NON-VANISHING FOR CUBIC L-FUNCTIONS
CHANTAL DAVID, ALEXANDRA FLOREA, AND MATILDE LALIN

ABSTRACT. We prove that there is a positive proportion of L-functions associated to cubic
characters over Fy[T] that do not vanish at the critical point s = 1/2. This is achieved
by computing the first mollified moment using techniques previously developed by the au-
thors in their work on the first moment of cubic L—functions, and by obtaining a sharp
upper bound for the second mollified moment, building on work of Lester—Radziwilt, which
in turn develops further ideas from the work of Soundararajan, Harper, and Radziwil-
Soundararajan. We work in the non-Kummer setting when ¢ = 2 (mod 3), but our results
could be translated into the Kummer setting when ¢ = 1 (mod 3) as well as into the num-
ber field case (assuming the Generalized Riemann Hypothesis). Our positive proportion of
non-vanishing is explicit, but extremely small, due to the fact that the implied constant in
the upper bound for the mollified second moment is very large.

1. INTRODUCTION

A famous conjecture of Chowla predicts that L(%, X) # 0 for Dirichlet L-functions attached
to primitive characters y. It was first conjectured when x is a quadratic character, which is
the most studied case. For quadratic Dirichlet L-functions, Ozliik and Snyder [OS99] showed,
under the Generalized Riemann Hypothesis (GRH), that at least 15/16 of the L-functions
L(%, X) attached to quadratic characters x do not vanish, by computing the one-level density
for the low-lying zeroes in the family. The conjectures of Katz and Sarnak [KS99] on the
zeroes of L-functions imply that L(%, X) # 0 for almost all quadratic Dirichlet L-functions.
Without assuming GRH, Soundararajan [Sou00] proved that at least 87.5% of the quadratic
Dirichlet L-functions do not vanish at s = 1/2, by computing the first two mollified moments.
It is well-known that using the first two (non-mollified) moments does not lead to a positive
proportion of non-vanishing, as they grow too fast (see Conjecture 1.5.3 in [CFK*05] and
the work of Jutila [Jut81].) Soundararajan [Sou00] also computed asymptotics for the first
three moments, and Shen [She] obtained an asymptotic formula with the leading order
term for the fourth moment, building on work of Soundararajan and Young [SY10]. A
different approach was used by Diaconu, Goldfeld, and Hoffstein [DGHO03| to compute the
third moment. Over function fields, asymptotics for the first four moments were obtained
by Florea [Flol7c, Flo17b, Flo17a]. We refer the reader to those papers for more details.
Moreover, in the function field case, Bui and Florea [BF18] obtained a proportion of non-
vanishing of at least 94% for quadratic Dirichlet L-functions, by computing the one-level
density (those results are unconditional, as GRH is true over function fields).

In this paper, we consider the case of cubic Dirichlet L-functions. There are few articles
in the literature about cubic Dirichlet L-functions, compared to the abundance of papers
on quadratic Dirichlet L-functions, as this family is more difficult, in part because of the
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presence of cubic Gauss sums. The first moment of L(%, X), where x is a primitive cubic
character, was computed by Baier and Young over Q [BY10] (the non-Kummer case), by
Luo for a thin sub-family over Q(y/—3) [Luo04] (the Kummer case), and by David, Florea,
and Lalin [DFL] over function fields, in both the Kummer and the non-Kummer case, and
for the full families.

In these three papers, the authors obtained lower bounds for the number of non-vanishing
cubic twists, but not positive proportions, by using upper bounds on higher moments. El-
lenberg, Li, and Shusterman [ELS] use algebraic geometry techniques to extend the results
of [DFL] to ¢-twists over function fields and improve upon the lower bound for the number
of non-vanishing cubic twists (but the proportion is still nonpositive). Obtaining an asymp-
totic for the second moment for cubic Dirichlet L-functions is still an open question, over
functions fields or number fields. Moreover, for the case of cubic Dirichlet L-functions, com-
puting the one-level density can only be done for limited support of the Fourier transform of
the test function, and that is not enough to lead to a positive proportion of non-vanishing,
even under GRH [CP20, Meil9).

We prove in this paper that there is a positive proportion of non-vanishing for cubic
Dirichlet L-functions at s = 1/2 over function fields, in the non-Kummer case.

Theorem 1.1. Let ¢ =2 mod 3. Let C(g) be the set of primitive cubic Dirichlet characters
of genus g over F,[T]. Then, as g — oo,

#{x€Clg) : L(3,x) #0} > #C(g).

Theorem 1.1 is obtained by using the breakthrough work on sharp upper bounds for mo-
ments of |((1/2 + it)| by Soundararajan [Sou09] and Harper [Har|, under GRH. Their tech-
niques, together with ideas appearing in the work of Radziwilt and Soundararajan [RS15] on
distributions of central L-values of quadratic twists of elliptic curves, were further developed
by Lester and Radziwilt in [LR], where they obtained sharp upper bounds for mollified mo-
ments of quadratic twists of modular forms. Our work owes a lot to these papers and circles
of ideas.

To obtain Theorem 1.1, we need to compute the first mollified moment, generalizing our
previous work [DFL] (Theorem 1.3), and to obtain a sharp upper bound for the second mol-
lified moment (Theorem 1.6). In fact, we obtain upper bounds for all mollified moments,
not only the second moment and integral moments. Using Theorems 1.3 and 1.6, the pos-
itive proportion of Theorem 1.1 follows from a simple application of the Cauchy—Schwarz
inequality.

As noted by Harper in the case of the Riemann zeta function, the sharp upper bound for
the k™ moment is obtained at the cost of an enormous constant of the order GECk, for some
absolute constant ¢ > 0. Hence our positive proportion of non-vanishing is extremely small,
but explicit nonetheless.

The method we used for the family of cubic L—functions would be expected to work in
general for families where one can compute the first moment with a power saving error term,
and it is useful in families where the second moment is not known. The method used in the
paper allows to get a sharp upper bound for the second mollified moment, which is enough to
obtain a positive proportion of non-vanishing (under GRH). For the family of cubic twists,

we expect that the Kummer case would be similar, and the results would hold in that setting
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as well. Our result should also transfer over to number fields, but it would be conditional
on GRH.

We first state the standard conjecture for moments of the family of cubic Dirichlet L-
functions. We refer the reader to Section 2 for more information about the family of cubic
Dirichlet L-functions over function fields in the non-Kummer case (i.e. ¢ = 2 (mod 3)).

Conjecture 1.2. Let ¢ =2 (mod3). Let C(g) be the set of primitive cubic Dirichlet charac-
ters of genus g over F,[T]. Then as g — oo,

a9k
Z\ (3 X) [ ~ ka(g),
xGC

where Py,(g) is a monic polynomial of degree k?, ay, is an arithmetic factor depending on the
family, and

gk—

J=0

A testament to the fact that moments of L-functions are hard to compute is the fact
that simply conjecturing an asymptotic is very difficult. The constants g, were obtained by
Keating and Snaith based on considerations from random matrix theory [KKS00]. Number
theoretic heuristic arguments were used in the work of Conrey, Farmer, Keating, Rubinstein,
and Snaith [CFK'05] to generalize Conjecture 1.2 to include lower order terms, and more
recently by Conrey and Keating [CK15a, CK15b, CK15¢, CK16, CK19]. The order of mag-
nitude ¢*” is easy to conjecture, as it comes from the size of the contribution of the diagonal
terms. In the case of cubic characters, this will come from the fact that cubic characters are
trivial on cubes. For the first moment, only diagonal terms contribute to the asymptotic of
the previously cited work [BY10, Luo04, DFL]. For the second (and higher) moments, there
will be a contribution from the off-diagonal terms. The off-diagonal term contribution can
be estimated in the case of quadratic characters, but it is open for the family of cubic char-
acters, where only the first moment without absolute value (the sum of L(3, x)) is known.
In the work of Soundararajan and Harper, which provides an upper bound of the exact order
of magnitude for all moments of ((s), the upper bound is built only from the contribution
of the diagonal terms. This follows from a key result of Soundararajan who proved that one
can upper bound log ]L(%, X)| by a short sum over primes. In our setting, we use Lemma
3.1 which is the analogue of Soundararajan’s key inequality. Considering only the diagonal
terms and neglecting the rest leads to a constant for the upper bound which is much larger
than gi. In particular, shortening the Dirichlet polynomial produces a large contribution
from the (g + 2)/N term. The techniques used to get the upper bound generate a constant
of size ¢, as noted by Harper [Har].

1.1. Statement of the results. We state our two results about the mollified moments.
Let k > 0. The mollifier we use, M(x; %), is defined in Section 3.2, and depends on the
parameter k. We will later choose k = 1 in the application to Theorem 1.3.
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Theorem 1.3. Let ¢ = 2 (mod 3). Let C(g) be the set of primitive cubic Dirichlet characters
of genus g over F,[T]. Then as g — oo,

> L3 0)M(x:1) = Ag™ + O(¢"),

x€C(g)

for some 0 < § <1 (see equation (113) for more details on §) and where the constant A is
given in equation (108).

Corollary 1.4. With the same notation as before, we have that

> L3, )M (x;1) > 0.6143¢7 2.

X€C(9)

Remark 1.5. It is easy to estimate that #C(g) ~ c3¢g?"2 for some explicit constant c3 (see
[DFL].) Dividing by the size of the family, we then prove that the first mollified moment of
L(%, X) is asymptotic to a constant, which is the conjectural asymptotic. This is also the
asymptotic for the non-mollified moment (with a different constant) as proven in [DFL]. This
asymptotic is not included in Conjecture 1.2 which is concerned with the moments of the
absolute value of the L-functions. The moments of L(%, x)* L(3, x)*2, for general positive
ki, ko, are conjectured to grow as a polynomial of degree kiks in g, see [DLN]. Note that
the conjectures in [DLN] hold for cubic twists of elliptic curves, but both families have the
same symmetry, so the main terms will have a similar shape. Theorem 1.3 corresponds to
the case k1 = 1, ks = 0, and Conjecture 1.2 to the case ky = ko = k.

The following upper bound for the second moment is the analogue of Proposition 4.1 in
[LR].

Theorem 1.6. Let k,x > 0 such that kk is an even integer and kx < C' for some absolute
constant C. Let ¢ = 2 (mod 3). Let C(g) be the set of primitive cubic Dirichlet characters of
genus g over F,[T]. Then as g — oo,

> LG M b < g

X€C(9)

Remark 1.7. Because of the presence of the mollifier, dividing by #C(g), all moments are
bounded by a constant, and they do not grow. Using the first and second moment then leads
to a positive proportion of non-vanishing.

1.2. Proof of Theorem 1.1. The proof of Theorem 1.1 follows from a simple application
of Cauchy—Schwarz and Theorems 1.3 and 1.6 for k = 1. Indeed,

‘ > veety LG )M (x; 1) ’

Z 1> > q¢f. [
XeC(g) Z IL(5, )M (x; 1)
L(%,%)#0 X€C(g)

Remark 1.8. Combining Corollary 1.4 and equation (84), we get the explicit proportion
#{x €C9) | L(3,x) # 0} > 0.3773¢~ " ¢***,
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and using (6),

#{x € C(9)| L(5,x) # 0} oy e
#C(g) Z<1 © ) G, (273¢,(3)?

1.3. Overview of the paper. This paper contains two main results, which are proven with
different techniques.

We first prove the upper bound for the mollified moments, adapting the setting and nota-
tion of [LR] to the case of cubic characters (and to the function field case). The combinatorics
to give an upper bound to the contribution of the diagonal terms is significantly more com-
plicated, in part because the special values of the cubic L-functions are not real numbers,
and they have to be considered in absolute value, and in part because we are identifying
cubes and not squares. This also applies to the proof of the almost-sharp upper bound for
the L-functions we consider, which is needed as a starting point to prove the sharp upper
bound. Because we are dealing with cubic characters, we also have to bound the contribution
of the squares of the primes, unlike the case of quadratic characters, where the squares of the
primes contribute to the main term. In the language of random matrix theory, the family
of cubic characters is a unitary family, and the family of quadratic characters is a symplec-
tic family (for Dirichlet twists) or an orthogonal family (for twists of a modular form). In
[Har|, the author also bounds the contribution of the squares of the primes to get sharp
upper bounds on the moments of |((3 + it)|, which is a unitary family. In our case, because
of the presence of the mollifier, mixing the square of the primes with the primes is very
cumbersome, and we treat them separately with an additional use of the Cauchy-Schwarz
inequality. The contribution from the squares of the primes morally behaves like L(1,%).
Bounding this contribution is similar to getting an upper bound for the average of L(1, ),
which is much simpler than the original problem of bounding the average of L(%, X)-

We then proceed to the evaluation of the first mollified moment. Because the mollifier is a
finite Dirichlet polynomial, this amounts to the computation of a “twisted first moment”, see
Proposition 8.1. The evaluation of this twisted first moment is similar to the evaluation of
the first moment for the non-Kummer family in [DFL], relying on the approximate functional
equation and powerful results on the distribution of cubic Gauss sums.

The structure of the paper is as follows. Section 2 contains the standard properties of cubic
characters over function fields that are used throughout the paper. Section 3 contains the
proof of Theorem 1.6 modulo three important results proven in three subsequent sections: a
technical lemma proven in Section 4, an upper bound for the contribution of the square of
the primes in Section 5, and the proof of a proposition giving an almost-sharp upper bound
for the unmollified moments of L(%, X) in Section 6. In Section 7, we give some estimates
on the (extremely small) positive proportion of Theorem 1.1. Finally, Section 8 contains
the asymptotic for the first mollified moment, following the lines of [DFL] where the first
moment is computed.

> 0.4718¢7¢",
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2. BACKGROUND

Let ¢ be an odd prime power. We denote by M, the set of monic polynomials of F,[T],
by M, <4 the subset of degree less or equal to d, and by M, 4 the subset of degree exactly d.
Similarly, H,, Hq <4, and H, 4 denote the analogous sets of monic square-free polynomials.
In general, all sums over polynomials in [F,[T] are always taken over monic polynomials. The
norm of a polynomial f(T") € F,[T] is given by

fle = g,

In particular, if f(T) € Fy[T], we have | f|,» = ¢"9°8) for any positive n. We will write |f|
instead of |f|, when there is no ambiguity.

The primes of F,[T] are the monic irreducible polynomials. Let m(n) be the number of
primes of F,[T] of degree n. By considering all the roots of these polynomials, we see that
nm(n) counts the number of elements in Fy» of degree exactly n over the base field F,, which
is less or equal than the total number of elements in Fy». Therefore

qn
1 < —.
(1) m(n) <~
More precisely, the Prime Polynomial Theorem ([Ros02], Theorem 2.2) states that the num-
ber m(n) of primes of IF,[T] of degree n satisfies

n n/2

2) ﬁ(n):%+o(qn )

The von-Mangoldt function is defined as

deg(P) if f = cP* ¢ € F;, P prime,
A(f) = .
0 otherwise.

Recall that for f € F,[T] the Mobius function u(f) is 0 if f is not square-free and (—1)" if
f is a constant times a product of ¢ different primes. The Euler ¢, function is defined as
#(F,[T]/(fF,[T]))*. It satisfies

o) =111 JT1 = 1P,

PIf
and
uld) _ o)
2 1, 1,

df

When f(T') € Fn[T] we may consider ¢4~ defined similarly.

In this paper we consider the non-Kummer case of cubic Dirichlet character over F,[T7,
where ¢ = 2 (mod 3). These characters are best described as a subset of the cubic characters
over F2[T]. Notice that ¢* = 1 (mod 3), so let ¢ = 1 (mod 3) momentarily, and we proceed to
construct cubic Dirichlet characters over F,[T] as follows. We fix an isomorphism € between



the third roots of unity uz C C* and the cubic roots of 1 in F;. Let P be a prime polynomial
in F,[T], and let f € F,[T] be such that Pt f. Then there is a unique o € g such that

dCE’;(P) 1

= Q(a) (mod P).

Remark that the above equation is solvable because ¢ = 1 (mod 3). Then we set

xr(f) = a.

We remark that there are two such characters, xp and Xp = x%, depending on the choice of
Q.

This construction is extended by multiplicativity to any monic polynomial F' € F,[T]. In
other words, if F' = P{'--- P¢ where the P; are distinct primes, then

XF = Xp, " Xp,
We have that yr is a cubic character modulo P; --- P,. It is primitive if and only if ¢; = 1
or ¢; = 2 for all 3.
If ¢ = 1(mod6), then we have perfect Cubic Reciprocity. Namely, let a,b € F,[T] be

relatively prime monic polynomials, and let x, and x; be the cubic residue symbols defined
above. If ¢ =1 (mod6), then

(3) Xa(b) = x3(a).

When ¢ = 2(mod3), the above construction of yp will also give a cubic character as
long as P has even degree, and the character can be extended by multiplicativity. In the
non-Kummer case, a better way to describe cubic characters is to see them as restriction
characters defined over IF2[T']. This description was formulated by Bary-Soroker and Meisner
[BSM19], who generalized the work of Baier and Young [BY10] from number fields to function
fields. We summarize their work here. Let 7 be a prime in [F 2 [T’ lying over a prime P € F, [T
of even degree. Then P splits and we can write P = 77, where 7 denotes the Galois conjugate
of m. Remark that P € F [T splits if and only if deg(P) is even. Then the restrictions of
X~ and xz to F,[T] are xp and Xp (possibly exchanging the order of characters). Using
multiplicativity, it follows that the cubic characters over F,[T] are given by the characters
xr where F' € [F2[T] is square-free and not divisible by any prime P(T) € F,[T.

Given a primitive cubic Dirichlet character x of conductor F = P, --- Py, the L-function

is defined by
= > a® > xh,

L(s,x) ==
feMy ’f’ deg(F)<d feMyq

where the second equality follows from the orthogonality relations for xy. The L-function
above can be written as a polynomial by making the change of variables u = ¢~*, namely,

2w
deg(F)<d feEMga

Let C be a curve of genus g over F,(T") whose function field is a cyclic cubic extension of
F,(T). From the Weil conjectures, the zeta function of the curve is given by

Pc(u)
(1 —u)(1—qu)’
7
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In the case under consideration (that is, ¢ = 2 (mod 3)), we have that

L(u, x)L(u, X)

(4) Pc<U) - (1 . U)2 )
where y and Y are the two cubic Dirichlet characters corresponding to the function field
of C. Because of the additional factors of (1 — u) in the denominator of (4), there are
extra sums in the approximate functional equation for £(u,x) in this case (see Proposition
2.1). Furthermore, the Riemann—Hurwitz formula implies that the conductor F' of y and Y
satisfies deg(F') = g + 2.

As in the introduction, let C(g) denote the set of primitive cubic Dirichlet characters of
genus g over [F[T]. From the above discussion, we have that

(5) Clg) ={xr € Hegpos1 : P|F =P ¢F, T},

and in particular g is even. In that case, from Lemma 2.10 in [DFL], we have

#C(g) = 3q°" + O(¢20+9),

1 3 2
” [l ( IRP) 11 ( P !R\?’)
REF,[T)

REF,[T]
deg(R) odd deg(R) even

where

We remark that
_ 1
(6) os I1 ( mv)‘w |
REF,

The following statement (Proposmon 2.5 from [DFL]) provides the approximate functional
equation of the L—function.

Proposition 2.1 (Approximate Functional Equation, Proposition 2.5 [DFL]). Let ¢ =
2 (mod 3) and let x be a primitive cubic character of modulus F. Let X < g. Then

(f) xX(f)
L= 2 dwnnte0) 3 e

feMqg<x feMg<g-x-1

1 x(f) w(x) X(f)
ey A s T
_ eg(£)/2 — deg(f)/2
1 \/a feEMg x+1 q ® 1 \/a feEMyqg-x q ¢
where
(7) w(x) = —q BTNy (f)

FEMyeg(Fy—1
is the root number, and g = deg(F) — 2.

Now let x be a primitive cubic character of conductor F' defined over F,[T]. Then, for
Re(s) > 1/2 and for all € > 0, we have the following upper bound

(8) |L(s, x)| < g7,
For Re(s) > 1 and for all € > 0, we also have the lower bound
(9) [L(s,x)] > g4
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(See Lemmas 2.6 and 2.7 in [DFL].)
We recall Perron’s formula over F,[T"] which will be used several times in Section 8.

Lemma 2.2 (Perron’s Formula). If the generating series A(u) = 3¢ . a(f)udeed) is ab-
solutely convergent in |u| < r <1, then

Za(f)_i Md_“

- 2mi uj=r U" U
feEMygmn
and
1 A(u)  du
>, af)=5= # —
70 Sz (1 —u) w
fqu,Sn

where, in the usual notation, we take ¢ to signify the integral over the circle around the
origin oriented counterclockwise.

Finally, we recall the Weil bound for sums over primes. Let y be a character modulo B,
where B is not a cube. Then

(10) Y )] < BB

pPeP,

where the sum is over monic, irreducible polynomials of degree n.
The following notation will be used often. We will write A <. B to mean A < (1 +¢)B
for any € > 0 as g — oo.

2.1. Cubic Gauss Sums. Let ¢ = 1 (mod3). We now define cubic Gauss sums, and we
state the result for the distribution of cubic Gauss sums that we are using in Section 8.

Let x be a (not necessarily primitive) cubic character of modulus F. The generalized cubic
Gauss sum is defined by

(11) GV P = 3 xrlwe, <%) ,

u (mod F)
where
2w tr]Fq/]Fp (a1)
eqla) =e P ,
is the exponential defined by Hayes [Hay66], for any a € F,((1/7)).
When (A, F) = 1, it is easy to see that
(12) Go(AV, f) = X7 (A)G (V. f).

Furthermore, the shifted Gauss sum is almost multiplicative as a function of F. Namely, if
¢ = 1(mod6), and if (Fy, F») = 1, then

Go(V,FiFy) = xp(F2)*Gy(V, F1)Gy(V, Fy).

The generating series of the Gauss sums are given by

o(fiu) = Z Gy(f, F)Udeg(F)

FeM,
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and

(13) \ijq(fa u) = Z Go(f, F)udeg(F)‘
FeM,
(Ff)=1

The function W,(f,u) was studied by Hoffstein [Hof92] and Patterson [Pat07]. In [DFL] we
worked with U, (f,«) and proved the following results.

Proposition 2.3 (Proposition 3.1 and Lemmas 3.9 and 3.11, [DFL)). Let f = f1f3f;, where
fi and fy are square-free and coprime, and let fi be the product of the primes dividing fs
but not dividing f1fy. Then

g5 —5ld+deg(f)ls 1\ !
S G F) =0 i GalL Fp(1, [+ des(rla) TT (14 5 )

(et il Angs ~ Pl
Sted 1 N d
+O 5f2:1qg 1 +_% q(];, u)_u
Ik 2m Jiyj=g-e U u

with 2/3 < o < 4/3 and where V,(f, u) is given by (13), [z]s denotes an integer a € {0, 1,2}
such that x = a (mod 3),

1 a=20,
p(lv a) - T(XB)(] a = 17
0 a=2,

and
; —1
7(xs) = D xal@)e? O ya(a) = 7 ('),
aGFZ

Moreover, we have

o LS i ) < 1
21 [— U U

When ¢ = 2 (mod 3), the root number in equation (7) can be expressed in terms of cubic
Gauss sums over [F2(T, as proven in ([DFL], Section 4.4). Let x be a primitive character
of conductor F' € F,[T]. Then, F is square-free and divisible only by primes P(7T) of even
degree and

(14) w(x) =q 7 'Ge(1, F),
where
(15) G (1, F) = gl

for F' € F,[T] square-free (See Lemma 4.4 in [DFL].)

3. SETTING AND PROOF OF THEOREM 1.6

3.1. Setting. Following the work of Soundararajan on upper bounds for the Riemann zeta
function [Sou09], we first show that we can bound log |L(3, x)| by a short Dirichlet polyno-

mial. The following statement is analogous to Proposition 4.3 from [BFKR].
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Lemma 3.1. Let ¢ = 2(mod 3) and let x be a cubic Dirichlet character of genus g over
F,[T]. Then for N < g+ 2 we have

J(N —deg(f))\ , g+2
log |L(5,x)| <R +
(degZ<N N|f|2 Noza deg(f) > N

_ AH () + x(F))(N — deg(£)) g+2
%N N[ deg(f) | N

Proof. The proof follows that of Proposition 4.3 from [BFKR], by setting z =0, N = h and
using the fact that m = g + 2. O

Since A(f) = 0 unless f is a prime power and A(P?) = deg(P), we have
1 P)+X(P))(N — deg(P +2
N|P|2 N log q N
deg(P)<N

1 3 (X(P) + X(P))(N — 2deg(P))

+_

N|P|1+N120gq
deg(P)<N/2

3 1 3 (x(P)' + Y(P)Z)(N — Ldeg(P))

1>3 7 deg(P)<N/I N|P|2 Nioga

It is easy to see that the powers of primes with [ > 3 contribute O(1) to the expression
above. More precisely, using the Prime Polynomial Theorem (1), we have

P) +X(P))(N — Ideg(P)) _ (N —1j
D (X(P)" +X(P)")( g( ))<Z ¢ ( 7)

1y 1 — | 1 1
1>3 deg(P)<N/I 2IN|P|z" Wioza 1=3 j<N/I 1jNg" (2" wioza)
N N N
1 N—nh , 1 N—h 1
<=y = > <Y o d"Pr () <2
N hZ:g) hqh(%+migq) % N hzzg hqh(%Jerg)g ) (h) ;_3 qh(%-ﬁ-ﬁgq)\/ﬁ
Jj<h/3
= 1
<2 =:1n=1.676972....
; 56vh

Then, for any k > 0,

P)(N — deg(P k(g+ 2

|L<%7X)|k S exp{kﬂ%( Z X( )( y 1g( ))>_|_ (g >—|—]{577
N|P‘2+Nlogq N

deg(P)<N

" n( Y AP - 2d(P)y

14+-—2
deg(P)<N/2 2N|P|"F ~Noza

Similarly as in [LR], we separate the sum over primes in J 4 1 sums over the intervals
(17) In= (Oa (g + 2)00]7 I = ((g + 2)00a (g + 2)01]7 s 7IJ = ((g + 2)(9J—1a (g + 2)&]]7
where for 0 < 5 < J, we define

el

(log g)'*”
11
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for some 0 < b < 1. In view of (5), it is natural to use g + 2 instead of g in the definition of
the intervals I;.

We will choose J such that 6 is a small positive constant. We discuss in Section 7 explicit
upper bounds and how to choose 6;. We remark that for a given choice of 8;, we have
J = [log(log ¢)**® + log6;]. The power of 1000 together with the parameters chosen in
Section 7 guarantee that J is positive for any g > 3.

For each interval I;, we define

a(P;u)x(P
Py (x:w) 12%

a(Piu) = — (1—(d°i),

| P| Gt 9+2)0u
for 0 < u < J, and we extend this to a completely multiplicative function in the first variable.
By P € I;, we always mean that deg P € ;.
In order to use Lemma 3.1 we need bounds for exp (RPy, (x;u)) on each interval I;. Let
t € R and ¢ be a positive even integer. Let

tS
(18) Eft) =) o
s</t
Note that E,(t) > 1 if ¢ > 0 and that Ey(t) > 0 since £ is even. We also have that for
t< (/e
(19) et < (1+e)E(t).
Let v(f) be the multiplicative function defined by v(P*) = &, and let v;(f) = (v*.. xv)(f)

be the j-fold convolution of v. We then have v;(P?) = L.

The following lemma gives a formula for the powers (%PIJ, (x; u))s, and will be used fre-
quently in the paper.

where

Lemma 3.2. Let a(f) be a completely multiplicative function from F,[T] to C, and let I be
some interval. Let Py := ), . a(P). Then for any integer s, we have

P;o= st > alf)(f),
P|f=Pel
Q(f)=s

RE) = 2N a(palmm ).
2
P|fh=Pel
Q(fh)=s

Pp= Y alf) Y, L

P‘f:>P€I lePs:f
Q(f)=s

Note that if f = Q7" ... Q% then s = a3 + ...+ «,, and

s s —« S—Qq — ... — Qp_ s!
Z 1:(a1>< o 1)( 1 a, 1>:a1!...ar!:S!V<f)’

Py..P.=f
12

Proof. We have



SO

Pi=sl > a(fu(f).
P|f=Pel
Q(f)=s

(vr) =53() X a1 Y
=0 P|fh=P€l; f=P1..P, h=Py..Ps_,

Q(f)=r
Q(h)=s—r

~ (r) > alHa®)riv(f)(s —r)w(h)

P|fh=PclI,

Q(f)=r
Q(h)=s—r

We also have

== > alHahv(f)vh).
P|fh=P€l,
Q(fh)=s

For 7 < J, and for any real number k£ # 0, let
J
(20) Dji(x) = H(1 +e VB (KRPL(X; )
r=0
We remark that the weights are a(-;j) for all intervals Iy, ..., [; in the formula for D;(x).
Note that we have

By (KRPL(x: 7)) = ZM

s!
- (k/2)*IMa(f; 5)a(h; 5)x(F)xX(R)v(f)v(h)
21 = ,
( ) Pfi;?efr \ |fh|
Q(fh)<tr

where we have used Lemma 3.2.
We also define the following term, which corresponds to the sum over the square of primes
in equation (16),

X(P)b(P; j)

(22) Sik(x) = exp [ kR > P ,

deg(P)<(g+2)0;/2

where

(23) b(P; ) = _ 2degP ) .

2| P| T2 Towa ( (g +2)6;

Proposition 3.3. Let k be positive. For each x a primitive cubic character of genus g, we

either have

to
amax [RP, (O u)l > 3,

13



or

|L(3, 01" < exp(k(1/6 +n0)) Dar(x) Sk (X)

+ > exp(k;u/ej+n))Dj,k(x>Sj,k<x)(

e’ kRPy,,, (x; u) ) Sj+1

0<j<J—1 bt

j<u<J
for any s; even integers and n = 1.676972. ...
Proof. For r =0,1,...,J, let

. . l,
(24) T, = {X primitive cubic, genus(y) =g : max, IRP;, (x;u)| < o2 }

For each x we have one of the following:

(1) x ¢ To
(2) x € T, for each r < J
(3) There exists a j < J such that y € 7, for r < j and x ¢ ;1.

If the first condition is satisfied, then we are done. If not, assume that condition (2) is
satisfied. Then in equation (16) we take N = (g + 2)6,, and we get

L2, )| <exp(k(1/6, + ) [ [ exp(BRPr, (x; 1) Ssk(X)

<exp(k(1/60; + U))l)_J,k(X)SJ,k(X)'

Now assume that condition (3) holds. Then, there exists j = j(x) and u = u(x) > j = j(x)
such that |[RP;, (x;u)| > £;11/(ke®). We then have

1< (ke%ﬁfﬁﬂ1(X§u)>%+l
>~ £j+1 )

for any even integer s;.;, and taking N = (g + 2)6; in equation (16), we get

e2k‘§RP- LG U)N S+
LG5, 0" < exp(k(l/ej+77))Dj7k(X)Sj’k(X)< ;;( )> '
J

Then, if (3) holds, we have

J

@) LGOS YD e84 m) D (0 8e0) (e )

0<j<J—1 bt
J<u<J
where in the bound of the right-hand side, j and u are independent of y. 0

Remark 3.4. In the previous proof, we could have written maxo<;<;—1 instead of > o<j<j_1
j<u<J j<u<J
in the bound (25). However, this maximum depends on Yy, and in future applications of
Proposition 3.3 we will need the right-hand side to be independent of y so that we can
exchange the bound with a sum over all the possible .
14



3.2. The mollifier. Let x be a positive real number, and we define

0 J A f)v
M) = By (LR e = YD AT,
P|f=Pel; R |1
Q<L

where A(f) is the Liouville function. We also define

J
ML) =] M6 1)
=0
We have for any positive integer n

1y alf; IX(HAS) o
MR = ) K20 /1] valf56s);
P‘f:>P€Ij
Q(f)<nt;

where
wlfit) = Y, vlf)vlf).
F=f1.-fn
Qf1)<b5,- U fn) <L
Then, taking x such that kx is an even integer,

(26)
M, (o 1) = 3 a(fy; J)alhy; J)x ()X (hi)A(f;)A(Ry)
J ' K - .
P|fjhj=P€I; ) 1f3hil
Q) <kt Q(hy) <k

Vir/2(f53 €5)Vhny2(Bjs £).

We remark that the mollifier should be a Dirichlet polynomial approximating |L(%, X)|_1

Indeed, taking x = 1 and k an even integer in the definition above, we see that |M;(x;1)
is a Dirichlet polynomial on the interval /; in view of (16), approximating the exponential
with the finite sum Ej, on each interval (we do not claim that the finite sum is an upper
bound, but it is close enough to work on average), i.e. it is very close to (21) (with the
added Liouville function taking care of the cancellation). Taking x # 1 allows us to mollify
all moments, not just in the case when k is an even integer, by taking the mollifier to be

| M;(x; %)|’m on each interval I; as defined above. We remark that for any «, the term with
fihj = P in the Dirichlet series (26) is

_ka(P,J) (x(P) +X(P))
2 IREE

’ k

which is independent of x, and of the correct size to approximate |L(%, )| 7F.

3.3. Averages over the family.

Lemma 3.5. Let Iy, I, ..., 1; be intervals such that Iy = (0, (g + 2)60o], I = ((g + 2)60, (g +
2)64],...1; = ((9+2)0,-1,(9+2)0,]. Let B,C,b, and ¢ be any functions supported on F,[T].

Suppose s; and {; are nonnegative integers for j =0,...,J such that
J J
(27) 2> 05, +3) 0,0, < 1/2.
§=0 §=0

15



Then we have

ST Y. BE)CH)(S;)e(hy)xr(FHE f12)

ReM 2 /9,4 J=0 P|F;H;=P€l;
P|f;h; :>P€I
Q(F;H; )<s]

a(f)<t;

Q(hj)<t;

S| (D G CEATIARTR R =P o

Jj=0 P|F;H;=P¢€l;
P‘f]hJ:>PEIJ
Q(FjHj)<s;
Q(f5)<4
Q(h;)<t;
FjH2f;h3=0

la

Remark 3.6. We will also use the above lemma in slightly different cases. We will allow
the following variations:

e That the condition Q(F;H;) < s; be replaced by Q(F;H;) = s,
e That the condition P | F;H; = P € I; be replaced by P | F;H; = deg(P) = m;
where m; is a fixed element in I;.

The above variations will happen for some values of 7 and may happen both at the same
time. In all cases, the results are analogous.

Proof. Expanding the left-hand side of the identity above and exchanging the order of sum-
mation, we need to evaluate sums of the form

J
Z XR <H Fngzfjfﬁ) = Z anzoij]zfthg(R),

REM 2. g/2+1 J=0 ReEM 2, g/2+1

since ¢* = 1 (mod 6), and we have cubic reciprocity over F2[T]. If H;fzo F;H f;h3 # £, then

J
> deg(FH; f;h3) < (g +2) (2293]+329€> (94 2)/2 = deg(R)
j=0

and the character sum above vanishes. We are then left with the contribution of those terms
with H}]:o F;H f;h = 6. Since F;H7 f;h? is only divisible by primes in I; and the intervals
I; are disjoint, it follows that we must have F; H ]2 fi h? = foreach j < J. Forany ¢ € F[T],
c =0T, and degc < g/2 + 1, we have that

Z Xr(c) = Z w(d) Z 1= qy+2 Z 'u(d)q—megd _ qg+2¢L(20)’

|c|
RGMqQ’g/%Ll dGMqQ REqu}g/Qle dqu2 q
dle dlR dle
i ; 17/ 72 £ 12 .
and using the above with ¢ = szo F;H 5 fi hj, the conclusion follows. 0

16



3.4. Proof of Theorem 1.6.

Pmof We write
(28
Z LG OFIMOG DI = > [LGFIMOG DI+ Y 1LG)FIM (G DI,

X€C(9) X€C(9)NTo X€C(9)\To

where 7, is defined in (24). We first focus on the second term above. Since x & 7o, there
exists u = u(x) such that 0 < u < J and
0
R Pr, (x; u)| > T
%ﬁfum)) " 1, completing the sum for all x € C(g)

(since all the involved terms are positive), and applying Cauchy—Schwarz, we obtain,

SIDMRTIRICITNESIEED i oY ZRUIMINEIE G

u=0 x€C(9)\7To u=0 x€C(g)
u(x)=u

20 <7”( X LG W)(EZZI@e) M DI RP (v ))>)

X€C(9) u=0 xeC(g

Choosing sg even and multiplying by <

where we choose sy to be an even integer such that

1
kkly < sp < —
ARRL) = So > d&o
with a and d as in Lemma 4.1.
For the first sum in (29), we have an upper bound of size ¢9/%¢g using Lemma 6.1. We
aim to obtain some saving from the second sum above. Using Lemma 4.1(i) and Stirling’s
formula, we get for c =2 —4/a

(X% (52 s e )

o)

u=0 x€C(g)
kel+c/69b81*0/65c/6 S0 .
< %70 (=0 —"—) "(log )"
9/2 9/2
< q q

q(10g9)5 < gA

for 6 > 1 and all A > 1, where the last line is obtained by setting so = 2[akrly/2] + 2. We
also used the bound (4) for H(0) from Lemma 4.1(i) in the second line. Replacing the two
estimates in (29), we get that

> LG IMOG DI = 0(g?),
x€C(9)\To

and the sum over the characters x & Ty does not contribute to the sharp upper bound.
17



For the first sum of (28) over the characters x € Ty, we use Proposition 3.3. As before,
we first bound the sum by the completed sum over all xy € C(g) since all the extra terms are
positive. We have

Y ILGIFIMOG DI

X€C(g)NTo
<exp (k(1/6;+n) > Dyu(x)Ssk001M(x; 1)
X€C(9)
ke? %P[ ( ) Sj+1 "
(B0 + Y enk(1/6+m) D Dunl0Sb0 () T Mg b
0si<]-1 X€C(g) Jtl
J<us<

where s;41 is even.
Using Cauchy—Schwarz, we write

(31)
1/2
> D)8k 00 IM (x; L) < ( Z Dy ()M (x; |2]m> < > Suklx ) ,
x€C(9) x€C(g x€C(g)

and similarly

ke2RPr,,, (x; )y s+ B}
Z@k 00 () T MG )l
XEC J+1

ke*RPr,,, (x; )y 25541 - 1/2

(32) (ka( ) w<|)(2&k).
x€C(g) x€C(yg
To bound equation (31), we use Lemma 4.1(ii) and Lemma 5.1 which give
(33) D= Darl0Sk(OIM G DI < DS, exp (12),
x€C(9)

where the constants Dy, Sy come from Lemmas 4.1 and 5.1 respectively.

Similarly, to bound (32), we use Lemmas 4.1(iii) and 5.1. When we bound the first term
n (32) with Lemma 4.1(iii), we use Stirling’s formula and note that the sum over primes is
bounded by log(#;+1/6;) = 1. Now we pick s;11 = 2[1/(2df;+1)], and then when g — oo, we
have

ke*RPy,, (x; )\ 25541 .
S Dl )|wmw
x€C(g) i+l

+2 2 2(J-j-1) sy 5\
g —Jj=
<- \/— Dy exp(3k* + 2k)c" Ace/3

2
(34) = %quﬂpk exp(3k? + 2k) x exp <k:2(J —j—=1)+

alog iy logF>
dj1 dfji1

k‘262+c/3 50/3

C

18



with ¢ =2 —4/a and a and d as in Lemma 4.1.
We now replace in (32), and using Lemma 5.1, the sum over j, u, y in (30), is bounded by

2 /G 1/2
exp(kn) <ka exp(3k* + 2k)8k> Cy g2,

where
ko kK (J—j—1) «alogb logF
C = ex — 4+ + J +
7 o<j<ZJ—1 p (9]. 2 2d0; 11 2d9j+1>
j<u<J
ko KXJ—j—1) aloghy, logF
— J— ] ex — + + J +
ket E*u  aue* ae“logl; e“logF
pu— 1 R
0<1;]—1(u thee ( 0, " 2 2d0 * 2d0; * 2d0 ; )
(35) = O(1).

Now using also (33), and the fact that the characters in 7y do not contribute to the upper
bound, we finally have

(36)
3 4[24

> LG FIM G DI < DS exp (5k9—+<1+—n>k) <exp<k/9J>+-\/7;<ﬁj> .

x€C(9)

This completes the proof of Theorem 1.6. In Section 7, we find an explicit numerical value
for the constant in the upper bound (36) when k = 2, which depends on the bound for C}.
|

4. A TECHNICAL LEMMA
Lemma 4.1. Let j=0,...,J —1,0<u <J for (i), and j < u < J for (iii). Let s; be an
integer with akkl; < s; < where a and d are such that a > 2, d > 8, and 4ad6’},_b <1,

with 0 < b < 1.
Then we have

1
do;°

(2—4/a)s0/3
) S 100 D RP e ) <, 2 ) (Y 5 )il )
’ - ‘Pl 450 L(2*43/¢I)SOJ!

x€C(g) Pely

Y

(i) Y Dux(x)’IM(x; 2)[** <. ¢ Dy exp(2k?),
x€C(g)
28541

(iti) > Dy (%PI % U)) | M (x; 2] <. 2¢77* Dy, exp(3k* + 2k)
x€C(9)

(32 Ly 25,0
|P‘ 455+1 L(2_4/§)5j+1j! ’

Peljp

5) (2—4/a)sj+1/3 (

where Dy, is given in (45) and where H(0) is bounded by (51).
19



Proof. Following [BSM19, DFL], the sum over x € C(g) can be rewritten as the sum over the
cubic residue symbols yg, for monic square-free polynomials R € F2[T] of degree ¢g/2 + 1,
with the property that if P|R then P ¢ F,[T]. Since all the summands in the expressions
above are positive, we first bound the sums over x € C(g) by the sum over all R € M2 ;/941.

We prove the last upper bound, and the first two are just simpler cases of that one. We
note that D;(x)? contributes primes from the intervals Iy, ..., I;, RP; (x;u) contributes
primes from 7,4, and the mollifier contributes primes from all the intervals Iy,...,I;. To
prove (iii), we have to bound

(37) > T+ e2)2er(r) x Er(G+1) x ] Erlr).

REngﬁg/QJrl r=0 r=j+2
where the Eg(r) are defined as follows. For r =0,...,7,

5R<7,> _ Z (k/2)Q(Fr1FTQHrlHTQ)a(FrlFT2H7~1HT‘2; j)V(Frl)y(FTQ)V<Hr1)V(Hr2)

Q(frhr)
P frhy Fyy Frg Hyy Hyy= PEI, K Ve Fry Frg Hoy oo

Q(FTlHT‘l)SeT
Q(FTQH’I‘Q)SET
Q(fr)< (k-r)ly
Q(hy) < (k-k)er

X a(frhr§ J))‘(frhr>ykn(fr§ Er)”’ﬂfi(hh ET)XR(fTthTlFTQHv?lHEZ)'

Forr =7 +1,
5R(7") _ % Z a(FrHr§ u)V(Fr>V<Hr)a(frhr§ J))‘(frhr>ykn(fr; €T>an(hr; KT)XR(f,«h%FTHE)

)
P|frhrFrHr=P€l, K Srhe) V ‘frFrhrHr‘

Q(F, H,)=2s,
Qfr)<(k-k)lr
Q(hr)<(k-k)ly

Forr=75+2...,J,
a(frhr; J))\(frhr>l/kn<fr; €r>l/kn(hr; gr)XR(fth)
Er(r)= ) =
P|frhr=P€l, /{Q(frhr) V |f7"h7’|

Q(fr)<(k-K)er
Q(hy) < (k-w)lr

For 6; small enough (depending of d, k, k), note that we can apply Lemma 3.5 to evaluate
(37) because from our choice of parameters, we have, for any j < .J — 1, that

J
(38) 43 0,0, + 40,1510+ 3 0ckkl, < 1/2.

r<j r=0

We then obtain that (37) is bounded by

(39) s (ﬁ (1+ e‘”/Q)2 E(r)yx E(j+1) x H E(r)) ,

r=0 r=j+2

where the F(r) are the factors obtained after doing the average over R from Lemma 3.5. We

proceed to address the three cases, depending on the value of r.
20



For r =0,...,7, we have

E( ) Z (k/Z)Q(FrlFﬂH”HTZ)CZ(FrlFTQHrlHTQ;j)V(Frl)V(FT.Q)V(Hrl)I/(HTQ)
)=
K'Q(frhr) \/’fThTFTlFT’leT’].]jT2|

P|frhrFrlFr2Hr1Hr2$P€Ir
Q(FrlHrl)Ser
Q(F7'2Hr2)ger
Q(fr)<(k-K)lr
Q(hr)<(k-K)lr

frthrlFrgHng?%Q:@

2 2F L F.oH? H?
Xa(frhr;J))‘(frhr)ykn(fr;gr)ykn(hr;gr)gbq (fThr rlo 2l r2)

|frh%FT1FT2H7?1H32|q2 .

Notice that if max{Q(f,), Q(h,), U F1H,1), QU F.uH,5)} > {,, we have 22FrhrFrifiFralliz) >
2t We write F, = F,1Fyy, H, = H,1H,9, and we recall that v,(F,) = (v x v)(F,). We have
Z (k/2)Q(FrHT)a(FrHr; j)UQ(FT)VZ(Hr)a(fThr; J))‘(frhr)ykm(fr)ykn<hr)¢q2(frh?»Fng)
P|frh, FrH,=P€l, RO \% | frEyhe He || fr R F HE 2

frh2F,.H2=08

E(r) <

(40)
) 5 9 rhr FeHy) (1 2)UFHD) o (F vy (H, ) Vi () Vi (B

2 P|fyhy Fyr Hy=PEI, kUrh) (/| frhy L H |

frh2F-H2=0

where we have used the bounds ¢, (f.h2F.H?)/|f-h2F.H?| 2, N(foh,), v(F,),v(H,) < 1,
a(F.H,;j),a(f-hy;J) < 1 in the second term above. Now using that vg.(f.) < (kw)?)
and vy(F,) < 247 we get that the second term in (40) is

1 (2k>Q(frhrFrHr)
(41> = ¢ Z

T P|frhrFrHr=P€ly ’frhrFrHr’

frh2F H2=6

Now write (f., h,) = X and (F,, H,) =Y and let f,. = f.0X, h, = h, X, F, = F, oY, and
H, = H,,Y. Then fnohf,oFr,on,O = . Write (f,0, H.0) = S and (h,o, Fr.o) =T, and write
f7“70 = fhlS, hno = han, Fno = Fr,lT, and Hr,o = H,«JS. Then fr,lh%lFr,lHq?’l = ( with
(fr,lFr,luhr,lHTJ) = ]_, and it follows that fr,lFr,l = @, hr,lHr,l = . Let (fT,l,Fnl) = ]\47
fr1 = fraM, F.1 = F.oM. Then M?f,5F,5 =(. Write M = CD?* x(@ with (C, D) =1 and
C, D square-free. Then C2Df, 2 F, 5 = and it follows that f.o = C1 D3 x(J, F, 5 = CyD3 x(J
where C1Cy = C and D1 D, = D. Then we replace

fr = XSCD?*C\D}f?, F, = YTCD*CyD3F?,

and similarly
h, — XTAB*A,B?h?, H, — YSAB*A,B;H?,

with AjAs = A and BBy = B. We ignore the co-primality conditions when bounding the
second term of (40), and for the first term in (40) we keep the condition (S,7) = 1, which
we need to get the cancellation between the mollifier and the short Dirichlet polynomial of

the L-function.
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Replacing in (41), we get that the second term in (40) is bounded by

1
< o 2.

P\ XYSTABCD f,h,FrH,=P€cl,
1 (2k)2\ 4, (2k)P\6/  (2k)%\-?
=) (=) ()

2 PH (- P2 PP

Let F(r) denote the expression above. Using the inequality form of the Prime Polynomial
Theorem (1), note that for r # 0, we have that

1 2 3 1 6 1
F(r) <. 57, CXP <4(2k) + 6(2k) Z ng'2 + 2(2k) Z nq2n>7

(g+2)0r—1<n<(g+2)0, (g42)0r 1 <n<(g+2)0r

(Zk)Q(X2Y252T2A33603D6f§h3F3H3)

o T

| XY ST B3D3||AC f,h, F, H, |3

and hence

1
(42) F(r) <. YA exp(16k?).
For r = 0, we have that

1
F(r) <c (9 +2)00)°%,

and we remark that
lim F(0) = 0.
g—00

For the first term in (40), using the change of variable from before, we get

(k/z)Q(CDQCngABQAngFfo’)/\(CCIAAIfrhr)
Z KkQCD2C1DIAB2 A1 B f3h}) \/|C3D6A3B6f7§h1§FT§H§‘

P|ABCD frh,F,H,=P€l,
C1C2=C,D1Ds=D
A1A2=A,BlBQZB

xa(f2hd; J)a(AB*A,B:CD*C,D3; J)a(F2H?; j)a(AB* Ay B3C D*CyD3; §)

3 (k/2)207*5)a(S; J)a(S; §)a(Ts J)a(T; j)a(X; J)2a(Y; §)2MST)

8 STy X ST

P|STXY =Pel,
(s,T)=1

xvo(YTCD?*CyD3F?) vy (Y SAB* Ay BS H?)
XU (X SCD?*Cy D} f2 )i (XTAB* A, B2h?)
o Gg2 (X3S?’T3Y?’C3D6A6Bl2ffh?Ffo)
|X3S3T3Y3C’3D6A6B12f7§h§F§H§\qz '
For every fixed value of A, B,C, D, f,, h,, F,, H., A1, Ay, By, By, C1,Cy, D1, Do, let
‘F(AaBa CaD7fT‘7 hra FTaHT'aAlaAQa BlyB2vcla 027 D17D2>
L H O'(P;a,b,C,d,f,h,F,H,(ll,ag,bl,bg,Cl,Cg,dl,dg)
- o(P) ’

Pel,
P%||A,PP||B,...,P4 || D1,P% || Dy
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where
O'(P, a, b, C, d, f, h, F, .[‘.[7 ai, as, bl, bg, C1,Co, dl, dg)
— Z ((k/2)5+t+2y(1/,€)s+t+2xa(P; j)s+t+2ya(P; J)s+t+2x(_1)s+t

s,t,x,y>0, st=0

X Vs (Pt+y+0+2d+@ +2d2 +3F> Vo (Ps+y+a+2b+a2 +2b2 +3H)

(Ps+:r+c+2d+cl +2d; +3f> (Pt+z+a+2b+a1 +2b1 +3h)

X Vgk Vi

¢ 5 (P35+3t+3x+3y+3c+6d+6a+12b+3f+6h+3F+6H) 1 )
q
)

| P3s+3t+32+3y+3c+6d+6a+120+3/ +6h+3F+6H| , | P|s+i+aty
q

and o(P) := o(P;0,...,0).
We can rewrite the first term in (40) as
IERE > (I /2)UCDCDIABABEENIE \(CCy AAL £, hy )
/{Q(CDQClDfAB?Alef;?h%) \/|C3D6ABBGfEhEFEH§|

Pel, P|ABCD frhyFrH.=P€I,
C1C2=C,D1D2=D
A1A2=A,B1B>=B

xa(f2h; J)a(AB*CD*CyDi A, By; J)a(F?H?; j)a(AB*C D* Ay B3Cy D3 5)
X ‘F(AaBacaD>fr7h7‘7FraHraAlaAQaBlaB27017027D17D2)-

It is clear that the sum is absolutely bounded; since we need an explicit constant, we
will prove that that the sum is < 1. We can write it as an Euler product, and we look
at the coefficient of 1/|P|*>/2. We need to consider f. = P, h, = P,F, = P,H, = P and
A:P,Al:1andA:P,A1:P7C:P,01:1andO:P,Clzp. WhenfT:P(and
everything else is 1) we get a factor of

1 b2 (P?) k3a(P; J)3¢ . (P3)
—— a(P: 3 P3 q —_ ’ q
RBCL( aJ) Vlm( )’P’3/2|P|22 6‘P‘3/2‘P3’q2

We get the same term when h, = P. If F,. = P we get
Ba(P: )"0, (P)

6 P32 P3|
and when H, = P we get the same factor. If A = P, A; = 1, we get the term
_ Ka(P; J)a(P;4)? kkgg(P%) _k3a(P; J)a(P;7)*¢2(P°)
K 2| P32 P g2 2|P3/2| PS| g

Similarly when A = P, A; = P we get
kPa(P; J)?a(P; j) g (P°)
2| P32 P g2 '
We get the same contribution for C'= P,C; =1 and C' = P, = P as for the A’s. Overall
for the sum over A, B,C, D, A,,Cy, By, D1, F,., h,, F,, H, we get

P (a(P;j) — a(P; J))* ¢ (P?) 1
11+ 3PP PP, i 0<,p,5/2)> =1

Pel,

since a(P;j) < a(P; J).
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The Euler product is equal to

HO_(P) _ H Z k‘/2 s+t+2y(1//{)s+t+2x (P j)5+t+2ya(P J)s+t+2m( 1)s+t

pel, Pel, sit, f y0>0
st=

Vs (Ps—i-y) Vs (Pt+y) Vg (Ps—‘rm)ylm (Pt—i-a:)

o0 7))
= J[(1+=252+0(=5) ).
(4% 0 (i
where we define o;(P) := k*(a(P;j) — a(P; J))? for any 0 < r < j.

We have
1 1 P P
a(P; J) - a(Pi) = ) de(P)

¢q2 (P3s+3t+3ac+3y> 1
|P35+3t+3:c+3y|q2 |P|s+t+x+y

|P| (g+2)91] log ¢ |P| (9+2);j log q (g + 2)0]|P| <9+2>éj log g (g + 2)0J|P’ (g+2)91J log q

deg(P) ) deg(P) < 2deg(P)
(

<1-(1- ,
- ( (9 +2)0; g+2)0; — (9+2)0;

which gives that

a;(P) ( 1 )) a;(P)
1+ 24+0(—=— < exp J
H ) ( ‘P‘ ’PP deg P<(g+2)0; |P|

deg P<(g+2)0;

4k> Z deg(P)?
202
(9+2) ej deg P<(g+2)0; 7]

(43) < exp <2k2 (1 + m))

Combining with (42) and incorporating everything in (40), we get that the contributions
from the intervals Iy, ..., I; are bounded by

<exp

J

[t +e“2)2E()

< f[ ( H (1 + af}(ji) —i—O(#)) —f—F(T)) (1 _I_e—fr/?)Q

o 11 (0 0()

deg P<(g+2)0;

(44) <. Dy exp(2k?),
where

¢ /2 2 ! ¢ /2 eloF*
(45) Dp=(1+e" El—l—e : <1+ 2er).
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We now look at the term r = j+1 from (39), which involves the mollifier and (RP;, (x))**.
We first write

2s,)! F)v(H h
(46) E(r) < (2s,) Z v( ;)I;(h W (fr) Vi ( r)7
P|frhyFrH.=P€l, pSHIrh) |f7‘FrhrHr|

Q(F, H,)=2s,
Qfr)<(k-k)lr
Q(hr)<(k-k)lr
frh2F.H2=8

where we have bounded A(f.h.),a(frhy; J)a(F.Hyu), ¢ (frh2E.H2) /|(fh2FH?)| 2 < 1,
an(fr;fr) < Vkm(fr)~

Using the change of variable as before, we can rewrite the sum of (46) as

3 Vi (X SCD2Cy D2 f3) e (XT AB? Ay B2h3)

Q(X2SCD2C, D2 f3T AB2 Ay B2h3 202723 A3R6 )6 £353|’
X,ST,C.D,AB,frhy ( tf 1)\ /|(X252T2C3 A3 BS DS f3 13|
C1C2=C, D1D2=D
A1 A=A, B1B2=B

P|XSTf h ABCD=P€I,
Q(XSCD2C D2 f3)<krtl
Q(XTAB?A; B2h3)<kktr

v(Y)v(F,)v(H,)
Z Y || F,. H,.|3/232(F) 3Q(Hr)

(47)

X

Y, Fy Hy
P|YF,H,=P€l,
QY2F3H3)=2s,—Q(TCD?C2D3SAB? A3 B2)

where we have used the fact that v(Z%) < v(2)/3%%) and v(-) < 1.

Now note that Q(TCD*CyD3SAB?*A;B3) < Q((ST)(CD?)?*(AB?*)?)) < 4kkl, and by
hypothesis 4krl, < 2s,, so QY2F2?H?) > (2 — 3)s, := cs,.

Let a = 2s, — Q(TCD*CyD3SAB?A;B3). Using the fact that v(Y)? < v(Y) (since
v(Y) < 1), the sum over Y, F,., H, is bounded by

v(Y) v(F) v(H,)
(48) > > Y| > 3R | B [3/2 > 3UH | H, |32
2i+3j+3k=a P|Y = Pel, P|F=Pel, P|H,=P€l,
Qy)=i (F)=j Q(H, )=k

Now

Q(Fy) 3/2 5| 3/2 )
P|F,.=P¢€l, 3 £l J* pet, 3P|
Q(Fr)=j

a similar expression holds for the sum over H,, and
v(Y) 1 1 \¢
> il X m)
P|Y=Pel, Pel,

Q(Y)=i
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Using the inequalities above, it follows that

<Z| ) Z W:<};|_113|>a/2 (§)a32i!<a1_2i)!

Pel, 2i+3j+3k=a i<a /
3|

(0-2)
M
1 \o/2 /2y /3 3 3
S(Z—) <—> (Z ot D W)
Pel, ‘P‘ 3 i<a/3 Z|L_ N J' a/3<i<a/2 LEJ'( )
3|(a—2i)

/2 w3 (5123 o (5 csr/3
o =m0 A S )

We now consider the exterior sum in (47). For the sum over A; we have (recall that A is

square-free)
an(A1>
Z KAL) - H<1 + k)

Al|A P|A

Then overall we get that

) L e L Kk + 1)
2, o b0 = (0 T)

P|A=Pel,

Similar expressions hold for the sums over C', B, D and overall for the sum over X, S, T, A, B,C, D, f,, h.,

we will get that it is

< TT (550 (o ) (1 i) (1 ) (0 ) = 0.

Using the Prime Polynomial Theorem (1), we get that

2%(k + 1) 3 k(% 4 1))

2
H(r) <. exp (k + 2k + Jaroe 2+ 3garen e e e

for r # 0,and then

(50) H(r) <. exp(k* + 2k),
which is what we need to prove (iii). For r = 0, we have that
(51) H(0) < (g60)7")

In (i), the bound will depend on H(0). Replacing (49) and (50) in (47) and finally in (46),
it follows that

1 \sien (2 csj+1/3
(52) E(G+1) <. 26Xp(k2—|—2k;)< Z W) o (3) (
P€1j+1
26

28j+1)!
4si+1| =L |




Finally, we consider the case where r > j+2 and in this case, only the mollifier contributes
primes in this interval in the factors of (39). It is easy to see that

J J L) o Q(hr)

E(r) < —
r:yllz r:jl_L Plpmper, VIFrhal

frh3=8

where we used the same bound as above on the functions appearing in the mollifier, and we
also used the fact that v,.(g,) < (kk)?9). Note that f.h? = 3 is equivalent to f, = ¢,5°
and h, = ¢, T2 for (S,,T,) = 1. Then, the term corresponding to a fixed r in the product
above is bounded by

k’QQ(g'r)

>

LUSE) LUT?) k2N -1 B3\ -2
> > - T 0-m) (- )
A |5, [*2 T2 P |PI*/?
Plgr=P€l, P|S,=Pcl, P|T,=P<I, Pel,

Using the fact that —log(1 — x) < ;%= we get that

B2\ -1 12 (9+2)0r 1 (9+2)0~ 12
R RS SR D)
11 (=) <ew 2P p) = (Z AP S o)
r r n= g+2)97_1 n-(g+2)9r_1
2 K
<. exp (k + T —— k:Q)'
Similarly
(g+2)6r
k3 o\ 2 k3 3 1 1
H <1_ |P|3/2> < Oxp <22 |P|3/2—k;3) < oxp (Qk Z (nq"/2 +O<nq2n>>)
pel, Ppel, n=(g+2)0,-1
< 2k3 0 1
=e eXp( (G126, 12 ( 2(g+2)0r71>)'
q q
Then the contribution from r > j + 2 will be bounded by
< U T exp ( qo 20 g2 T gere T O<q2(g+2>97-1 ))
r=5+42
(53) <. U=,

Combining the contribution of the intervals I, with » < j from (44), the contribution of
the interval [, from (52) and the contribution of the intervals I, with j +2 < < J from
(53), we get the bound of the last inequality.

We prove the first inequality corresponding to “j = —1” in the same way, except that the
bound for H(r) in (50) is not valid for » = 0, so we just keep H(0) on the right-hand side.

The second inequality corresponds to j = J.
O
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5. SQUARES OF THE PRIMES

In this section we prove an upper bound for the average over the square of the primes
appearing in the k'™ moment. Our proof is similar to [Har|, but it is simpler because we
separate the primes and the square of the primes from the start by using Cauchy-Schwatz
in order to deal with the mollifier.

We recall that

P)b(P; g
Sik(x) =exp | kR S W |
deg(P)<(g+2)0;/2

where the positive weights b(P; j) are defined by (23). Then, b(P;j) < %, which is the only
property that we use in this section.

Lemma 5.1. Let S, be the sum defined by (22) and let 5 > 1. For j =0,...,J we have

2k 3ekr+1) 2k pAm
5 st <o (10 225) 00 S e ki 2 ) 20

X€C(g)

In particular, choosing = 2 and using that ¢ > 5, we have

H4 S k S qg+28k>
7,
X€C(9)
where i
Aklek0r+2) /25
S,=eF 4 — [ =
k e —+ 3 < 9 ) y

and in particular

Sy & 3967.15. ...

Proof. Let

-y W
Pt |P |
where the sum is over the monic irreducible polynomials of degree m. For ease of notation,

we will simply denote the sum above by F,,(x). Let
1 1
F(m) = {X €C(g) : | RF.(x)| > G but |[RF,(x)| < G Vm+1<n<(g+ 2)(%/2}.

Note that Fy(x) = 3, so the set F(0) is empty. Since the sets F(m) are disjoint, note that
we have

(9+2)6;/2
(55) Z Sir(x Z Z Sik(X)* + Z Sik(X)*.
x€C(9) m=1 xeF(m) X¢F (m),ym

If x does not belong to any of the sets F(m), then

IRE,(x)] < 51
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forall 1 <n < (g+2)0;/2, so in this case we have
2k
Sik(x)? < exp (/f + ﬂ)
Now assume that x € F(m) for some 1 < m < (g + 2)60;/2. Then we have
(9+2)6;/2

| 1 1 1
Z %FZ(X)SEQ_Z Z ES <logm+’y+1>+m7

where 7 is the Euler—-Mascheroni constant. Therefore in this case we have

2k
2 -
Sik(x)” < exp (l{:(logm—%v—l—l)%—ﬁmﬂ(l_%))-

If x € F(m), also note that (8™RF,,(x))* > 1, so combining this with the inequality above,
we get

(56) > Six00% < exp (k(logm ++1) +
XEF(m)
Note that by Lemma 3.2,

2k

m) > (B"REA (X))

x€C(g)

. Alpt b(f; )b(f; Hx()x(R)v(f)v(h)
(B"REFm(x))" = :

Using Lemma 3.5 (note that 8m < (g + 2)/2 since 6 is small enough), we get that

416" v(f)v(h)
(57) (B"REA (X)) < " —1— — T
x;(g) 2t Pfh;epm |fh|
Q(fh)=4
fh2=6

When fh? = (0 we can write f = bf2 h = bh3 with (f;,h;) = 1. Since Q(V?f3h3) = 4 it
follows that f; = hy =1 and Q(b) = 2. Then using the fact that v(b)? < v(b) we get

v(f)v(h) v(b) 1( 1 )2 1
< — = — ) <
> e v oA ) S
P|fh=PcPpn, Plg=PEPm PePy,

Q(fh)=4 Q(b)=2

fh?=6

where for the last inequality we used the Prime Polynomial Theorem (1). Combining the
above and equations (56) and (57), we get that

(g+2)0;/2 (g+2)6;/2

2k 4134m
(58) Z Z Sik(x)? < ¢t Z exp (k(logm—l—’y—i—l) i1 )>2562m

m=1 XE_/—- m) m=1

Note that for any 1 < 8 < ,/q, the expression above will be < g9+,
Now we take 3 = 2. We use the fact that exp(2k/(8™(8 —1))) < €*, and the fact that

xk!
Zm " 1—x)’€+1’
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for z < 1. Since ¢ > 5, using the inequality above and (58), inequality (54) follows.

6. UPPER BOUNDS FOR MOMENTS OF L—FUNCTIONS

Here, we will prove the following upper bound.

Proposition 6.1. For any positive real number k and any € > 0, we have
Z ‘L ‘219 < qg+29k +e
x€C(g)

We first prove the following result.

Lemma 6.2. Let | and y be integers such that 3ly < g/2 + 1. For any complex numbers
a(P) with |a(P)| < 1 we have

(P , (12523 [a(P)I*y!
(59) Z! ) \/,? ) <4q L2l/3j!9l/3< 2 1P| >

X€C(g) deg(P)<y deg(P)<y

P)|2\ 3—¢
If we also assume that | < ( Z %) , then we have
deg(P)<y

x(P)a(P) ’ |a(P)[*\!
(60) Xegg)‘degz \/_ ) ql!<deg(¥)§y |P’ )

Proof. We extend a(P) to a completely multiplicative function. We have

2 a(fla(h)v(f)v(h)x(fh?)
— .
- Pfh:»dzegw)s@/ VIfhl

Q(f)=l
Q(h)=1

o | 3 T

deg(P)<y

Note that

> | = O

X€C(g) deg(P)<y

< ¥ |y ulhdnp

FeMp oyq deg(P)<y

Using the above and equation (61), note that if fh? is not a cube, then the character sum
over F' € M2 45,1 vanishes since deg (fh*) < 3ly < g/2+ 1 by hypothesis. Then

X(P < P a(f)a(m)v(f)v(h)é(fh%)
xegc:y) ‘ de; \/_| ’ Pfh:»%(}a)gy VIR fr2]ge
o
fh?2=6
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The condition fh? = can be rewritten as f = bf{ and h = bh? with (f1,h;) = 1. Then we
get that

z\ s Dl F D < gy 3 |a<b>|l)‘u<b>< 3 |’af<|33139< iy

x€C(g) deg(P)<y Plb=deg(P)<y P|f=deg(P

Q<! Q(f)=0- Q(b))/3
Q(b)=!l (mod 3)

9+2 (712 |a(b)Pv(b) 1 la(P)]\20-20))/3
(62) =¢"(I!) Z 1b] (((Z_Q(b))/3)1)2<deg(;)<y |p|3/2> ;

Plb=dea(P)<y
Qb)<
Q(b)=l (mod 3)
where we used the fact that v(ab) < v(a)v(b), v(f*) < v(f)/3%) and v(b)? < v(b), and we
ignored the condition that (f,hy) = 1.
We further get that the above is

la(P)?y 1
63 (11)2 .
(63) < 2; <dz< 1P| ) (1 —4)/3))2320-073
zElEmod3) es(P)<y
11/3) »
o (11)? la(P)[*! 9
(64) < D am——
973 <deg%<y [P ) ; (3)!(5 — )"

where we use the fact that |a(P)| < 1 and > °°
(62) is bounded, to get the first line above. Using the trinomial expansion formula, we get

/3] - L1/3) 521/3

9J 32j 30
;0 (B35 — )P <2 @I e = 2 s [21/3]!

j=0 3 a+b+c=|21/3|

1 nq" ——5 < 1, and that the sum over primes in

Replacing in (64) and then (62), we then get that

12521/3 a 2
> | ¥ P <o g X )

X€C(g) deg(P)<y deg(P)<y

Now let

deg(P)<y

and we assume that [ < 237°. We claim that for ¢ <[ with ¢ = [ (mod 3), we have
£i32i/3 2

65 —_— < .

(65) Na—03E ST

Using Stirling’s formula, we need to show that for [ < 237¢, we have

5 i PR
Ezlog3+llogl—l—z’logi—l—i— (53 Z)log<l3z>+ (13 D < (1= i)logz +log C,

for some constant C. Now let

2i 21 — i I—iN 201 —i
f(i):ilogx+élogS%—llogl—l—ilgolgi—i-i— (3 Z)log( 31>+ (3 2)'



Then

2 [ —1
10\ — 2/3,.\ _ - =
f'(i) =log(3*°z) — logi + 3 log < 3 ),

and f attains its maximum on [0,1] at i with 2 = 23(] —4)?. Since [ < 37 it follows that
f attains its maximum at some i with 79 > /2. Indeed, if we suppose that i < [/2 then
Il —ig >1/2, and since 23 > [ it follows that 73 > [3/4 which is a contradiction since we
assumed that is < I3/8. Let i; = ip/l. We have 1/2 < i; < 1. Then

l(l—ll) 2[(1—21) 1—11 2[(1—11)
A-h 1 ( ) .
3 3 e \T3 )T 3
Since 1/2 < iy < 1 it follows that

2
f(io) = liy log z+ logl—l—?log 3—1—liy logi;+ig—

fio) <lloguz,
which establishes (65). Combining (63) and (65) and since {/3%/3 < 1, the conclusion
follows. N

Proof of Proposition 6.1. The proof is similar to the proof of Corollary A in [Sou09]. Let
N(V)= HX primitive cubic genus(x) = g : log|L(5, x)| > VH
Then
(66) > LG 0 =2k / h exp(2kV )N (V) dV.
X€C(9) o

In equation (16) with k& = 1, note that we can bound the contribution from primes square
by O(loglog g). Indeed, we split the sum over P with deg(P) < N/2 into primes P with
deg(P) < 4log, g and primes P with 4log, g < deg(P) < N/2. For the first term, we use
the trivial bound which gives the bound O(loglog g). For the second term, we use the Weil
bound (10) yielding an upper bound of size o(1). So we have

)(N — deg(P +2
(67) log |L(3, x) < Z (P 8l )> +7 + O(loglog g).
N’P|2+N10gq N
deg(P)<N
Let
grz_V
N A
and Ny = N/ log g, where
loglogg if V <logy,
(68) A= logg loglogg if logg <V < $5loggloglogg,
6 1f 5 log gloglogg < V.

We only need to consider y/logg < V. Indeed, note that the contribution from V < y/logg
in the integral on the rlght hand side of (66) is 0(¢g?¢""), by trivially bounding N(V) < ¢“.
If x is such that log |L(1, x)| >V, then

J(N — deg(P 2

E X(P eg( )>ZV—K—FO(loglOgg)ZV(l——),
N|P|2 Nlogq A A

deg(P)<N

for g large enough since y/logg < V.
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Let

s=| ¥ X(P)(N1:<1?8;(P) s0=| 3 X(P)(N;(kfg(P) ‘
deg(P)<No N|P|2" Nioga No<deg(P)<N N|P|z" Nioga
Then if log [L(3, x)| > V, cither
S2(x) = V/A or Si(x) 2 V(1—-3/A):=W.
Let

Fi = {x primitive cubic, genus(x) = g : S1(x) > V1}

F> = {x primitive cubic, genus(x) Sa(x) > V/A}.

Using (59) of Lemma 6.2, we get

) 2 20 (12 1/3 a(P)|*\!
mis $(3) ww() U & ey,

for any [ such that 3IN < g/24+1 <= [ < V/(6A) and where a(P) = (N—deg(P))/(N|P|'/Nlosq),
Picking [ = 6|V/(36A)], this gives

AN2 /] 41/3 1%
g > v 21/3 l g .
(69) Fa| < g (V) (e) (5/2)2/3(log log 9)! < ¢ exp( o 1ogv).

If y € F; and V < (logg)?~ then we pick [ = |V{?/logg|. Note that since a(P) =
(N —deg(P))/(N|P['/N189) we have that Y- 4., p<n, [a(P)[*/|P| = log g+ o(log g) and then
U< (Xaeg(py<n, 1a(P)[?/IP])?~2. We can then apply (60) of Lemma 6.2, and we get that

5100\ Log g V(-
71 5 () <o (ms () < s (-255)

x€C(g
If V> (log g)?~¢, then we pick [ = 18V and apply (59) to get that
14/3251/3 Jog g\ !
|F1] < ¢° (W> < ¢ exp(—2V'1og V).

Using the above and the values for A of (68), we proved that:
if \/logg <V <logg, then

g ) (- 1))

. 1
if logg <V < 15 log gloglog g, then

V2 6V 2
1 N a — (1 —2 ),
(1) (V) <q exp( 10gg< loggloglogg) >’

itV > 1—12 log g log log g, then

VlogV>'

(72) N(V) < ¢?exp < i
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Now we use the bounds (70), (71), (72) in the form N (V) < ¢9¢°"V exp(—V?/logg) if
V < 4dklogg and N(V) < ¢?g°Y exp(—4kV) if V' > 4klogg in equation (66) to prove
Proposition 6.1. Indeed, we have

4k log g [e%S)
Z L3, ) <k ¢ o) / exp(2kV — V?/log g) dV + ¢?¢°V / exp(—2kV) dV
x€C(g Viogg 4klog g

<5 ¢°g°Yexp (k*logg),

and the desired upper bound follows. As mentioned in [Sou09], it is interesting to remark
that the proof suggests that the dominant contribution for the 2k moment comes from the
characters x such that |L(3, x)| has size ¢g*, and the measure of this set is about @9, O

7. EXPLICIT UPPER BOUND FOR MOLLIFIED MOMENTS

Here we will obtain an explicit upper bound for expression (36), which means that we want
to find an upper bound for C; from (35) by choosing 0, a,b and d subject to the constraints
in Lemma 4.1 and subject to (38).

Let
k*uf
f( ) R16 — R2U€ + 9 J
with
log F «
= ke + —log 6 = —
(73) fy = ke + o 5logby+ — = e = o0
where recall that
c k262+c/35c/3
a:2b—2+§,F:W,c:2—4/a,
and a and d are as in Lemma 4.1. We will pick 6, subject to the condition (38) and such
that R1 > 0.
We have
k20

f’(u) = e“(Rl — RQ — RQU) + 9 5

and notice that for u < (Ry— Rs)/R2 we have f'(u) > 0so f is increasing on [0, (R; — R)/ Ro]
i.e: f is increasing on [0, Zd’“ + log6; + logF — 1]. Also note that

k%0
f'(Ri/Ry) = —Rye™/T K I <,

so the maximum of f occurs at some m € (Ry/Ry — 1, R1/Ry). With the above notation,
we write

J-1 1 k*uf
Cy~ / (u+1)exp (9_(R1€u — Roue" + ; J)) du.
0 J

For u > 4R, /Ry we have Rie" + k*ufl;/2 < Roue"/2, so

(e 9]

J—1 1 2
(74) / (u+1)exp <—(R1e“ — Roue" + i UGJ)) du < / e " du = e /R,
4A/B HJ 2 4R1/R2
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Now

4R/ Ra 1 k*uf
/ (u+1)exp (—(Rle“ — Roue" + “ J)) du
0 0 2

< 2 (1) e (e e+ )
By _
v < (7 + 1) () oo (5.

where in the third line we used the fact that m € (R;/Rs — 1, R1/Ry). Combining (74) and
(75) we get that
Ry
ARy (4R KR Rpe™: "
i )y (500 o ()
J<e + Ry \ Ty + 1) exp SR, exp 0

Now using this inequality back in (36), we get that

(76)

3
ST LG OPIM O D < DY S exp (S + (1 + k)
X€C(9)

s e e ) ()

where recall that Ry and Ry are given in (73), and where Sy is defined in Lemma 5.1.

From the explicit upper bound above, we remark that because of the term exp(Ryef/%2=1 /6 ),
LO(k)

the upper bound we obtain is of the form e
Now we take k = 1,k = 2. Condition (38) becomes

4 1
10 0.0, +—- <=
; 152
Note that any 6; with
1-b d—8§
pr-b_° <
Joelmb—1 7 40d '
satisfies the condition above. We will pick #; such that
d—8 I =
78 0 :(—<1——>> .
(78) 77\ 40d e
Now, in equation (77), in order to obtain an optimal constant, we set
1
Y
0,

and the term log F'/(2d) in the expression for R; is small compared to the rest, so in order
to optimize the constant, we set

1 2de
log - = ————
(79) %9, T w—2+¢
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Now from Lemma 4.1, we need

4ad0}]_b <1,
so combining this with (78) it follows that
2(d — _
c<o_ (d—8)(e 1).
oe
Now, to minimize (79), we need ¢ to be maximal, so we will pick
2(d—8)(e—1)
80 =2 - .
(80) c B
From (78), (79) and (80), it follows that
cx
81 hb=1— ——
(81) 6(de +x)’

where x = log(40de/((d — 8)(e — 1))). With choices (81) and (80) for b and ¢, we want to

minimize (79), and this translates into minimizing the function of d given by

de + x
(d—8)(e—1)’
1 o 5e
for d > 8.
The minimum of the function above is achieved for
(82) d ~ 8.15,
and in that case ) od
log — = —22¢ __ ~ 92.65.

0, 2b—2+%
With the choice above for d, we get that

(83) b~ 0.91, ¢ ~ 1.96.
Choosing b, ¢, d as in (82), (83) we obtain the upper bound
(84) S LG OPIM OGP < e gt

x€C(9)

8. THE MOLLIFIED FIRST MOMENT

Here, we will prove Theorem 1.3. We consider the mollified first moment with k = 1. We
have

(85) M) =M= Y WX WAR ) - v(hy)
ho-..r-hy=h |h|
P|hj=P€l;
Q(hy)<t;

and then

6) 3 LlooMpy= Y DM v s gy,
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We will evaluate the twisted first moment in the lemma below.

Proposition 8.1. Let ¢ = 2(mod3), and let h be a polynomial in F,[T] with deg(h) <
g( —¢). Let h=CS?E?, where C and S are square-free and coprime. Then we have

10
g+2
BYL(L :M . 11 M 11
I TN i v I | M )

deg(R) even
Rlh

+0 (q%JrLgifh) +€9>7
where AHK<q%, #) and MR<qi2, #) are giwen in equations (97) and (98).
Proof of Proposition 8.1. The proof is similar to the proof of Theorem 1.1 in [DFL]. Using

the explicit description of the characters y € C(g) given by (5), and Proposition 2.1, we
write

Z X(h)L(%7X> - Sl,principa1+51,dual,

x€C(g)
where
(87)
1 1 1
51 principal = Z a2 Z XF(fh)+1 — 7 Z £ Z xr(fh)
feMy <x FE'Hq27g/2+1 feEMy x+1 FEHqQ’g/Q_‘_l
P|F=PgF,[T) P|F=PgF,[T]
and
1 —( ]2
(88) S1dual = Z fes N2 Z w(xr)XF(fh7)
feMg <g-x—1 FEqu,g/Qﬁ-l
P|F=PgF,[T)
1 1 19
(89) + 13 Z m Z w(xr)XF(fh7).
feMqg-x Fqu2’9/2+1
P|F=PgF,[T]

We will choose X = 2deg(h) (mod3). For the principal term, we will compute the con-
tribution from polynomials f such that fh is a cube and bound the contribution from fh
non-cube. We write

Sl,principal = SL@ + 51,75@’

where S| = corresponds to the sum with fh a cube in equation (87) and S| 46 corresponds
to the sum with fh not a cube, namely,

1
(90) So= 2. gamr 2. b

fEMq,SX FGHqug/QJrl
fh=8 (F.fh)=1
P|F=-P¢F4[T]
37



and

(91)
1 1 1
S0 2 gmon 2. UM+ NG > amrn 2. ().
feMy <x FEHq27%+1 feMy x+1 FE'HqQY%Jrl
Fh7© P|F= P@F,[T] P|F=PgR,[T]

Since X = 2deg(h) (mod 3), note that the second term in (87) does not contribute to the
expression (90) for S| 5.

8.1. The main term. Now we focus on S, . Since h = CS?E3, where C, S are square-free
and (C,S) =1 and fh =, it follows that we can write f = C2SK3. Then

1
. KRR TRV, AT
Kqu,S X —deg(C2D) q q q F(E;—[Iq(g};gff_l
P|FZ P&, [T]

We first look at the generating series of the sum over F'. We use the fact that

1 if F has no prime divisor in F [T
93 D)= R
(93) Z Hp) {0 otherwise,
DeF,[T]
D|F
where 41 is the Mobius function over IF,[T]. The generating series corresponding to the inner
sum in (92) is

(94)
Z pdes(F) — Z dee(F) Z (D) = Z #(D)xdeg(D) Z des(F)
FeH 2 FeH o DEeF,[T) DeF,[T] FeH 2
(F,Kh)=1 (F,Kh)=1 D|F (D,Kh)=1 (F,DKh)=1
P|F=PgF,[T]

We evaluate the sum over F' and we have that

Z a:deg(F) _ H (1 + xdeg(P)) _ Zq2 (37)

deg(P)\’
FeH 2 PEF 2[T) Zq2 (ZL'Q) H (1 + ol ))
(F,KDh)=1 PIDKh PEF »[T]
P|DKh

and combining the above with equation (94), it follows that

deg(D
Z des(F) _ Zp(z) Z (D))

= Zq2(x2) H (1+xdeg(P)) DeFLT] H (1+xdeg(P))
(F,Kh)=1 PEF [T (D,Kh)=1 peF ,[T)
P|F=PgFq[T] P|Kh P|D

Now we write down an Euler product for the sum over D and we have that
(95)

D deg(D) deg(R) deg(R)
S ] () T (e )
Deky[T] H (I+2 ) ReR,[T] REeF,[T) >)
(D,Kh)=1 peF ,[T] (R,Kh)=1 (R.Kh)=1

PID deg(R) odd deg(R) even

38



where the product over R is over monic, irreducible polynomials. Let Ag(x) denote the first
Euler factor above and Bg(x) the second. Using (95) and putting everything together, it

follows that
) [ Arx) ][ Ba)

REF, [T REF,[T]
deg(R) odd deg(R) even
(96) >t =
FeH Zp(2?) H (1+ z57) H Ag(z) H Bp(z)
(F\Kh)=1 PEF 2T ReF, (T ReF,[T]
P|F=P¢F[T] P|Kh R|Kh R|Kh
deg(R) odd deg(R) even

We now introduce the sum over K and we get

ydes(K)
2 T e ) [ ane [ Bl

PEF 2 1 ReF, [T ReF [T
P|K,Pth R|K,Rfh R|K,Rth
deg(R) odd deg(R) even
deg(R) ydee(R)
u
- H |:1 + (1 + xdeg(R))A (.Q?)(l _ udeg(R)):| H L+ deg(R) 9 deg(R)
REF,[T] R REF,[T] I+ )?Bpr(z)(1 — udee®)
deg(R) odd deg(R) even
Rfh Rth
X H _ udeg
REF, T]
R|h

where R denotes a monic irreducible polynomial in F,[7]. Combining the equation above
and (96), we get the generating series

Z 2(1‘) 1
deg(K) deg(F) __ q
> u >, @ = Z2(2?) 11 (1 + 2dee®) (1 _ ydee(®)

KeM, FeH q REF, [T
(F,Kh)=1 deg(R) odd
P|F=PgFy[T) Rih
1 deg(R) ydes(f) 1 1
S | e i degm(”zx w1 e 1 am
rew,r) (L+a727) PEF »[T] REF,[T]
deg(R) even Plh R|h
Rih
Zp(z)
=Z,(u) Zqz(xz)AnK(x ) [ Mazw),
REF[T]
deg(R) even
R|h
where
1 1 deg(R)
(97)  Ank(z,u) = H T dea(R) H —<1+2xT(1—udeg(R))>
’ eg(R) deg(R) )
REF,[T) 14z rer,r) (L+a 2 )2
deg(R) odd deg(R) even
1

(98)  Mg(x,u) = 1 4 2ades(R)/2(] — ydea(R))’
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We remark that if h = 1, the generating series above is the same as in [DFL, Section
4.3], and we compute the asymptotic for S, g below in the exact same way, keeping the

dependence on h. Using Perron’s formula (Lémma 2.2) twice in (92) and the expression of
the generating series above, we get that

g f]{ nKiUU)(l—C].I‘)HR‘hMR<JJ w) dx du
1@ |C| |S|q 27TZ 1_qu 1—qx)(1—q3/2u) %+1(q3/2u)%(02m r u’

where we are integrating along circles of radii |u| < 1/¢2 and |z| < 1/¢%. As in [DFL], we
have that A,k (z,u) is analytic for |z| < 1/q,|zu| < 1/q,|zu*| < 1/¢*. We initially pick

lu| = 1/¢2¢ and |z| = 1/¢**5. We shift the contour over z to |z| = 1/¢*™* and we encounter
a pole at z = 1/¢%. Note that the new double integral will be bounded by O(¢q2*9). Then

G Az L]{ AHK(qiz,u) HRVZMR((]%,U) du O+
B LBICISL 2ni )

_— 2
X—des(C?D) o, q2"").

1—qu)(1 — ¢*2u)(¢*/u) "5
We shift the contour of integration to |u| = ¢~¢ and we encounter two simple poles: one at
u=1/ g2 and one at u = 1 /q. Evaluating the residues, we get that

@G, (3/2) (1 1) 11
S 5= A (== Mz (=,
8=ty eam) I (G )
deg(R)even

R|h

(99) " q9+?—%§q(1/2)AnK (l 1) H MR( 1 1) +O(qgf%+59)_

G (3)c2sy”? ¢ 1) g

deg(R) even
R|h

8.2. The contribution from non-cubes. Let Sj; be the first term in equation (91) and
S1o the second. Note that it is enough to bound Si;, since bounding Sis will follow in a
similar way. We use equation (93) again for the sum over F' and we have

(100) Su= Y L MDY )

D F
fEf.{\;l;igx EMq,§%+1 €H 2 9+1 _deg(D)
(D.f)=1 (FD) 1

Remark that we used that xp(fh) = 1 because D, f,h € F,[T]. Looking at the generating
series of the sum over F', we have

S (e = T (1 et = Ze Ao T Lo Xl est?

2 — 2deg(P)
FEH 2 PEIFqg[T} ¢ (U, Xrn) PGFQQ[T] Xp(fh)u?des(
(F.D)=1 PIDfh Pifn
PID

Using Perron’s formula (Lemma 2.2) and the generating series above, we have

> XF(fh)zi.fgﬁ ( Fo ) I - L= XS du

271 N u§+1—deg(D) —Xp fh u2des(P) 4,
Fqu2,%+1—deg(D) q 7th) PeF 2 [T] ( )

(F,D)=1 Pifh
P|D

40



where the integral takes place along a circle of radius |u| = 1/¢ around the origin. Now
we use the Lindelof bound for the L-function in the numerator and a lower bound for the
L—function in the denominator (equations (8) and (9)) and we obtain

|£l12 (u7 th)| < ngdeg(fh)a |£q2 (u27X_fh)‘ > q_2€deg(fh).
Therefore,

Z Yr(fh) < 2 des(D) gde dea(fh)+2z deg(D),

FE’Hq2 s %Jrlfdeg(D)
(F.D)=1

Trivially bounding the sums over D and f in (100) gives a total upper bound of

S < q%+€g7

and similarly for Sis.

8.3. The dual term. Now we focus on Sy gqua. From (89), using (14) and (12), we have

_9_ 1
(101) Sl,dual =q 2 ! Z m Z Gq2(fh27 F)

JeMg <g-x—1 FEHqQ,%+1

(F.fh)=1
P|F=PgF,[T)

-2
q 1 2
(102) 1o > =T > Ge(fh’ F).
JeEMqg-x FEHqQ,%Jrl
(F,fh)=1
P|F=P¢F,[T|

NS

We write S} qual = S11.dual + S12,dual for the terms (101) and (102) respectively on the right-
hand side of the above equation.
We have

Y. G F) = Y owN) Y Ga(fhNF)

FEH(]Q,%_H NE€eF4[T] FquQ,%+1—deg(N)
(F.fh)=1 deg(N)<§+1 (F.fh)=1
P|F=PgF,[T] (N,fh)=1
(103) = ) u(N)Gp(fh’,N) > Gp(fh*N, F).
NER,[T FeM e
deg(N >qﬁ[%]+1 (I??j\/'%ftzl):dlg(m
(N,fh)=1

41



Now let (f,h) = B and write f = Bf and h = Bh where f = f, f2f3 and h = hih2h3 with
(f1, fo) =1, (h1,he) = 1 and fi, fo, b1, hy square-free. Using Proposition 2.3, we get that

20 +8—4deg(N)—35 deg(f1)—45 deg(ha)— 5[4 +1+deg(f1ha)]3

Y Ge(fRN.F) =S

2(2
FEMqZ,%Jrlfdeg(N) Cq ( )
(F,fhN)=1
J— 1 \—1
X Gl FlaN)p(Llg/2 + 1t deg(fimls) T (14 ()
PEF [T ¢
P|fhN

2
2+5g_deg(N)_deg(f1)_deg(hQ)> b Vg2 (fh*N,u) du
+O<5f2h1:1QS 3 3 + o7 - uitl-deg(D) 4’
with 2/3 < 0 < 4/3. Combining (101) and (103), we write S11 qua1 = M + E1, where M,
corresponds to the first term above. Using equation (15) and following on similar steps as
Section 4.4 in [DFL], we get that

q5g/6+5/3 1 5f2h1:1qf%[%+1+deg(f1h2)}3
M= ¢2(2) 2 qles®/2 2 qes(D)/2+deg(f1h2) /3
Blh deg(f)<g—X—1—deg(B)
deg(B)<g—X-1 (F.h)=1

x p(1,[g/2 + 1+ deg(fih2)]3) H 1+ : >1

PEF 1] [Pl
P|fh
—2de I N\
<X e I ()
NeF,[T) PEF [T g
deg(N)<§+1 PIN

(N,fh)=1

Similarly as in [DFL], we use Perron’s formula and the generating series to rewrite the
sum over N. Again, the only difference is the presence of h in the formulas below. We have

B 1\ ! 1 Jux (W)
2deg(N) _
Z HN)a H (1 * | P| 2) C 2w J w2 (1 — w)

q

NeF[T] PEF 2[T]
deg(N)<§+1 P|N
(N,fh)=1
_ _, dw
X H Agualr(w) ™ H Baualr(w) ™ o
ReF[T] ReF,[T]
deg(R) odd deg(R) even
RIfh R|fh
where
Jux(w) = H Adual,r(w) H Baual,r(w),
REF[T] REF[T]
deg(R) odd deg(R) even
and
w w
AduaLR(w) =1- and Bdual,R(w) =1-

g2des(R) (1 4 m) g2 dee(R) (1 + —qde;(R) 2
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Introducing the sums over B and f , we have

M _q5g/6+5/3 Z 1 Z 5f2h1 19 —$[§+1+deg(f1h2)]3
L@ qlesB)/z qlea(7)/z+deg(f1h2) /3
Blh deg(f)<g—X—1-deg(B)
deg(B)<g—X-1 (f h)=1
(104)
1 -1
x p(1,[9/2 + 1+ deg(fiha)ls) ] (1 + m) x ] (1 )
REF,[T] REF,[T)
deg(R) odd deg(R) even
R|fh R|fh
1 jnK 1 1 dw
i WQH— H Aguar,r(w) H Bauar,r(w) o
ReF,[T) ReFq[T]
deg(R) odd deg(R) even
R|fh R|fh
We let
5f2=1 -1 1,,des(f)
Harclhi ) = 3 qlos(D)/2+des(71)/3 I Grtwy™ 11 Drlw)
(f,h)=1 RER,[T] REF,(T]
deg(R)~odd deg(R) even
R|f RIf
Rih Rih

where

1 1 deg(R)
OR(w) = Adual,R(w) <1 + q2deg(R)) =1+ q2deg(R) o q2deg(R)

1\’ 1 \°  wies®
Dr(w) = Bauya,r(w) (1 + _deg(R)) = (1 + qdeg(R)) T PRde(R)

Then we can write down an Euler product for H,k(h; u, w) and we have that

. 1 0, B3i+1) deg(R) 2, 3 deg(R)
Hux (h; w, w) = H 1+ Cr(w) deg(R)/3 Z Girnde@ez T Z 3jdeg(R)/2
REF, [T q q =a
deg(R) odd
Rth
1 3]+1) deg(R) o
-1
X H L+ DR(w) (qdeg R)/3 Z (3]+1 deg(R)/2 + Z
ReFy[T] J=1
deg(R) even
Rth
3j+1) deg(R) 0 u3jdeg(R)
X H + < deg(R)/3 Z 3]+1) deg(R + Z q3j deg(R)/Z)] ’
REF,[T] j=1
R|B
Rfh
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Following [DFL], let

1 2 Bi+1) deg(R) 0, 3 deg(R)
Hok (u, w) = H

-1 I
I+ CR(U)) (q /3 (3J+1 deg(R)/2 + Z g3 deg(R)/2

REF,[T) j=1
deg(R) odd
1 (3i+1) deg(R) 2O, 37 deg(R)
-1
X H 1+ Dr(w) <qdeg /3 Z (@i D) deg(R)/2 + Z 3 des(R)/2
ReFy[T) Jj=1
deg(R) even

=Z <#) Bk (u, w),

with Byk(u,w) analytic in a wider region (for example, B,k (u,w) is absolutely convergent
for |u| < ¢& and |uw| < g% ).
After simplifying and using the previous computations from [DFL], we have

-1

udes(R) u3des(R)
Haxc (s, w) = Hage(u, w) H 1+ Cp(w)™ 5/6 PP E— Y
REF,[T) |R|q / (1-— “|R€/z ) |R|q/ _ y3des(R)
deg(R) odd
R|h
-1
udes(R) y3des(R)
X H 1+ Dr(w)™! =75 =+ —375
REF,[T) |R|q / (1-— u\RI;Q ) |R|q/ _ y3des(R)
deg(R) even
g(Rl)h
deg(R) 3deg(R)
U U
< ]I |1+ -
5 6 w3 deg(R) 3/9
R|B
Rih
(105)
U
:Z<5/6) H Er(u,w)™! H Gr(u,w)” H Fr(u
! ey [T REF[T] REF,[T]
deg(R) odd deg(R) even R|B
R|h R|h R

We now rewrite M; by using the generating series above and Perron’s formula for the sum
over f. We need to deal with the terms involving [g/2 4 1 + deg(f1h;)]s appearing in (104).
We notice that if g/2 + 1 + deg(fiha) = 0 (mod 3), then deg(f1) = g — deg(hy) — 1 (mod 3),
and in that case, p(1,[g/2 + 1 + deg(fi1hs2)]3) = 1. If g/2 4+ 1 + deg(fih2) = 1 (mod 3), then
deg(f1) =9 — deg(hg) (mod 3). In this case we also have 7(x3) = ¢ by Proposition 2.3, and

p(1,[g/2 + 1 + deg(fih2)]3) = ¢°, since we are working over F,.. Using Perron’s formula
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(Lemma 2.2) twice and keeping in mind that X = 2deg(h) (mod 3), we get
M — P9/ /3 Z Ohy—1 Hak (b w, w) Tox (w)
1= CqQ (2> £ qdeg(B)/2+deg (h2)/3 27TZ wg/2+1 w)

deg(B)<g—X—1

1 q'/3 dw du
-1 ~1
% H Cr(w) H Dp(w) |:ug—X—1—deg(B)<1 —u3) T w—X-3-deg(B)(1 —3) | w u
REF,[T) REF,[T]
deg(R) odd deg(R) even
R|h R|h
We proceed as in [DFL], shifting the contour of integration over w to |w| = ¢'~¢, and
computing the residue at w = 1. Writing
ICnK(u) = BnK(u7 1)jnK(1>7
we get that
59/6+5/3 S _ 1 lCn
M, == de (B)/};l—i-_di (h )/3_'% 1/6 <) 3y, 9—X—1 (1+ q1/3u2)
¢2(2) o 4 8h2)/3 2mi J (1 — ug'/®)(1 — ud)us
deg(B)<g—X-1
du
% E -1 -1 -1 -1 JR—
[T Er@.1)7Cr1) I[I Grw)"'Da)™ [ Fr(uw) -
ReF, [T ReF, [T ReF, [T
deg(R) odd deg(R) even R|B
R|h R|h Rfth
+0 (ghFre0)
Shifting the contour of integration to |u| = ¢~¢ and computing the residue at u = q’%,
_X Kk (q~1°) Ony=1 g8 1) -1
M, =2¢9~5+2 - - Er(q™V%,1)71Cr(1)
(2(2)(3—1) %; g2 dea(B)/3+deg(h2) /3 REI];[T]
deg(B)<g—X-1 deg(R) odd
R|h
x I Grla®)'Dr)™ [ Fala™V)+ 0( *+69>.
REF[T] REF,[T]
deg(R) even R|B
R|h Rfh

Now note that we can extend the sum over B to include all B|h at the expense of an error
term of size O(7(h)/q39@=), giving a total error term of size O(g5+2 ). Then

-1/6
My =gt T T g o, ] Gale™ 0 ) Da1)

@OV g REF,[T)
deg(R) odd deg(R) even
R|h Rl
(106)
Om=1 -1/6) + g4X4
X Z o2 s (B)/3+deg(h2) /3 H Frlqa™ ") + O(Q ¢ 4 q3 59)

B 4 REF,[T
R\B
Rfh
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Recall that h = C'S?E3 with C, S square-free and coprime. Then for the sum over B we can
write an Euler product as follows:

ordg(h)—1 ordg(h)—1

S s IL A= 11 (L gont X ot
g2 des(B)/3-+deg(h2)/ r(q RI%/3 143 2ordp (h)
Blh Rqu 7] REF,[T) | Rlg ; |R|: |R|g °®
R|B R|C j=1 (mod 3) j=2 (mod 3)
Rfh
ordg(h)—1 ordr(h)—1 _
1 1 Fr(q™'/%)
X H Z |R‘2j/3 _'_ Z %+27J + 20rdR(h> )
REF [T j=2 a =0 |R|3 Rlg °
R|S j=2(mod 3) 7=0 (mod 3)
ordg(h)—1 ordg(h)—1 _
1 1 Fr(q™'/%)
8 H < Z |R‘21'/37L Z §+%+ L}M)
REF,[T] §=0 q =1 |R|& \R|, °®
R|E j=0 (mod 3) j=1 (mod 3)
RICS
Simplifying and using the fact that Fr(¢~/%) = \}:'iﬁ‘il’ we get that
6h1 1 1 1 |R|
> P ) = e 11
2 deg(B)/3+deg(h2) H 2/3,q(1/3 _
Blh q & g(hz) RGFQ[T] |C| ‘S| ReF, [T |R| 1
R|B R|h
Rfh
Using the above and equation (106), it follows that
_X Kk (/%) Vo 1) ~1
M1 :2qg 6 +2 273 173 H E / ,1) CR(l)
OIS0 ¢ @)(Va = 1) péwyim
deg(R) odd
R|h
« H G ( —1/6 ) IDR(1>—1 v }JR|q . _'_O(q%g—&—eg _}_q%—&-%—i-sg)'
REF,[T] REF,[T] |Blq —
deg(R) even R|h
R|h

Putting everything together, we get that
qu—§+2lc x(q —1/6)

St dual =— IT Er@0)7'Ca()™ ] GaleV/* 1) Dr(1)™"
; /3 1/3 ) g
1Cl""151a C2(2) (VT = 1) péw,m REF,[T]
deg(R) odd deg(R) even
R|h R|h
X H |R|‘1 <q%+ag+q§+§+ag>
ReF, [T
Rl
1 1 Up2(fh2N,u) du
R — - 2 e\ e
ta e 271 lu|=q—2° Z qdeg(f)/2 Z #(N)G‘ﬁ(fh ’N) u9/2+1—deg(N) 4, °
w=a feMg<g—x—1 NeFq[T]
deg(N)<§+1
(N.fR)=1
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We treat Sigaua similarly and since deg(f) = g — X we have [g/2 + 1 + deg(fihs)]3 = 1.
Then as before p(1,1) = 7(x3) = ¢°, and we get that

5 ¢ 2K (g7 1/0) H 5 1)L Cp(1)! H Gr(q V6, 1) " D(1)"!
12,dual — 273 1/3 E ’1 R 1 1 1
C1°1512" ¢ ()1 = V@) péwyim REF, 7]
deg(R) odd deg(R) even
Rl Rlh
|R|q 594 4%+
< IL g olat i)
ReF [T
Rlh
_9_1q \T 2
q 2 1 1 5 U2 (fh*N,u) du
Tz \/c‘z%ﬂ{ e 2 gmmE D MG N) TR
u=q fGMq,ng NEF(I [T]
deg(N)<g+1
(N,fh)=1

Combining the two equations above, we get that

(107)
9_§+21C 71/6 1/2
Sl,dual = - A 2/3 ( 1/3 ) ( / ) H E _1/67 ]-)_ICR(1)_1 H GR(q_1/67 1)_1DR(1)_1
Cla" 1S 1g™ G2 (2) REF,[1] REF,[7]
deg(R) odd deg(R) even
R|h R|h
X H FilR|q 1 _'_O<q%q+€g +q%+§+€g>
REF,[T] |Blq —
Rk
1 1 o2 (fhEN, u) du
—g/2-1 2 q 9 “we
T4 2mi f -2 Z qdes(£)/2 Z M(N)qu(fh »N) w9/2+1—deg(N) 4,
lul=q feEMg <g—x—1 NEF,[T)
deg(N)<g+1
(N,fh)=1
9 1 ~ 9
q 2 1 1 5 Ve(fh*N,u) du
+ 1-— \/5%]{ % Z qdes(f)/2 Z ,u(N)qu(fh ’N) 9/2+1—deg(N) o,
ul=a727 ey, —x NE€F,[T)
deg(N)<§+1
(N,fh)=1

Now using the work from [DFL], we have that Kax(a/0) _ Aw(/2,1/9) \When deg(R) is odd,

(,2(2) Cq(3)

note that we have

- - 1 Rl

ER(q 1/671) 1CR(1) ' - 17
|R|q -1
and when deg(R) is even, we have
_ |R|, |R|2 11
Grlg™% 1) D' = = Ma( )
"R, -1 |RI2+2|R|, -2 7* ' q
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Hence combining (107) and (99), we get

q9+2g (3/2) ( 11 ) 1 1
S + Sl,dual AHK MR ’
B |C| V |S’q g/ ReIBH[T] <q2 q3/2>

deg(R) even
Rlh

o 1 1 2 (fh2N,u) du
_2_1_ 2 q 9 we
T4 271 Z qdes(£)/2 Z pN)Ge (17, N) w9/2+1—deg(N) 4,

—20
ful=q feMg <g-x—1 NeF[T)

deg(N)<£+1
(N, fh)=1

_9_1 T 2

q 2 1 j{ 1 5 Ye(fh*N,u) du

+ — E (P73 E U(N)Gpe(fh*,N)— ek —

_ eg(f)/2 q ’ /2+1—deg(N)

L= /q2mi J =20 M qdes e ud g U
deg(N)<g+1

(N.fh)=1

+ O<q%g+eg + q%—&-%—i—eg + qg—g—&-ag).

Using Proposition 2.3 and following similar steps as in the proof on page 48 in [DFL], we
get that

1 1 o2 (fhEN, u) du
,Q,l_ 9 q , du
“ 2mi lu|=q—2¢ feMZ qdes(£)/2 NG;[T} PN)Ge (fh7, N) 19/2+1—deg(N) 4,
<g-X—1
" deg(N)S%+1
(N,fh)=1

<<gq2 —(2— U)X+2deg(h)(%fa)7

as long as 0 > 7/6. The second integral involving the sum over f € M, ,_x is similarly
bounded.
Collecting the estimate above for SL@ + S1dual With the proper error terms, and the

estimate for SL#@ of Section 8.2, we get
1 1
MR<?7 W>

1) qg+26q(3/2> L
2 x(h)L(3,x) = 3)|Cl, \/WAHK< 3/2> Ml_q[m

deg(R) even
Rlh

+O< 5 +69+q2 —(2—0) X +2deg(h)(3— 0)+q6+ag+qg 2+eg>

where 7/6 < 0 < 4/3. We pick ¢ = 7/6 and X = 2 + deg(h . Then the error term above

eg(h) . :
becomes O (q%+d ey > Since deg(h) < 5 —eg, the main term above dominates the error

term, and we have a genuine asymptotic formula. 0

8.4. Proof of Theorem 1.3. Here we will finish the proof of Theorem 1.3. From (86) and
Proposition 8.1, it follows that the main term in the mollified first moment is equal to

a2 (3/2) 11\
(108) q A Auic (?,W)J;J(;TO“)
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a(hr; J)A(hy)v (h) 11
() = > 3 II Melz
/2 3/2 3/2 27 3/2
P|h,=Pe€l, |C‘ ‘S’“’q ’E’ ReF4[T] g
Q(hr) <ty deg R even
hy=CyS2E3 Rlhy
(Cr,Sr)=1, C»,Sy square-free
a(h.; J)A(h,)v(h,) (1 1 )
> > 1I Ml o
= 3/2 3/2 3/2 27 43/2
Plh,=P€l, |C7“|‘1 |S7‘|q |E | ReF,[T) 4
hr=CrS2E? deg R even
(Cr,Sr)=1, Cr,Sy square-free R|hy
>
- 3/2a (3/2| - 13/2°
P|h.=P€l, 2£T’Cr|q/ ‘Sr|q/ |Er|q/

hr=C.S2E3
(Cr,Sr)=1, C\,Sy square-free

where in the second line we have added the h, with Q(h,.) > ¢, to the main sum, and we
have also used the fact that 2 < 2%("") and the bound v(h,) < 1. Now we have that

1 Z QQ(hT) 1 Z ZQ(CT) Z 4Q(Sr)
< — P -
‘ 3/2) a0 13/2  13/2 = 9br 3/2 3/2
2 P|hy=P<I, Crla" 1S ld 7| Exvlg P|Cr=Pel, |Crlg P|S, =PI, |54
hr=C,S?E3
(Cr,Sr)=1, C»,Sy square-free
]UEr) 1 2 —1 4 -1 8 -1
> =y (=) (=) (- )
3/2 A 3/2 3/2 3/2) >
miper, 1B 2 g N 1P |PI; Py
so combining the two equations above, we get that
a(hy; J)A(hr)v (hy) 11
T(r) 2 2 ; 1 Me( 5 55
= /21 o 13/2 3/2 27 ¢3/2
PlhisPel, [Crla IS ™1 Brla™ pez,imy 1
hr:C,«Sf E? deg R even
(Cr,Sr)=1, Cy,Sy square-free R|h.
1 2 \1! 4 -1 8 \7!
N ZTH<1_ 32) (1_ 32) (1_ 32) :
2 pen P Pl Pl
Let U(r) denote the first term above. Then
J J J 1
(109) [[rem =J[v]]|1- Z - - -
r=0 r=0 r=0 26U(r) HPeI = —ar )1 a7z ) (1 372
|Plg |Plq |Plg



We first focus on

J J
alhy: )N (hy) 1
u=[Jve =11 > : II M
/2 3/2 3/2 3/2
r=0 r=0 flhr;;eég |Crla™[Sr]a™ [ Enlg dREEq[T] ¢ q/
r=UrO, Ly eg v even
(Cr,Sr)=1, Cy,Sy square-free R|h
J
P J)3e+1( 1)36+1
(110) -
H H Z [Pl (3¢ +3)!

x (a(P;J)* 4+ 3(e+1)(—a(P;J) +3e+2)) Np (%’q:%_l/2>}

where Np (i, (13%) Mp (—2 %) or 1, according to whether deg(P) is even or odd. Thus
U= 1+

q2
1 (1 L1 1 1 ) ( a(P; J))
1/2 1/2
deg(P)<(g+2)0, 3 |P| |P|q ’P’q
1 &3 & &a(P; J) 1 & §s &a(P; J)
+-1+ + = ]exp| ———F= |+ |1+ + = |exp| — -1
3 < P 1Pl PR ) 3\ PR 1Pl |Pl;”
(111)
1 1
< (o)

For the second product of (109), we have

! 1
=0 2:U() My, (1 - |P|%’/2> (1- |P|+/2> (1- |P|83/2)

1 =" 1 2 4 8
> (1 - 2TOeXP (Zg(q?m/Q 1 T G2 — 2 T G2 — 4 T g3/2 —8)))

XH Z n/2 +O< 299T_1)>
nq q
r=1 n=(g+2)0r—1
1 / 1 1
(1= g K I (1 -+ O<—2frq99r1/2>)
1
21 T 84>
ee

where in the second line we used the inequality form of the Prime Polynomial Theorem (1),
K = exp (Zzozl % <q3n/12_1 + qgn/22_2 + qgnf2_4 + qgnfgg_s)), and the estimate in the last line

is taken with the constants chosen in Section 7.
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Putting together all this information, we obtain that

o S (4 ) (- 2) P ()

Finally, summing the error term coming from Proposition 8.1 gives

(113) Iy Ih\”“ngﬂgw@%@
1/2 )
deg(h)<w(g+2) A

where w = Zj:o 6;¢;. Note that because of equation (38), we have that

4 1
> 0t < o5
so the above constitutes an error term. This finishes the proof of Theorem 1.3.

Proof of Corollary 1.4. Note that from expression (110), we can write

u> ] (1 alP; J) (a(P; J)? — 3a(P; J) + 6))

o 6|p|3/2
deg(P)<(g+2)0,
1
=l (1 a |P|3/2>
deg(P)<(g+2)0s
> (,(3/2)7"

We also have

L+ 7 (1~ fr)
1
1+ m)?

1 1 1
AHK(?W): 11 1+ L 11
REF,[T] IRI*  ReF,[T)
deg(R) odd deg(R) even

For the factors involving R of even degree, we have that

1 1 2 - (1 1 )2
(IR[+1)%  |RIV2(|R| + 1) |RJ?
and this leads to
1 1 s
Ak (q—Q, W) > ((2)7"

Combining everything, the main term of the mollified moment in (112) satisfies

- (1 : ) I 0.6143¢9+2
= - 4 - Y. q )
e ) (4(2)%¢4(3)

where we have bounded by the worst case ¢ = 5.
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