Bull. London Math. Soc. 46 (2014) 779-792  © 2014 London Mathematical Society
doi:10.1112/blms/bdu033

Abelian surfaces over finite fields with prescribed groups

Chantal David, Derek Garton, Zachary Scherr, Arul Shankar,
Ethan Smith and Lola Thompson

ABSTRACT

Let A be an abelian surface over g, the field of g elements. The rational points on A/F, form
an abelian group A(Fq) ~ Z/niZ X Z/nin2Z X Z/ninansZ X Z/ninsnsnaZ. We are interested
in knowing which groups of this shape actually arise as the group of points on some abelian
surface over some finite field. For a fixed prime power ¢, a characterization of the abelian groups
that occur was recently found by Rybakov. One can use this characterization to obtain a set of
congruences on certain combinations of coefficients of the corresponding Weil polynomials. We
use Rybakov’s criterion to show that groups Z/ni1Z X Z/nin2Z x Z/ninansZ x Z/ninansnaZ
do not occur if nq is very large with respect to n2,ns,na (Theorem 1.1), and occur with density
zero in a wider range of the variables (Theorem 1.2).

1. Introduction

Let E be an elliptic curve over the finite field F,. It is well known that the points on E over
F, form a finite abelian group E(F,) having at most two invariant factors, that is,

E(Fp) ~ Z/’I’le X Z/anlQZ, (11)

for some positive integers ni,ns. It is natural to ask which groups arise in this manner as
p runs through all primes and as E runs through all curves over F,. Let S(Ni, Na) be the
set of pairs of integers n; < Ni,ng < Ny such that there exist a prime p and a curve E/F,
for which (1.1) holds. The problem of estimating the size of S(Ny, N2) was first considered by
Banks, Pappalardi, and Shparlinski [1], who gave precise conjectures and numerical evidence for
this problem. In particular, they conjectured that the ‘very split’ groups (when n4 is very large
compared to ng) occur with density zero. This was proven by Chandee, David, Koukoulopoulos,
and Smith [2], who showed that

#S(N1, N2) = o(N1N>),

when Ny > exp (N21 / 2Jre), or equivalently, when Ny < (log N7)?~¢. Positive density results were
also conjectured in [1] and proved in part in [2].

In this paper, we examine analogous questions for abelian surfaces over finite fields. Here
and throughout, ¢ will denote the prime power p”, and A will denote an abelian surface over
the finite field F,. The points on A over F, possess the structure of a finite abelian group A(F,)
having at most four invariant factors, that is,

A(Fq) ~ Z/an X Z/nlngZ X Z/n1n2n3Z X Z/n1n2n3n4Z, (12)

for some positive integers ni, ns, n3, ny. For the sake of convenience, we will use the notation
G(n1,n2,n3,nq) to refer to the group on the right-hand side of (1.2). We then want to study
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which of the groups G(n1,n2,ns,n4) actually occur when we vary over all finite fields F, and
over all abelian surfaces A/F,.

For fixed ¢, a characterization of the groups occurring as the group of points on a general
abelian variety was recently found by Rybakov [10, 11]. Rybakov’s elegant criterion relates the
Newton polygon of the characteristic polynomial of the variety to the Hodge polygon of the
group. The work of Rybakov may be viewed as generalizing Riick’s characterization for elliptic
curves [8] to abelian varieties of any dimension. We give a detailed description of these results
in Section 2.

As with the case of elliptic curves, we expect that the ‘very split’ groups G(n1,na,ns,n4)
(namely, when ny,ny are large with respect to ns,n4) are less likely to occur. Rybakov’s
criterion, for example, shows that whenever there is an abelian variety with /N points over [F,
the cyclic group of order NV will always occur. This is compatible with the general philosophy
of the Cohen—Lenstra heuristics, which predict that random abelian groups naturally occur
with probability inversely proportional to the size of their automorphism groups. Note that
the very split groups have many more automorphisms than the cyclic group of the same size.
We refer the reader to [3] or [6, Theorem 1.2.10] for an exact count.

We now state our main results. We recall that an abelian variety defined over a field K is
simple if it is not K-isogenous to a product of abelian varieties of lower dimension. Our first
result is that some groups never occur for simple abelian surfaces over IFy. In particular, when
nq is too large with respect to na, ns, ng, the group G(ni,ne, ng, ny) does not arise as the group
of points on any simple abelian variety over any finite field.

THEOREM 1.1. Suppose that ny,ns,ns,ny are positive integers. If

ny = 60né/4n§/2n2/4 +1,

then for every q, there is no simple abelian surface A/F, with A(F,) ~ G(n1,n2,n3,n4).

This is very different from the case of elliptic curves where one cannot rule out the possibility
of occurrence for the group Z/n1Z x 7 /ninoZ merely based on the relative sizes of ny and nas.
For instance, while the group Z/niZ x Z/n1Z is very unlikely to occur as the group of points
for some elliptic curve [2], and while examples of such groups are known not to occur at all [1],
it is quite likely that there are infinitely many examples of such groups that arise in this way.
In particular, this would follow from the standard conjecture that there are infinitely many
primes of the form n? + 1.

We also show that fewer groups occur in a probabilistic sense. Our next result essentially
says that if ny or mg is very large compared to n3 and n4, then G(ni,no,ng,ny) occurs
with probability zero. Given Nj, Ny, N3, Ny > 1, we define S(Ny, No, N3, Ny) to be the set
of quadruples (n1,n9,n3,n4) for which N; <n; <2N; for 1 < j < 4 and there exist a prime
power ¢ and a simple abelian surface A/F, with A(F,) ~ G(n1,n2,ns,n4). Throughout, we
write f =o(g) as . — oo if f/g — 0 as x — oc.

THEOREM 1.2. If
vt
Ny2NG ’
as No Ny — o0, then
#S(Ny, No, N3, Ny) = o( N1 NoN3Ny),

as NoNy — 0.
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REMARK 1.3. Just as this work was accepted for publication, Pierre Le Boudec shared
with us a proof that G(ny,ns,n3,ny) does not occur at all for nln;/4 n§/2n}1/4 large
enough. In particular, this means that the conclusion of Theorem 1.1 can be strengthened
to #S5(N1, N2, N3, Ny) = 0. Unfortunately, it is not quite as easy as with the elliptic curve case
to say what one ought to expect for the distribution of groups in this setting. This is due to the
fact that the criteria for existence (see Theorems 2.3 and 2.4) are more complicated in higher
dimensions. In fact, neither our proofs nor the proof that Le Boudec shared with us seem to
use the full strength of Rybakov’s criteria.

2. Welil polynomials and groups of abelian surfaces

A classification of simple abelian varieties over F, (up to Fy-isogeny) is given by Tate-Honda
theory, which gives a one-to-one correspondence between isogeny classes of simple abelian
varieties over I, and conjugacy classes of Weil numbers (algebraic integers whose conjugates
have absolute value ¢'/ 2). This classification can be stated using the characteristic polynomial
of the Frobenius endomorphism 74 of A/F,. This polynomial, which we denote by fa(T),
determines A up to isogeny, and it has Weil numbers as its roots. For an abelian surface A/F,,
we write

fa(T) = T* + a T3 + asT? + a1qT + ¢°.

The number of F,-rational points on A is equal to f4(1) and hence is an invariant of the isogeny
class. The fact that the roots of f4(T) are Weil numbers implies that

(Va - D* < #AF,) < (Vg+1)" (2.1)

If A is a simple abelian surface, then fa(T) = ha(T)¢ where ha(T) is an irreducible
polynomial in Z[T] whose roots are Weil numbers. Furthermore, the endomorphism algebra
Endr,(4) ® Q is a field if and only if e = 1. Computing the local invariants of the algebra
Endr, (A4) ® Q allows one to obtain a correspondence between the set of simple abelian surfaces
over [F, such that Endr (A) ® Q is a field and the set of irreducible polynomials f(7") of
degree 4 whose roots are Weil numbers and whose monic irreducible divisors f;(T) over
Q, have integer values of 1v,(f;(0))/vp(g). Here and throughout, we use the notation v, to
denote the usual p-adic valuation. Riick [9] gave the following explicit characterization of these
polynomials.

THEOREM 2.1 (Riick). The set of f4(T) for all abelian varieties A over F, of dimension 2
whose algebra Endr, (A) ® Q is a field is equal to the set of polynomials f(T') = T+ a T3 +
asT? + a1¢qT + ¢*> where the integers a; and as satisfy the conditions

(a) lai| < 4¢'/2, 2|a1|q*? — 2q < ay < a? /4 + 2¢;
(b) a? — 4ay + 8¢ is not a square in Z; and
(c) either
(i) vp(a1) = 0,vp(az) = r/2 and (as + 29)* — 4qa? is not a square in Zy;
(i) vp(az) =0; or
(ili) vp(ar) = r/2, vy(az) = r, and f(T) has no root in Z,.

The polynomials fa(T") corresponding to simple abelian surfaces A over F, whose algebra
Endr,(A) ® Q is not a field are much rarer. They can be described explicitly as well, see
[13, Theorem 4.1] and [14, Lemma 1].
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THEOREM 2.2 (Waterhouse and Xing). The characteristic polynomial f4(T) of any simple
abelian variety A of dimension 2 over F, whose algebra Endr, (A) ® Q is not field must be of
the form

(a) fa(T) = (T? — q)? and r is odd;
(b) fa(T) = (T? +q)?, r is even, and p = 1 (mod 4); or
(¢) fa(T) = (T? £ q'/*T + ¢)?, r is even, and p = 1 (mod 3).

The group structures for these ‘exceptional’ polynomials f4(T") were studied by Xing [14, 15].
In the respective cases (corresponding to Theorem 2.2), Xing showed that the group structures
which arise are precisely

(a) (Z/(q = 1)Z)%, (2/22)* x (Z/((q — 1)/2)Z)?, or Z/2Z x /(¢ — 1)/2)Z x Z/ (¢ — 1)Z;
(b) (Z/(a+1)Z)% or
(¢) (Z/(a+4"* +1)2)%.

We refer the reader to [14] for a precise description of when each group corresponding to
the first case arises. Thus, the abelian surfaces A whose algebra Endr, (A) ® Q is not a field
give rise to very few groups G(ny,ng, ng, ny). More importantly, ny, ne < 2 for all such groups,
and hence they do not satisfy the conditions of Theorem 1.1 or Theorem 1.2. Therefore, we
exclude this case from consideration for the remainder of the paper.

For the typical case of abelian surfaces whose algebra is a field, there is a very elegant
criterion due to Rybakov [10, 11] that characterizes those isogeny classes which contain a
variety A with A(F,) ~ G(n1,n2,ns,n4). The result of Rybakov applies to abelian varieties of
any dimension g > 1. We state it below in full generality and then for the particular case of
abelian surfaces. We first need some definitions.

Let ¢ be a prime, and let Q(T") = Y, Q;T" be a polynomial of degree d with Q(0) = Qo # 0.
The Newton polygon Np,(Q) is the boundary (without vertical lines) of the lower convex hull
of the points (4,¢(Q;)) for 0 < i < d in R%. Now let 0 < m; < mg < ... < m, be nonnegative
integers, and let H = @;_, Z/{™Z. The Hodge polygon Hp,(H,r) is the convex polygon with
vertices (i,;_; m;) for 0 <i < r. Given an abelian group G, we let G denote the {-primary
component of G. The following is the main result of [10].

THEOREM 2.3 (Rybakov). Let A be an abelian variety of dimension g over a finite field
whose algebra Endr, (A) ® Q is a field. Let fo(T') denote its characteristic polynomial, and let
G be an abelian group of order f4(1) that can be generated by 2g or fewer elements. Then G
is the group of points on some variety in the isogeny class of A if and only if Np,(fa(1 —T))
lies on or above Hp,(Gy,2g) for every prime number /.

The preceding theorem is the original formulation of [10], but it is easy to restate the theorem
without any reference to the Newton polygon or the Hodge polygon. Namely, we can state the
theorem in terms of the divisibility of the derivatives of f4(T") at T = 1. We present this version
below.

THEOREM 2.4 (Rybakov). Let A be an abelian variety of dimension g over a finite field
whose algebra Endr,(A) ® Q is a field. Let fa(T') denote its characteristic polynomial, and let

G:Z/lex...XZ/Nng WheT€N1|N2‘...‘N29,
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and such that #G = Ny ... Nyg = fa(1). Then G is the group of points on some variety in the
isogeny class of A if and only if

U0

H N, divides Ak;' fork=0,...,2g — 1.

Jj=1

Proof. We first write the Taylor expansion

29 (k)
pa-m=3"1 f“kf” (=7)"
=0

k
For each prime ¢, the condition that Np,(fa(1 — 7)) lies on or above Hp,(Gy, 2¢9) means that

)
vy HNj <y Ak;' for k=0,...,29g — 1.
=1 '

By putting all of the primes together, we see that

29—k (k)
1
H N; divides fAk|( ) for k=0,...,2g — 1.
j=1 ’ O

Recall that we always use the notation
G(n1,na,ng,ng) ~ Z/mZ X Z/nin2Z x Z/ninansZ x Z/ninansnsZ,

for positive integers ni,ns,ns3,ng4 to describe the group of points on an abelian variety. In

particular, #G(n1, ne, n3, ny) = n‘llngngml. Thus, for the case of abelian surfaces, we can rewrite

the conditions of Theorem 2.4 as follows.

COROLLARY 2.5. Let A/F, be an abelian surface, and suppose that Endg, (A) ® Q is a field.
Let fa(T) =T*+ a;T? + a3T? + a1qT + ¢* denote its Weil polynomial. Then the isogeny class
of A contains a variety with group of points isomorphic to G(ni,ns2,ng,ny) if and only if

nindning = fa(l) = ¢ +a1q+az +a; +1 (2.2)

and
44 3a; 4 2a3 +qa; =0 (mod nining), (2.3)

6+3a; +ax =0 (mod niny),
44+a; =0 (mod nq).

We remark that Corollary 2.5 implies that if f4(1) = N, then the cyclic group of order N
occurs as a group of points on some abelian surface in the isogeny class of A since in that case
we have n; = ng = ng = 1, so the congruences (2.3)—(2.5) are trivially satisfied.

3. Key proposition

In this section, we prove the following key proposition. As is somewhat common, for any real
number z, we write ||z|| for the distance between x and its nearest integer neighbor. To ease
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notation, we define

if 2n3./nangy € Z, (31)

5 =4 =t
=6(n1,n2,n3,N4) = .
B |2n3y/n2na|| otherwise,

for any positive integers ni, ns, n3, ng.

PROPOSITION 3.1. Suppose that A/F, is an abelian surface and that Endr, (A) ® Q is a
field. Suppose further that A(Fy) ~ G(ni,n2,n3,n4). Then

10n4/%n}/* 1
(5n§/4 ng/4né/2ni/4 '

ny <

Theorems 1.1 and 1.2 will follow from Proposition 3.1. Theorem 1.1 follows by specifying
lower bounds for |[/m| that are valid for every integer m. For the details, see Section 4.
Theorem 1.2 follows from the fact that the triple sequence 2n3,/nany is uniformly distributed
modulo 1; we will prove this in Section 5.

First, we use the congruences of Corollary 2.5 to derive a simpler congruence on a;.

LEMMA 3.2. Suppose that q, a1, as, ni, na, nz, and ny satisty (2.2)—(2.5). Then
a1 = —2(g+1) (mod niny).

Proof. Reducing (2.2) and (2.3) modulo n3n3 yields
@ +ag+as+a;+1=0 (mod nin3), (3.2)
44 3a; +2as +qa; =0 (mod nin32).
Reducing the above congruences modulo n3ny and taking their difference gives
2a1 +as+3—¢*=0 (mod niny).
Subtracting this from (2.4), we obtain

a1 +3+¢>=0 (mod niny). (3.4)
The remainder of the proof is devoted to showing that n3ny | (¢ — 1)2, which together with (3.4)
implies the desired congruence a; = —2(q + 1) (mod niny).
Taking twice (3.2) and subtracting off (3.3) yields

2¢*> +a1q—a; —2=0 (mod nin3). (3.5)

From (3.4), we know that there is an integer k such that a; = —3 — ¢ + kn?na. After some
slight rearrangement, plugging this expression for a; into (3.5) gives

kn?ng(q—1) — (¢—1)> =0 (mod n3in3). (3.6)

Working prime by prime, we will show that (3.6) implies that n3ns | (¢ — 1)2. To this end,
let ¢ be an arbitrary prime, and suppose that vy(n3ns) =r. Then we want to show that
ve((g—1)?) = r. Assume for the sake of contradiction that wy((q—1)?)<r. Since
ve(kn3ng) > r, it follows that vy(kn3na — (¢ — 1)?) = v((q — 1)?), and hence

3r
ve(knina(q—1) — (¢ — 1)) = vg(q — 1) + ve(kning — (¢ — 1)?) = 3ve(q — 1) < CR
On the other hand, since n$n3 divides kningy(q — 1) — (¢ — 1)3, it follows that

3% = %(21/5(711) + ve(n2)).

However, this implies that v;(ng) < 0, which is impossible since nq is an integer. ]

3vg(n1) + 2v(n2) < ve(kning(q—1) — (¢ —1)%) <



ABELIAN SURFACES OVER FINITE FIELDS 785

LEMMA 3.3.  Suppose that A/F, is an abelian surface, Endy, (A) ® Q is a field, and A(F,) ~
G(n1,no,ng,nq). If fa(T) =T* + ay T + axT? + qay T + q? is the characteristic polynomial of
A/F,, then there exists an integer k such that

a; = kn?ny —2(q+1)

and

2n3m<£+1>2<k<2n3m(£i>2. (3.7)

Proof. By Theorem 2.1(a), we know that —4,/q < a1 < 4,/q. By Lemma 3.2, there exists
an integer k such that a; = n3nak — 2(q + 1). Substituting this into the bounds for a; and
adding 2(q + 1) to each side of the inequalities yields

2¢ — 4\/q +2 < ningk < 2q +4,/q + 2.
Factoring and dividing through by n3ny allows us to obtain

2 —1)2 2 +1)2

WI-1F A
ning ning

Since #A(F,) = nin3nin4, the Weil bound (2.1) implies that

(a1 < n?nsy < (a+1?

ng/mang ¢ 2 Ng\/Malia

Together these bounds imply (3.7). ]

For g large enough, the interval from Lemma 3.3 will contain at most one integer k. The
following lemma makes this statement precise. Recall the definition of § given by (3.1).

LEMMA 3.4. If\/q > 10n3,/nang/d, then the interval (3.7) contains no integral values of k
unless 2ns./nany is an integer, in which case k = 2ns./nany.

Proof. To further ease notation, let m = 2n3,/nang. Note that the interval (m — 6, m + §)
does not contain an integer unless m = 2n3,/nony is itself an integer, in which case it is the
only such integer. Since

VEETY A (VYL 4
(551) =1+ (%)

vai-1 Va—1)? Va+1 (vVa+1)?
it follows that the interval (3.7) is contained in the interval (m — 4, m + §) if and only if
4
m% <.
(Va—-1)

Factoring the latter inequality and dividing by 0 yields

2m + 6 — 2v/m?2 +mo 2m + 6 + 2v/m?2 + mod
0< | Vg — 3 N 5 .

(3.8)

Now, since

2m + 6 — 2v/m2 +mod o
1) =
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it follows that (3.8) holds if and only if

Vi 2m + 0 + 2vV/m?2 +mo
qz 5 .

However,
2m + 9§+ 2vVm? + mo o 2m+1+2y/m? +m+1/4  4m +2 - 5m
) - J I
and so (3.8) holds if /g > 5m/§ = 10n3/nany/é. O

Proof of Proposition 3.1. First, suppose that k = 2n3,/nany is an integer and

ar = kniny —2(q+1) = Qn?ngmngnim -

2(q +1).
Then substitution into (2.2) gives

3/2  1/2

as =ninining —1 — (Qn%nQ nsmny 2(q + 1)) (q+1)—q¢*

Under these assumptions, we then find that
a? — day + 8q = 0.

According to Theorem 2.1(b), this contradicts the assumption that Endp, ® Q is field.
Therefore, by Lemmas 3.3 and 3.4, regardless of whether 2n3,/nony is an integer, we see
that if A(F,) ~ G(n1,n2,n3,n4) and Endp, ® Q is a field, then /g < 10n3./n2ny/0. Using this
together with the Weil bound (2.1), we have that

ningyn3 Myt < g+ 1< 100 /ngna /s + 1.
Whence,

104 %n}/* 1

(5n§/4 ng/4né/2ni/4 ' U

ni

4. Proof of Theorem 1.1

The proof of Theorem 1.1 can be deduced from the following simple observation, which gives
a lower bound for ||2n3/nangl||. As usual, for any real number z, we write [z] for the largest
integer less than or equal to x, and {z} = = — [z] for the fractional part of x.

LEMMA 4.1. Let m be an integer that is not a perfect square. Then

1
[vm| > 3/m

Proof.  Since v/m = [v/m] + {/m}, upon squaring both sides, we find that

m = [vm]? + 2{vm}[v/m] + {vm}?
= [Vm]* + (Vm + [Vm]){vm}
< [Vml* +2v/m{vm}.
Therefore, since 1 < m — [/m]?, we have {\/m} > 1/2\/m.
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Similarly, since we can write v/m = [y/m] +1 — (1 — {\/m}), we have that
m = ([vVm] +1)* = 2(1 — {Vm})([vV'm] + 1) + (1 — {/m})*
= (Vm] +1)* = (Vm + [vVm] + 1)(1 - {V/m})
> ([Vm] +1)? = (2vm + 1)(1 — {/m}).
Therefore, since 1 < ([\/m] + 1)? — m, we obtain 1 — {/m} > 1/(2y/m + 1) > 1/3/m. O

Proof of Theorem 1.1. In light of Theorem 2.2, we need to consider only abelian surfaces A
with Endp, (A) ® Q a field. In this case, Proposition 3.1 applies, and if there is a prime power
g and an abelian surface A/F, with group G(ni,ns, n3,n4), then

1On§/2n}1/4 1 1On§/2n}1/4
571;/4 n§/4n§/2n}1/4 h 571;/4

ny < +1,
where § is as defined by (3.1). By Lemma 4.1,

ny < 60n5/4n§/2ni/4 +1,

since § > (6n3/nang) L. O

5. Proof of Theorem 1.2

In this section, we use the standard notation f < g to mean that there exists a positive constant
¢ such that |f| < cg. We also use the notation n < N (in a somewhat nonstandard way) as a
shorthand for N <n < 2N.

To prove Theorem 1.2, we use the fact that for most triples of integers (ns,ns,n4) with
nj < N; (2 <j <4), the distance between 2n3,/nany and the nearest integer is larger than
any function tending to zero as NyN4 — co. This follows from the uniform distribution of
2n3./n2ny4 modulo one; see Theorem 5.6. For the sake of completeness, we review much of the
relevant material here.

Let

T (N2, N3, Ny) = {(n2,n3,n4) : ng < No,n3 < N3,ng < Nu},

and let {f(na,ns,ng) : no,n3,ng = 1} be any triply indexed sequence of real numbers. For
0<a<f<l, let

Z¢(Na, N3, Ngs o, ) = #{(n2,n3,n4) € T (N2, N3, Ny) : o« < {f(n2,n3,n4)} < 5},

where, as in the previous section, {f(ns2,n3,n4)} denotes the fractional part of f(ng,ns,ng).
We say that the sequence f(ng,ns,n4) is uniformly distributed modulo one if

hm Zf(NZaN3aN4;aaﬂ)
N2,N3,Nj—00 NoN3Ny

=p—-a.
By Weyl’s criterion, this is equivalent to showing that

Ek(NQ,N3,N4) = Z e(kjf(ng,ng,n4)) = Q(N2N3N4)7

for every integer k # 0. As usual, we have written e(x) = ¢?™. We can put this equivalence
in quantitative form using the Selberg polynomials. This is explained in [7, Chapter 1] for a
sequence of one variable. The proof for a sequence of three variables f(ng,ns, ny) follows along
the same lines. The next theorem is then the analog of [7, Chapter 1, Theorem 1] for triple
sequences.
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THEOREM 5.1. Let f(na,n3,ng) be a sequence of real numbers, and let 0 < a < 5 < 1.
Then

|Z (N2, N3, Ny o, 3) — (B — a)#7T (N2, N3, Ny)|

K
< #T (N2, N3, Ny) +22<

1 . 1
= K+1 ——— + min (ﬁ—a, 7rk:>) | B (N2, N3, Ny)|, (5.1)

Pt K+1

for any positive integers No, N3, Ny, and K.

Proof. For each positive integer K, let
Sgn)= Y Sk(k)e(kn)
—K<k<K

be the Selberg polynomial upper bounding the characteristic function of [a, 8] as defined in [7,
p. 6]. Then

Zf(N27N3aN4;O[76)< Z S]J’(_'(f(n27n37n4))

anNQ
n3 <Nz
77,4XN4
= > Sk D elkf(na,ns,na)),
—K<k<K na=<No
n3=<Ns
’I’L4XN4
Now, since
1
SE0)=p— I
x(0)=p—a+ X1
and

Eo(Na, N3, Ny) = #T (N2, N3, Ny),
we have that
Z (N2, N3, Ny; a, ) — (B — a)#T (N2, N3, Ny)

< #T(N27N37N4) + Z

<R S5 (k) Ex(N2, N3, Ny).

—K<k<K
k0

It follows from properties of Selberg polynomials that
N 1 1
S+ k g T 1 i TN E
$£0] < g+ min (8- )
for 0 < |k| < K (see [7, p. 8], for example). Combining the inequalities from above, we have

Z(N2, N3, Ng; a0, B) — (B — a) #7 (N2, N3, Ny)

< #T(N27N3aN4

) 1 , 1
< i 3 (e — o, —— ) ) |EL(Na, N, NY).
K+1 + K1 min(s ey | E(Na, N3, Na
1<E<K

Using the Selberg polynomials Sy (n) as defined in [7, p. 6], the other inequality follows, as
does the theorem. |

For the remainder of the paper, we will specialize to the sequence f(ng,ns,n4) = 2nz./nana.
We now bound the sum appearing in Theorem 5.1 to show that the sequence 2n3./nany is
uniformly distributed modulo 1. In order to obtain our result without any conditions on the
relative sizes of the parameters No, N3, Ny, we bound the sum appearing in (5.1) in two different
ways (Lemmas 5.3 and 5.5). First, we use the following result from [5, p. 77].
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LEMMA 5.2. Let g(t) be a real, continuously differentiable function on the interval [a,b],
with |¢'(t)] = A > 0, and let N > 0. Then

5 min (¥, 1/lg0) [} < (9(6) ~ o(a)| + 1) (N + S 1ogo—a+2)).

a<n<b

LEMMA 5.3. Foreverye >0 and K > 1,

1
Z E|Ek(N2,N37N4)| < (N2Ny) /N3 K + (NaNy)' e log 2K
k<K

Proof. Let
b= > > L
no<No ng<Nynans=n
and note that b,, < n/2. Recall the well-known bound
> e(an) < min{N, 1]|o/}.
n=N
See [4, p. 199], for example. Applying Lemma 5.2, we have

2 %‘E’“(N%N&N‘*” =2 % > bn Y e(2kn'/’ny)

kgK k‘gK NQN4<7L<4N2N4 713XN3
1 1
e/2 - :
«OaNOT Y f D ml“{N?” ||2;m1/2||}
kéK N2N4<’I’L<4N2N4
< (NaN)T2 Y " (NyNa)'/2(N3 + k=" (N2Na)'/? log(2N2 Ny )
k<K
< (NaNy)?((NaNy)Y2 N3 K + (NoNy) log 2K). 0

We now bound the same sum using the following consequence of the van der Corput method
found in [12, p. 94].

LEMMA 5.4. Let g(t) be a twice continuously differentiable function on the interval [a, D]
such that |¢g"”(t)] < A > 0. Then

Z e(gn)) < (b—a-+ 1))\1/2 a2

a<n<b

LemMMA 5.5. For every K > 1,

1 , ,
Z %|Ek(N27N3,N4)| < K1/2N§’/2(N2N4)3/4 i NQ/Q(NQM)"/“.
k<K

Proof. We first apply Lemma 5.4 with g¢(t) = 2kns/nat, noting that |¢”(t)] =
knsy/nz/(2t3/2). This yields

1 1
D pIB (N2, No, N << D7 2 D (N (ki) V2 Ny (ks /) 71 12)

k<K k<K maxNa,
’I’L3XN3

< NYAKYENZPNDA 4 NYANGPNE
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Then, applying Lemma 5.4 again with g(t) = 2kns/n4t, we see that the same bound holds
with the roles of Ny and N4 reversed. Therefore, we have

1
3 £ 1Bk (N2, N3, Na| < KY2N32 min{ NJ/* N4 NYANSYY 4 N2 (N N3/
k<K

< KNG (N NG P/ Ny (No N34 O

Combining Lemmas 5.3 and 5.5, we now show that the triple sequence 2n3,/n2n4 is uniformly
distributed modulo 1.

THEOREM 5.6. Let No, N3, Ny > 1, and 0 < aw < # < 1. Then

Zs(Na, N3, Ny;
lim f( 2,4V3, 4,0é,ﬁ) — ﬁ_ a.
N2 Ny—o00 NoN3Ny

REMARK 5.7. Note that we do not require that each of No, N3, and N4 tends to infinity in
the above limit. Rather, we require only that the product No Ny — oo.

Proof. Fix0<e< %. Applying Lemmas 5.3 and 5.5 with K = (NoN4)'/4, we see that
1 .
Z %|Ek(N2;N37N4)| < (NaNy)3/4+e N, + mln{(N2N4)1+5,N33/2(N2N4)7/8}
k<K
< (NoNy)3/4He Ny 4 (No Ny ) 18/16+e N3/4,

Since (with this same choice of K) we have Ny N3N, /K = (NaN4)?/4 N3, using the above bound
in Theorem 5.1 yields the theorem. ]

Proof of Theorem 1.2. Let F(Na, Ny) be any function tending to infinity with Ny/Ny and
satisfying the bound

NN/
18N 2N,/
Without loss of generality, we may assume that NoNy is large enough that F(Na, Ny) > 1.

Hence, we may write

#S(N17N27N37N4) = #Sl(N17N27N37N4) +#SQ(N17N23N3)N4)3

F(Ng, Ny) < (5.2)

where

S1(N1, N2, N3, Ny) := {(n1,n2,n3,n4) € S(N1, N2, N3, Ny) : [|2n3y/nong|| < 1/F (N2, Ny)},
So(N1, N2, N3, Ny) := {(n1,n2,n3,n4) € S(N1, No, N3, Ny) : ||2n3y/ngny| > 1/F(Na, Ng)}.
It follows from Theorem 5.6 that #Sl(Nl, NQ, N37N4) = Q(N1N2N3N4) as N2N4 — 00. On the

other hand, if (n1,no,ng,ny) € Sa(N1, No, N3, Ny), then by Proposition 3.1

100y *ny/* 1

< +
[|12n3+/nany] |n§/4 ng/4n§/2ni/4
_ 10(2N3)Y/2(2Ny) /4 N 1
(1/F(No, Na))N '™ NN 2N
N1/2N41/4

< 18F(Ny, Nj)—2—4 .
NI/A

2

Ny <my
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However, this contradicts our choice of F(N3, N4) that satisfies (5.2). Therefore, we con-
clude that S3(Ni, Na, N3, Ny) is empty, and hence #S(Ny, Na, N3, Ny) = o(N1NaN3Ny) as
N2N4 — OQ. ]
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