spht) = #E(Z/2Z, g, %o, inert)
1

= 2¢%"(1-¢ (9+1)(1+2)
_2(1—|—q—degvo)2qg (1-¢%) + Oy (¢" ),

where O,, indicates that the implicit constant may depend on vy. We prove in
Section [5| that keeping track of the dependence on vy gives

1
21+ ¢ *5)

#E(Z/2Z, g, vo, ramified) =

#E(Z/2Z,g,v0,w) = 2q2g+2(1 _ q2) + O(q(g+1)(1+8)+6 degvo)7

for w € {split, inert} which proves the theorem. a



6 A. BUCUR, E. COSTA, C. DAVID, J. GUERREIRO, AND D. LOWRY-DUDA

Lemma 2.2. Let C be a fized F,-point in the moduli space H,, Fy(C) its function
field and tr ©F be the n-th power of the trace of C. Then

(2.1) —¢% tre% = Z degv + 1y, Z 2degv — Z degw,
degv|n degv| % degv|n
v split in v inert in v inert in
Fq(C) Fq(C) Fq(

where the sums are over all places v of Fo(X) (including the place at infinity) with
the prescribed behavior.

Proof. For any function field K, over F,(X), we denote its zeta function by (x(s).
The lemma follows by taking the logarithmic derivative on both sides of

& 12 —s i, _ Cr, (o) (3)
H(lfq q e ):Pc(q ):CIFq(X)(S)

j=1

—S

with respect to ¢~* after expressing (r_(c)(5)/Cr,(x)(s) as an Euler product. O

Theorem 2.3. The average n-th moment of the trace over hyperelliptic curves of
genus g is given by

(aF w0y, =mat 3 R O )
degv

deg v#1

3

for all e > 0, and where the sum is over all finite places v of Fy(X).

Proof. We start out by averaging equation (2.1)) over hyperelliptic curves of genus

g, hence <fq% tr @’é>Hg equals

W/ng)z Z degv +my Z 2degv — Z deg v

CeH,y degv|n degv| % degv|n
v split in v inert in v inert in
F,(C) F,(C) F,(0)

Swapping the order of summation gives us

#E (Z/2Z, g, v, split)
VRS @” deg
(- degzm #E(k, 22, g)
#E(Z/2Z,g,v,inert)
+ 1, 2degv
! Z & HEZ) 2L, g)
Z deg #E (Z/2Z, g, v, inert)
#E(Z/2L, g)

degv|n
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Applying Theorem [2.1] we get

n 1
<—q7 tr @Té>H9 = Z degv (2(1_|_q—degv) + O(q(e—l)(9+1)+6degv)>

degv|n
1 —
+ M Z degwv (Mdegv + O(q(E 1)(£]+1)+Edegv))
degv| %
1
degv < +0 q(sfl)(g+1)+sdegv ) '
degzvln 2(1+ g~ dee?) ( )

The main terms of the first and the third sums cancel, but their error terms do not.
Therefore

<—q%tr@7é>ﬂ . Z degU +0 q(sfl)(g%»l) Z dequsdcgv

1 —degv
degv| % T4a degv|n
degv (e=1)(g+1)+n(1+e)
= Z 1 q7degv+0(q€ J 6)’
degv| %

where the last equality follows from the prime number theorem for F,[X] (as proved
in [Ros02] for instance). Using the following identity

(2.2) "= dn(d)
d|n

where 7(d) is the number of irreducible polynomials of degree d defined over F,,
we have for n even that

d d
Z 1+;g:egv7 Z degv* Z 1+qungv

degv| % degv| % degv|%
degv
:Zdﬂ-(d)_Fl_ Z 1+qdegv
n degv| %
n degwv
=4q* - Z degv ”
degv\%1+q
deg v#1

We remark that in the second equality above, the extra 1 arises from the place at
infinity. O

As expected from [Rud10] and [Chil5], the previous theorem agrees with corre-
sponding statistics over USp(2¢). Recall from [DS94] that

2g n=>0
(2.3) / trU"dU =4¢ -, 1<n<2g
USp(29) 0 n > 2g.

Corollary 2.4. For any € > 0, and as g — o0,

1 n
(tr©¢)g, =~ (1 - ) +0 ( -5 4 q(e—l)g+n(s+%)) .
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Moreover, for any €' > 0 and n such that 4log, g < n < 29(1 — 6’), we have as

g — 00
1
(trO¢)y :/ trU”dU—l—O().
7 USp(2g) g
Proof. Applying the prime number theorem to Theorem [2.I] we have

degwv qz n
TIn Z 1+qdegv:n 1+ +n"0( )
degv|%

deg v#1

To prove the second statement, we apply the first statement choosing € small enough
such that (e — 1) +2(1 —¢') (e + 3) <O0. O

We can apply the last result to determine the one-level density of hyperelliptic
curves, as done in [Rud10], and we recall the definition of the one-level density in
the function field setting with the relevant properties below for completeness. We
will also apply this to other families of curves in the following sections.

Let f be an even test function in the Schwartz space S(R), and for any integer

N > 1, we define
kEZ

which has period 27 and is localized in an interval of size approximatively 1/N in
R/277. Then, for a unitary matrix N x N matrix U with eigenvalues e, j =
1,..., N, we define the one-level density

(2.4) Wi(U) = F(9)),

counting the number of angles #; in an interval of length approximatively 1/N
around 0 (weighted with the function f). Using the Fourier expansion, we have

that
/ flx)de + = Zf( )trU”

Katz and Sarnak conjectured that for any ﬁxed g, the expected value of W;(0,)
over Hg will converge to fUSp(2g) Wy (U) dU as g — oo for any test function, and
we show in the next theorem that this holds for test functions on a limited support
(which is more restrictive than the support obtained in [Rud10l Corollary 3]).

Theorem 2.5. Let f be an even test function in the Schwartz space S(R) with
supp f C (=1,1). Then for any e > 0,

f(()) degv ( 1 )
W;(©¢ = / Wy(U) dU + ——= i 7 TO0| 5=,
Wl )>Hq USp(29) O 9 de;;;ﬂ q?desv — 1 g2

where the sum is over all finite places v of Fy(X). Moreover,

lim (W;(O¢)),, = lim W (U) dU

[ (-9 o
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As we mentioned in the introduction, a vast generalization of the formula above
was obtained by Bui and Florea [BF14] in some recent work.

Proof. As f is continuous, its support is contained in [—a, a] for some 0 < o < 1.
Using the Fourier expansion as above, we get

W00 =331 (29 (29; - k))

j=1keZ

1 ~(n n
/Rf(a:) dz + %gﬁ%f <2g> tr O
. 1 2ag ) n
SR, (29) ey,

where the last equality follows from f being even and the condition on the support
of f. Averaging W;(O¢) over our family of curves and applying Theorem with

—~
N
a

=

I

l1—«

O<e<
*S 9124

)

we get

gn*l 9
1 <& A(n) 1 degv
AR A S o
gn:l 9/ " degv|n 1+q e
deg v#1

1< . /n\ 1 degv _
257 X g o),
S

where we note that by (2.3) and recalling that f is even and supp f C (—1,1),

/Usp(m Wi (U) dU = f(0) — = if (”) .

‘We now compute

ag
~f(n\ 1 degv
2.6 L L
( ) §:1f<g> qn dz 1+qdeg1)
n= egv|n
deg v#1

degv » [ kdegv 1
D T 2 f( p )qkdgv
degv<ag kdegv<ag

deg v#1

Suppose ¢(g) is a function tending to 0 as g tends to infinity, to be specified later.
We break the range of the inside sum of the right hand side at g¢(g). For the first
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(0)+0(x) = £(0)+o(1),

range, we use the Taylor expansion for f to write f(x) =

(0
explicitly,
f<kd;gv> _ 0+ <kdegv>

Thus, (2.6) can be rewritten as
; degv 1 —9¢(9)
(for+oww) ¥ e (g o ()

degv<ag
deg v#1
A degv _
= f(0) E erO(qﬁ(g)Jrq g¢(g))
deg v<ag 1 -
egv<ag
deg v#1
- degv _ o
=f0) > %1)_14'0((%5(9)4'(] 9909 4 g2 g)-
deg v#1

For the remaining range,

degv ;[ kdegv 1

Z qdegv +1 f g qkdegv
degv<ag 9¢(9)<kdegv<ag
deg v#1

degv
—g¢

< Z degv Z q 990(9)

degv<ag gd)(g)ékdegvﬁag

deg v#1

< agq*‘q(ﬁ(g).
Thus, by choosing ¢(g) = g~!*¢, we get that
degv £(0 degv 1
72 < ) Z 1+quegvf;) Z q2deggv_1+0(92—e>’
n=1 deg v|n deg v#1
deg v#1

which proves the first statement. Taking the limit ¢ — oo we get the second part
of the theorem. O

3. GENERAL CYCLIC /-COVERS

Let £ be an odd prime and assume that ¢ =1 mod ¢. Let H4 ¢ be the moduli
space of general ¢-covers of genus g. Every such cover has an affine model

C:Y'=Q(X),
where Q(X) is an ¢-powerfree polynomial in F,[X].
We first state an explicit form of Corollary 1.2 of [BDET16| for the number of
cyclic extensions with prescribed behavior at a given place vg, keeping the depen-

dence on the place vy. All implied constants in the error term of this section can
depend on ¢ and /.

Theorem 3.1. Let E(Z/{Z,d) be the set of cyclic extensions of degree £ of Fy[X]
with conductor of degree d, let vy be a place, w € {ramified, split, inert}, and
E(Z/0Z,d, vy, w) be the subset of E(Z/VZ,d) with prescribed behavior w at the place
vg. Then for any € > 0, we have
#E(L/ML,d,vo,w) _  Poowta) | (q(sf%)dJredegvo)
#E(Z/VZ, d) YOY T P(d) ’
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where
(e _ l)q_ deg vo
1+ (£ —1)g—deswo

if w = ramified,

Cog,w =
1
(1 + (£ —1)g—deswo)
and where P(x), Py spiit(x), Poy ramified(x) € Rlz] are monic polynomials of degree
{—2 and

if w = split or inert,

(31) Pv07ine'rt(x) = (é - 1)PU0;SPZit(x)'
Furthermore,

Pvg,inent(d) o deg Vo deg Vo 2
(3.2) Pd) =L 1)+O< d +--+ pi .

Finally, if w = ramified, the error term can be written as O (q(s_%>d) , i.e., there

is not dependence on the place vy in that case.

Proof. This follows from Corollary 1.2 of [BDET16|, keeping the dependence of the
error term on the place vy as done in Section [5] This gives

#E(Z/{Z,d) = Ceq"P(d) + O (q(%+€)d)

H#E(ZJ UL, d, vo, ramified) = ¢y, Ceq" Pry o(d) + O (g(3¥9))
#B(Z/(Z, d, vo,5plit) = #E(Z/{Z, d, vy, inert)
= CUOv“JCquon,w(d) + 0 <q<%+5)d+5 degv(,)

on ,inert (d)

Pld) we also need the dependence on the coefficients

To bound the quotient
of
Py inert (€) = (€ = 1372 4 @y 057> + - + ayy 0
for the place vg. It follows from the computations of [BDFT16] on page 4327 that
Qyy,i K (degvo)#z*i for0 <i< (-3
(This comes from the residue computation at u = ¢~—!). The bound then
follows. 0

Recall that for a function field extension L/K cyclic of order ¢, the discriminant
and conductor of L/K are related by
degDisc(L/K) = (£ — 1) deg Cond(L/K),

(as given in Theorem 7.16 of [Ros02]) and from the Riemann—-Hurwitz formula, we
have

2g 4+ 2(¢ — 1) = deg Disc(L/K).
Thus we can interpret Theorem in terms of the genus g by taking

29
3.3 d=-"2_+2.
(3.3) —1t



12 A. BUCUR, E. COSTA, C. DAVID, J. GUERREIRO, AND D. LOWRY-DUDA
Further, put

- 1 ¢|n,
""" 10 otherwise.

Lemma 3.2. Let C be a given curve in Hg e, Fq(C) its function field and tr OF be
the n-th power of the trace of C. Then

(3.4) fq2tr607€fl Z degv + A\, 0 Z degv — Z deg v,

degv|n degv| % degv|n
v split in v inert in v nert in
F,(C) Fq(C) Fq(C)

where the sums are over all places v of Fq(X) (including infinity) with the prescribed
behavior.

Proof. Mutatis mutandis Lemma [2.2] O

Theorem 3.3. For any € > 0, we have

n (£ —1)degv g™/ tnt2 e—1)d+n(14¢)
< q2tr@ My )\ Z é—l —degv+0<d+q( 2) )

degv|"

where d is defined by (3.3)).

Proof. We average (3.4]) over E(Z/¢Z,d) with d = 2g/(¢ — 1) +2 using Theorem
to obtain

3 ~ Pv,s i (d) e—% edegv
<_q2 tr@C>Hg,g = -1) Z degv (Cv,splitpp(ldt) +0 (q( 1)d+edeg ))

degv|n

Pv iner d e—1 edegv
Al Y deg <cv,inert’P(;)()+0(q( 3 )d+e deg )>

degv| %

Z degv (Cwinertw + @) (q(E—%)d-l-g degv)) )

degv|n

Since ¢y inert = Cu split ANA Py inert () = (£ — 1) Py gpiit (), the main term in the first
and the third sum cancel. Thus, using ((3.2)

<7q% tr @TCL«>H9 . - )\né Z 4Pv,inert (d) Cv,inert degU + O q e 2 Z deg ,qu degv

P(d
degv|% ( ) degv|n
(£ —1)degv 1 —2 (e=1)d+n(1
) ot s a 0 (ge=Btn0+0))
Tx(—Dg s "9\ g D dego? |+ (q )
degv|% degv\%
— ), (£ —1)degv o q"/'nt=2 +q( —3)d+n(i+e) |
o TH (g d
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The previous theorem agrees with the corresponding statistics over the unitary
group U(2g), as we have, by [DS94],

/ trU™ dU = 29 n=0,
U(29) 0 n#0.

Corollary 3.4. For any ¢ > 0 and n such that 6log, g <n < (1 —¢) (f_—gl + 2),

as g — oo we have

1
(tr O, 2:/ frUm dU+O(>.
U(29) g

Proof. Using Theorem we have that
(tren), =0 (qn/ifn/2n272 n q(2s—1)g/(2—1)+n(1/2+s))
g.¢ ’
and we proceed as in the proof of Corollary [2:4] O

Theorem 3.5. Let f be an even test function in the Schwartz space S(R) with
suppf - (,Z_%’ z_%), then

(W (©c))y Wy (U) dU

U(29)

A A=1 degv 1
—f(0 (0]
102 Y s 0 ()

where the sum is over all places v of F,(X). Moreover,

g,

lim (W(©c¢)),, , = lim W (U) dU

H
g—o0 g,€ g—o0 U(2g)

/f@ﬁh=f®)
R

Proof. Pick a € (0, e_%), such that the support of f is contained in [~a,a]. By

writing out the definition of the one-level density and obtaining the Fourier expan-
sion for each variable 0;, we get

wweaszin(@(gsw))

j=1kez

1 Y "
/Rf(x) dz+2ng<29) tr OF

n#0
1 2ag n
fo+ 237 (5 ) wee.
9 ; 29 ¢
where the last equality follows from f being even and the condition on the support
of f.
Averaging W;(©¢) over our family of curves and applying Theorem with

1—a(l-1)
(+142a(0—1)

0<e<
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we get
Qag/Z deg v
<Wf(ec)>'Hg,e = o Z f( ) inj2 Z 14+ (E _ 1)q— degv
n=1 degv|n
2ag
( Z f< ) n/[n/2n52> + O(qfeg)
n=1
2ag /0
A f -1 degv 1
Zl f( > Inj2 dz 1_|_(£_1)q—degv +O(g2) .
n egvln
‘We now compute
2%ef<€n> 1 Z degv
In/2 _ —degv
n=1 29 " degv|n 1+ (g 1)q ¢
degv A(Mdegv) 1
- Z _ —degv Z ‘f Lk degv/2°
degv<2ag/¢ 1+ (E 1)q e kdegv<2ag/¢ 29 q s

As in the proof of Theorem let ¢(g) be a function which tends to 0 as g tends
to 0o, and we split the range of the inner sum at g¢(g). We start by addressing the
first range, kdegv < g¢(g). From the Taylor expansion of f(z) at 0, we have

f(ké;iegv) _ f(O)JrO (kdegv) 7
g g

thus

degv ~ [ kldegv 1
Z 1+(€_1)q—degv Z )f< >q£kdegv/2

2
degv<2ag/l kdegv<g¢(g g

- (f(()) + O(qb(g))) 2 1+ (¢ def;; deg v <qzdegul/2 — +0 (q_KW(gW))

degv<2ag/¢

" degv _
=fo) > T 1)q_dcggv)(qe(icgv/2 Y +0 <¢(g) +q g¢(g))

degv<2ag/¢

- deg _ _ (240ag
JO Y Gy HO () +a 0+ ).

For the remaining range,

degv ~ (kldegv 1
Z 1+ (é _ l)q—dcgv Z f ( ) qékdegv/Q

degv<2ag/! 9¢(9)<kdegv<2ag/t 29
degv —kdegv
S D v st prrr > a
+ (L —1)q
degv<2ag/¢ g9¢(9)<kdegv<2ag/L

< agq_9¢(9) .

Using ¢(g) = g~17¢, this completes the proof of the first statement of the theorem.
As

im [ W)U = [ f@) e = o),

977 JU(29)
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we get the second part of the theorem by taking the limit g — oc. (]

4. CUBIC NON-(GGALOIS COVERS

In this section, we consider the family of cubic non-Galois curves. As a first step
we need to count the number of cubic non-Galois extensions of genus g of F,(X)
with prescribed splitting at given places v with an explicit error term (in the genus g
and in the place v). The following result was recently obtained by Zhao [Zha]. The
count was previously established by Datskovsky and Wright [DWSS], but without
an error term which is needed for the present application. As the final version of
the preprint [Zha] is not available, we write the explicit constants appearing in the
error term as general constants, J for the power saving in the count, and B for
the dependence on the place v. This allows to get a general result that could be
applied to different versions of Theorem The same convention was adopted by
Yang [Yan09] who considered the one level-density for cubic non-Galois extensions
of Q, and this also allows us to compare our results with his.

Theorem 4.1. [Zha] Let E3(g) be the set of cubic non-Galois extensions of Fy(X)
with discriminant of degree 2g+4. For any finite set of primes S, and any set Q) of
splitting conditions for the primes contained in S, define E3(g,S, Q) to be the subset
of Es(g) consisting of the cubic extensions satisfying those splitting conditions.
Then, as g — o0,

#FE5(9,S,Q) H ( =5 Bd
T = e +0 [ o®= ),
#E3(9) veS veS
where §, B > 0 are fized constants, and

1/6 v totally split,
2 deg v 1/2 v partially split,
Cy = dq , X 1/3 v nert,
L+qgoeev +qgoceev | 7 . .
q~ 98 v partially ramified,

q~2deev 4 totally ramified.

We also need the explicit formulas for the curves C' associated to the cubic non-
Galois extensions in Fs3(g). This is proven following exactly the same lines as the
proofs of the explicit formulas for the families of elliptic curves and cyclic covers of
order ¢ in lemmas and The result can also be found in a paper of Thorne
and Xiong [TX14] Proposition 3] who computed other statistics for the same family.

Proposition 4.2. Let C be a given curve with function field F,(C) € Es(g), and
tr ©g be the n-th power of the trace of C. Then

n
—q2 trOg = g 2degv + E 2degv
degv|n degv| %

v totally split in v partially split in

+ E degv + E 3degv — E deg v,
degv|n degv| % degv|n

v partially ramified in v inert in v inert in

Fq(C) Fq(C) Fq(C)

where the sums are over all places v of Fy(X) (including the place at infinity) with
the prescribed behavior.
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For convenience, write

1 3|n,
Tp =
0 otherwise,
and we recall that 7, is given by (1.2)).
Theorem 4.3. Let 6,B > 0 be as in Theorem[[.1l The average n-th moment of

the trace over cubic non-Galois curves in Es(g) is given by
(¢%°5” + 1) deg v
14+ qdegv + q2degv

(% 0 OF) 5 (o) ="+ 00— Y
degv| %

N Z qdegv degv N Z q2 degv degv
T
deg v 2degv n deg v 2degv
degv\n1+q T4 degv| % 1+q T4

+0 (qfégq(B+1)n> ;
where the sums are over all places v of Fy(X).

Proof. We rewrite equation (4.1) as

—q* tr@gzz Z 0 degu,

a veVL(C)
degv| 7

where o = 1,2, 3,4, 5 indexes the five terms in equation ; we also use the index
a to refer to the type of ramification associated to the curve C in each term, more
precisely as v € V,(C). Note that 61 = 02 = 2, d3 = 1, 64 = 3, §5 = —1, and
d1:d3:d5:17d2:2andd4:3.

We now average over our family of curves with genus g to obtain

P 1
<_q2 tr@c>E3(g)=7#E3(g) Z Z Z 3o degv

Fe(C)eEs(9) @ veVa(0)
degv| 7

#E5(g,v, )
= 5o¢d T3\ Yy &)
> Y GadeguT
- Z Z (50‘ degv Cv,a + 0] (dequ*‘squdegv)) ,

where the second equality is obtained by swapping the order of the sums and the
third equality follows from Theorem Note that the sum of the error terms is

0 <q75gq(3+1)n) .

Writing
q2 degv deg v

A(’U) = 1+qdcgv+q2dcgv’

we have

Z Z 0o degv ¢y o = My Z A(v) + Z A(v)gde8v 7, Z Av),

« degv|% degv| % degv|n degv| %
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and
(qdeg“ + 1) degv
1+ qdeg'u + q2degv

n Z A(U):nn Z degv — 1y Z

degv| % degv|% degv| %

. (qdeg“ + 1) degv
=T (q /2+1) —n Z 1+qdegv+q2degv

degv|Z

using (2.2)). O

Corollary 4.4. For any € > 0, and as g — oo,

(trO8) () =~ + O (a8 + g0+ (Pr1)).

Further, for 6log,g <mn < B+1/2’ and as g — oo,

1
tr O3 :/ trU"dU—l—O().
< C>E3(g) USp(29) g

Proof. Mutatis mutandis Corollaries [2.4] and [3.4] O

Theorem 4.5. Let §,B > 0 be fized constants as in Theorem (4. 1] - Let f be an
even test function in the Schwartz space S(R) with supp f C (= then
for any e >0,

2B+1 ’ 2B+1 )

WO s = [ Wity aw=Eevo ().

where
_ 1 3 (1+q%°8") degv
- g—1 (qdeg'ui]_) (1+qdegv+q2degv)
q°8? deg v
(42) + Z degv/Z _ 1 (1 + qdegu + q2degv)

2 degv deg v
+Z 3deg’u/2 )(1+qdeg’u+q2degv)7
where the sums are over all places of Fy(X). Moreover,

lim (W;(0¢)) s, (, = lim W(U) dU

sm 2mx
C 2rx
Proof. Since the function f is continuous, its support is contained in [—c«, ] for

some 0 < a < 557 B - Averaging W¢(©¢) over our family of curves using (2.5 and
Theorem [4.3| we get for 0 < & < J — 2a(B + 1) that

<Wf<ec>>E3<g)—f(o>—;§f(”> ;Z::f( L)) +0 (7°)

g
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where

B (q°8? + 1) deg v
F(n) =Mn — T Zn 1_|_qdegv+q2degv
degv| %

N Z deg v degv N Z q2 degv degv
1+qdegv +q2degv Tn f 1 +qdegu + q2degv'

degv|n degv| %

Moreover, the two first terms can be rewritten as

W(U) dU = f(0) — =
[JSp(Zg) f( ) 1<§<:agf< )

using (2.3). Therefore, for 0 < e < § — (2B + 2) we have

2ag

<Wf(@C)>E3(g) = /US 20) dUu — - Zf( )q_”/2F(n) +0 (q—eg) )

77,1

We now compute the lower order terms for each of the sums of F'(n) as defined
above. We have

%f( ) Z (1+ qd°e?) degv
n=1 2 degv|2 Lot glesy 4 g2es
(14 giev) degv [ kdegv 1
deg;ag 1+ gdesv 4 g2 degv kde;;gagf ( 9 ) gk desv’
9 qdeg“ degv
22:1 ( ) nj2 dcgzvn 1+ gdegv | g2degv =
q?°&" degv ~ ((kdegv 1
degUzS:Zag 1+ qdegv + q2 deg kdegZU;Zagf < 29 ) qk des /2
229 Zdeg Ydegv
Zf< ) n/2dgzv§1+qdegv+q2degv =
Z q?9°8? deg v Z f<3kdegv> 1
degv<2ag 1+ qdegv T q2 des v 3k degv<2ag 29 q3k desv/2

As before, we break the range of the inside sum at g¢(g) where ¢(g) is a function
which tends to 0 as g tends to infinity, and we use the Taylor expansion for f(z)
in the first range to get that the first, second and third sum above are respectively

f (1+g8") dego —99(9) —2ag
f(O)Z (qdegv_l) (1+qdegv+q2degv) +O(¢(g)+q t4q )

v

~ degv d
g cev —99(9) —3ayg
f(o)z (qdegv/271) (1+qdegv+q2degv) +O<¢(g)+q +4q )

v

~ 2degud
q c8 v —9¢(9) —3ag
f(O)Z (quegv/2_1) (1—|—qdegv+q2degv) +O(¢(9)+q +4q )7

v



TRACES, HIGH POWERS AND ONE LEVEL DENSITY 19

and similarly

99(9) n n f(O)
Z f (29) 2 g—1 +0 (¢(9) + qud)(g)) :
n=1

For the remaining range from g¢(g) to 2ag, working as in the proofs of Theorems|[2.5]
and E we have that each of the four sums is O (agq_g¢(g)). By choosing ¢(g) =
g~ 11¢, we get that

1 Qi 7 (2’”;) ¢ V2F(n) = —gﬂom +0 ( 9215) )

which proves the first statement. Taking the limit ¢ — oo we get the second part
of the theorem. O

We now compare the results of the above theorem with the results obtained
by Yang for the one-level density of cubic non-Galois extensions over number
fields [Yan09]. Yang’s results hold for supp f C (—¢,¢), where

_2(1-A)

-~ 2B+1°
and the parameters 0 < A < 1 and B > 0 are such that
(4.3) Ny(X,T) =cprX + O (X*pP),

where N, (X, T) is the number of cubic non-Galois extensions of Q with discriminant
between 0 and X and such that the splitting behavior at the prime p is of type T,
see [Yan09l Proposition 2.2.4]. In order to compare it with Theorem we need to
find the correspondence between the A of and the J of Theore (the B’s
are the same). We rewrite by dividing by the main term given by N(X), the
number of non-Galois cubic fields of discriminant up to X which is C'X for some
absolute constant C', and we rewrite as

N,(X,T)
N(X)

In the situation of Theorem since #E3(g) ~ ¢?9*4, we have for one place v
that

#E (97{7}}79) _ 29 -§/2 B egv

Then, to compare (4.4) and (4.5)), we set

A—lz—g — 0 =2-2A.

(4.4) =cpp+0 (XA 1pP).

Then, we have that the support of the Fourier transform in Theorem is (—¢,c)
where

0 2-2A

C2B+1 2B+1’

which agrees with the support of the Fourier transform in [Yan09, Proposition
2.2.4].

Cc
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5. EXPLICIT ERROR TERMS AND THE LINDELOF BOUND

In this section we explain our approach to make the dependence on the place
vo explicit in Theorems [2.1] and B.I] We start by reviewing how the counting of
function field extensions ramlfymg (or splitting or inert) at a given finite place
v is obtained in [BDFT16], and how the dependence on the place vy reduces to
obtaining the Lindelof bound for the Dirichlet L-functions L(1/2 + it, x), where x
is a Dirichlet character of modulus vy and order ¢. We conclude this section by
proving this bound.

The counting of function fields extensions in [BDFT16| is done by writing ex-
plicitly the generating series for the extensions, and applying the Tauberian Theo-
rem [BDET16, Theorem 2.5] to the generating series. As usual, this involves moving
the line of integration and applying Cauchy’s residue theorem to the relevant re-
gion. The main term will be given by the sum of the residues at the poles in the
region, and this is where the main terms of Theorems [2.1] and [3.1] come from. The
error term comes from evaluating the integral at the limit of the region of analytic
continuation of the generating series, which involves bounding the generating series
on some half line.

We start by looking at the counting for cyclic extensions of degree ¢ with conduc-
tor of degree d which ramify (or not ramify) at a given place vg. In this case, the gen-
erating series Fr(s) and Fy(s), respectively, converge absolutely for Re(s) > 5
ﬁ7 which gives the main term. Each generating
series has analytic continuation to Re(s) =
term is then bounded by

with a pole of order £ — 1 at s =

ﬁ + ¢ for any € > 0, and the error

1, (q(%Jre)dM) ’

where M is the maximum value taken by Fr(s) (or Fy(s)) on the line Re(s) =
ﬁ +e¢. It is important to note that the generating series are absolutely bounded
on this line, i.e., the bound does not depend on vy, but might depend on ¢ and ¢,
and the results of Theorems [2.1] and [B.1] follow. There is a difference between the
case £ = 2 and ¢ > 3, as the generating series is written as the sum of two functions,
one with a pole of order £ — 1, and one with poles of order 1. If £ > 3, the main
term comes from the pole of order £ — 1 only. If £ = 2, the two poles are simple and
there is some cancellation between contributions of the residues at the two poles.

It remains to deal with the error terms for the two unramified cases, namely
counting extensions split at vg and inert at vg. In this case the argument works the
same way for all £ > 2. Let & be a primitive ¢-th root of unity, and let

Xa(vo) = (22) .

v

be the /-th power residue symbol, which is a Dirichlet character of order ¢ and
modulus vy over Fy(X). The generating series for E(Z/lZ, £, vy, split) is

| el et
(5.1) Fs(s) = *]"U —|—72 (Zﬁ_rkdegv°> M, (s, v0, split),

=0 k=1
where M 1.(s, vo, split) is given by

H (1 n ( ddesvy (vo)F + +£/ 1)jdegv, 75(00)(6—1%) Nv—(e_ns).
v#vo
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As before, the count is then obtained by applying the Tauberian theorem to the
generating series Fg(s). This series converges absolutely for Re(s) > ;25 with a
77, which gives the main term. The function Fg(s)
has analytic continuation to Re(s) = ﬁ + ¢ for any € > 0. The error term is

bounded by

pole of order £ — 1 at s =

@ (q%+5M),

where M is the maximal value of Fg(s) for Re(s) = ﬁ + e. As we mentioned

above, Fy(s) is absolutely bounded on this line, thus we have to bound Fg(s) —
$Fu(s) on the aforementioned line. We can rewrite M (s, vo, split) as

-1 _
G(s) TT TT (1= &7 % “xuelvo) N ()= 1%) g

r=1v#£vg

where the function G(s) converges absolutely for Re(s) > ﬁ + ¢, and it is
uniformly bounded in that region. Hence our task is reduced to bounding the

L-functions

jdegv g\ !
XU.Z(’UO)
o T (o €t
: (—1)s ’
i N(v)
on the line Re(s) = ﬁ +¢e. The L;i(s) (0 < j,k < £—1) are Dirichlet L-
functions associated to some character y of modulus vg and order ¢ and we need to

evaluate them at s = 1/2 4 € + it. Indeed, if £ be any root of unity and we write
€ = ¢ ", then we have

I (1 M5 Y ™ T (1 o)™ o

In the following theorem we prove that the Lindel6f Hypothesis is true for the
L-functions L(s, x) associated with non-trivial Dirichlet characters of Fy[X]. There
are two main ingredients in our proof, the Riemann Hypothesis and [CV10, Theo-
rem 8.1], an Erdés—Turdn-type inequality, proved by Carneiro and Vaaler, bound-
ing the size of polynomials inside the unit circle. This approach was suggested
to us by Soundararajan who used the same approach in a paper in collaboration
with Chandee [CSII] to get similar bounds for ((1 + it). We are very thank-
ful for his suggestion and his help. There are other bounds in the literature for
log |L(1/2 + it, Xv, )|, for example the bound proved by Altung and Tsimerman in
[ATT4] p.45)

29 1/2 1/2

log |L(1/2, X, )| < og, (9 +4q 797,
where ¢ is prime. Then, the bound below improves the constant from 1 to the
optimal constant 1°§2 (we recall that d = 2g + 2 for hyperelliptic curves). Very
recently, similar bounds with the constant 10%2 were obtained by Florea [Flol6,
Corollary 8.2] using a different proof based in similar ideas, inspired by the work of
Carneiro and Chandee [CC11]. Her proof also allows her to get better bounds for
log | L(a + it, Xy, )| for a > 1/2 (the L-function gets smaller as one moves away the

critical line).




22 A. BUCUR, E. COSTA, C. DAVID, J. GUERREIRO, AND D. LOWRY-DUDA

Theorem 5.1. Let vy be a finite place of Fy(X) and denote by x., be the {-th power
residue symbol, which is a Dirichlet character of modulus vy. Let d be the degree of
the conductor of the character, and let L(s, xuv,) be the L-function attached to X,
For any s = o + it with o > 1/2, we have as d — oo,

log 2 d
. < .
(5.2) log | L(s, Xv, )| ( ) +0(1)> ]oqu

Hence, for any € > 0, we have
(5.3) L(s,xvy) e (a%)"

Proof. Let v9(X) be the polynomial of Fy[X] corresponding to the place vy, and
consider the curve

Co 1 Y = 1o(X).
Let g be the genus of the curve. Then, d — 2 = 2¢g/(¢ — 1), and the zeta function of
the curve C,, writes as

g (u)znjl(l—uew): o L(u,xk)
o Q-1 —qu) (T—u)(l—qu)’
h
whnere 29/(@_1)
Liuxs) = ] (1—vaeu),
j=1

renaming the roots of Z¢, (u). Without loss of generality, take k = 1 and rewrite

d—2
L(w, Xv,) H — /e’ u).

Evaluating at u = ¢~° for s = 0 + it Wlth o >1/2, we have
d—2

(5.4) L(s,xw) = [ (1 _ ei(@j—tlogq)ql/Z—a) .
j=1
We consider the polynomial
d—2
F(z) = H (z _ ei(@j—tlogq)q1/2—0> 7
j=1

and we notice that all a; = ¢1/277¢#(%=t1°84) are such that |a;| < 1 since o > 1/2.
We now use [CV10, Theorem 8.1] which says that for

M

Fy(z) = H (z — am)

m=1

where |a;,,| < 1 for 1 <m < M, we have for any positive integer N that

M
(5.5) sup log |Fps(2)] <log2—— Z oy,
m=1

|z|<1 N—|—1 Z

We then have to evaluate the sums of powers

d—2 d—2
E off <<§ e,
=1 j=1
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Taking the logarithm derivative on both sides of ((5.4) (similarly to the proofs of
Lemma and , we derive the following identity for n > 1

d—2
Soemh =g 7E Y degu (xu, (0) T
j=1

degv|n

where the sum is over all places v of Fy(X) (including the place at infinity). There-

fore, using(|2.2)),

0|3

-2
Dol =g E (14 ¢") <1+4gq
Replacing the bound above in (5.5) with M =2¢/(¢ — 1) = d — 2, we get

d—2 1+q%
log |[F(z)| < log24—=% 4
sup og|F(2)] < log25—7 Z -

w2

q
N
The theorem follows by taking N = [(2 — f(d))log, d], where f(d) is any positive

function f(d) such that f(d) = o(1) and e~/(D1°8:4 — (1), for example f(d) =
log, log, d

d—2
<log2—— +1log2N + 2
7ogN l—l—og +

. Without loss of generality assume N > 0, and we have

log, d
log | F(2)| < log?2 d +<d)
sup log |F'(2)| <log2 ———F++—————+0| ——
|21<1 (2= f(d))log,d log, d
log 2 d
< 1
_( 2 +of )> log, d’
which shows , and ( . ) follows. O
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