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Abstract

Using the Ratios Conjecture as introduced by Conrey, Farmer and Zirnbauer, we obtain
closed formulas for the one-level density for two families of L-functions attached to
elliptic curves, and we can then determine the underlying symmetry types of the
families. The one-level scaling density for the first family corresponds to the orthogonal
distribution as predicted by the conjectures of Katz and Sarnak, and the one-level
scaling density for the second family is the sum of the Dirac distribution and the even
orthogonal distribution. This is a new phenomenon for a family of curves with odd
rank: the trivial zero at the central point accounts for the Dirac distribution, and also
affects the remaining part of the scaling density which is then (maybe surprisingly) the
even orthogonal distribution. The one-level density for this family was studied in the
past for test functions with Fourier transforms of limited support, but since the Fourier
transforms of the even orthogonal and odd orthogonal distributions are
undistinguishable for small support, it was not possible to identify the distribution with
those techniques. This can be done with the Ratios Conjecture, and it sheds more light
on “independent” and “non-independent” zeroes, and the repulsion phenomenon.

1 Introduction
Since the work of Montgomery [22] on the pair correlation of the zeroes of the Riemann
zeta function, it is known that there are many striking similarities between the statis-
tics attached to zeroes of L-functions and eigenvalues of random matrices. The work of
Montgomery was extended and generalised in many directions, in particular to the study
of statistics of zeroes in families of L-functions, and their relation to the distribution laws
for eigenvalues of random matrices. It is predicted by the Katz and Sarnak philosophy that
in the limit (for large conductor), the statistics for the zeroes in families of L-functions
follow distribution laws of random matrices.

We consider in this paper the one-level density for two families of L-functions attached
to elliptic curves. Let F be such a family of elliptic curves, and let

FX)={EeF : NE<X} (1.1)

be the set of curves of conductor Ng bounded by X.
For each E € F, its one-level density is the smooth counting function

D(E,¢) = ) ¢ (), (1.2)
YE
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where the sum runs over the imaginary part of the zeroes yg of the L-function L(s, E)
of the curve E. We assume that the Generalized Riemann Hypothesis holds for the L-
functions L(s, E) which are normalised such that we can write the zeroes in the critical
strip as pr = 1/2 + iyg with yr € R (see Section 3 for details). Furthermore, ¢ is an even
Schwartz test function.

The average of the one-level density over the family 7 (X) is then defined as

1
D(F;¢,X) i= ——— D(E, ®).
(F; 0, X) |7(X>|E§(X> (E, $)

Katz and Sarnak predicted that the average one-level density should satisfy
o0
lim D(F;¢,X) = / POW() dt, (1.3)
X—o00 —00

where W(G) is the one-level scaling density of eigenvalues near 1 in the group of random
matrices corresponding to the symmetry type of the family . Remarkably, it is believed

that all natural families can be described by very few symmetry types, namely we have

1 ifG=U;
1 — sin2rt if G = Sp;
WG)(t) = { 1+ 180(2) ifG=0; (1.4)
1+ %ﬁ” if G = SO(even);
1+ 8o(t) — $827L if G = SO(odd);

where &y is the Dirac distribution, and U, Sp, O, SO(even), SO(odd), are the groups of uni-
tary, symplectic, orthogonal, even orthogonal and odd orthogonal matrices respectively.
The function W(G)(¢) is called the one-level scaling density of the group G. We refer the
reader to [15] for details.

There has been extensive research dedicated to gathering evidence for the Katz and
Sarnak conjecture for the one-level density for various families in the last few years. A
standard approach is to compute the one-level density for test functions ¢ with limited
support of the Fourier transform, i.e., supp ¢ < (—a,a) for some a € R. In order to
distinguish between the orthogonal symmetry types of (1.4), one needs to prove results
for a test function ¢ with Fourier transform supported outside [ —1,1]. This approach
was used in many papers, including [12] for various families, and [29] for the families of
elliptic curves over Q with conductor up to X.

We are considering in this paper a different approach to study the one-level density of
families of elliptic curves via the Ratios Conjecture, a powerful conjecture due to Conrey,
Farmer and Zirnbauer [3] which predicts estimates for averages of quotients of (products
of) L-functions evaluated at certain values. The Ratios Conjecture originated from the
work of Farmer [5] about shifted moments of the Riemann zeta function, and the work
of Nonnenmacher and Zirnbauer [23] about the Ratios of characteristic polynomials of
random matrices. For the application to the one-level density of families of L-functions
L(s, E) attached to elliptic curves, it suffices to consider the ratio of the shifted L-functions

L(1/2 4 a,E)

L2 47,5
where o and y are called the shifts. The first step of the “recipe” for obtaining the Ratios
Conjecture for each family of L-functions is to use the approximate functional equation
for each L-function to express the ratio as a principal sum and a dual sum, and then
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replace both sums by their average over the family. This average of the L-functions Fourier
coefficients over the family is the essential ingredient, and it will ultimately lead to the
symmetry type of the family. The precise expression which is obtained by this procedure
for the ratio of shifted L-functions of the family is called the Ratios Conjecture of the fam-
ily (see Conjecture 3.7 and Conjecture 4.6 for the two families of elliptic curves considere
in this paper). By differentiating with respect to the shift «, and then usinge = y = r, we
get an expression for the average of the ratio

L'1/2+r,E)
L(1/2+r,E)

over the family, and by using Cauchy’s theorem (3.2), this leads to an expression for the
one-level density for each family of elliptic curves (Theorems 2.1 and 2.3). From this
expression, we can identify without ambiguity the symmetry type (1.4) of the Katz-Sarnak
predictions for those two families (Corollaries 2.2 and 2.4). We find that for the family of
all elliptic curves, the one-level scaling density is given by

W@ =1+ %50(13), (1.5)

and for the one-parameter family of elliptic curves given by (2.1), the one-level scaling

density is given by

W) =14 S0CTD oo, (1.6)
2wt

The precise statements of those results can be found in Section 2, and the proofs in
Sections 3 and Section 4 respectively. We also discuss in Section 5 a heuristic model based
on the Birch and Swinnerton-Dyer conjectures which explains the symmetry type (1.6) of

the second family.

2 Statement of the results
We now state the main results of this paper.

We first consider the family of all elliptic curves over Q. Let E,;, be an elliptic curve
over Q given by E, 5, : > = x® + ax + b. We study the one-level density for the family

FX)={E=E,p:a=rmod6,b=tmod6,|al <X3,|b] <X2,p*|a=p°tb),

for some fixed integers (r, £) such that (,3) = 1 and (¢,2) = 1. More details about this
family are given in Section 3.

Theorem 2.1. Fix ¢ > 0. Let E be an elliptic curve defined over Q with conductor NE.
Let ¢ be an even Schwartz function on R whose Fourier transform has compact support.
Assuming GRH and the Ratios Conjecture 3.7, the one-level density for the zeros of the
Sfamily F(X) of all elliptic curves is given by
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SR T e JNE\ T

EcF(X)

+ 1%(1 —it)+2 <—i_(1 + 2it) + Ay (it, it)

(M)‘Z” r'(1—if)
o

o T(1 + it)

(1 + 2it) A(—it, it)) 1 _ith } dt

$(0) 1j24e
§ 14+ 0X ),
FOOl, 55,

wp=—1

where the function A, is defined in (3.42).

According to the conjectures of Katz and Sarnak, one expects that the symme-
try type of (1.4) is orthogonal for the family of all elliptic curves. In ([29], Theorem
3.1), Young showed that this is indeed the case for test functions ¢ with $ C
(—%,%). To see that Theorem 2.1 gives the same scaling density (without restric-
tions on the support of the Fourier transform, but under the the Ratios Conjec-
ture for the given family), we have to make a change of variable to ensure that
the sequence of low-lying zeroes yr has mean spacing 1 as E varies over the
curves of the family F(X), and we then define ¢ to be the normalized test func-
tion (see Section 3 for more details). The following corollary then follows from
Theorem 2.1.

Corollary 2.2. Assuming the Ratios Conjecture 3.7 and the equidistribution of the root
number in the family F (X) %, the one-level density of the family F (X) of all elliptic curves
is given by

1 veL © ] 1
¥ () = / 1+ -80(r) + 0O <) dr,
|F X E§X) T —o0 2 L

where L = log(ﬁ/2ne).

Then, according to (1.4), the underlying symmetry type is orthogonal and matches
the conjectures of Katz and Sarnak for the family of all elliptic curves. The proofs of
Theorem 2.1 and Corollary 2.2 are given in Section 3. Some lower order terms (for L1
and L~2) are also computed explicitly, and can be useful for experimental computations
for small conductors.

We also use the Ratios Conjecture to study the one-level density of a one-parameter
family of elliptic curves which was first considered by Washington [31], namely the family

E:y?=x+tx>—(t+3)x+1, te (2.1)

It was shown by Washington [31] (under some hypotheses and for a positive proportion
of t € Z), and then by Rizzo [24] (unconditionally for all £ € Z) that the sign of the
functional equation is negative for the L-functions of the curves E;, for all t € Z.

We study the one-level density for the family of curves

P00 ={Ee<x3]. (2.2)

More details about this family can be found in Section 4.
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Theorem 2.3. Fix ¢ > 0. Let E; be an elliptic curve defined over Q with conductor C(t)
defined in (2.1). Let ¢ be an even Schwartz function on R whose Fourier transform has
compact support. Assuming GRH and the Ratios Conjecture 4.6, the one-level density for
the zeros of the family F1 defined by (2.2) is given by

D(Fi;¢,X) = ! 1/ pw) Y |:210g<vc(t)>+l;(l+iu)

|F1(X)| 27 Eemi0 2

+ FF (1—iu) —2 (i (1 + 2iu) + % 1+ iu)) + 2A4 (iu, i)

" (./C(t))‘zi” T — iu) ¢ (1 + 2iu)¢ (1 + in)
2 'l + iu) Z(1 —iun)

+ ¢ (0) + O(X~1/2+e),

2
A(—iu,iu) — :| du
iu

where A and Ay are defined by (4.23) and (4.26) respectively.

Again, by using the appropriate change of variables to normalise the zeroes and the test

function (see Section 4 for more details), we obtain the following result.

Corollary 2.4. Assuming the Ratios Conjecture 4.6, the one-level density of the family
F1(X) is given by

1 veL\ [~ sin (27 7) 1
F 00l 2 w(n)—/wu 2mt +8°(r)+O<L> 4

EeF1(X)

where L = log(ﬁ/Zne).

The proofs of Theorem 2.3 and Corollary 2.4 are given in Section 4.

The scaling density of Corollary 2.4 is the sum of two densities W(G)(7) of (1.4),
the Dirac distribution and W(SO(even))(r). This might seem surprising a priori, as
W(SO(even))(t) usually corresponds to families of even rank, and we have a family of odd
rank. This can be explained by the special behavior of the zero of the L-functions L(s, E;)
at s = 1/2 forced by the sign of the functional equation. This phenomenon was also
studied by Miller [19] for general one-parameter families of rank r. Then, by Silverman’s
specialization theorem [25], every curve in the family have rank at least r, and the r forced
zeroes (from the Birch and Swinnerton-Dyer conjecture) are called the family zeroes. It
was noticed by Miller, by computing the one-level density for test functions ¢ with Fourier
transform ¢ of limited support, that those zeroes act as if independent from the remain-

ing zeroes, and should correspond to a sum of r Dirac functions in the density W(r) of
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the family. But the density function could not be completely determined (even for the case
r = 1 that we are considering here) because one can only take limited support for ¢, and
this does not allow us to differentiate YW(G)(7) between G = SO(odd) and G = SO(even).
See ([18], Section 6.1.3). By using the Ratios Conjecture, after removing the contribution
80(7) coming from the family zero, the one-level scaling density is then W(SO(even)) (7).
We give in Section 5 a heuristic based on the Birch and Swinnerton-Dyer conjectures
explaining why once the zero is removed, the corresponding L-functions should indeed
behave like a family of even rank.

Finally, we remark that one consequence of the scaling density of Corollary 2.4 associ-
ated to the family 7 (X) is that the forced zero of the L-functions L(s, E;) ats = 1/2 is
independent in the limit from the other zeroes, and does not cause any repulsion. By con-
trast, in the family of odd rank quadratic twists of a fixed elliptic curve E over Q, which is
also a family where every L-function L(s, E, x4) has a zero at s = 1/2, the central zero is
not independent, and causes some repulsion. Indeed, the (conjectural) one-level scaling
densities are respectively

Wio) = So(t) + 1 — 22D — 1)(S0(0dd)) for Fo4d = (L(s, E, x4)}
| S0 + 14 SRETD — 50(x) 4+ W(SO(even)) for Fi = {L(s, Ep)} .

Since sin (27 t)/27rt — 1 as t — 0, we have that W(t) — §o(7) is close to O when 7 is
small in the first case, so the zero of L(s, E, x4) at s = 1/2 causes a repulsion of the zeroes
with small imaginary part, while in the second case, W(t) — 8o(¢) is close to 2 when 7 is
small, and there is no repulsion for the zeroes with small imaginary part.

In some work in progress (in collaboration with S. Bettin, C. Delaunay and S. J. Miller),
we generalise Theorem 2.3 and Corollary 2.4 to arbitrary one-parameter families of ellip-
tic curves over Q(¢) with average rank not equal to 0. We also build many such families to

illustrate the possible symmetry types occurring.

3 The family of all elliptic curves
Let E, ;, be an elliptic curve over Q given by

E.p: y2 =2 +ax+b. (3.1)

We fix some integers (r,¢) such that (r,3) = 1 and (£,2) = 1. We will use them to
impose congruences modulo 6 on 4, b to ensure that E, ; is minimal at p = 2,3, so we
remark that there are 12 choices of (7, s).

We study the family

FX)={E=E,p:a=rmod6,b=tmod6, |a < X3,16l < X3,p* |a = p° 1 b)

of all elliptic curves having discriminant of size < X. The conditions on E,;, € F(X)
insure that E, j, is a minimal model at all primes p.

Let L(s, E) denote the L-function attached to E, normalised in such a way that the center
of the critical strip is the line Re(s) = 1/2. The average one-level density over the family
is then

D(F;¢,X) . > em),

|]:(X)| EeF(X) VE

where y runs over the ordinates of the non-trivial zeroes of L(s, E).
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By Cauchy’s theorem, we can write the average one-level density as

w0-— ¥ LUsE),
D(F;¢,X) = FOO] o (/(;) /1 C)) L(s,E) ¢(—i(s —1/2))ds (3.2)

Ee ]-‘(X)

with % <c< 1l
Our strategy is to use the Ratios Conjecture to write a closed formula for the logarithmic
derivative of L(s, E) in (3.2). Following the approach of [3], we consider the ratio

1 L(}+aE
y thred) 63)
FOOl o L(3+7,E)
for a, y € C with Re(«),Re(y) > 0.
For a minimal model E = E 5, we have that Ag(n) = A, (1) where for p # 2, A, ,(p) is
given by
1

1
mwzﬁwﬂ—mmwr-z(

x3—|—ax+b)
ﬁ )

p

x mod p

where ( ) denotes the Legendre symbol. If p = 2 then (3.1) has a cusp and A, (Zk) 0
forall k > 1.
We recall that the L-function attached to an elliptic curve E is given by

A A -
L(s,E) Z E(n) _ 1—[ < E(p) %DNZ(SP) ) ’ (3.4)
n=1 p
where v is the principal Dirichlet character modulo the conductor Nr of E, i.e.,
_ 1 ifp 'i' NE,
@)= {0 if pINE.

It follows from (3.4) that Ag(n) is multiplicative, and prime powers can be computed by

u; (KEZFP)) if (0, Ng) = 1,
E(p) lf(prNE) > 1;
where Uj(x) is the j-th Chebyshev polynomial of the second kind. The definition of the

Chebyshev polynomials and their properties will be given shortly.
It was proven by Wiles et al [1,27,28] that

m) L(s,E)
2

uw>{ (35)

AG,E)=T(s+1/2) (
satisfies the functional equation
A(s,E) = wgA(1l —s,E)

where wg = =*1 is called the root number of E. It follows that we can write the values

L(s,E) as
A A 2nY
LB =Y il(s”) V. (Y\/_) T wpXe(s) Z E(”) ( 5:75 ) , (3.6)
where
3 _ 1-2s
Xe = 2 ”(ﬁ@> (3.7)

Page 7 of 37
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and V() is a smooth function which decays rapidly for large values of y. The above iden-
tity is called the approximate functional equation for L(s, E), and we refer the reader to
([13], Theorem 5.3) for the details.

One of the steps in the recipe leading to the Ratios Conjecture is to use the two sums
of the approximate functional Eq. 3.6 at s = % + o ignoring questions of convergence, or
error terms, i.e., the “principal sum”

Z Aap(1) (3.8)

and the “dual sum”

wpXg (3 +0) Y Aap (), (3.9)
n N2

Finally, we write

1 A >
_ 1—[ 1 _ tab®) n Unw)\ _ Z /La,b(n)’ (3.10)
L(s, Eq,p) r )2 n
’ p n=1
where p, 5, is a multiplicative function given by
—ap(p) ifk=1,
nap@) = | Un(p) itk =2, (3.11)
0 ifk > 2.

Following the standard recipe from [3] to derive the L-function Ratios Conjecture for
our family (see also [4,10]), we replace the numerator of (3.3) with the principal sum (3.8)
and the dual sum (3.9) of the approximate functional equation and the denominator of
(3.3) with (3.10). We first focus on the principal sum which gives the sum

1 Aa,p(m1) pa,p(m2)

Ri(o,y) = —— LabTRab ), 3.12

T D DD Dl vy ve (3.12)
Ep€F(Xymumy  mj  my

We will consider in a second step the sum coming from the dual sum, namely the sum

1 1 Aa a
Ry(a,y) := m Z a)Eu,bXEa,h <2 + Ol) Z M (3.13)

P
E,peF(X) mi,my my m;

3.1 Average of Fourier coefficients over the family
To obtain the Ratios Conjecture for our family, we replace each (m, m2)-summand in
(3.12) and (3.13) by their averages

) 1
lim
X—o00 | F(X)|

> hap(m)ias(m) (3.14)
Ea,he]:(X)

over all curves in the family. This is similar to the work of Young in [30] where the author
makes a conjecture on the moments of the central values L(1/2, E) for the same family F.
He is then led to averages of the type

1
lim ——— Aap(m1) -+ - g p(my)
X—o0 [FOOI b;oo “ “

for the k-th moment. In the following, we will use some of the results of [30], and redo
some of his computations in our setting for the sake of completeness.
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Lemma 3.1. Let

~ 1
Q m,m2) = s D dap(mi) g p(ms) (3.15)

a,b mod m*

and let m* be the product of primes dividing m = my, my). Furthermore, set m; = {;n;
where (n;,6) = landp | £; = p = 2,3, and set

Qr my ma) = Ay (m) g ()@, m) [T (1 = p710)

plm
p>3
Then
1 ~
Am = D hap(m)pap(ma) ~ Qf,(my, my). (3.16)

EqpeFX)

Furthermore, aft is multiplicative in my and my.
Proof. We will follow the proof of Lemma 3.2 in [30]. We have that

. 1
Am e 2 ab(m)ias(m)

Eap€F(X)
1
= lim —— Agp(m o). 3.17
Am = > 1 b (111 ., (712) (317)
la|<X3,|b|<X2
pHla=pStb

a=r mod 6,b=t mod 6

We now need to extend the definition of A, and 1, 5 for non-minimal curves E, ;. We

define
Ae(p) if E,p is minimal at p,
hap(p) o= | PEP) M Eab 1S b
0  otherwise.
1, ifpt —16(4a’ + 27b%)),
Vap(p) = pt-]
0, otherwise.

This defines u, at prime powers by (3.11), and 1, is defined at prime powers by the
usual relation (3.5). We then extend to A, (1), i, (1) by multiplicativity.
We also have the usual power detector

Z ) = 1, ifthere does not exist a p such that p* | @ and p° | b,
M - 0, otherwise.

d*a
d°|b

Thus the left hand side of (3.17) can be rewritten as

1
lim d A m my). 3.18
X—o00 |F(X)] Zl 1(d) 12: 1 ad* pds (M1) Lggt pge (M2). (3.18)
d<X12 la|<d=*X3,|b|<d—°X2
(4,6)=1 a=d*r mod 6,b=d~°t mod 6

It follows from our definition of 1, ; and (., at non-minimal curves that

Agp(n) if (n,d) =1,

hata,don () = 0 otherwise
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and similarly

e e (1) = Hap(n) if (n,d) =1,
@a,db 0 otherwise.
Thus, if (n,d) = 1, we have
Mg qop (M) I gag g6 (M2) = Ap e (€1) iyt (€2) A g b (M1) g p (M12),

and (3.18) becomes

|f(X>|M“”“”“2) 2 @ S rapOmapm).
d<x12 lal<d X3 |b|<d~°X2
(d6m)=1 a=d*r mod 6
b=d =%t mod 6

Now A, p(11) fLgp(n2) is periodic in a and b with period equal to the product of primes
dividing the least common multiple of n;, ny say n*. Breaking up the sum over a and b
into arithmetic progressions modulo 6, we rewrite the last equation as

5
4X%6 d 1
S e CATH OIS wd) 3" s (1)t 012)

IJ:(X)I a0 (m*)? .
a=xh ol
(d6m)=1
i () s (02) e " (11, 12)
= m —— - ’ )
Xl—>oo IF00| rtE1) Ur,t(£2 926,(10) ni, ny
where we define
1\!
tm(s) =] (1 - S) )
plm 4
By ([30], Equation 3.22), we have
5
[FXO| ~ ——,
9¢6(10)
and (3.18) becomes
~ (10)
A (€)1 (€2) Q" (11, 1) ;:n o
Since
{6(10) p1) —10\~1
= 1-— ,
Z6n(10) H =110-r")
plm
p>3 p>3
this completes the proof of (3.16). O

Now we replace each term of (3.12) by its average value (~2j’t(m1,mg), and using

Lemma 3.1, we are led to consider

H(a,y) = Z Qrt(mlrm2) l_[ Z :,t(Pml;sz)
V)= 2+am7+y o o ml(%+a)+m2(%+}/)

my,ma niqy

_ 1—[ Z Art (@) ot (p™2) 1—[ Z S(p)Q*(p™, p"?)
mi (L) +ma(L+y) mi (3 o) rma(34y) |’

2<p<3my,my P p>3my,my P

(3.19)

where §(p) = (1 —p’10)71 if my + my > 0and §(p) = 1 otherwise.

Page 10 of 37
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Thus, it suffices to consider a’;t ('™, p™) at a prime p and integers mj, my. Notice
that we switched notation, and we are now using 1, my for the exponents of the prime
powers. By the definition of the Mdebius function in (3.11) only the terms with my = 0, 1
and 2 in (3.19) contribute. For p = 2, 3, we denote by E,(«, y) the Euler factor

Ey(a,y) = Z Art W) (P2) (3.20)

ol pm (3+o)+ma(3+y)

atpin H(o, y).

So we have that

®)Q* (™, p™)

my (3+a)+ma(5+y)

1)
H(a,y) = Es(e, )Es@, ) [ D

p>3mymy P
-1

=Exo,)Es, ) [[ |1+ (1-p7")
p>3

Nk (1,0 Nk (41 1 Dk (1 2
y ZQ(p ,p)+z Q*(p ,p)+z Q* (p™,p?)

1 n T . ’
mi=1 prm(§+oc) m1=0 pm1(§+o{)+§+y m1>0 pml(§+a)+1+2y
where
= 1
Q*(prm’po) = Z )"a,b(Pml), (3‘21)
a,b mod p
N 1
Q*(pml’pl) = - Z Aa,bQMI)Aa,b(P), (322)
a,b mod p
P 1
CE"P = 5 ) ™). (3.23)
p
a,b mod p
PINE

In the following theorem, we write a closed formula for H(w, y) in terms of the trace
of the Hecke operators T), using the Eichler-Selberg Trace Formula, following [29] (see
Lemma 3.3 below). We first need some notation. Let Tr;j(p) denote the trace of the Hecke
operator T), acting on the space of weight j holomorphic cusp forms on the full modular
group. The normalized trace 77} (p) is given by

17 (p) = p > Ty (p). (3.24)

We recall that we have that Tr;‘ (»p) = 0forj < 12. Now H(w, y) can be rewritten in
terms of Tr;‘ ®).

Theorem 3.2. Let o,y € C such that Re(a),Re(y) > 0, and let H be given by (3.19).
Then

H(e,y) = Ex(e, )Es(@, ) [ | 1+(1—‘19 1) 5
o,y 2(a, ¥)Es(a, v
p>3 p10 1 p1+2y p1+ot+y

+p—(2+oz+y) — p~@+2) N pit2ety _ pltety 4y po Z Try, +2®)
pAt2e —1 p%+a+2y 1o pM1(%+a)
mi even

Page 11 of 37
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Furthermore, H has the form

¢(1+2y)
H(a, = ——"" A(a,
@) = i rar i@

where A(w,y) is holomorphic and non-zero for Re(a), Re(y) > —1/4. We also have that
A(r,r) = 1 in this region.

Before proving Theorem 3.2, we make some observations and state some useful lem-
mata. First we consider the Chebyshev polynomials U, (x) appearing in (3.5) and their
properties. The polynomials U, (x) satisfy the recursion formula

Upt2(x) — 2xUy41(x) + Uy(x) =0, forn >0, (3.25)

which is equivalent to the formal identity

The first few Chebyshev polynomials are Up(x) = 1, Uj(x) = 2%, U(x) = 4> — 1,
U3 (x) = 8x3 — 4x, etc. Also, the Chebyshev polynomials satisfy

Un(—x) = (=1)"Uyn(x), (3.27)

i.e., U,(x) is odd when 7 is odd, and even when # is even. We also define the coefficients

c¢(my, my) by

Uny ) Uy (%) =Y o (my, mg) Up ().
>0

From the properties of the Chebyshev polynomials above we have that if m; + my is
odd (and p > 2), then Q*(p™, p™?) is 0. We can see this by first making the change of
variables a = d’a’, b = d3b’ where d is a quadratic nonresidue modulo p. Then we have
that 1, ,(p) = —Ay p (p). Now if my = 0,1 then

N -1 my nmy
Q*(p™, p'™) = ( pg Z )‘a,b(lﬂml))‘g,b(p)

a,b mod p
( 1)m2 mi+m (_1)m2 )‘a,b(p) m
AR p) + e D Unm (5 )@
a,b mod p a,b mod p
PINE PINE
1)™ i
( ) < Z )»Zf]ljmz (P) + Z um1 ( a',b (P)) m b/ (P))
P a',b' mod p a',b' mod p
pINE PINE

= ()" PP,
where we have used the property (3.27) of the Chebyshev polynomials. If #; = 2 then

G- X ()L sy, ()

2
P a,b mod p p a',b' mod p
PINE PINE

(—D"™Q*(p™, p?)
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Hence, we have for p > 3, each Euler factor in H(«, y) can be written as

1 Z a*(pml’pO)+ Z a*(prm,pl) N Z a*(pmlypZ)
1—plo| =, PG pmGratsty ) prGTOHEy

m] even m; odd m] even

1+

(3.28)

We will use the following result from [30].

Lemma 3.3 (Proposition 4.2, [30]). Let

1
QE"P™ =5 D st @™, (3:29)

a,b  (mod p)

Then for p > 3 and my + my even and positive, we have

Q*(pmlrpmz) = C()(Vi’ll,}’l’lz)p + pizp*(rermz)/z
p p
—_ 1 _ 1 _
=D celm,ma) (193/2 Trf o (0) + 2 2). (3.30)
>1 V4 p
If my + my is odd, or p = 2, then Q*(p™, p") = 0.

Lemma 3.4. Let p > 3 and my > 2 even. Then

~ p—1
Q*(prm’po) = —WTF;LI_’_Z@). (3.31)

Proof. This follows immediately from (3.21) by specializing Lemma 3.3 since
¢¢(mq1,0) = 1 for £ = m; and O otherwise. O

Lemma 3.5. Let p > 3 and my > 1 odd. Then, for m; > 3,

~ r—1 _.. _ p—1
fok (pml,pl) — 7[) (m1—1)/2 + p3/2 (Tr;knl+1(p) + Tr:‘nl+3(p))

and

Proof. From (3.22), we have that a*(p””,pl) = —Q*(p"™,p), and then it follows
immediately by specializing Lemma 3.3 that

~ -1 -1 -1 _
Q @™, pY = — colm, DE— + > " co(m, 1) %T’z+2(l7)+p —p
p v p
=1

— pp;;p*’”l*”/?. (3.32)
For m; > 1, the recursion relation (3.25) gives
Uy () U1 (%) = 26Uy (%) = Uppy41(%) + Uy —1(x)
and

1 ford =my; —1,m; +1,

. (3.33)
0 otherwise.

ce(my, 1) = i
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Replacing in (3.32), this gives the result for m; > 3. For m; = 1, we also use the fact
that Tr; (p) = 0. O

Lemma 3.6. If p > 3, and my > 2 is even, then

~ p—1 p—1 _
Q ™. p*) = —WTr;‘,,ﬁg(p) P "2, (3.34)
Furthermore,
@ =2"0.
p

Proof. Let my > 2. From (3.23), we have that

~ ~ 1
Q*(pml’pZ) — Q*(pmljpo) - Z )\a,b(p}in)~
p a,b mod p
pPINE

For p > 3, one shows that

Y hap@H=p -1
a,b mod p
pINE
by parameterizing all pairs (a,b) € IF; such that A = 0 mod p (see the proof of
Proposition 4.2 in [29]). The result then follows from Lemma 3.4. If m; = 0, then

- 1 -1
T =5 T 1:%.

a,b mod p
PNE

Proof of Theorem 3.2. Starting from (3.28), we have

1041 Q* (™, p°)
H(a,y) = Eye,)Ese, ) [[ |1+ A =p )| Y ——F=
p>3 m1>0 pWIl(E_HM)
m1 even
N 1 Q* (pml,pl) Q*(lrpz) 1 Z Q* (pml’pZ)
pity o pGT) pitr o plt2y o pGT)
my odd my even

Let p > 3. We consider each of the four terms in the Euler factors E, (o, y) separately.
From Lemma 3.4, we have that

Z Q*(prm,p()) 3 —(p—-1) Z Tr;km+2(p)
= pml(%w) 3 mi(s+e)
mlleven mj even

(3.35)
p? m1>0 p

Page 14 of 37
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From Lemma 3.5, we have that

O (M1 5l (v _ _
1 ZQ(P:P)_(Pl)+Z p—1

1/2+y 1L T ptyta 2+y +mj (14+a)
p m1>1 pWIl(z ®) p m123p
myodd myodd
* *
P15 T ®+ Tyt
prr prm/2+e) ’
m1>9
mjodd

We compute that

p—1 o p—1 1\ _ p—1
Z p2rrmte) — pitaty Z plte o p3rety (p22e _1)°

m1>3 my=>1
myodd

Finally, from Lemma 3.6 we have that

Q*(LpH p-1

ity = Pty (3.36)
and

e e ) D L e

= pM1(%+a)+1+2y p%+2y = pml(%w) p3t+2y ot prdte)
m 1even my 1even m 1even

_ =D Try 42(P) _ p—1
Pt o pnGre  pIT (ptie — 1)
m1 even

Since Tr}k (p) = 0forj < 12, summing the four terms above and collecting terms gives

_10-1 | 1 p—1
H(e,y) = BBy [[[1+a-p9" P ety
p>3
p—1 11 p—1( 1 Try, +2(P)
+ 34y (p2t2e _ 1y \pe v ) 3 1+2y+1 Z (L 4a)
p7p )\ p pr \P o PG
my even

+

p—1 Z Tr;l_,_l(p) + T’";Fnl-i-s(p)
2+ 1

Y 0 pm1(2+a)

m1 odd

and factoring out ’%1 gives

P’ -1 1 1
H(a,y) = Ex(e, y)Es(@, y) l_[ I+({1- p0 1) \pl#2r ~ plraty

p>3
1 1 1 1 1 Try, 2 (P)
T e ) (a - ) N to) X s
Pt =1 \p*  pY p2t pr ) = pmGre
mi even

Tr* ) + Tr* )
+ Sum y;>9 1P mi+3(P . (3.37)

my odd pml(%+a)+1+y

Page 15 of 37
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Finally, we compute that

( -1 1 ) Tr:;,l+2(p) n Z TV:,,IH(P) + Tr:;,l+3(p)

3 1 1 1
5+2 5 m1(5+a my (5 +o)+1+
p2 Y pz V:lﬂlezle?l p 1(2 ) M1Zd9d p 1(2 ) Y
1 eV mi O
1420+ I+a+2 *
_(p aty gy g plte y) Trh, o (P)
- 3 1 .
5+a+2 my(5+o
p? v =10 P2t
mj even

Now, looking at the contributions of the Euler factors in (3.37), the term p~ 1+
contributes a pole, and the term —p~(17%+7) contributes a zero, and we can write

1+2
H,y) = ¢ +2y)

= mA(a, ) (3.38)

as required where A(w, y) converges uniformly and absolutely for Re(«), Re(y) > —1/4
since |Tr;‘(p)| <1
Finally, by setting & = y = r, we also have that

A(r,r)=H(r,r) =1, (3.39)

and in fact, each of the Euler factors E,(r,r) = 1.If p > 3, it can be seen directly by setting
a =y =rin(3.37),as

1 1 p—(2+2r) _p—(2+2r)
p1+2r o p1+2r + p2+2r -1

N <p1+3r — iy _pr> Z Trs (D)
Pt m>10 priGtn

m1 even
For p = 2,3 we use a more general result, and show directly that for all Euler factors
E,(a, ) as given by (3.20), that E,(r,r) = 1 because of the Hecke relations. This is done
in Lemma 4.7 of the next section for the Euler factors in the second family, where we have
no closed formula, and it shows the result for E5(r,r) and E3(r, r) by adapting the proof

for this family. O

3.2 The ratios conjecture for the family F(X)
By replacing each (17, m3)-summand in (3.12) by its average over the family, we effec-
tively replace R; («, y) by H(«, y) as given by (3.38). We also set

;1 +42y)

— T (3.40)
tI+a+y)

Y(,y) :=

We now consider the sum Ry (e, y) of (3.13) coming from the dual sum of the approxi-

mate functional equation. Working similarly, replacing each (m1, m2)-summand in (3.13)
by its average over the family, we rewrite Ry («, y) as

YN\ P ra-a)

Then, replacing each summand in (3.3), we get the Ratios Conjecture for our family.
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Conjecture 3.7 (Ratios Conjecture). Let ¢ > 0. Let o,y € C such that Re(a) > —1/4,

Re(y) > loéX and Im(a), Im(y) <s X'7¢. Then

1
1 ZL(2+%E)_ 1 3 [m,y)A(a,y)

17X L(z+7.E)  FXI 52,

EcF(X)
VNE\ T —a)
+ wg
o T+ a)

Y(—a, y)A(—a, y)} + 0 (XM,

where Y (o, y) is defined in (3.40) and A(a, y) in (3.38).

We remark that the error term O (X —1/2+e ) is part of the statement of the Ratios Con-
jecture, and the power on X is not suggested by any of the steps leading to the main
expression in Conjecture 3.7, and the original motivation for the exponent in the error
term is the general philosophy of square-root cancelation. The quality of this error term
was tested in recent work of Fiorilli and Miller [6], who uncover new lower order terms
in the one-level density for the family of Dirichlet L-functions of modulus ¢, and also
obtain some result for the natural accuracy of the error term in the Ratios Conjecture.
Other papers investigating the quality of the error term of the Ratios Conjecture include
[7,11,20,21].

The lower bound for Re(y) and the upper bound for Im(«), Im(y) are also part of the
statement of the Ratios Conjecture, and should be thought as reasonable conditions under
which the Conjecture 3.7 should hold. For more details, we refer the reader to [4] (see
for example the conditions (2.11b) and (2.11c) on page 6). Ignoring issues about the error
term and uniformity, there should of course be a condition of the type Re(y) > § for some
5 > 0.

To get the one-level density for our family, we have to differentiate the result of
Conjecture 3.7 with respect to & and use (3.2). We then obtain

Theorem 3.8. Let ¢ > 0, and r € C. Assuming the Ratios Conjecture 3.7, Re(r) > @
and Im(r) < X'7¢, we have

! L(3+nE) _ 1 [ %
= - 1 2 Aa ’
[F (X0 Z L +rE)  IFXOI Z g“( +2r) + Ao (r,1)

EcF(X) EeF(X)
N\ T -7) —1/2+e
— o ( o ) FaT r)é'(l +2nNA(=r,r) | + OX )s

where Ay (r, 1) is defined in (3.42).
Proof. We set

d
Ay(r,r) == £A(a, y) (3.42)

oa=y=r

Then

%Y(a, Y)A(w, y) = —%(1 + 2r) + Ay (1, 1), (3.43)

o=y=r
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and

—2a
ad VN ra-
|:60E <> (O()Y(—G,V)A(—Oé’)/)]

o 2 ra+ow a=y=r
(N P ra-w d
= WE (27‘[) l“(l—ko:)A(_a'y)d(x[Y(_a'y)]a_y_r
B YN\ P ra-n
= —WE <27‘[> mg(l + ZT)A(—V, r). (3.44)

Replacing (3.43) and (3.44) in Conjecture 3.7, and using @« = y = r, we get the desired
formula for

1 3 L' (3 +rE)

FO0 L(i+nrE)

EcF(X)

We still have to justify that the error term remains the same under differentiation. We
claim that

(1 !
1 )3 [L(ZJ”’E)_ [—i(1+2r)+Aa(”)

70 EcF(X) L (% + "’E)
m —2r F(l — }") _ 71/2+S
—wE ( oy ) rad+ r)C(l +2r)A(—r, r):|i|] =0(X )- (3.45)

Let the left hand side of (3.45) be denoted by R(«). Let op € C such that Re(ag) > 0.
Assume R is analytic in a neighborhood of «g and let C be a circle of radius ry & 1 around
ap. Then by Cauchy’s integral formula we have

; 1 R(a) R(a)
IR ()| = |;— ¢ ———5da| <max|-—————|(27ro)
2i Jo (o — ag)? aeC | 2mi(a — ag)?
O (X712%¢) = o (x~/**e 3.46
131165( (o — ap)? ( ) ( ) (346)
from our assumption in Conjecture 3.7. This completes the proof. O

3.3 Proof of Theorem 2.1 and Corollary 2.2

We now use the Ratios Conjecture as stated in Theorem 3.8 to rewrite the one-level
density D(F;¢,X) for the family of all elliptic curves. As in [4], we assume that ¢(s)
is holomorphic in the strip |[Im(s)| < 2, is real on the real line and even, and that
#(x) < 1/(1 4+ x?) as x — oo. With the change of variable s — 1 — s in (3.2) (noting that
¢ is even), we get that

L/(S) e 1
|f<X>| 2 2m/1 5 L(s,E>¢’( (s = 3))ds

EeF(X)
= ! 1 LA=sB o 1
O FX) Eg(:x) 2700 Jio) L1 — s, E) ¢ (=is—3))ds. (3.47)

The functional equation

L(s,E) = weX(s, E)L(1 — s, E) (3.48)
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where X (s, E) is defined in (3.7) gives

L(sE) _X(sE) L1-sE) (3.49)
L(sE) X E) LA —sE)

Using (3.49) in (3.47) gives that the second integral of (3.2) can be rewritten as

1 1 L'(sE)  X(sE) o
2 _ i — 1)) ds,
[F Xl Eeroo 270 J () |:L(s,E) X(s,E) :| ¢ (—i(s—3))ds
and then
D(F;¢9,X)

1 UGE  , .,
- —-1)d
| FXOI 2 F(X) 2mi (/(C) /1 C)> L(s,E) ¢ (=ils—3))ds

L/(s,E)_X’(s,E) o
|]:(X)| Z 2m/ [ L(s,E) X(s,E)]¢( i(s—3))ds

EcF(X)

1 1 L'a/2+rE) X@Q/2+r1E) )
= — 2 - ¢ (—ir)dr
|F(X)] [ 27ci Je—1y L L(A/2+1E)  X(1/2+1,E)
with the change of variable s = 1/2 + r. We bring the summation inside the integral and
substitute
1

Z L/(% +1,E)

IFQOI Sy, L (5 +1.E)

with the expression of Theorem 3.8, and we pull the summation back outside of the
integral. This gives

D(F;¢,X)
_ 1 1 |:—2§/(1+2r)+2A (r,7)
CIFOI Sy 2 e LT o
YNE\ Y T —7) X'(1/2 +r,E) ,
— 20wEF ( o ) AT (1 +2rA(—r,r) — 7){(1/2 = j| ¢ (—ir)dr

+ O (X—1/2+8) .

We now move the integral from Re(r) = ¢ — 1/2 = ¢’ to Re(r) = 0 by integrating over
the rectangle R from ¢’ —iT to ¢’ +iT to iT to —iT and back to ¢’ —iT, and letting T — oo.

The two horizontal integrals tend to 0, and we only have to consider the vertical integrals.
We have to distinguish 2 cases, as the integrand

_X2+rE) ¢

Fr)y=———"—"— —(14+2 2A4 (1,
(r) X(/2+71E) ( +2r) + 244(r,7)
JNE\ ¥ ( —7)
-2 (1 +2rA(-r,
a)5<2n F(1_|_)(+r)(rr)
has a pole at r = 0 with residue 2 on the boundary of the rectangle R when wg = —1. We

have that the function

1 — wg

E(r) —
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is analytic inside and on the contour R. Hence from Cauchy’s Theorem we have that

D(F; ¢, X If(X)I > 2n/ [ —(1+2lt)+2A (it, it)

EeF(X)
VNE\ T - i
-2 1+ 2it)A(—it, it
an;( e F(1+-f)C( + 2it)A(—it, it)
N /
+ 2log (”) —(1—Lt)+ ]qb(t) dt
2
2¢( Lr) 12
dr + O(X~1/7+%),
IF(X)I E;O 2m/
wp=-1
where we used the change of variable r = it in the first integral, and
X'(1/2+ it,E VNj r’ r’
XARTILE) g (YNEY D iy~ D i),
X(1/2 + it, E) o r r
If o = 1, then 1 — wg = 0, and the second sum is zero. If wg = —1, then by Cauchy’s
Theorem
1 2¢(—i 1 2 2 2¢(—i
26(0) — / o, 1 Pin 2 [ 2
27i () r 21i J—¢ r 2m () r

which completes the proof of Theorem 2.1.

We now proceed to the proof of Corollary 2.2. We first make the change of variable

tL VX
7 = — with L =log <2> , (3.50)
T

e

where L is chosen so that for N ~ X, the sequence yg of low-lying zeros arising from
(say) ¥e < 1 has essentially constant mean spacing one. Recall that by a Riemann-von
Mangold type theorem, as in for example ([13], Thm. 5.8), L(s, E) has approximately
log(Ng/(2me)?) /27 zeros in the region 0 < J(pg) < 1. We then define the normalized
test function ¥ by

o =y Cf) (3.51)

We know from the work of ([29], Lemma 5.1) that the conductor condition holds for the
family F(X), and we can write

A S () (D)ool e

EcF(X)

We now make the standard hypothesis that that the root number wg is equidistributed
in the family of all elliptic curves, i.e. half of the elliptic curves given by (3.1) have wg = 1,
and half have wg = —1, as predicted by the Katz-Sarnak philosophy [14,15]. The natu-
ral expectation is that the root number wr is equidistributed in general families of elliptic
curves, when the family has at least one place of multiplicative reduction. ® This was
investigated by Helfgott in his Ph. D. thesis [8,9], and he showed that under two standard
arithmetical conjectures, this is indeed the case. Helfgott also showed that the equidis-
tribution of the root number holds unconditionally in some families of curves, as for
example the family of elliptic curves over Q with rational 2-torsion y* = x(x + a)(a + b),
fora,b € Z.
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Then, using the change of variables (3.50), we rewrite the statement of Theorem 2.1 as

s veL > $(0)
Foo 2 2V <ﬂ) ~ /_wvf(r)gm dr + 20

EcF(X) YE
o0
= f v (0)h(v) dr,
—00
where
1
&) = h(r) - 550(T)
1 VX r’ wit r’ wit
= —[2log[ X2 )+ = (1+—)+—=(1-=
2L[ Og<2n)+F(+L>+F< L)
2{’ 1+2nir 424 wit it L
¢ L ‘\'L’ L wit |’
We define the partial derivatives Ayy(r,r) := %Aa(a,y) and Ay (r,1r) =
a=y=r
%Aa (o, ) and denote the Stieltjes constants by y,,. Then the Taylor expansion of

a=y=r

h(t)in L lis

1 —L 2Tit
h(t) =—| 2L — 2y — 2 —(y?
(1) ZL[ Y0 <2mr +v— (v +7) I )

TIT L 2 1
+2{Ax(0,0) + (Apx (0,0) + Apyy (0,0) — | — — + O (L ) + =do(7)
L TIiT 2
Aa(0,0) =2y (A0a(0,0) + Ay (0,0) + 2 (¢ + 1)) it
L L?

1
=1+ ESO(r) +

+o(5)-

Then, the leading terms for the one-level scaling density associated to the families of all
elliptic curves give W(r) = 1 + %So(r) which corresponds to the density YW (O)(t) asso-
ciated with the orthogonal group O as predicted by the conjectures of Katz and Sarnak.
We also get lower order terms for the one-level scaling density which are particular to
this family, and could be used to refine experimental statistics for small conductor. This

completes the proof of Corollary 2.2.

4 A one-parameter family of elliptic curves
We now consider another family of elliptic curves, the one-parameter family of elliptic

curves
2.3 2
E:y=x4+tx"—(t+3)x+1. (4.1)

This family was first studied by Washington [31], who proved that the rank of E; is odd
for t2 4+ 3t + 9 square-free, assuming the finiteness of the Tate-Shafarevic group. Rizzo
[24] then proved that the root number W (E;) is equal to —1 for all £ € Z using the tables
of local root numbers due to Rohrlich and Halberstadt. The one-level density for this
family was also studied by Miller [17,18]. The discriminant of the curves E; is A(t) =
24 (2 + 3t 4+ 9)°. Replacing £ with 12¢ + 1 gives A(12¢ + 1) = 24(1442 + 60z + 13)2.

Page 21 of 37
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As proven in [18], if 144¢ 4 60t + 13 is square-free then the conductor is C(¢) = 282 +
3t +9)2.
In this section, we study the one-level density of the family

FiX) = {E, : t < X4}, (4.2)
Let
e e} -1
L(s,EQ:ZM(Sn) =]_[(1—Mf + wtf)) (4.3)
~ n . p p

denote the L-function attached to E; where v, is the principal Dirichlet character modulo
the conductor C(t) of E, i.e.,
1 ifptCQ),
0 ifp| C@).
For p # 2, 1+(p) is given by

1 x3+tx2—(t+3)x+1>
() = —— .
¢(p) ﬁ%%é( .

If p = 2 then E; has a cusp and 12Ky = 0 for all positive k. We recall that A;(n) are
multiplicative, and prime powers are computed by the Hecke relations

A Mp) : _
) — u,( ! ) if (0, C(0) = 1,
¥ (p) if (p, C(1)) > 1,

where Uj(x) are the Chebyshev polynomials.

Ye(p) =

As in the previous section, we use the principal and the dual sums of the approximate
functional Eq. 3.6 at s = 1/2 + «, ignoring questions of convergence or error terms. The
principal sum is

Z e () (4.4)

1
n2 +o
n

and since the sign of the functional equation is always negative, the dual sum is

1 Py
—X; <2 + a) > i(ji (4.5)

n N2
where
B r (% —S) /_C(t) 1-2s
Xe(s) = — . (4.6)
Finally, we write
1 ) >
_ <1 _ t(®) + WtiP)) _ Z Mt(l’l), (4.7)
L(s, Ey) P p* —=
where 1 is multiplicative and given by
—M(p) ifk=1,
w@) =) iftk=2, (4.8)
0 ifk > 2.

We are now ready to derive the L-function Ratios Conjecture for this family following
the same recipe that was used in the first family. We keep in this section all the notation
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of the previous section, but the objects are now attached to the new family. Using (4.4),
(4.5) and (4.7), we set

Ri(a,y) = Z Z )\t(ml)ﬂt(mz) (4.9)
ne v |F1 (X)| 2*“‘ 2+V T Tt iy '
Eie F1(X) mi,m2 my m,
-1 Ag(m) e (mz)
Ry(a, y) == Z X, <+a) Z e (4.10)
|}—1(X)|Eze]-'1()() 2 my mf+am27+y

and we approximate

1 Z L(1/2+ a,E)

FIO01 , & LA/2+ v, Eo)

(4.11)

by Ri (e, ¥) + Rz (e, y).

4.1 Average of the Fourier coefficients over the family
As in Section 3, the main step to obtain the Ratios Conjecture for this family is to replace
each (m1, my)-summand in (4.9) by its average over the family.

Lemma 4.1. Let m1, my > 0 be fixed integers, and let

~ 1
Q (mym) =} dy(mn) i (m)

t mod m*

where m* = [, , p- Then

1 ~
Am o] 2o MmDuems) = Q" m, ma).

EcF(X)

Furthermore, a* (my, my) is multiplicative.
Proof. This is completely similar to the proof of Lemma 3.1. O

Replacing each term in (4.9) by its average value Q*(my, my), and using Lemma 4.1, we
are led as before to consider

Q* (my, m3) Q" (™, p™)
H(a,y) = —_— = . 4.12
(@, y) Z 2+D, ,+y l_[ Z ml(%+a)+m2(%+y) ( )
my,ma my m, mi,my

As in the previous case, we switched notation, and we are now using m11, m for the expo-
nents of the prime powers. By the definition of the Mdebius function in (4.8) only the
terms with n; = 0, 1,2 in (4.12) contribute. So we have

Q*(Wll;mz)
my,msy pm1(1+o¢)+m2(%+y)
-3 PR Y _Qemph ) _Qe™.p) (4.13)
- 1 1 1 .
=y pmGte e pmGretaty =, prGretity
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where

~ 1
Q@™ == D u@E™,

t mod p

~ 1
Q@™ =—= > ME™Mp),

t mod p

~ 1
Q@™ == > ™.
t mod p
pIc@®

Let x4(n) denote the non-principal character modulo 4.

Lemma 4.2. For p > 2 we have that

1+X4(Iﬂ)>

Nk 71:_"'*1’ - _
QD Q*(L,p) ( 7

Proof. We have

~ 1 ~
A== Y kp=-QQp

t mod p
1 Z -1 Z ((xz—x)t+(x3—3x—|—1))
ptmodp \/l_ﬂxmodp p

:;%1 Z Z ((xz—x)t+(x3—3x—|—1)>

P? xmodp \tmodp p

We have that
Z ((x2 —x)t+ (x> —3x + 1)) _Jp ("3_13;%“) if > = x mod p,
¢ mod p p 0 otherwise.
Thus

o3 (0)+ ()- 25

Lemma 4.3. We have for p > 2 that
~ 1
Qwp) =-14+0 »)

Proof. We have that

2
~, -1 -1 (xz—x)t+(x3—3x+1)>
Cep = > 7 > ( )

t mod p x mod p p

p? P P

t,x,y mod p

-1 3 ((xz—x)t-i-(xg—?)x—i—l)) ((yz—y)t+(yg—3y+ 1)

(4.14)

(4.15)
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Let
a:= (xz—x)(y2 -9,
b= —x)0% =3y +1) + &> —3x+ 1) —y),
c:i=@ —=3x+ 10 -3y +1),
d:=@x—y)ay—x+Dxy—y+1),

then

P —dac=[(x*—x) (P =3y +1) — (* —3x+1) ()* —y)]" = d*

From ([26], Exercise 1.1.9) we have for a # 0 mod p that

Z <at2+bt+c> _ (%)(p—l) ifb2—4a050modp,

p

a I (4.16)
t mod p - (;) if b* — 4ac # 0 mod p.

Now let

s= Y ((xz—x)(yz—y)): 3 ((xz—x)(yz—y))

x,y mod p p x,y mod p p
a#0 mod p d=0 mod p
d=0mod p

If a = 0 mod p then there are four cases to consider, (x,y) = (0,0), (0,1), (1,0) or (1, 1).
In all 4 cases b = 0 mod p. Then we have that

~ -5 1 2 —x)(? -

p p x,y mod p p
a#0 mod p
d#0 mod p
1 Z ((x3—3x+1)(y3—3y+1)>
p x,y mod p p
a=b=0 mod p
-1 1 x2 —x)(y? —
Emr NS (HM)
p x,y mod p p
a#0 mod p
1 3 —3x+1)(® -3y +1
Y ((’C v DOT - 3y )>. (4.17)
p x,y mod p p
a=b=0 mod p

First we consider the third sum in (4.17) and compute

Z ((x3—3x+ D% -3y + 1))

x,y mod p p

a=b=0 mod p

3 _ 3 _ _
. ((x 3%+ 1)(y 3y+1)):2[1+<p1>] (4.18)

x,y=0,1 mod p p
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Next we consider the second sum in (4.17) and compute

3 <<x2—x>(y2—y))= 5 <<x2—x>(y2—y>)

x,y mod p p x,y mod p p
a#0 mod p
2 2 2
— 1
x mod p p p

Ifd=(x—y)(xy—x+1)(xy —y+1) = 0 mod p then eitherx = ymod p, xy —x+1 =
0mod p or xy — y + 1 = 0 mod p. All three equations are satisfied when x> — x + 1 =
0 mod p, which has at most two solutions mod p. This gives

-5 ()

x mod p p

xy—x+1=0modp  xy—y+1=0modp p
x¥=#0 mod p x=#0 mod p
xy—x+1%0 mod p

For the the second two sums in (4.20) for each x mod p there is at most one y satisfying
the equation x = ymod p, xy —x + 1 = O mod p or xy — y + 1 = 0 mod p which gives
S=p+0Q1).

Then substituting (4.18), (4.19) in (4.17) gives Lemma 4.3. O

We remark that for any one-parameter family of elliptic curves over Q(¢) with non-
constant j(E;), we have the estimate Q*(p, p) = —1+ O (p~1/?) due to Michel [16], which
is used for example in ([18], Section 6.1.3) for the same family.

Lemma 4.4. Let p > 2. Then,
~ 1 ~ 1
Q' (L,pH = 1+o<> and Q*(p*1) = o().
p p

Proof. For p > 2, we compute

(lp)—f > 1_1—7 Yo

t mod p t mod p
ptC@® pIC@®)

Since there are at most 2 solutions to the congruence C(¢) = 0 mod p, this gives
~ 1
Q' (LpH=1+0 () :
p
We also have that

~ 1
Q@ = 5 > M),

t mod p
and from (3.5)

U, (Méﬁ)) — )L?(p) -1 if (p, C@) =1,

() =
@ {xf(p) it (9, C(1)) > 1.
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Hence we compute

~ 1 1 ~ ~
CPD== Y Mp-1D)+= > Hp=-QEp-Twp
ptmodp ptmodp
piC® pIC@®)

(eol})- (ool -oL)

Finally, if p = 2, we have (NQ* (2™M,2"2) = 0 if (my1, mz) # (0,0). Now we are ready to
prove the following result.

O

Theorem 4.5. Let H be given by (4.12). Then H has the form

@ +2y)¢(1+y)
H(a,y) = €(1+a+y)§(1+a)A(a,y) (4.21)

where A(w, y) is holomorphic and non-zero for Re(a), Re(y) > —1/4.

Proof. We have that 6*(1, 1) = 1, and from (4.12) and (4.13), we have

"0 Q* (™, p") Q* (™, p?)
H(x, = 1 X W
(@) 1_[ + Z Wu( +a) Z my(3+a)+3+y + Z (3 +a)+1+2y
p m >0 P m>0P
Qw1 QLD QLp  Qep  QLpD
= 1_[ <1 + it + plt2a + p%“ + pltaty P2y + Tpley) )
where

Z 5* @™, p")

Ty(o,y) = .
p(@7) mi (A +a)+ma(L+y)

m1>3,my=0 p
m1>2,my=1
m1>1,my=2

Using the formulas from Lemma 4.2, 4.3 and 4.4 in H(«, y), we obtain

e —TT (140 1 1 1 1
(@) _}:[2 + 1@+ @) pitr  pita ) T pltety +pl+2y

1 1 1
+ Tp(a; V) +0 (p2+2a + p2+2y + p2+0¢+1’> )

Then

1 1 1 1
H(a,y) = Al y) l—[ 14+ 1+ xa®) pity  plta | T pliety T iy )
o p p p

(4.22)

where A(w, y) is analytic for Re(o), Re(y) > —1/4.
Let Zx (s) be the Dedekind zeta function of K = Q(i), i.e.,
1\ ! 1\ 1\!
wo=(-3) T (1-5) T (1-5)
p=1mod 4 p=3mod 4
Since ¢k (s) has a simple pole at s = 1, the factors

1tue 4 _1tee
I pita
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contribute respectively a pole and a zero to H(«, y). So now we factor out the zeta factors.
We can then write (renaming A(w, y))

(A +2y)5d+y)
H(a,y) = Ala,y), 4.23
(a,7) tAta+y)0+a) (a,7) (4.23)
where A(w, y) is analytic for Re(x), Re(y) > —1/4. O

Finally, we define

Y(@,y) = {A+2y)¢d+y)
T A4 a+y)cQ+a)

(4.24)

4.2 The ratios conjecture for the family F; (X)
Working as in Section 3, we replace R; (o, y) in (4.9) with Y(«, y)A(y, @), and Ry (e, y) in

(4.10) with
JCO\ P Tra-o
—( o ) T Y(—a,y)A(—a,y).

Then, replacing each summand in (4.11), we obtain the following conjecture.

Conjecture 4.6 (Ratios Conjecture). Let ¢ > 0. Let o, y € C such that Re(a) > —1/4,
Re(y) > @ and Im(a), Im(y) <e X'7¢. Then

1 Z L(% +arEl’)

1
F1O01 , 5 LG +7,E)

1 JEO\ T -w
= A®, = [Y(“’V)A(“’”_< ) i

Eice F1(X)

Y(—a,y)A(=a, )/)}

+ O(x—1/2+€)
where Y (o, y) is defined in (4.24) and Ao, y) in (4.23).
We now use « = y = r. We first show that H(r,r) = A(r,r) = 1. For the family of

Section 3, we had a closed form for H(w, y) that we used to show that H(r,r) = 1, but
this is in fact true for any family by the Hecke relations as we show in the next lemma.

Lemma 4.7. We have

H(r,r) =A(r,r) = 1. (4.25)

Proof. Using (4.12) and the definition of 6* (m1, my) from Lemma 4.1, we have that

Hon =[5 ¥ Y20 5 e
p

m1(34r) ma(54r)
tmodpm1p12 my P22

From the Hecke relations (4.3) and (4.7), the m11-sum is

e (p) wp))‘l
1- +
( ? =
and the m;-sum is
re(p) %(P))
1-— + .
( r p*
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This proves that H(r,r) = 1, and A(r,r) = 1 by (4.23). O

To get the one-level density for the family /7, we have to differentiate the result of
Conjecture 4.6 with respect to @ and use (3.2). We define

0
Ay (r,r) = @A(a,y) ) (4.26)
a=y=r

and we obtain the following theorem.

Theorem 4.8. Let ¢ > 0, and r € C. Assuming the Ratios Conjecture 4.6, Re(r) > @
and Im(r) <« XY7¢, we have

1 Z L/(%_i'r’Et)

|F1(X)] L(5+rE)

Eie F1(X)

1 ¢ ¢
- A2 = S A4+ Al
|f1<X>|Et§1(X)[ AT dEnH Ay

. <./C(t)>‘2’" FA-nid+20ed+n
2 ra+r 1 —vr)

where Ay (r, 1) is defined in (4.26).

(-1, r)} + O(X~ /2ty

Proof. We have that

3 / /
Yor,r) = 2oV (@) |umymr = —% (1+20) - %(1 +r).

Differentiating the first term in the sum in Conjecture 4.6 gives

¢’ ¢’
7 1+2r) — T A +7)+Au(r, 7).
For the second term, we compute that
_ ¢ +2ncd+n
e t(1—r)
Since Y (—r,r) = 0, differentiating the second term in Conjecture 4.6 gives

B (Jcm)‘” T — e+ 201+ NA(=r,7)
== 2 rA+4ncd—r) ’

0
Yo(=r,r) = aTxY(_a’ ¥)

0
~ Ry(a,
5 2(a, y)

4.3 Proof of Theorem 2.3 and Corollary 2.4
We now use the Ratios Conjectures for the family F; to prove Theorem 2.3. Working as
in Section 3, we write the one-level density for the family /; as

D(F1;¢,X)
1 1 [ L'(1/2+r,E) X’(1/2+r,Et)] ,
= — - ¢ (—ir)dr
FiO01, 2 2wt Sy [ LO/2 4 7B~ XA/ 4 1B

using the relation
L'(s,Er)  Xi(s) L'(1—sEp)
L(s,E)  Xe(s) LA —sE)’
where X;(s) is defined by (4.6).
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We bring the summation inside the integral, and substitute the sum

1 L'(1/2 + r,Ey)

RO, &) LA/2+ 1B

with the expression of Theorem 4.8 to obtain

1 ¢ ;
[F1(X)] Z 7'[;/( |: |:§_ (1+2r)+{(1+r)j|

Eie F1(X)

D(F1;0,X) =

vC(©) - FrA—=rcA+2n0cA+r)
+244(r, 1) +2 < 27 ) T(1+7r) td—r A(=r,7)
X' (% + 71, E) ' .
_—_— —ind [010.¢ /2+e .
X(3+rE) $(=indr + O( )
We also compute
Xi(s) B JCo\ T r
Xe() o1 gy _21°g< om ) “T A= . (4.27)

As in Section 3, we move the integral from Re(s) = c— % = ¢/ to Re(s) = 0 by integrating
over the rectangle R from ¢’ — iT to ¢’ +iT to iT to —iT and back to ¢’ — iT, and letting
T — oo. The two horizontal integrals tend to 0, and we only have to consider the vertical

integrals. Using (4.27), the integrand is

F(r) = |:—2 |:i (142r)+ % (1 +r)]

«/C(t))‘” rA-ned+2med+n,

21 ra+r tA—vr)

JC r’ I
_ <_2log( 2:)) - FA-n- 5+ r)>:| .

+244(r,7) +2 (

Using the Laurent series for (1 — s) ! gives

Firy=-2 (;: + O(l)) -2 <_1 + O(l))
+2(1+0() ( + 0(1)) C + o<l>> (=r+00?) + O(D)

=21 o).
r

There is a pole at r = 0 with residue 2 on the boundary of the rectangle R, and F(r) — % is
an analytic function inside and on the contour R. Setting r = iu, and using

2¢( ir)
|f1(X)| 2 2m/ dr = 2¢(0)

Eie F1(X)
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we obtain that

) _ 11 JCO\ T ,
D(f1»¢:X)—mgﬁw¢(u) Z |:210g( e >+F(1+m)

EeF1(X)

+ FF (1—iu) —2 <i (1 + 2iu) + % 1+ iu)) + 244 (iu, in))

—2iu . . .
> («/C(t)) ra - i 1+ 2m)§Q + m)A(_m’ o — 2} "
2 '+ iu) (1 —in) iu

+ ¢ (0) + O(X /2,

which is the statement of Theorem 2.3.
We now prove Corollary 2.4. We make the usual change of variables
L X
t=" with L=log (J_) , (4.28)
b4 2
and we define the test function ¥ by (3.51).

Lemma 4.9. Let F; be the family defined by defined by (4.2). Then
1 VC(t VX
> log< 5 ( )) ~ log () (4.29)
7

P01, 2 2

Proof. LetT = X i, Showing (4.29) is equivalent to showing that

1
T Zlog(C(t)) ~ log X.

t<T

We begin by noting that since A(t) ~ X we have that

1
T Zlog(A(t)) ~ log X.

t<T
We write
1 _ _1 A0
?Egclog C@t) = t;log A(t) Z (C(t) )

and we will show that the second term on the right hand side is in the error term. Let
vy (f (t)) denote the function such that p'» (@) |f () then we have that

AW® 0y (A (D)~ (C (1)
e
t<T Vp(A(t))HA([)
Since A(f) = 2*(t> + 3t + 9)% we have that vp(A(t)) > 2 for primes p > 2 and for
primes p > 2,3 we have that p | C(¢) implies that p | A(Z). Now suppose v,(A(¢)) = 2
then p| |t2 + 3¢ 4 9 and thus p?||C(¢). Hence

Z S log(pt A0 (C®)) o,

t=<T log X plA®)
vp(A(E)=2
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Thus

1 A(t) 1 A
log (cm) == S Y logpra®-wc)

t< t<T pr(A(t))HA(t)
vp(A(8)>2

< % Z Z log(pvp(A(t))—Z)

t<T pvP(A(t)) X0
vp(A(8)>2

1
<z D A B W |

pvp(A(l))<<T2
vp(A(8)>2

log(p2M=2) 1 (A@)—2
2. o am  tp 2 [l

pvp(A(l))
pvp(A(t)) <<T2 pl)p(A(t)) <<T2
vp (A(£)>2 vp(A(2))>2

el
iﬂ

T
tSpUp(A(t))

<

< T = o(logX)

by partial summation. O

Then, using the change of variables (4.28), we rewrite the statement of Theorem 2.3 as

L o
3 Zw(” )~/ ¥ (1)g(t) dr + ¢ (0)

EeF” (X) VE

I]"1(X)|

= /OO Yy(t)h(t) dt

where

g(t) = h(z) — do(1)

1 VX r’ it I’ it z' 2wit
= |2log (Y2 )+ — (142 1-TF L
2L|:Og<2n)+F<+L)+F( ) ( L)

|-
¢’ TiT wit Wit 27'[17: VX
‘;(”J*“‘“ <L'L)+e"1’( <2n))

JLa-mnca+Fnea+ 5 (_m ﬂ _ay
ra+ &) ¢(1— o) wit

’

L

We then compute the Taylor expansion of /(t) in L~! which gives

1 —L —L
h(t) = — |2L =2y + 2| — [ s— + — + 2 | + 44(0,0) + OL™H)
2L 2mwit  wit

: 27T YoiT L 27T YoiT
+ 727t (1 + ZO + O(L_z)) ( + 0 — ZO + O(L_z))

2wit

L TYoiT —wit 7?2
x > ) + I o)
TitT L L

( it DY )] 2L ]
X1+ (A4,(0,0) —Ay(0,0)) — +OL™) || — — | + o(7)
L TiT
sin(2rt) 1-—cos(2wT) Aqi(1) ( 1 )
+ o(T L

2T 2mit L2
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where
(1
A1(t) = Ag(0,0) — 3yp + e 27" <2 (Ax(0,0) — A, (0,0)) — 3V0> .

Since ¢ is an even function we have that

/ v ( COS(ZT[‘L’)) Jr—0

and hence

|]:1( )l 2 Zw<VEL>

EeF(X) VE

/ ¥ () [1+50( )+ —

Sm(zm) +ADL + O(LZ):| dr.

Then, the leading terms for the one-level scaling density associated to the family F; given
by (4.2) is

W) =1+ o(t) + @ — 50(t) + W(SO(even)) (x),

which proves Corollary 2.4.

5 Heuristic for the one-level density for the family F;
We give in this section a heuristic for the scaling density

WD) = 1 + o(z) + SRCETT)
T

of the one-parameter family F;. There are two pieces for this density, the first one
corresponding to the contribution of the family zero at the central point, and we write

W(r) = Wi(r) + Wa(n),

where W (1) = 8p(7).
We first review the steps that led to Theorem 2.3. Using the Ratios Conjecture, we
computed in Section 4 the average value of
L(1/2 + a,E)
LA/2+y,E)

for the family F7. Writing

rp) v\
L(S)Et) = 1_[ (1 - + S ) )
. I &

we have by Lemma 4.2 that the average of A;(p) over the family is

14 )
ﬁ M
and we then define 1} (p) by
1+
M(p) = 1 (p) — 22,

N/
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For Re(s) > 1,

* —1
LeE) ﬂ( i), 40 1+X4(P))

p25 p1/2+s

)\*(lﬂ) v 1+ xp) A (p)?
( P Pl + ths +h.o.t.>

( k*(p) 1+ xap) 2@ — ¥ (p)

i/t P + h.o.t.)

!
!

and

L(s,E)~ ! = 1_[ (1 - k;(;”) + 1/;(21?) + 1;/);(:9) +h.o.t.>,
p

where the higher order terms are bounded by p~2°~1/2+¢, We will use 0 = 1/2 below, so
the higher order terms do not affect the convergence.

By Lemma 4.2, the average over the family of Af(p) is 0, and by Lemma 4.3, the
average over the family of A}(p)? is 1. Then, replacing each expression in the Euler
product by its average over the family, we obtained from (4.22) the “average Euler
product”

1—[(1_1+X4(P)+ 1 +1+X4(P)

plte pit2r prty - pltaty +h‘°'t>’

p
where the higher order terms give an absolutely convergent product in the neighborhood
of (0, 0), so the above behaves like

(A +y)e(1+2y)
A+ +a+y)
which is the result of Theorem 4.5. In order to isolate the family zero from the previous

argument, we first write

L*(s,E;) = L(s, E;)L(s), (5.1)
where
on-[1(-52 52"
and

_LE) (1 + 1@ X“(’”)) F(s), (5.2)

p1/2+s

where F(s) converges absolutely for Re(s) > 1/2, and has no zeroes in this region.
Furthermore,
1

11+ 5557
is related to the Dedekind zeta function g (s + 1/2), where K = Q(i), and we can rewrite
(5.2) as

L*(s, Ey)

L(s, Ey)
where F(s) converges absolutely for Re(s) > 1/2, and has no zeroes in this region
(renaming F). From (5.1) and (5.3), the set of zeroes of L(s, E;) for Re(s) = 1/2 is the union
of the zeroes of L*(s, E;) and the poles of ¢x (s + 1/2) for Re(s) = 1/2. In other words,

L(s) =

= {k(s+ 1/2)F(s), (5.3)
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W(r) = Wi(r) + Wa(), (5.4)

where W, (7) is the density corresponding to the L-functions L* (s, E;) on average for E; €
F for the family F of (4.2), and W (7) is the density corresponding to the zeroes coming
from the poles of L(s) = ¢x (s + 1/2)F(s) for Re(s) = 1/2. Then, W (7) does not depend
of the family, and since there is only one pole at s = 1/2, this gives

Wi(r) = do(7).

We now study the zeroes of L* (s, E¢). Of course, these are not the L-functions associated
to any elliptic curve, but we can predict the “rank” of those L-functions assuming the
Birch and Swinnerton-Dyer conjecture for the original L-functions L(s, E;). In a nutshell,
if the original L-functions have odd rank, then the L-functions L*(s, E;) have even rank,

1
since Ay(p) = 1 (p) — T XAP),
More precisely, let E be an elliptic curve of rank r. With the usual notation, we have
at (P)
N/
and the Birch and Swinnerton—Dyer conjecture [2] predicts that
1-— - A

[l p+ aE(P) ~T+ E(P)\/_

p=x p=x

AE(P) =

~ C(logx)"

for some constant C depending on E. Then, for the L-functions L*(s, E¢), the Birch and
Swinnerton-Dyer conjecture predicts that

1—[194-1—“2(19) _ 1—[17+1—ﬂE(P)—(1+X4(P))
p p=x p

~ C'(logx)

p=x
where r is the rank of the original curve E and C’ depends on E, since

1—[10+1—6l5(19)—(1+)<4(19))

p
p=x
:1—[194'1—615(10) 1—[P+1—ﬂE(P)—(1+X4(P))
p=<x p p<x p+1—ag(p)
:1—[10+1—a5(p) 1—[10—1 Hp+1 ar(p) — 1+ xa(p)) p
p=x p p=x p=x p+1—ac@) p—1

P+ l-arp) yp-1 p* — pac(p) — pxa(p)
=11 p ,}1 QCPZ_P@E(P)"‘&E(P)—I
p+1—ac(p) p— —pxa(p) —ap(p) +1
fr— 1
1_[ p l_[ l_[ * 2 — pap(p) + ap(p) — 1

p=x

p=x p=x p=x p

~ C'(logx)" L.

Then, since r was odd for the original family, the L-functions L*(s, E;) behave like a
family of even rank, and we should have

Wh(t) =1+ M,
2t
in (5.4), and
in (2
W(T) = Wl(‘[) + Wz('() = 60(7;) +1+ %

= §o(t) + W(SO(even)) (7).
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Endnotes
2The equidistribution of the root number is the standard conjecture that half of the
elliptic curves have root number wg = —1 and half have root number wg = 1. We refer

the reader to Section 3.3 for a discussion on the equidistribution of the root number.

>When the family has no place of multiplicative reduction, the root number is not
necessarily equidistributed. The one-parameter family of elliptic curves of Section 4 is
such an example; in that case, the root number of each curve is g = —1.
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