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We study the variation of the trace of the Frobenius endomorphism associated to a cyclic
trigonal curve of genus g over I, as the curve varies in an irreducible component of the
moduli space. We show that for g fixed and g increasing, the limiting distribution of
the trace of Frobenius equals the sum of g + 1 independent random variables taking the
value 0 with probability 2/(q + 2) and 1,e?"/3,&*!/3 each with probability q/(3(g + 2)).
This extends the work of Kurlberg and Rudnick who considered the same limit for
hyperelliptic curves. We also show that when both g and g go to infinity, the normalized
trace has a standard complex Gaussian distribution and how to generalize these results

to p-fold covers of the projective line.

1 Introduction

Let 4 be the finite field with g elements. For any smooth projective curve C of genus g

over Fy, let Z¢(T) be its zeta function. It was shown by Weil [8] that

Pc(T)
ZelT) = ——F——,
c(T) (1— 7)1 —qT)
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with
29
Po(T) = [ [(1 — a;(C)T)
j=1
and

o (C)| = q'/?, forl<j<2g.

The trace of the Frobenius endomorphism (acting on the first cohomology group H!) is

then
2g
Tr(Frob¢) = Zaj((}).
j=1

We study in this paper the variation of the trace of the Frobenius endomorphism
Frob; over moduli spaces of cyclic trigonal curves of genus g when g tends to infinity.
This extends the work of Kurlberg and Rudnick who considered the same limit for the
case of hyperelliptic curves [5]. All of the results extend further to the case of cyclic
p-fold covers of P! for p prime, as we indicate briefly in Section 7. However, we have
chosen to focus on the trigonal case because it exhibits all of the essential features of
the general case but with a somewhat lighter notational load. (Note that some of these
features do not appear in [5], including reducibility of the moduli space, complex-valued
random variables, and use of the Tauberian theorem.)

Before describing our main results, we describe a modified version of the main
theorem of [5]. In the work of Kurlberg and Rudnick, the statistics are computed for the
family of hyperelliptic curves Y? = F(X) by running over all square-free polynomials F of
a fixed degree d. This is not the same as running over the moduli space of hyperelliptic
curves of a fixed genus, as not all points on the moduli space appear with the same
multiplicity in this family. Also, the results of [5] are about the affine trace of the hyper-
elliptic curves, which differ slightly from Tr(Frobc). The geometric version of the work

of Kurlberg and Rudnick is then the following theorem, which is proved in Section 6.

Theorem 1.1. If g is fixed and g — oo, the distribution of the trace of the Frobenius
endomorphism associated to C as C ranges over the moduli space H, of hyperellip-
tic curves of genus g defined over F, is that of a sum of g+ 1 i.i.d. random variables
Xy, ..., Xg41 that take the value O with probability 1/(q + 1) and £1 each with probability
1/(2(1 + g~')). More precisely, for any s € Z with |s| < g+ 1, we have

. o q+1
et TTSTI)C) = sl = Prob (Z X = s) (1+ 0(gBa272972)).
g

i=1
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In the last theorem, and in the rest of the paper, the ' notation, applied both to
summation and cardinality, means that curves C on the moduli spaces are counted with
the usual weights 1/|Aut(C)]|.

For the rest of the paper, we assume that g = 1(mod 3). For any cube-free polyno-

mial F € Fy[X], let Cr be the cyclic trigonal curve
Cr:Y?=F(X). (1.1)

For cyclic trigonal curves, the genus is not a function of the degree of the polynomial F
in (1.1), as it is for the hyperelliptic curves Y? = F(X). Also, the moduli space of cyclic
trigonal curves of genus g is not irreducible, and we look at the distribution of Tr(Frob¢)
on each irreducible component (Theorem 1.2). It turns out to be independent of the
component when certain conditions are met.

Let Hg3 denote the moduli space of cyclic trigonal curves of genus g. Its irre-
ducible components are determined by a finer geometric invariant, namely the signature.
For d; + 2d; = 0 (mod 3), let 1'% be the component of the moduli space with curves
of signature (r, s) = ((2d, + d, — 3)/3,(d; + 2d, — 3)/3). Then

Hg,S — U H(dl,dz)’
d1+2d,=0 (mod 3),
g=d,+d,—2
where the union is disjoint and each component #? ) is irreducible.

Fix a cubic character y3 of Fy (recall that g = 1 (mod 3)). It takes values 0, 1, , and
w?, where o is a primitive third root of unity in C. Each cyclic trigonal curve C is endowed
with a cyclic order 3 automorphism that splits the first cohomology group of C into two
subspaces, H;s and Hfls, on which the automorphism acts via x3 or via its conjugate.

Since this automorphism commutes with the action of the Frobenius, it follows that
Tr (Frobe |, ) = Tr (Frobe [m ).

So it is enough to study the distribution of the trace of the Frobenius on one of these two

subspaces.

Theorem 1.2. If g isfixed and d,,d; — oo, the distribution of the trace of the Frobenius
endomorphism associated to C as C ranges over the component H'¢%) of cyclic trigonal
curves defined over F, is that of the sum of g+ 1 i.i.d. random variables X;,..., X541,
where each X; takes the value 0 with probability 2/(g+2) and 1,w,®? each with
probability q/(3(q + 2)). More precisely, for any s € Z[w] C C with |s| < g+ 1, we have
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forany 1l >¢ >0,

C e H'41:9) . Tr (Frobg | ) = —sl| g+1
|{ IH(ghdZ)'/c |HX3) }| = Prob (Z X; = g) (1 + O(qf(lfs)derq +q*(d173q)/2)).

i=1

It may not be clear where the probabilities attached to the random variables
come from, but they are quite natural, as the heuristic in Section 8.2 shows.

We remark that in Theorem 1.2, and in all the results in our paper, the implied
constants in the error terms are independent of g, even when g is fixed. Then, as was
done in [5] for hyperelliptic curves, we can also study the case where g and d;, d, tend
to infinity. Since the trace takes complex values, the limiting distribution will be the
complex Gaussian with mean 0 and variance 1, instead of the usual real-valued Gaussian
one gets for hyperelliptic curves. We first compute the moments of Tr(Frobc | HX13) /Nqg+1
and compare them with the moments of the normalized sum of thei.i.d. random variables
of Theorem 1.2.

Theorem 1.3. For any positive integers j and k, let Mj (g, (d1, d2)) be the moments

— Tr ( Frobg |, (Frobc |H713) k

1 ' N (2™
Mj,k(q,(dl,dz))=w 2 ( Va+1 ) ( va+l )

C cH'\d1.d2)

Let ¢ and X, ..., X441 be as in Theorem 1.2. Then

ol J p ! k
Mg, (dy,do) =E| | —=) X; X;
piatds == ( iy 2%) (772 7)

X (1 +0 (q—(l—s)dz+s(j+k) + q_d1/2+j+k)) '

Corollary 1.4. When g, d;, d; tend to infinity, the limiting distribution of the normalized

trace Tr(Frob¢ |HX13)/«/q + 1 is a complex Gaussian with mean zero and variance one.

We remark that when g is fixed and g tends to infinity, Tr(Frob¢ | HXl3) should be
distributed as the trace of matrices in a group of random matrices determined by the
monodromy group of the moduli space of C in the philosophy of Katz and Sarnak [4]. The
monodromy groups for cyclic trigonal curves are computed in [1, Theorem 3.8]. Roughly
speaking, the monodromy of each component 7?4 of signature (r, s) of the moduli space
Hg,3 is an extension of the group of the sixth roots of unity ue by the special unitary group
SU(r,s). The monodromy for the component +¢? is computed in [3, Theorem 5.4], and

the result is an extension of pg by SL(g).
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The structure of this paper is as follows. In Section 2, we describe moduli spaces
of cyclic trigonal curves, and present some notations and results that will be used in
the rest of the paper. In Section 3, we describe how Tr(Frob¢ |Hx13) can be written as a
sum of g + 1 values of the cubic character x3 of IF;, and how to compute statistics of the
trace by counting classes of the moduli spaces. The proof of Theorem 1.2 is concluded
in Section 4. We compute the moments of Tr(Frob¢ |H£3)/\/m and prove Corollary 1.4
in Section 5, and we revisit the case of hyperelliptic curves in Section 6. In Section 7
we explain how the techniques employed in the study of the cyclic trigonal case can
be adapted to the general case of cyclic p-fold covers of P!(F,). Finally, we present in
Section 8 a heuristic model that predicts the results obtained in Theorems 1.1, 1.2, and
7.4.

2 Setting and Notation

Fix g =1 (mod 3). We will denote by ¢, the (incomplete) zeta function of the rational

function field Fy[X] given by
Gls) =) IFI =[J0 - 1P =(1—g")7",
F P

Let C be a cyclic trigonal curve over g, i.e., a cyclic cover of order 3 of P! defined
over Fy. Then, C has an affine model V3 = F(X), where F(X) is a polynomial in Fq[X]. If
G(X) = H(X)*F(X), then Y® = F(X) and Y® = G(X) are isomorphic over F,, so it suffices to
consider curves Y° = F(X) with F(X) cube-free.

Let F € Fy[X] be cube-free and monic. Recall that cube-free over F; is the same

as cube-free over F,. So F factors in Fy[X] as
d, ds
F(X)=[[x—a) [[(x-by%
i=1 j=1

where a;, bj are distinct elements of Fq.

Let Cr be the cyclic trigonal curve given by Y° = F(X) = F,(X)F»(X)?, with F; and
F, relatively prime, square-free, deg F; = d;, deg F, = d; and d = deg F = d; + 2d;. The
curve Cr has genus g if and only if d; + 2d, =0 (mod 3) and g=d; +d; — 2, or d; +
2dy; =1or2 (mod 3)and g =d; +d2 — 1. Over Fq, one can reparameterize and choose an
affine model for any cyclic trigonal curve with d; + 2d, = 0 (mod 3). We already see that
the relationship between the genus of the curve Cr and the degree of the polynomial F

defining it is not as simple as in the hyperelliptic case, as the genus is not a function of
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the degree. Note that by interchanging F; and F,, we are replacing F by F? (modulo a
perfect cube) and the two curves Y° = F;(X)F,(X)? and Y° = F,(X)?F,(X) are isomorphic.
Furthermore, the moduli space Hy3 of cyclic trigonal curves of fixed genus g splits into
irreducible subspaces indexed by pairs of nonnegative integers d;, d,; with the property
that d; + 2d,; = 0(mod 3), and the moduli space can be written as a disjoint union over

its connected components

Hg,B — U H(dl:dZ). (2.1)

d1+2<izdzlgr din_u%d 3),
Each component @) is irreducible, and pairs (d;,d;) and (d,,d;) give the same
component.
The components can also be described by their signature (r, s). The signature and
(dy,d,) are related by d; = 2r — s+ 1 and d, = 2s — r + 1, or equivalently r = (2d; + d; —
3)/3 and s = (d; + 2d, — 3)/3. Each unordered pair {r, s} represents a different component
of the moduli space of cyclic trigonal curves. We refer the reader to [1] for the details.

In view of the previous observations, we will write
F(X) = Fi(X)F(X)?,

where F; and F, are relatively prime monic square-free polynomials with deg F; = d,
and deg F; = ds.

We will use the following sets of polynomials:

Vg = {F € FylX]: F monic,deg F = d}
Fa = {F € F4lX] : F monic, square-free and deg F = d}
Fg={F e Fy[X] : F square-free and deg F = d}
Fidi 4 = {F = F1F} : F;, F, monic, square-free and coprime, deg F; = d;, deg F, = d,}
}—(]fil,dz) = |F = F\F} € Fi4,,4, : F> has k roots in F}
Favdy = {F =F1F} o € F, FF} € Fia, )
Fidy,do) = Fldydo) Y Fldy—1,dp) Y Fidy dp—1)

o~

Fidy ol = Fldydp) Y Fidi-1,dy) Y Fidy,dp—1)-

As a matter of convention, from now on, all our polynomials will be monic unless

otherwise stated. Also, we will use P to denote monic irreducible polynomials.
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We transcribe here the relevant results from the work of Kurlberg and Rudnick [5].

Lemma 2.1 [5, Lemma 3]. The number of square-free monic polynomials of degree d is

d -1

q“01—-q) d=2,
|Fal =

q? d=0,1.

Lemma 2.2 [5, Lemma 4]. For 0 <¢ <gq, let x;,...,x € F; be distinct elements, and let
ai,...,a;€Fq.If d > ¢, then

H{F eVa:Flxi)=ay,..., Flx)=ad| = g% "

Lemma 2.3 [5, Lemma 5]. Let d > 2 and ¢ < g be positive integers, let x;,...,x% € F, be
distinct elements, and let a4, ..., a, € F; be nonzero elements. Then
gt dj2
FeFs: Fxy)=a;,....Fxx)=ay})|=————+0 .
I a:Flx)=a (x0) = ac}| = (@)
Lemma 2.4 [5, Proposition 6]. Let x;,...,X4m € Fq be distinct elements, let a,,...,a; €

]F;;, and let apyy = -+ = ayym = 0. Then

(1-— q—l)qu—(m-H’)

HF e Fq:Flx)=a;,1 <i<m+{}| = 221 — g 2

(1 L0 (q(3m+2€—d)/2))

and

HFeFa:Flx)=a;,1<i<m+4L)| (1- q )ymq-m+o
[Fal (1 —gymte

(1 +0 (q(3m+ze—d)/2)).

We will also use the following Lemma, which follows easily from Lemma 2.4.

Lemma 2.5. Fix0 <k < q. Then

|73l

q qdfk B
k (k) T (1 +0 (q(k+2q d)/Z)).

T @0 +q !

Proof. In the Lemma 2.4, set m = k and ¢ = q — k. In this way, we guarantee that there
are exactly k zeros. Now we also have (Z) options for choosing the zeros, and (q — 1)°
options for choosing the nonzero values. Combining all of this with Lemma 2.4, we get

the formula. u
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3 The Geometric Point of View

We prove in this section that Theorem 1.2 follows from the following theorem, which will
be proved in Section 4. Recall that x3 is a fixed cubic character of F; and w is a primitive

third root of unity in C.

Theorem 3.1. Let xi,...,x; be the elements of F; and let &;,...,¢4 € {0, 1, 0, w?}. Let m

be the number of values of ¢; that are 0. Then for any ¢ > 0

Kqhtd C-edy |, -dij2
’ﬂd],dz)} = W (]. + (0] (q 2 +q 1 ))r
) qu1+d2 2 m q q—m
F el Flx)) =g, 1<i<qjl=
F € Faa o) = e 1 =i =all == G <q+2> (3(q+2)>

% (1 L0 (q—(l—e)(dz—m)-‘r&‘q + q—(dl—m)/2+q)) , (31)

and
{F € Fua,ay : xs(F(x) =i, 1 <i<ql _ ( 2 )m( q )qm
| Flay )| q+2 3l@g+2)
(1 + O(q (1—e)da— m)+sq+q—(d1 m)/2+q))

where K is the constant

k= U( (|P|+ )

For any polynomial F € Fg, 4,), let

=Y xalF(x). (3.2)

xeFy

Then, the number of affine points on the curve Y® = F(X) is given by

31+ xa(F () + xa(F®) = g + S3(F) + S;(F).

xelF,

Using Theorem 3.1, we can immediately deduce a result for the distribution of
the affine trace —(S;(F) + S3(F)) when we vary over the family of curves Cy : Y® = F(X)
for F(X) € F4,,d4,)- This is the “nongeometric version” of Theorem 1.2, which corresponds

to Theorem 1 of [5]. When comparing Theorem 1.2 and Corollary 3.2, it is interesting to



Statistics for Traces of Cyclic Trigonal Curves over Finite Fields 9

remark that the point at infinity appearing in the trace of the Frobenius on H)}s, and not

in the affine trace, behaves like any other point.

Corollary 3.2. Let X;,..., X, be g i.i.d. random variables taking the value 0 with prob-
ability 2/(q + 2) and any of the values 1, », w? with probability q/(3(q + 2)). Then for any

e >0,

. _ q
H{F € Fla,a, : Ss(F) = s} — Prob ZXi —s|a+o (qf(lfs)derq n qf(dl—Sq)/2))
| Fidy o] .

for any s € Zlw] C C.

Proof. Using (3.2), we write

{F € Fia,a : S3(F) = s}

| Fidy.da|
_ 3 {F € Fia,a) 2 xs(F(x) =&;, 1 <i<q}
e1,-eqie{0 1,002} ‘ﬂd1'd2)|
£1++eg=s
= Z 2 m q q—m (1 Lo (q—(l—s)(drm)ﬂq + q—(dl—m)/2+q))
q+2 3@+2)
(El,..A,é’q)E{O,l,m,wz}
e1+--teqg=s
q
= Prob (Z X; = g) (1 +0 (q*(lfs)(dzfq)Jrsq + qf(drq)/2+q)) . -
i=1

Proof of Theorem 1.2. We now proceed to the proof of Theorem 1.2, assuming Theorem

3.1. When we write a cyclic trigonal curve as
Cr:Y® =F(X), (3.3)

where F(X) is cube-free, we are choosing an affine model of the curve. To compute the
statistics for the components H@42 of the moduli space Hg3, we need to work with
families where we count each curve, seen as a projective variety of dimension 1, up to
isomorphism, with the same multiplicity. To do so, we have to consider all cube-free
polynomials in F,4[X], and not only monic ones. We fix a genus g, and a component #@-%2)
for this genus as in Equation (2.1). For each point of this component, we want to count
its affine models C’ : Y3 = G(X) with G € Fig, 4,-

For g > 5, the curves C’ isomorphic to C are obtained from the automorphisms
of P!(F,), namely, the g(g? — 1) elements of PGL,(F,). By running over the elements of

PGL;(F,), we obtain g(g® — 1)/|Aut(C)| different models C’ : ¥® = G(X), where G € Fla, dy)-
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This shows that

b = Y 1= 3 L _ Vg (3.4)

CeH'd1d2) CeHld1d2) |Aut(C)| q(q2 —1)

We denote
S(F)= Y xs(F(x),
xelP!(F,)

where the value of F at the point at infinity is defined below. Fix an enumeration of the

points on P!(Fy), x1, ..., Xg4+1, such that x,,; denotes the point at infinity. Then

leading coefficient of F F € }/:(dl,dz)r
F(Xq+l) - ~ =
F € ‘Edl—l,dz) U f’(dl,dz—l)'

P

Therefore, §3(F) + S3(F) is equal to

2 F € Fa,a, and leading coefficient of F is a cube,
S3(F) + S3(F)+ { -1 F € Fa, 4, and leading coefficient of F is not a cube,

0 FeFd-1d)YFd,de—1)-

Then, the number of points on the projective curve Cr with affine model (3.3) is given by

Z 1+ x3(F(x) + xs(F(x) = g + 1 + S3(F) + S3(F)

xePL(Fy)
and
Tr (Frobg |uy ) = —S5(F), (3.5)
Tr (Frobc |H713) — _S,(F). (3.6)
As in (3.4), we write
C e Hlduda) . Tr (Frobc |HX13) = —s}|/ = C %w m (3.7)

Tr(Frobg | .1 )=—s
Hys

It then follows from (3.4), (3.5), and (3.7) that

{C € H!D4) : Tr (Frobe |y ) = s} _ |{F € Fua, an : Ss(F) = s} (3.8)
i) | Bl | Fidy,aa| . .
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We now rewrite (3.8) in terms of polynomials in Fg, q4,. We first compute

‘ﬁdl,d2]| =(q— 1) (|Fidrdn| + |Far-1d | + [Fids,ao-])

_ K (g+2)g—-1) dy+ds (
= g

1+0 (q—(l—é‘)dz +q_d1/2)) (39)

by Theorem 3.1.

Fix a (g + 1)-tuple (e1,...,411), Where & € {0, 1,w,0?%) for 1 <i < q+ 1. Denote by
m the number of i such that ¢; = 0. We want to evaluate the probability that the character
x3 takes exactly these values at the points F(x;),..., F(x541), where x;4, is the point at
infinity of P(F,), as F ranges over Fig, 4,].

Case 1: ¢4.1 =0.
In this case, only polynomials from ]?(dl_lydz) U ﬁdl,dz_l) can have x3(F(x311)) =

€g+1. Also, the number of zeros among ¢, ..., &4 is now m — 1. Thus, using (3.1),

{F € Fayan: xaFx) =e;,1<i=<q+1}]

= Z {F € Fla-1,40 U Fldrao-1) : x3(F(x) = gix3 (@), 1 <1 < ql|

acly
K di+dz—1 2 m—1 g—m+1
(5 ()
2q(2)? q+2 3lg+2)
x (1 +0 (qf(lfs)(dzfm)JrEq + qf(dlfm)/ZJrq)) ) (3.10)

Case 2: g441 = 1,0, or .
In this case, only polynomials from F4, 4, can have ys(F(x,:1)) = &441, and there

are m values of ¢1, ..., &4 that are zero. Thus,

{F € Faran: xs(Flx) = ;,1 <i<q+1}]

- Z {F € Fia,an : xs(F(x) = 8i8;+11:1 <i=<ql

*
aely
x3()=eq 41

_q—qudl*dz( 2 >’"< q )‘””
3 (22 \g+2 3g+2)

x (1+ 0 (q A-odammiteq 4 g=ldi=m)/2tay) (3.11)

which is the same as (3.10).
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Then, it follows from (3.9), (3.10), and (3.11) that

|{F€‘¢[d1,d2]:XS(F(Xi))ZSi,ISiSq—i-IH . ( 2 >m< q )q+1—m
| Fiay | g+2) \3G+2)
X (1 +0 (q*(le)(dZ*m)+Eq + qf(dlfm)/ZJrq)) )

Putting everything together, we obtain

[{C € H'%9) : Tr(Frobe) = —s}|  |{F € Fia,a, : S(F) = s}

’H(dlydz)’/ o |j-:'[d1,d2]|

3 F € Flayan: x3(F(x) =&, 1 <i<q+1}]
| Pl

(e1 1)
€1 +---+sq+1 =S

l 0 q 2 q q 1 q

(618G 41)
£1 +---+£q+1 =s

q+1

Prob (Z Xi — S) (1 +0 (q—(l—a)(dz_q)+sq + q—(dl—q)/2+q)) ,
i=1

where Xi,..., X4, are g + 11i.i.d. random variables that take the value 0 with probability

2/(qg +2) and 1, , »? each with probability q/(3(q + 2)).

We concentrate on the proof of Theorem 3.1 in the next section.

4 Distribution of the Trace for Cube-Free Polynomials

In this section we prove Theorem 3.1 by obtaining asymptotic formulas for |Fg4, 4, | and
HF € Fla, 4, : Flx) =a;, 1 <i <q}|ford,, d,; - oo. We begin with two lemmas that count
the number of polynomials that obtain specified nonzero values and are relatively prime

to a fixed polynomial.

Lemma 4.1. For min{d,q} >¢>0, let x,x,...,x € F; be distinct elements. Let U €
Fq[X] be such that U(x;)) #0fori =1,...,¢. Let a;,az,...,a; € F}, then

{F eVy:(F,U)=1F(x)=a;1 <i<)]=q""[]1—q %)
P|U

Note that when ¢ = 0, there is no condition imposed at any point in F,.
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Proof. By inclusion-exclusion, we have

(F eVa:(F,U =1Flx)=a,l<i<@]=) ulD) ) 1,

D|U FeVg
DIF
Flx)=a;

where p is the M6ebius function. Using the fact that U(x;) # 0, this equals

ZM(D) Z 1.

D|U GeVg_degD
Glx;)=a; Dix;)~1

By Lemma 2.2, this equals

ZM(D)qd—degD—K — qd—K ZM(D)q_degD'

DU DU

Since the function f(D) = u(D)q~ 98P is multiplicative, so is g(U) = > pw f(D), and
g(Pe) =1— q—degP
for e > 1. Applying this to the last equation,

(F eVa:(F,U)=1,Flx)=a,1<i<)]=q" [[1—q %87,
P|IU

13

Our proof of the next lemma follows the same steps as the proof of Lemma 2.3

(Lemma 5 in [5]), with the added condition that the polynomials we are counting are

relatively prime to a fixed polynomial.

Lemma 4.2. For g >{>0let x;,...,x € F; be distinct elements. Let U € F;[X] be such
that U(x) #0 fori=1,...,£. Letay,...,a; € ]F:‘I. Let Sg(ﬁ) be the number of elements in
the set
(FeFq:(F,U)=1, Flx)=a; 1 <i<¢{}.
Then
g4

sfio = [0 a7 + 0 (g92).

G2 — g2 ]

Proof. By inclusion-exclusion, we have

S§0 = > wDF € Vazacgm : (F,U) =1,D(x)Fx) =a;,1 <i < {}].

D,degD=<d/2
(D,U)=1
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We denote by i the sum over all polynomials D such that D(x;) # 0 for 1 <i < ¢. Then

ST =Y WDIF € Va zaeqm : (F,U) =1,F(x) = a;D(x) 7,1 <i < €}].

degD=d /2
(D,U)=1

Ford — 2deg D > ¢, by Lemma 4.1 we have
{F € Vazaegp : (F,U)=1,F(x) = a;D(x) %1 <i < )| = g 2P~ [](1 — g 97,
P|U

Therefore,

sY(e) = q¢* l_[(l — g de8?) 2 u(D)g298P 4 Error. (4.1)

P|U deg D<(d—¢)/2
(D,U)=1

There is at most one F of degree less than or equal to ¢ that takes ¢ prescribed values at

¢ distinct points, thus

ap (11— q ‘*! dj2
(d—¢)/2<degD<d/2
Now we observe that
Z M(D)q72degD — Z M(D)q72degD + 0(q([7d)/2) (4.3)
deg D<(d—¢)/2 D
(D,U)=1 (D, U)=1

and

Yo wDp* = ] @-P™>).

D P,P(x;)#0
(D,U)=1 P«fU
Using that U(x;) # 0, we find that
= 1
—25 —25y—1
E M(D)|D| —W | |(1—|P| ). (4.4)

P|U
(D,U)=1 !

By (4.1), (4.2), (4.3), and (4.4), we have

1
Sgw) — qdfi l_[(l _ q—degP) m l_[(l . |P|72)71 + O(q(ﬁfd)/Z) + O(qd/Z)
PIU 8q q PIU
_ qd—e 1—[(1 +q_degP)—1 + O(qd/z) [ ]
2q(2)(1 —g=2)* :

P|IU



Statistics for Traces of Cyclic Trigonal Curves over Finite Fields 15

We now use Lemma 4.2 along with the function field version of the Tauberian
Theorem to count the number of polynomials in F4, 4, that take a prescribed set of

nonzero values on ¢ points.

Proposition4.3. Let0 < ¢ <gq,letx,,...,x bedistinct elements of Fy,and a,,...,a; € ]FZ.

Then for any 1 > ¢ > 0, we have

{F € Fla,ay : Flx) = a;, 1 <i < ¢}

qu1+d2 ( q )Z C1-ed 3
= 1+0 e)da+el + di/2+¢ ,
o2 \qrag-n) 10 a )

where

K= ]:[( (|P|+1)2> (4.5)

and the product runs over all monic irreducible polynomials of Fy[X].

In particular, we have

d,+d
z _ Kgqnt 140 (qg-0-9d o g=di/2 (4.6)
| (dl,d2)| = 2 ( + (q +q )) :
£q(2)
Proof. First we observe that
|{F€ﬁdl,dz)2F(Xi)=ai,l§i§€}|= Z Z 1
erfdz Flefdl
Fp(x)#0,1<i<t  Fy (x))=a; Fp(x;)~2,1<i<t
(Fy,Fp)=1
= Y SEo.
Fery.

Fp(x;)#0,1<i<t

Using Lemma 4.2 we have that

F € Fla,an : Flx) = ai, 1 <1 < ¢}

d,—¢
_ q — Z l—[(l 4 qfdegP)fl + Z O(qdl/z)_
é'q(Z)(l -9 ) FpeFy P|F, FpeFy
lexi)#o,lzﬁisé Fz(xii#o,lziifé
Then by Lemmas 2.1 and 2.3,
qdl—e
|{F € Fidydy s Fl) =a;, 1 <1 < €}| = m Z b(F) + O(qd2+d1/2),

4 _

deg F=d;



16 A. Bucur et al.

where for any polynomial F,

b(F) = {MZ(F) [Tpp(l + 1P Flx)#0,1<i<C

0 otherwise.

To evaluate ) 4, r_q, b(F), we consider the Dirichlet series

b(F) 1 |P| )

Gls) = E = | | 1+ :

— |F* . ( [Pl |P|+1
P(x;)#0,1<i<¢

_ s (1 1 )_‘Z
 g(29) s JrqH(q+1) '

where

]
He) =] (1 TUPF+ (P + 1)) '

P

Notice that H(s) converges absolutely for Re(s) > 0, and G(s) is meromorphic for
Re(s) > 0 with simple poles at the points s where ¢,;(s) = (1 — g'~*)! has poles, that is,
Sp =1+ 1,1207;:1 with n € Z. Note that H(1) = K, where K is the constant given in (4.5) and
Ress—144(s) =

Thus G(s) has a simple pole at s = 1 with residue

K <q—i—1>Z
{q(2)logg \q+2)

Using Theorem 17.1 of [6], which is the function field version of the Wiener—

- logq

Ikehara Tauberian Theorem, we get that

K 14
3 biF )<q+2> q% + 04(g°®). (4.8)
deg F=d; q-+

We remark that it is important for Theorem 1.3 and Corollary 1.4 to get an error
term that is independent of g. From the proof of Theorem 17.1 in [6], one sees that the

hidden constant in the error term of (4.8) is bounded by

<1+ ! )4z < (1 ‘5)“3—( ¢ )e < g
¢ g+ 1) 0= “

max |H(s)| 7 -1

lg=*l=q~*

Thus we have

> bF)=

1
(CI-i- ) qd2 10 (q d2+£)) (4.9)
deg F=d,

q-+2
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Replacing (4.9) in (4.7), we get

{F € Fa,a): Flx) =a;, 1 <i <t}

Kqdtd q )E —(1—e)dytet —d
= 1+0 eldate 124). u
2, (2 Qq+mm—1) (1+0(q +a )

Before we obtain the number of F4, 4, that take any set of prescribed (zero or
nonzero) values, we first need an intermediary step involving the number of zeros in F,.
We recall that F ¢ ]:(’fil,dz) is the set of monic polynomials F = F1 F} € F4, 4, such that F,

has exactly k zeros over F,.

Corollary 4.4. Let x1,...,%; be an enumeration of elements in F,. Leta; =--- =a,;, =0,

and @m1,...,aq € ]F;;. Then, fore > 0

N ' L ‘ . B m qu1+dz( 1 )m( q )Q—m
{F e Faa Flx)=ai, 1<i=q}|= (k) 22 \q+2 @+2)g—1)

X (1 +0 (q—(l—e)(dz—kH—eq + q—(d1+k—m)/2+q)) .

Proof. The k roots of F, must be among the X1, ..., X+m, and the remaining elements

of X,41,...%4m must be roots of F;. Thus we can write

k m—k
Flo)=][]x—x)" [[ x—x,)6),
J

=1 v=1

with G(%) € Flg,-mikdpty, Gx)#0 for ¢+1<i<t+m and Glx)=a;[](x -

x,) 72 17 (% — x,)"" for 1 <i < ¢. Thus,

|{Fe‘7:(lfilld2):F(Xi):ai,1 Sl§€+m}|

k m—k
= Y > |16 €Fuamkan: Gl =a;i ][ —x)7 [T —x)7",
v=1

{i] i) (@q ,...om) j=1
c{t+1,...,04+m} etLF;;j’"

1<i<?¢ Glxppi)) =0;,1 <i<m

By Proposition 4.3 this equals

m) Kqta: ( 1 )m ( q )l —(1—e)dy—k) —(di+k—
1+0 e)ldy +eq + (d1+k—m)/2+q . |
(k) 2422 \g+2 (@+2)g—1) ( (a 1 ))
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Corollary 4.5. Let x;,...,X; be the elements of Iy, and let a4, ..., a4 € F; such that m of

the a; are 0. Then fore > 0

. Kgqh+d: ( 2 >m< q >q"”
F F(x)=a;,1<i< =
{F € Fia,an : Flx) =ai, 1 <1 < ql 02?2 \q+2) \g+2@q-1

X (1 +0 (qf(lfs)(dzfm)Jrsq + q*(drm)/2+q))

and

HFGﬁ@@:ﬂm=m,hgqu_< 2)m< q )qm
| Flay )| S \g+2 (@+2)(g—1)

X (1 L0 (q—(l—a)(dz—m)-hsq + q“dl‘m’/2+‘1)) '

Proof. We sum over k in Corollary 4.4:

F € Fla,ay : Flx) = ai, 1 <i < q}]

Kqhrd (1 \" q e (M —(1—e)(ds—k) —(dy k-
= 1+0 e)ld2—k)+eq (d1+k—m)/2+q
£q(2)? (q+2> ((q+2)(q—1)) §<k>( +0(q +q )

) )
tq(2)2 \qg+2 (g+2)(g—1)

For the second identity, we divide by (4.6). |

—

+0 (qf(lfs)(dzfm)ﬂsq + qf(dlfm)/2+q)) )

To complete the proof of Theorem 3.1 we note that if ¢ € {1, w, »?}, there are qT_l

elements o € F; such that xs(a) = e.

5 Moments

In this section, we compute the moments of Tr(Frobc | Hxls) /+/q + 1 and prove Theorem 1.3.
Our proof follows the same steps as the proof of the equivalent result (for the case of

hyperelliptic curves) in [5].

Proof of Theorem 1.3. Working as in Section 3, we first rewrite

1 S3(F) \ [ S:(F)
Mixlg, (dy,d3) = —=—— ( )
’ e | Fidy, a1 Fe; Va+1 Va+1
[dy,dy]
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Since every F € j':[dl,dzl can be written uniquely as F = «G for some € Fy and G € Fig, 4,1,

and

S(F) = xala) Y x3(Glx)) = x3(@)S5(6),
xelP(F,)

we have

] k(q (dll d2

Fia,, d21| acFy

~ P = \ k
S(F) \' [ S:(F)
ik 3 3
2 e Fe;ﬁydzl(m) (m)

_ 1 (Sg(F)) S3(F)
|f[d1,dz1|Fef[dlvd2] Va+1 va+1

when j = k (mod 3) and M; (g, (d:,d2)) = 0 when j # k (mod 3).

Assume from now on that j = k (mod 3). Then,

J k
—(j+k)/2
Myx(q, (dy, dg)) = LT Yo DD wF || D xF)
iﬂdl,d2]| FeFia, day \xP* (Fg) xeP! (Fy)
—(j+k)/2
Jlar Z Z x3(F(x1) - F(x;) x3(F(y1) - - - F(yk))
}‘ﬁdl'dﬂ‘ x1xj€PLFg) F €Fiay dyl
V1 Vi €PL(Fg)
) J Kk 1
)—(]+k)/2 Z Z d(], k, e’ m) Z -
(=1 m=1 (x,y.D.CEP) kt.m |*7:[d1,d2]’
x ) HXe,(F (x:)" HX3(F(YL (5.1)
FeFia, dy i=1

where

Pirem = 1(xy,b,c):x=(x1,...,%) € P(F,)", xs distinct,y = (y1, ..., ym) € P (F)™

£ m
yis distinct, b = (by,...,b) € Z g, ¢ =(c1,...,0n) €200, Y bi=], Y G =k

and d(j, k, ¢, m) is a certain combinatorial factor. We do not need exact formulas for the
d(j, k, ¢, m), but note that

J k
o> dlkem Y 1=(g+1)*

{=1 m=1 (%,y,b,C)€P; kt;m
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We now fix a vector (x,y,b,c) € Pjr¢m, and we compute

> HxB(F x)" Hm F(yi))e.

‘]:[dl d2]| FeFia, ay 1=1

Suppose that {xy,..., %, Vi,..., Vm} = {Z1,...,2x}, in other words, that x and y have
¢+ m — h coordinates in common. To simplify the notation, we will denote by f; the
corresponding exponent for z;, which is equal to some b;, ¢;, or b; — ¢; depending on
whether the value z; appears in {x,..., %}, {yi,..., ¥}, Or in both sets. We also adopt
the convention that f; could be equal to 0, in which case x3(F(z))# =1 if F(z) # 0 and
x3(F(z)f = 0if F(z;) = 0. With this notation, we want to compute

> 1_[)(3 (F(z:) . (5.2)

|';r[d1 dz]| FeFiay ay i=1

There are two cases.

Case 1: Suppose that z; is the point at infinity, for some 1 <t < h. Then, only polyno-

mials in Fg, 4,0 have a nonzero contribution to (5.2) and x3(F(z:))/t = 1. This gives that

h h
o [IxeFEi= > [[xs@f > 1

FeFid, dg) 1=1 ajefy =1 FeFdy dy)
1<i<hji#t 7t Flz)=aj 1<i<h,i#t

Suppose that all f; for1 <i < hand i # t are multiples of 3. Then, using Proposition 4.3,

we get

fi qul+d2 q " —(1—g)da+e(h—1) —dy/2+h—1
Z 1_[ x3(F(z))" = W m (1 + 0 (q 2 +qg )) . (5.3)
q

FE}—(dl,dZ i=1

Suppose that there exists an f; with 1 <i <h and i # t such that f; is not a
multiple of 3. Without loss of generality, suppose that fi = 1(mod3) and ¢ # 1. Then,

using Proposition 4.3 again, we get

E 1_[ X3(F(Zz E 1_[ X3 az E 1
FeFia, ay i=1 ajeFy  i=2 FeFldy dy)
1<i<h, L;ét i#t Flzj)=a; 1<i<hji#t

xglay)=1

+to Y. ]‘[xg(al > 2y ]‘[Xg(a)f Yoo

a; el FeF(d, dy) ajeFy FeF(dy dy)

L<i<h 4t l#f Flzj)=a;,1<i<h,i#t 1<z<hx#t ‘#‘ Flzj)=a;,1<i<h,i#t
x3lay)=w x3lag)=w?
h-1
qu1+d2 ( q )
— 0+0 q—(l—s)dz-hs(h—l) +q—d1/2+h—1 . (54)
52?2 \gq+2 ( ( )
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We remark that j = k(mod3) and f; =0(mod3) for 1 <i < h, i #t is equivalent to f; =
O(mod3) forl <i < h.
Using (5.3) and (5.4), and dividing by
q-+ 2) Kqhitd (1—e)d —d,)2
Fuanal| = — ) —=—(1+0 24 qh
| = (L22) S 1+ 0 a0 g ),
we get that

h
Z HXs(F(Zz)) ( ) (8(f h) + 0( (1—e)d+elh— 1)+q—d1/2+h 1)), (5.5)

FeFid, dg) 1=1

|f[az1 |

where §(f,h) = 1 if f; = 0(mod3) for 1 <i < h and 0 otherwise.

Case 2: Suppose that z,...,z; € F;. Then any F € Fg, 4, can contribute to (5.2). Re-
peating the reasoning above, we get

h h
> [TreEet = > [Teaf Y 1

Fe‘ﬁdlrdzl i=1 aif_]Fé i=1 FeFidy dy)
1<i<h F(zj)=a;,1<i<h

Suppose that all f; for 1 <i < h are multiples of 3. Then, using Proposition 4.3,
we get

K di+d; h—1
Z HXS(F(Zz — g—q(z)z <q%) (1 +0 (q—(l—s)dz+5h +q‘d1/2+h)),
FeFid, dy 1=1

If not all f; are multiples of 3, reasoning as in Case 1, we get

. qd1+d2 q h-1 0 0 (1—¢)da+eh —dy/2+h
3 1_[)(3( (z)F = 27 g2z (0+0(q” +q )
FeFia, dy i=1

and

’fldl dz]‘ Z l_[Xg F(Xl))f — < ) (S(f, h)+0 (q—(l—e)dz+eh + q—d1/2+h)). (5.6)

FeF, d]l 1

We then have the same result for Case 1 and Case 2, and replacing (5.5) or (5.6) in

(5.1), we have

ik h
Mix(g(di,do)) = | @+ D023 Y d(jke,m) Y (ﬁ)

=1 m=1 (XY b,QEP} k ¢ m
311

x (1 +0 (qf(lfe)dera(jJrk) + q7d1/2+(j+k))) , (5.7)

where h and f; are understood as before.
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We now compute the corresponding moment of the normalized sum of the random

variables Xi,..., X441, i.e.,
q+1 q+1
J k
b by 5 Cm
(q+ J+k)/2 ZZdU k.t,m) E(Xull Xy Xy Xy, )
(=1 m=1 (u,v,b,c)eA;km
where
Ajkem =1, v,b,c):u=(uy,...,u), 1 <u; <qg+1,u;s distinct, v = (vy,..., vm),
1 <v; < q+1,ys distinct,b = (by,...,b) € Z:5,c = (c1, ..., Cn) € 2T,
4 m
Zbi = j’ZCi = k} .
i=1 i=1
Since
) 0 b # c(mod 3),
E(X/Xi) = 1
—— b=c(mod3),
1+42g7!
and Xi,..., X441 are independent, we get

k

(mi ) (o)

h
q
u+k)/2 Z Z d(j k,t,m Z <m> . (5.8)

=1 m=1 (wyv,beeA;j k¢ m
31 f;

Since the numbers of terms in the sums over the sets Pjm, such that 3| f; and

A;kem such that 3 | f; are the same, comparing (5.7) and (5.8), we have

1 q+1 J 1 q+1
Mg (di,do) =E| [ —— ) X; —— V'x,
(g, (dy, d2)) (W; )(W; )

X (1 +0 (q—(l—e)dz+s(j+k) + q—d1/2+j+k)) ) u

k

Proof of Corollary 1.4. First we study the distribution of the normalized sum of the i.i.d.
random variables (X; + - -- 4+ Xg41)/4/q + 1 as ¢ — oo. Since the X;s take complex values,
we first write each of them as X; = A;j + +/—1B; and identify it with the R? vector (/).

J
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Since E(/X;|?) = (1 4+ 2g~")"! and E(X;) = E(X?) = 0, we have
E(A;) = E(Bj) = E(4;Bj) =0

and

1
2 2 2
The Triangular Central Limit Theorem holds for two-dimensional vector-valued
random variables as long as the covariance matrix is invertible. Since for us the covari-

ance matrix not only is invertible, but also is diagonal with nonzero diagonal entries, we

obtain that
1 &[4 1/2 0
51 — Ngz | O, ,
q+15\ B, 0 1/2

the two-dimensional Gaussian with mean 0 and covariance matrix (1/2 0

0 1/2> , whose prob-

ability density is given by

le"‘z_yzdxdy.
T

Note that this measure is invariant under multiplication by —1. Going back to
the complex-valued random variables, we obtain that, as q approaches infinity, the nor-
malized sum (X, + - - - + X441)/4/q + 1 approaches the complex Gaussian with mean zero

and variance one. The probability measure of this Gaussian is given by

le“z'zdz.
T

Theorem 1.3 tells us that, as q, d1, d, — oo, the moments M, k(q, (d;, d2)) approach
the moments of the complex Gaussian for all j and k. Since the Gaussian is invariant
under the change of sign, the limiting value distribution of Tr(Frob¢ | HXl3) /+/q+1 is the

complex Gaussian distribution with mean 0 and variance 1. |

6 Hyperelliptic Curves: The Geometric Point of View

We now revisit the results of Kurlberg and Rudnick [5] for hyperelliptic curves from
the geometric point of view. The results of this section are similar to the results of

Section 3.
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Lemma 6.1. The number of square-free polynomials of degree d is

Fy|=]e - d=2
q%t'1-q") d=0,1.

Proof. This follows from Lemma 2.1 since |j-:d| = (g — 1)|Fg4l. [ ]

Proof of Theorem 1.1. Consider the hyperelliptic curve with affine model
C : Y2 == F(X)r

where F € F4. It has genus g if and only if d is either 2g+ 1 or 2g + 2. In terms of the

polynomial F, the trace of the Frobenius is equal to

—5,(F) = — Z x2(F(x)),
XePL(F,)
where the value of F at the point at infinity is given by the value of X?9*2F(1/X) at
zero. By running over all F € f2g+1 U .7-:2_%2, one counts each point in the moduli space H,
exactly g(g? — 1) times. (As usual, a point C in the moduli space is counted with weight
1/|Aut(C)|.) With the notation from Section 1,

{C € Hg: Tr(Frobe) = s}’ |{F € Fagi1 U Fagiz: S(F) =s)|
|Hg|/ |-7'-29+1| + |—7:2g+2|
Fix xi,..., X441 an enumeration of the points on IP’I(IFq) such that x;;; denotes the

point at infinity. Then

0 F ¢ fZngl,
x2(F(xg1) =11 Fe .7':2g+2, leading coefficient is a square in Fy,

-1 Fe ﬁzg+2, leading coefficient is not a square in Fy.

Pick (e1,...,8q41) € {0, £1}9"!. Denote by m the number of zeros in this (g + 1)-
tuple. We need to evaluate the probability that the character x, takes exactly these
values as F ranges over fng U fngrz. Namely, we will show that the results of [5] imply
that
{F € Fog1UFpgin: xoFlx) =65, 1 <i < q+1)|  2m9g™

|f2g+1| + |f2g+2| (14 g et

(1+0(gm*97h)). (6.1)

Case 1: ¢,41 = 0. The numbers of zeros among ¢;,...,&, is now m — 1. Since there are
q+ q

no polynomials in f29+2 with x2(F(x441)) = 0, only fzgﬂ contributes. There are q — 1



Statistics for Traces of Cyclic Trigonal Curves over Finite Fields 25
possibilities for the leading coefficient of such a polynomial and thus
(F € Fagi1 U Fogia: x2(Flx) = &;,1 <i < q+1}]
= Z HF € Fagi1: x2(F(x)) = €ix2(@), 1 <i < g}

«
aE]Fq

Taking into account that there are ‘12;1

nonsquares, and, using Lemma 2.4, the above expression can be written as
-1 g—m+1 (1 _ 71)m 2g+1—q
q—1) (q ) (q q (1 +0 (qm/2+qufl))

2 1—qg2)s4
2m—1—q(1 _ q—l)q+2q2g+3—m

(1 —g2)

squares in I, and the same number of

(1+ 0 (gm*ta971)). (6.2)
With Lemma 6.1, we compute
| Fagal + 1 Fagral = %9731 — g )(1 — g2, (6.3)

and dividing (6.2) by (6.3), we get (6.1).

Case 2: g1 = *1. This is the complementary situation, namely, there are m zeros
among ¢y, ..., &q and only fzﬁz contributes. By the same argument as before, and taking
into account that there are ‘12;1 leading coefficients that would give 41 = 1 and the same

number that would yield g4, = —1,

(F € FagraUFager t x2(F(x) = 61,1 <i < g+ 1)
-1 .
=L N(F € Fagez t ralFls)) = eieqer 1 <12 q)l
By Lemma 2.4, and by taking into account the number of squares and nonsquares

in [Fy, this equals

g—1 q+l-m (1-— qfl)m+1q2g+27q o
() e aro@ee)
2m—1—q(1 _ q—l)q+2q29+3—m

(1—qg2)

(1 +0 (qm/2+q—g—1)) ,

which is the same as (6.2). The formula (6.1) follows as before.

On the other hand, for X,..., X44: as in Theorem 1.1,

) 2m—q—1q—m
PrOb(Xi:é‘i,lflfq—i—l):W (64)
and the theorem follows by summing (6.1) and (6.4) over all (g + 1)-tuples (e1,...,eq+1)

such that ¢; +--- + g441 = s as done at the end of Section 3. [ |
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We remark that the probability of hitting a certain (g + 1)-tuple does not depend
on the entry at the point we designated as the point at infinity. Therefore, that point
behaves the same as the affine points, which is exactly what one would expect from a

geometric standpoint.

6.1 Moments

We want to compute the moments of Tr(Frob¢)/+/q + 1. Namely, denote the kth moment by

1 ' ( Tr(Frobe) \ ¥
Mk(qrg) = ; < ) .
Hg] c;:g va+1

For a given curve C € Hg, its quadratic twist C’ also has genus g and they are not
isomorphic over F,. So both Tr(Frob¢) and Tr(Frob¢:) = — Tr(Frob¢) appear in our sum.
This implies that for k odd we have M(q, g) = 0.

Theorem 6.2. If g, g both tend to infinity, then the moments of Tr(Frob¢)//q+1, as
C runs over the moduli space H, of hyperelliptic curves of genus g, are asymptotically
Gaussian with mean 0 and variance 1. In particular, the limiting value distribution is a

standard Gaussian.

As before, by looking at curves of the form
Y2 = F(X)

as F ranges over fzg+1 U ﬁ2g+2, we run over each point in Hy exactly g(g* — 1) times. The
trace of Frobenius of the curve with the above affine model is given by S,(F). As a result,

for k even, we can write the kth moment as

- k
1 S (F)
Mg, = (1 Y ( )
[ Fag+1 U Fagyal PP P VJg+1

(@+1)7%2
2g+1 29+2 FEﬁZngl Ufzwz xeP!(Fg)

1 )3 r Y ge(F)-- Flx)

T (g4 k2 Fagi1 UF. =
q x,...,. % €PL(Fy) | 29+1 2g+2| FeFrg1UF2g42

l

k
1 1
(q + 1)k/2 ; Z |-7'-2g+1 U]'—Zg+2| Z X2 <l_[ )

(x,b)e Py ¢ F€ﬁ2g+1 Uj‘:zg+2 i=1
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where
1
Pee=1xb):x=(x,...,x) e P (F,)", xs distinct ,b = (by,...,by) € ZQO,Zbi =k,
=1

and c(k, ¢) is a certain combinatorial factor. We do not need exact formulas for the c(k, ¢),

but note that
k

ek, Y 1=(g+1D* (6.5)

=1 (x,b)e Py,

Fix a vector (x,b) € Py ,. There are two cases.

Case 1: x; is the point at infinity, for some 1 < j < ¢. Then only polynomials in .7-:294_2

have a nonzero contribution and we can write
¢
Y xe (1‘[ F(xi)bi) =Y xelap)? > []relGlx)b
F€ﬁ2g+2 i=1 aje]F; G€f2g+2 i#j

Note that G ranges over monic polynomials of degree 2g + 2 and we can write

the above expression as

4
doxal@) Y [ =" > []xela)”.

aje]F; GeFagia I#] ajeFy  GeFagia i=1
1<i<l Glx)=a;i#]

Thus, by Lemma 2.3, the contribution to the moment of such a term is

O(g**+*+9) if any of the b;s is odd,
29+3(71 _ A—1)e+1
g9(1—-q7) n .
1= g2 + O(g **"9) if all the b;s are even.
Case2: x,...,x €F,;. Thenboth ﬁ2g+1 and fgg+2 contribute. Repeating the reasoning

from before, the contribution is
0 (q3/2+e+g)

unless all the b;s are even. In which case

¢ 29+2(1 _ g—1)¢+2
D x (1_[ F(Xi)b‘) =1 (1(_ qqz)z) +0(g'**"9)
i=1

FeFagn

and

¢ 29+3(1 _ A—1y+2
' g9 —q)
D e (HF(Xi)b> =T a—qor T 0(g***9).

i=1
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Adding them up, we get a total contribution of

q29+3(1 _ q—l)H—l
(1- qu)efl

+ O(q3/2+l+g).
In both cases, the main term is the same, and dividing by
| Fogi1l + 1 Fogszl = %921 —q 1 — g2,

we obtain that

k
_ 1 —1)—¢ —k/2 k —3/24+k—g
Mk(q,g)—(q_i_l)k/z;dk,l) Y a+q )+ 0(lg+ 17 g+ 1¥g ).

(xb)ePy ¢
b; even

where the error term is estimated using (6.5).
On the other hand, the corresponding moment of the normalized sum of our
random variables is
k

1 q+1 1 k . Y
X; = k,¢ E(X---X*),
(«/m ; ) (g + 1)k/2 ;C( ) Z ( i lf)

(i,b)e Ak,

where
¢
A= Wbyi=(,...,7),1 <i; <q+1,ij's distinct ,b = (b],...,b(),ij =k
j=1

is clearly isomorphic to Py .

Since
) 0 b odd,
E(X;) = 1
b even,
1+qg7!
and X;,..., X441 are independent, we get
s k
Mi(q,g) =E X;| |+ 0(q®3292), (6.6)
Gari ) | ol )

Since the moments of a sum of bounded i.i.d. random wvariables converge to
the Gaussian moments [2, Section 30], it follows that, as q, g — oo, Mk(q, g) agrees with
Gaussian moments for all k. Hence the limiting value distribution of Tr(Frob¢)/+/q + 1 is

a standard Gaussian distribution with mean 0 and variance 1.
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7 General Case

In this section we briefly sketch the proof of our results for the case of curves C that have
a cyclic p-to-1 map to P!(F,), where g =1 (mod p) and p is an odd prime. As we have
mentioned in Section 1, the proof of the general case follows from the same techniques
as in the cyclic trigonal case.

with Fy,..., F, monic, square-free, and pairwise coprime polynomials of degrees
di,...,d,, respectively. We note that when r = p — 1, this is the set of monic pth power-

free polynomials. For fixed x;, ..., x; distinct points in F; and a,,...,a; € IE‘;;,
ght

;—(2)(1—_CI—Z)Z Z . Z b(Fz . Fr) + O(qd1/2+dz+...+dr),
q

deg F,=d;, deg Fr=d,

..... a): Flx)=a;}| =
where b(F) is the quantity defined in (4.7). Here we used the fact that b(F) is multiplicative
and b(F; - - - F,) = 0 if the F; are not relatively prime in pairs.

Using the Tauberian theorem and an induction argument on r, we obtain the

following result, which mirrors Proposition 4.3.

Proposition 7.1. Fix 0<{¢ <gq, x;,...,x distinct points in F; and a,,...,a; nonzero

elements of F;. For each r > 2,

. Lr, qd1++dr q ¢
{F € Fidyan 1 Flx) = a;, 1 i < ()] = lc (2 ((q+r)(q—1)>
q

X (1 + 0 (qa(d2++dr+[) (q—d2 + - + q—dr) + q—d1/2+[)) ,

where

r

-1 .

J
Ly, = 1- = ].
: EU( (IP|+1)(|P|+J))

J

Denote

(ke erkpr) -1
Faray ={F=F-Fl eFq

p dp); Fi has k; rootsinFy,1 <i < p— 1} .

.....

Proceeding as in the proof of Corollary 4.4, we obtain the following.

Corollary 7.2. Fix 0 <m < gq. Choose xi,...,x; an enumeration of the points of F,, and

values a1 = --- = am =0, Amy1,...,aq € F. Pick a partition m = k; + -+ + kp-1. Then for



30 A. Bucur et al.

any € > 0,

(ky,..t kp_1) .
HFEﬁA ..... éjiﬂ&hﬂhlfzqu

(") ) ()
"k, kpa £(2)P1 g+p-1 (@+p—1)g—1)

x (1 +0 (qs(d2+---+dp71+k1—m+q) (q—(dz—kz) Lt q_(dpfl_kpfl)) 4 q—(d1—k1)/2+q)) )

Summing over all such possible partitions of m, just as we did in the proof of
Corollary 4.5, and using the Multinomial Theorem, we obtain that
{F € Fa,,. %n:ﬂ&hunlsisqﬂ_< p—1 )M< q )*m
| Fidy,.ody)| qg+p-1 (@+p—1lg—1)
X (1 + 0 (qE(d2+"'+dp71+q)+(1—€)m(q—dz 4+t q_dp—l) + q—(dl—m)/2+q)) .

Taking into account the number of elements in each p-power residue class in
Fq, we arrive at the following result, which corresponds to Theorem 3.1 from the cyclic

trigonal case.

Theorem 7.3. Choose x,...,x; an enumeration of the points of F,. Fix ¢;,...,64 € C,

such that m of them are 0 and the rest are pth roots of unity. Then for any ¢ > 0,
{F € Fia,,..d, : xp(F(x)) =€, 1 <i < q} _( p—1 >m< q >qm
|\ Fids, .y q+p-1 plg+p—1)
% (1 +0 (qs(dz+...+dp71+q)+(1—£)m(q—dz 4ot q—dp,l) + q_(dl_m)/2+q)).

Proceeding as in Section 3, one can prove that the point at infinity behaves like
any other point of P!(F,). For a curve C with affine model Y? = F(X), F = F,F?--- F;,’:ll,
the number of branch pointsis R=d; +---+dp_1ifdegF =0 (mod pjorR=d; +--- +
dp-1 + 1 otherwise. The genus of such a curve is always g = (p — 1)(R — 2)/2. The moduli

space breaks into a disjoint union of irreducible components

Here the components are indexed by tuples (d,, ..., dp_1) with the properties that
(p—1di+---+dp-1 —2)=2gand d; +2d,+---+ (p— 1)dp-1 =0 (mod p), taking into
account the fact that two such tuples give the same component under certain equivalence
relations (in the case p = 3 this amounts to switching d; and d,). We also remark that,
just as in the cyclic trigonal case, for a curve C of genus g > (p — 1)?, the cyclic p-to-1

map to P'(Fy) is uniquely determined up to isomorphisms of P!(F,). So, when the genus
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passes this threshold, counting all possible affine models for curves of a fixed inertia
type (with the appropriate weights) will count each curve with the same multiplicity.

Namely,

.....

| Fldydy | + [ Fai-t,mdy 0|+ 4 | Flayndp 1) -

Similar to the cyclic trigonal curves, the curves C are endowed with an au-
tomorphism of order p that splits the first cohomology group H! into subspaces
H;p,H;g,...,H;g,l on which the automorphism acts by multiplication by xp,...,xlf,’_l,
respectively (for a choice of an order p character yx,). Since this automorphism commutes
with the action of Frobenius, it suffices to study the trace of Frobenius on one of these
subspaces, say H;p. Moving to another subspace amounts to a new choice of y,,.

The trace of Frobenius of the curve C with affine model
C:YP=F(X)
on each subspace of H! is then given by

Tr(Frobe i ) =— ) xj(Fx)=-5/F) 1<j<p-1,
*p xelP1(F,)
where the value of F at the point at infinity is the value at zero of X%8FF(1/X) if
deg F =0 (mod p) and 0 otherwise. The number of points of C over F; (including the
points at infinity) is then

q+1+Si(F) 4+ Sp1(F)).

Following the argument from the proof of Theorem 1.2, one can show that the

projective trace is distributed just like the affine trace.

Theorem 7.4. LetX),..., X441 be complexi.i.d. random variables taking the value 0 with
probability (p—1)/(g + p— 1) and each of the pth roots of unity in C with probability
q/(plg+p—1).Asdy,...,dp-1 = 00,

q+1
= Prob (Z Xi — S) (1 +0 (qg(d2+<4~+dp7])+q(q_d2 4ot q—dp,l) + q—(dl—Sq)/Z))

i=1

foranyseC,|s|]<g+1and0 > ¢ > 1.
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Note that our random variables are complex-valued and have the property that

. 0 b # c(mod p),
E(XX;°) = q

———— b=c(modp.
g+p-1 P

Computing the mixed moments of the trace, one sees that they approach the
moments of the normalized sum of random variables (X; 4 --- + X;41)/+/q + 1. Namely,

for each j, k > 0, denote

k
— Tr (Frobc |Hx1p) — Tr (Frob¢ |H71p)

1
Mf,k(q:(dlr--'rdpfl))zm Z ( NCES) ) < NCES) )

CeHldidp1)

A computation similar to the one in the proof of Theorem 1.3 yields

k

1 q+1 J 1 q+1
Mixlg,(dy,...,dp 1) =E| | —— X; X,
jk\g,\a1 p-1 (,/q+1iz=1: ) (/q+1; )

x (1 + O(qs(dz+~-+dp71+j+k)(q—dz 4. _i_q—dpfl) +q—d1/2+j+k)). (7.1)

Writing each random variable X; in terms of its real and imaginary part,
X; = Aj++/—1Bj, we obtain that E(4;) = E(B;) = 0 and E(A%) = E(B?) = q/(2(q + p— 1))
Applying the Triangular Central Limit Theorem, we obtain, by the same arguments
as in the proof of Corollary 1.4, that the limiting distribution of the normalized
(X1 4+ -+ Xg11)//q + 1 is a complex Gaussian with mean 0 and variance 1. Together
with (7.1) this fact implies the following result.

Theorem 7.5. Asq,di,...,dp_1 = 00,

1
v/q+1

has a complex Gaussian distribution with mean O and variance 1 as C varies in
H ) ().

Tr ( Frobc |Hxlp)

8 Heuristic

We give in this section a heuristic that explains the probabilities occurring in Theorems
1.1, 1.2, and 7.4.
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8.1 Heuristic for hyperelliptic curves

We first give a heuristic explaining the results of Lemma 2.4 (Proposition 6 in [5]). To
model square-free polynomials, we consider polynomials with no double root in F,.
That is, fix points xi,...,X.m and count the monic polynomials of degree d that are
not divisible by (X — x;)? for any 1 <i < ¢ + m. Assume that d > ¢+ m. Then by the
Chinese Remainder Theorem, the number of such polynomials is the number of monic
polynomials of degree d multiplied by a factor of (1 — g~?) for each condition. There
are £ +m conditions, so there are q%(1 — g~2)*™ polynomials of degree d that are not
divisible by (X — x;)? forany 1 <i < £+ m. Wenow fixa,,...,a, € F3 and aoi1,...,Q0m =
0, and count the number of polynomials defined above satisfying F(x) = a;. For i >
£+ 1, we want F(X) = 0 mod (X — x;), and there are (g — 1) such residues modulo (X — x;)?
among the g% — 1 residues not congruent to 0 modulo (X — x;)2. Fori < ¢, we want F(X) =
a; mod (X — x;), and there are g such residues modulo (X — x;)? among the g% — 1 residues
not congruent to 0 modulo (X — x;)2. Using the Chinese Remainder Theorem, this shows
that
{F € FyqlX]: deg F = d, F monic, (X — x)*{ F, F(x) = a;}|
[{F € F4[X]: deg F = d, F monic, (X — x)? { F}|

g-1 m q t (1-— qfl)mqf(l+m)
=(¢—4> (f—d) T gy

which is the main term in Lemma 2.4. Then in some way, imposing the square-free

condition cuts uniformly across these sets, and being square-free is an event independent
of imposing values at a finite number of points. The error term occurs because if one
interprets the square-free condition as a collection of conditions indexed by irreducible
polynomials, these individual conditions are only jointly independent in small numbers.

We now illustrate how the above heuristic also explains the probabilities of
Theorem 1.1. This is very similar to the computation of Section 6. As there, we now
use the set of (not necessarily monic) polynomials of degree 2g + 1 and 2g + 2. There

are g?973(1 — g=2)**™*! such polynomials F € Fy[X] with no double zeros at the points

Xi,...,X+m. Denoting the point at infinity by x;,, .1, we have to compute
29+1<degF <29+2,(X—x%)*tF,1<i<{+m
FeR,x: 2 gF =29 i) 1
Fix)=a;,1<i<{+m+1

(8.1)

HF € FglX]:29+1<degF <29+2,(X—x)*{F,1<i<{+m}|
If F(X,ym+1) = 0, which is equivalent to deg(F) = 2g+ 1, then the numerator of
(8.1) is equal to g?9t1~2H4m(g — 1)g*(q — 1)™. Similarly, if F(x;;m+1) # 0, which is equiv-
alent to deg(F) = 2g + 2, the numerator of (8.1) is equal to g?9t2~2+mgf(q — 1)™. This
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shows that (8.1) is equal to

1 m+1 14 .
(m) (q2q_1> if F(Xp4m+1) =0,

(‘llﬁ)m (q_zq—_l)prl if F(Xp1my1) # 0.

This is the geometric version of the main term in Lemma 2.4. To see that, let
X1,...,Xg41 be the points of ]P’l(]Fq), let ay,...,aq+1 € Fq and let m be the number of zeros

among the values ay, ..., aq1. Then (8.1) can be written as

1 m q g+l-m B (1-— q—l)mq—(q-H)
q+1 q? -1  (1—ger

and the probabilities of Theorem 1.1 follow with the usual argument.

8.2 Heuristic for general case

The same heuristic can be used to explain the result one gets for curves C that have a

cyclic p-to-1 map to P!(Fy),

Lemma 8.1. The number of (p— 1)-tuples (Fi,..., F,_;) of nonzero residues modulo
(X — t)? such that (X — t) does not divide F; and F; foranyi # jis q?%(q— 1)} (q+p—1).

Proof. Denote by S; the set of such tuples. The total number of (p — 1)-tuples of nonzero

residues modulo (X — t)? is (g — 1)P~1. For each integer 1 <k < p— 1, denote
Bx = {(Fy,...,Fp_1) : (X —t) divides exactly k of the F;, (X — t)* does not divide any F;}.

Then
S = (@* — 17! Z|Bk|

It is easy to see that |Bg| = (pgl )(g — 1)¥(g? — @)?~ 7%, and the lemma follows by using the

binomial formula. [ |

The number of (p— 1)-tuples in S; such that F = F;F?-- Fp , takes the value
a € Fyisequal to qP (g — 1)P~2. Tt follows that the number of (p — 1)-tuples in S; such that
F=FF}; . Fp | takes the value O is equal to |S;| — gP~l(qg — 1)P~! = (p— 1)gP~2(q — 1)P~ L.
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Therefore, the probability that F = F; F7 - - Flf:ll takes a value a € F; at a point ¢ is

—1
—2——7 ifa =0,
a+tp- (8.2)

q .
if a € F*.
@—Ug+p-1 a

This explains the result of Corollary 4.5 and Theorem 7.3.
Finally, for Theorems 1.2 and 7.4, we note that taking the point at infinity into
consideration works just like in Section 8.1 and we get that for any enumeration x, ..., X,

of P! (Fq) and any &, ..., &q that are either zero or pth roots of unity,
Prob(xp(F(x)) =¢,0 <i < q) =Prob(X; =¢,0 <1 < q),

where Xj,..., X, are ii.d. random variables taking the value 0 with probability (p —
1)/(g + p— 1) and each root of unity with probability q/(p(q + p — 1)).
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