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Abstract

Let E be an elliptic curve over Q. We known that the ring of endomorphisms of its
reduction modulo an ordinary prime p is an order of the quadratic imaginary field
generated by the Frobenius element 7,. However, except in the trivial case of complex
multiplication, very little is known about the fields that appear as algebras of endo-
morphisms when p varies. In this paper, we study the endomorphism ring by looking
at the arithmetic of ai — 4p, the discriminant of the characteristic polynomial of 7.
In particular, we give a precise asymptotic for the function counting the number of
primes p up to x such that af, — 4p is square-free and in certain congruence class fixed
a priori, when averaging over elliptic curves defined over the rationals. We discuss the
relation of this result with the Lang-Trotter conjecture, and some other questions on
the curve modulo p.
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1 Introduction and statement of results

Let E be an elliptic curve over Q with conductor Ng. For each prime p of good reduction (i.e.
pt Ng), E reduces to an elliptic curve over the finite field IF,,. The Frobenius endomorphism
(x,y) — (aP,yP) of E/F, has characteristic polynomial

@? —apr +p= (v —mp)(w —7p)

where |a,| < 2,/p by the Hasse bound. Let End(E/F,) be the ring of endomorphism of
E/F,. If p > 3 is an ordinary prime for E (or equivalently, a, # 0), then

End(E/F,) ® Q = Q(m,)

is completely determined by the Frobenius ring Z[r,]. The ring of endormorphism End(E/F,)
is more subtle, and the Frobenius ring Z[m,] can be a proper subset of End(E/F,). In fact,
it follows from Deuring’s Theorem [De] that any order R such that

Z[ﬂ'p] CRCQ (7717)

can occur as the ring of endomorphism of some curve E over F,, such that the Frobenius of
E has characteristic polynomial 2% — a,x + p. It is then a natural question to ask whether



Zlmp| ~ End(E/F,), or whether Z[m,] is the maximal order of Q(m,) (the second question
is of course a refinement of the first one), and when this happens for a fixed curve E when
varying the prime p.

For a fixed E/F,, let A, be the discriminant of the order End(E/F,). Then, the “dis-
tance” between the endomorphism ring and the Frobenius ring is encoded by the unique
positive integer b, defined by the relation a2 — 4p = biAp. The b,’s where studied by Duke

»
and Toth in [DuTo], and by Cojocaru and Duke [CoDu] who showed that under the GRH

xr
#{p<z :pf{Ng and bpzl}NCCD(E)@7

for an explicit non-zero constant Cop (E). The condition b, = 1 is equivalent to the triviality
of the Tate-Shafarevich group of E over its function field F,,(E) [CoDu, Proposition 2.2].

In general, properties of the Frobenius ring can be deduced from a study of the arithmetic
of af) — 4p and, in particular, in studying the square divisors of af, — 4p. In this paper, we
study the following question: given an elliptic curve E over Q, for which primes p is a?) —4p
square-free? For those primes, the Frobenius ring Z[,| is the maximal order in Q(7,). This
also provides a refinement of the question of Cojocaru and Duke. The result of Cojocaru
and Duke is itself a refinement of a result of Serre who showed that, under the GRH, there
are infinitely many primes such that the group E(F,) is cyclic [Se86], i.e. we have the string
of implications

af, —4p squarefree = b, = 1 = E(F,) cyclic.

Can we then show that there is a positive proportion of ag — 4p which are square-free,
refining Cojocaru and Duke’s and Serre’s result? Maybe surprisingly, we believe that this is
a much more difficult question. If E has complex multiplication (CM), ai — 4p square-free is
equivalent to p lying in some quadratic progression. For example, let E be the CM elliptic
curve y? = 2% — z with complex multiplication by Z[i]. Let p be an ordinary prime, which
is a prime congruent to 1 modulo 4. Since F has rational 2-torsion, a, is even, and then 4
divides a2 — 4p, and the natural question to consider is the square-freeness of (a2 — 4p)/4.
Since E has complex multiplication by Z[i], af, —4p = —4f? for some f € Z, and (af} —4p)/4
is square-free if and only if f =1 if and only if p = (a,/2)* + 1.

Another reason to investigate square-freeness in the sequence af, — 4p is that it might
shed light on the following conjecture.

Conjecture 1 (Lang-Trotter conjecture [LaTr]) Let K be an imaginary quadratic num-
ber field, and E an elliptic curve over Q without complex multiplication. Let

Mg g(x)=#{p<z : ptNg and Q(m,) = K}.

Then as x — oo Vi
T

11 ~ Cir(E, K)—~—

E,K(x) LT( ) )logx’

for some explicit constant Crr(E, K) depending on E and K.

Upper bounds for Il g i (z) were investigated by Serre, by Cojocaru, Fouvry and Murty
[CoFoMu], and by Cojocaru and David [CoDa]. But there are no known lower bounds for
IIg ik (x), in particular there are no known examples of (non-CM) elliptic curves such that



Q(mp) = K for infinitely many primes p. In fact, we know much less than that, as there are
no known examples of (non-CM) elliptic curves such that D, the discriminant of Q(m,),
lies in a fixed congruence class for infinitely many primes p. Here again, one could give a
lower bound for the number of such primes by counting the number of primes p such that
ag —4p is square-free and in the prescribed congruence class, since in this case af} —4p = D,,.

Let h be a positive odd integer, and let r be any integer such that the greatest common

divisor (r, h) is square-free. Let
HErh( ) = #{2 <p < z, prime : ai _4p € A(T‘,h)},

where A(r,h) is the set of square-free integers n such that n = r mod h. We remark
that if (r,h) is not square-free, then HET,L( x) = 0. As for the restriction to h odd, it
simplifies technical aspects of the proof in various places, but it is not an essential restriction.
Unfortunately, we cannot give an asymptotic (or a lower bound) for H%mh(x), but we can
prove that the correct asymptotic holds on average over elliptic curves.

In all the following, E(a,b) denotes the elliptic curve given by the equation y? = x3 +
ax + b, with 4a® + 27b% # 0.

Theorem 2 Let h be a positive odd integer, and let v be any integer such that (r,h) is
square-free. Fiz any ¢ > 0. Let A, B be such that AB > xlog®xz, A,B > z°. Let C(A, B)
be the set of all elliptic curves E(a,b) with integer coefficients a,b such that |a| < A and
b < B. Then, as x — 00,

1 x x
e 1T = 0]
IC(A, B)| Z B(a.0),rn(?) Clogx * (log2x> 7

E(a,b)€C(A,B)

where € is the positive constant

(-1 - (%)) ¢h—202 -1 +1
3hH Hﬂ—l <’”)>g HCEE W
Ll m

where all products are taken over odd primes £ with the specified conditions.

The result above is similar in spirit, and by the techniques used to prove it, to other
average results as [BaCoDa] for the Koblitz’s conjecture and [FoMu] and [DaPa] for the Lang-
Trotter conjecture. All those results rely on the fact that the average over elliptic curves
in C(A, B) can be rewritten as an average over elliptic curves over [F,, by interchanging the
summations, and this average can be reduced to an average of class numbers by means of
Deuring’s Theorem. Hence, Theorem 2 is equivalent to

Theorem 3 Let h be a positive odd integer, and let r be any integer such that (r,h) is
square-free. Let
I (p) = # {E over F, : a2 —4p € A(r, h)}.

¢ 23 a3
sf _ -
ZH (p)310gx+0< 2 >’

o< log” x

Then, as x — 00,

where € is the constant of Theorem 2.



There is another sequence related to elliptic curves which was investigated for square-
freeness, namely the sequence p +1 —a, = |E(F,)| . Again, there should be a positive
proportion of square-free p+1—a,, but this is still an open question, and there are no known
examples of non-CM elliptic curves over Q with infinitely many square-free p+1 — a,. The
case of CM curves is very different. Let E be an elliptic curve with CM by an order O in a
quadratic imaginary field K, and let p be a prime of ordinary reduction. Then, p +1 — a,
is square-free if and only if m, — 1 = p;...ps where the p; are distinct split primes in O,
and the number of such 7 € O can be counted. When E has CM by the maximal order of a
quadratic imaginary field K, the asymptotic for the number of primes p such that p+1—a,
is square-free was obtained by Cojocaru [Co|. The number of square-free p+1—a, was also
investigated in average over elliptic curves F,, as p tends to infinity by Gekeler [Ge]. The
techniques that he uses are completely different from ours, and rely on the work of Howe
[Ho] on the moduli spaces of elliptic curves over F,, with a given group structure. Gekeler
then proved the analogue of our Theorem 3 for the sequence p + 1 — a, (his results are
stated in a different way, but the two forms are easily seen to be equivalent). As a corollary
of his result [Ge, Proposition 4.2 (i)], one obtains, by going from the average over F, to
the average over QQ as indicated in Section 2, that the number of primes p < x such that
p+1—a, is square-free follows the predicted asymptotic on average over all elliptic curves.
It is unclear if the techniques used by Gekeler could be used to prove Theorem 2, as af) —4p
is not easily related to the group structure of E(F,).

The structure of our paper is as follows. In section 2, we reduce the average over elliptic
curves over (Q to an average over elliptic curves over F,,. There are several ways to do that,
and we use multiplicative characters as in [BaSh] and [BaCoDa] to obtain the short average
of Theorem 2. Section 3 deals with the main error term by applying the Theorem of Barban,
Davenport and Halberstam. Section 4 deals with the main term of the asymptotic, and it
is basically a computation of the constant (1) of Theorem 2. Finally, we explain in Section
5 what is the conjectural asymptotic for IIg ., (x). The conjectural constant is very similar
to our average constant €, and Theorem 2 then gives additional evidence for the conjecture.

2 Reduction to a short average over finite fields

As we have mentioned in the introduction, the proof of Theorem 2 relies in reducing the
average of H%,T’h(x) to an average of class numbers by means of Deuring’s Theorem. This
could be done in a straightforward manner by just writing

1 1
cam 2= W@ = 2 2 pgam 2 b @

E€C(A,B) p<z (s,t)ES

where
S=38(p,r,h) ={(s,t) €F, : ap(E(s,1))> —4p € A(r,h)} .

Observe that the number of terms in the middle sum is II¥f(p). The innermost sum is

simply N 5 AR
2 2
+Ol>(+01)~
(p @ p @ p?



when A, B are big enough with respect to . Hence, we get the asymptotic

sf
m Z HsEf,r,h(x) ~ Z 1 §p>-

EcC(A,B) p<z p

However, this approach results in a poor average, as we need to take AB > x27¢ to get the
asymptotic above.

Following [BaSh] and [BaCoDa], one can obtain a substantial improvement from a better
use of the uniform distribution of equivalent elliptic curves. Indeed, since two elliptic curves
E(s,t) and E(s',t') are isomorphic over F,, if and only if s’ = su® and ¢ = tuS for some
u € Fy, there are (p — 1)/# Aut(E(s,t)) equations of elliptic curves over F, which are
F,-isomorphic to a given elliptic curve E(s,t). Hence, we can write

1
IC(A, B)| Z HErh()

EEC(AB)
# Aut(E(s, 1))
AT L L 2. .h 0w
p<z (s,t)€S lal<A, [b]<B, 31<u<p:
a=su? (mod p),
b=tub (mod p)

where for each fixed s,t € F,, the innermost sum is over all integers |a| < A, |b| < B
such that there exists u € F} with a = su® (mod p) and b = tu® (mod p). We now want
to approximate the innermost sum by its main term. This is the content of Lemma 4 of
[BaCoDal, and we will use it to prove the short average of Theorem 2. We include it here
for reading convenience.

Lemma 4 [BaCoDa, Lemma 4] For any positive integer k, we have as x — 0o

SEEDY > o2

p<z (s, t)e(IF* )2 | la|<A, [b|<B, 31<u<p: p
a=su? (mod p)
b=tub (mod p)

< ABz'" % log® 'z + (AVB + BVA)z T log? ' 2 + VABz/?log’ .
Now, since
|C(A,B)| =4AB + O(A + B),
and # Aut(E(s,t)) = 2 except when p|s or p|t, we can rewrite (3) as

A+B =z
ABZ Z =1 Z 1+O<loglogx+ 1B logx) (4)

p<x (s, t)ES la|<A, |b|<B, 31<u<p:
a=sut (mod p),
b=tub (mod p)

using the trivial bound

A+B =z
1 < logl
A Ic(4,B)| Z Z <loglogr + —p— AB logz’

<z lal<A
p= b|<B
ab=0 (mod p)




Then, using Lemma 4 to replace the first term in (4), and observing that the error term in
(4) is smaller than the error term of Lemma 4, we have

1 I (p)
ca By 2= MEealn) =D o 5)

E€C(A,B) p<w

+0 (zlfﬁ log® x4 (A2 4 B71/2)g1 3 log

k_
2

+ (AB)™1/223/2 102 x) .

By choosing A, B such that A, B > 2° and AB > zlog®z, and k large enough to have
that ek > 1, we have that

1 B HSf(p) T
cam) 2= TEnal) = Zp<p_1>+0( 2 ) ©)

EEC(A,B) p<z log™z

The heart of the proof of Theorem 2 then consists in an estimate for the main term in
(6), and we will show that

I (p)  x x
Zp(pfl) _ClogvarO(logzar)’ "

p<z

which will complete the proof of Theorem 2. With (7) and partial summation, we also get
that

S - 5o (). ®)

v log” x

and the proof of Theorem 3 also follows from (7). We first apply Deuring’s Theorem to
rewrite the sum in (6) as a sum of class numbers.

Theorem 5 (Deuring’s Theorem [De])
Let p > 3 be a prime and let t be an integer such that t* — 4p < 0. Let & (p) be the set of
Fp,-isomorphism classes of elliptic curves defined over F,, with a, =t. Then,

1 2
Z #Tt(E):H(t —4p),

where Aut(E) is the automorphism group of E and for any D < 0, H(D) s the Kronecker
class number

h(D/ f?
w2

f21D

L =0,1( mod 1)

<

defined in terms of the class number h(D/f?) and number of units w(D/f?) of Q(v/D/f?).
Then, for any fized —2,/p <t < 2,/p, there are exactly (p— 1)H (t> —4p) equations of elliptic
curves defined over F,, with a, =t.



Using the previous theorem, and noting that for square-free D we have

we can write

11t (p) h(t? — 4p) 2 h(e — ap)
2D 2 wEmp ol X wiE @) ©)
pgacpp p<=, [t|<2P p)p p<z 1<t<2yp P)p

t2—4peA(r,h) t2 —4peA(r,h)

since t? — 4p is not square-free when ¢ is even.

3 An average of class numbers

As usual, we will characterize squarefree values by using the Moebius function. In order to
do so, we first let 5 > 0 a parameter to be chosen later, and let

K = [(log)’], ¥ = ===, R = (loga)”. (10)
Then ;
HS
Z& =T+ T2+ O(Y/logz), (11)
—p(p—1)
PSS
where
h(t? — 4p)
R . (i R R}
Y<p<a, [t|<2yF w(t? — 4p)p d2\t§2;4p
t2_4peA(r,h) del;
for I; = [1,R], I, = (R, 2+/z], and the error term is to take account of the primes p < Y.

The main term of (9) will come from 73. In order to bound 75 we observe that, by the
well known bound h(d) < vdlogd, (see (2.31) and (5.64) of [IK]), we find the trivial upper
bound

T, < logx Z Z Z \}15

R<d<2f|t\<2f tzp(i:)d .2)

z/d?—1

SCCID VD VD SREED SR

R<d<27 |t|<2y/x =0 1d24+1<p<(+1)d?
4p£t2(mod d2)

z/d?—1
1 xlo T

R<d<2f =1




Now, to estimate T7, we first split the sum over the primes up to x into K sums over the
intervals [kY, kY + Y] of length Y, and write T} as

odd h(t2 . 4p)
=2y, ) > o —p)p > nld) (13)
1<k<K kY <p<kY+Y 1<t<2yp PP o2y,
t2—4peA(r,h) d<R
On each interval kY < p < kY 4 Y, we approximate the sum over {1 < ¢ < 2,/p} by
{1 <t <2VkY} with an error term of RY logz. Replacing (12) and (13) in (11), we have

I (p) & h(t* — 4p)
Z — = 2 Z Z Z p(d) Z 2 _

p(p—1) vy <acrvry W —dp)p
p<z 1<k<K 1<t<2vEY d<R 57114:

t2—4p=r mod h

O(z/log’* z)

odd odd
1 4p — 12 L(1, X2 —ap)
- 22 md 3 :
1<kE<K 1<t<2vkYy d<R kEY <p<kY+Y p

d2|t2—4p
t2 —4p=r mod h

O(z/log’ ' z),

using the class number formula. Let

U =az'2R% (14)
Since
dd
Xt2— 4p X 4p Xt2— 4p (2n)

Ll xieea) = ) = > >

n>1 n>1 n>1
dd

(14 2epll) 377 venlt) g7 vl
n>1 n>1

using Polya-Vinogradov inequality to bound the tail of the L-function, we obtain

Hsf odd odd 4 —t2
- VD DI DT NED DR PN

p<z 1<k<K n<U d<R kY <p<kY+Y
1<t<2VEkY d2|t2—4p
t2—4p=r mod h
B—1
O(z/log” " x), (15)
since x;2_4,(2) = —1 for any ¢, p in the previous conditions. Using quadratic reciprocity, we

can write x as a character mod n, and we use this to rewrite the main term of (15) as

odd 1 a odd
=YY Y (B Y wdskvinnad
1<k<K n<U a(mod n) d<R
1<t<2VEkY (t2—a,n)=1 (d,nt)=1
(t2—r,h)=1 a=r mod (n,h) =0 mod (d2,h)



where

)

_ 42
S(k,Y,n,t,a,d) = 3 Viap— 17

p

kY <p<kY+Y
p=v(t,a,r) mod [nd2,h]

and v(t, a,r) is the invertible residue modulo [nd?, h] solving the congruences
4p =t2—r modh, for (t? —r h) =1,
4p =t>—a modn, for (t? —a,n) =1,
4p =12 mod d? for (t,d) =1,
under the conditions (n,d) = 1, r = a mod (n,h) and 7 = 0 mod (d?, h) insuring that the

congruences are compatible.
In order to compute the asymptotic of M, we first change the weights and consider

odd odd

2 1 «
[ - bt /
M==3 Y - ¥ (5) X Sk Yintaad,
1<k<K n<U a(mod n) d<R
1<t<2VEY (t2—a,n)=1 (d,nt)=1
(t2—r,h)=1 a=r mod (n,h) =0 mod (d2,h)
where
VA4kY —t21
S'(k,Y,n,t,a,d) = > VaARE TR o8D
kY logkY
BY <p<kY+Y

p=v(t,o,r) mod [nd2,h]

Lemma 6 Let M and M’ be the two sums defined above where Y = x/(K + 1) and K =
[logw x] for some 8 > 1. Then as x — o0

x
M-M<————
logﬁflx

Proof: It is enough to note that

dp— 2 AkY — 12
S(k,Y,n,t,a,d) = 8'(k,Y,n,t,a,d) = ) <\/1; _\/kY >

kY <p<kY+Y
p=v(t,a,r) mod [nd2,h]

Y — 8 VARY — 1 Y
. 5 <\/ -V 0gp> < VY

kY kY log kY knd?

kY <p<kY+Y
p=v(t,a,r) mod [ndQ,}L]

Summing over k,n,t, «,d, with trivial bounds for the remaining terms, gives the result. H

We then have to evaluate the sum M’ above. We first define some notation. For any
positive integers a, ¢ such that (a,q) =1, let

(X, Yia,q) = Y, logp
X<p<X+Y
p=a(mod q)
E(X,Y;a,q) WX,V a,q) — —
30,4 = ,y 130,9) — —=,
o(q)



where, as usual, ¢ denotes the Euler function.

Y
Substracting and adding m to the sum M’ above, we write it as M’ = S1 + S5
p(|na,
where
Si=22 3 idd VaRY — 21 > O X p(d) (16)
T 3 kY logkY n n ¢([nd?, h])
1<k<K n<U a(mod n) d<R
- 1<t<2VEkY (t2—a,n)=1 (d,nt)=1
(t2—r,h)=1 a=r(mod (n,h)) r=0 mod (d2,h)
and
1 odd 1
S < Z i~ Z Z - Z |E(/€Y,Y;1/(t,a,r),[ndQ,h])|
1<k<K kY 1<t<2VEY n<U n a(mod n)
(t2—r,h)=1 d<R (t2—a,n)=1

d,nt)=1 _
r;o((mod)(dz_’h)) a=r(mod (n,h))

3
< XY T Y Y (17)

1<k<K q<R2Uh a mod g
(a,q)=1
since each ¢ < R2Uh can be written as ¢ = [nd?, h] in at most R ways, and for each fixed
integer ¢, and for any a # o mod n, v(t,a,r) # v(t,a’/,r) modulo ¢ = [nd?, h]. We now
use:

Theorem 7 (Barban-Davenport-Halberstam) Let X, Y be positive numbers such that X +
Y <x. Then, for any N > 0, there exist M > 0 such that

2
X
E E : |E(X7Y§a7q)|2<<1 N
g<Q 2 mod g o8 ¥

whenever Q < xlong T.

Remark: An easy application of the triangular and Cauchy-Schwartz inequalities, gives
this particular form of the Barban-Davenport-Halberstam theorem, from the more classical
given for example in Theorem 17.1 of [IK].

Using Cauchy-Schartz and Theorem 7 on (17), we get that for any A > 0

1/2 1/2
. 1
S, < R Y > |EkY,Y;a,q))? D
1<k<K q<R2Uh q<R2Uh q
@ mod g @ mod g
(a,q)=1 (a,q)=1
< zlog ™z (18)
since "
R*Uh < ——
log™ x

10



for any M > 0, and z sufficiently large.
We now evaluate S;. Consider the sum

sm- Y Yl oy (9 n M
1<t<T n<U " a(mod n) n d<R (p([ndQ, h]) .

(t2 =7, h)=1 (2 —a,n)=1 (d,nt)=1
a=r(mod (n,h)) r=0 mod (d2,h)

Theorem 8 Let R, U as before. Then, as T, x — oo we have for any & > 0

ﬂn:gﬂwo<ﬂfR>+o<l )

T1—e¢
where € is the constant given in (1).

Let us assume for a moment the previous theorem, which will be proved in the next
section, and let us show how the evaluation of S; in (16) follows from the asymptotic of
S(T). This will complete the proof of Theorem 2.

We define F(t) such that

odd

STy = Y, F),

1<t<T
(t2—r,h)=1

where S(T') is the sum defined in (19), and consider

odd
VAX — 12
Z vy

S1(X) = Xlog X

F(t).
1<t<2vVX
(t2—r,h)=1

Using Theorem 8 and partial summation we get, for the main term of S7(X),

Si(X) = 2¢ 2ﬁﬁ(zxx—152)—1/2dt+0(1/R): 20r +O(1/R). (20)
! Xlog X J, log X '

Replacing (20) into (16), we get

2Y 1
1<k<K 1<k<K
T x
= ¢ + O . 21
log x <log2x) ( )

Using (21), and collecting the error terms from (18), Lemma 6 and (15) with 8 > 3, this

shows that .
HS
y ) o +o(‘2),
p(p—1) logz log”

p<z

and it completes the proof of Theorem 2.

11



4 Proof of Theorem 8

Let

= T ()

o mod n
(t2 —a,n)=1
a=r mod (n,h)

be the sum over residues modulo n that appears in (19).

Lemma 9 Let 1, h,t be integers such that (t> —r,h) =1, and let p be an odd prime. Then,
ct(n) is a multiplicative function of n, with value at prime powers given by

1 r
1. 1 h, th Op~t=—+ ().
fp | ) en Ct(p )p (p[7 h) <pg>
2. If pth, then
0 ifplt, £ odd;
o.—¢_ ) —1/p  ifpit, L odd;
alpp = 1—=1/p ifp|t, £ even;
1—-2/p ifptt, £ even.
Proof: This is a straightforward case by case computation, and we omit it. ]

Now, for each fixed odd ¢ in (19), such that (t> — r, h) = 1, we evaluate the sum

odd odd

ct(n) p(d)
,;] n dSZR ¢([nd?,h])’
= (d,nt)=1

r=0 mod (d2,h)

For any (d,n) = 1, we have that

¢([nd®, ) = > p(n)p(d?). (22)

We also observe that

1 loglogd logR
E — K E < )
e I U R
(d,nt)=1

r=0 mod (d2,h)

d

an odd c ( ) odd log1 odd 2“,(”)1 1 1

Z AU < Z oglogn oglogn <

= np(n) = an%H”np Nt n2 Ul/2—«
for any € > 0. Then,

odd odd
a(n) uld) (ng)
_ MY o028, (23)
DI DR ] R

(d,nt)=1
=0 mod (dz,h)

12



odd odd odd

ci(n) 1(d) ci(n)
C, — S BT Y e Y 24
CL T L e 2 MO X ey Y
n= (d,nt)=1 (d,t)=1 (n,d)=1
=0 mod (d2,h) (d2,h)|r

We now use the multiplicativity of the functions involved to write the constant C; as an
Euler product.

Lemma 10 Let r, h,t be integers such that (> —r,h) =1, and (h,r) is squarefree. Then,

2p° +p—1
Ct:P(r,h)H(l+4 v )

ot pt—pP=2p°—p+1

pth

1 —p? -2’ —p+1
P(r,h):w(h)gpp@)g( )Hp p_lz;_pl) ’

where

and all the products run over odd prime numbers.
Proof: We first observe that
pt=p* =2 —p+1 PP+ 2p-1
pp—1)(p* - 1) pp—1)(p*—1)

so each of the products of C; is convergent. Although intricate, the proof consists of a
combination of straightforward computations using Lemma 9. We always assume that every
prime appearing in the products below is odd. We first note that

(25)

odd

pd)p((d? h) _ 21 1
d; p(d) 1;[ (1 p) p}}bt (1 p(p—1)>
(d,nt)=1 pllh
r=0 mod (d2,h) plr
Hence, using (22), we get
odd -1 -1
_ ci(n)e((n, h)) 1 1
Ce=Flht) nzz:l nep(n) H) (1 p) 1} <1 p(p - 1)) ’

pit

for ) ) )

Fibnt) = sa()pl;lt (1_13(191)) H (1 _p> '
plr

ptt

Again, writing the sum over n as an Euler product, we get that

= P ] 1400y 3 2D 2@ ;L)) , (26)

. = P e

13



where

1 -1

I when p 1 ht;

( p(p—1)> v

5(p) = 1\

() (1_) when p || h,p | r,p1t;

1 otherwise.

i h J
M = <T> , independently
, e(p7) p
of t. For primes p 1 h, we have that ¢((p’,h)) = 1. Hence, by splitting the inner sum in
(26) into odd and even terms, we get

c(p?) o((p?, h)) p a(p) | a(?)
2 1>< " )

= ) p?

Finally, we use Lemma 9 to note that when p|h, c;(p’)

The result now follows by considering the different cases in Lemma 9.
|

We now proceed to prove Theorem 8. In the following, all primes p are odd and all
products are restricted to odd primes. Let us call G the multiplicative function with value
2% +p—1
pt—p3—-2p*—p+1

at a prime p given by G(p) = . Using (23) and Lemma 10, we have

that
odd
ST=Prh) Y Y pEdGW) +0 (Tl‘;%gR)
t<T d|t

(t2—r,h)=1 (d,h)=1

odd
POt D @G 3 140 (FER ). (27)
d<T t<T/d

(d,h)=1 (d2t2—r,h)=1

To compute the inner sum, we write

odd odd
)BTRS SHND SENTCED SR SR SEC
t<T/d t<T/d k|(d*t2—r,h) k|h t<T/d
(d2t2 —r,h)=1 t2=rd—2 mod k

t=1 mod 2

Because of the Moebius function, we can suppose that k is square-free. In that case, by
the Chinese Remainder Theorem, the number of solutions modulo 2k to the congruences

t? =rd 2 mod k and t = 1 mod 2 is
[] <1+ (T)> .
plk p

14



Using that in (28), we have that

odd 1_|_ r
o1 = 2de 111~ p(p) + O(7(h)2%M), (29)
t<T/d plh

(d2t2—r h)=1
Now we observe that

> HEE T (1 5) o () @)

d<T
(d,h)=1 pth

Using (29) and (30) in (27) completes the proof of Theorem 8 with

e - g (- ()

plh p pth

1 1 Pe-1-(5)) Lo —pt1
_ 37Lpr H () Hp p-—p )

plh »n (p—1)(p— (%)) ol p2(p? —1)

p|r ptr

5 Conjectures and Constants
We write in this section a precise conjecture for the asymptotic behavior of
H%’r’h(x) =#{2<p<ua, prime : a)—4p € A(r,h)}.

Using the Moebius function to detect square-free numbers, we write

0%, p(2) = > > uld)

p<x 2002
2 S d?la2 —4p
a2 —4p=r mod h

= D ud)me(airh) (31)
d<2\/z

where

a2 (z;7, h) = Z 1.
p<z
d2\a?)74p
a%—4p£r mod h

To evaluate mgz(z;7, h), we use the Chebotarev Density Theorem on the field extension
Q(E[m])/Q obtained by adjoining the m-torsion points of E to Q where m = [d?, h] is the
least common multiple of d? and h. Since E[m] ~ Z/mZ x Z/mZ as an abstract group, by
considering the Galois action on a basis for the m-torsion, we get a Galois representation

pm : Gal(Q(E[m])/Q) — GLy(Z/mZ)

15



which sends the Frobenius element o, of Gal(Q(E[m])/Q) to a conjugacy class of matrices
such that, for each g in the conjucacy class, we have

trg = apmodm,

detg = pmodm.

Then, by applying the Chebotarev Density Theorem to Gal(Q(E[m])/Q), we can evalu-
ate w2 (w57, h) as desired. Let us set some notation. Let Gg([d?, h]) C GLa(Z/[d?, h|Z) be
the image of pig2 ) and let

Cg(d,r,h) = {g € Gg([d*,h]) : t1* g —4det g = 0 mod d*, tr* g — 4det g = r mod h}.

Using the Chebotarev Density Theorem under the Generalized Riemann Hypothesis (see
for example [Se81, p. 133]), it follows that

mg2(z;r,h) = #{p<az : 0, € Cp(drh)}
[Cr(d,r,h)|

= GoE T O (\CE(d, rh)|zY/2 log (dx)) (32)

where the error term depends on E and h.

In order to use (32) in (31) to estimate Hsbfmh(:r), we need to control the error term which
should be o(m(z)). This seems to be out of reach with the present techniques, given the
size of the error term in (32). There are some known techniques to improve the error term
of (32) by replacing |Cg(d,r, k)| by |Cr(d,r, h)|"/? [MuMuSa], but even such an improved
error term will not allow to evaluate (31). We remark that in the result of Cojocaru and
Duke [CoDu, the Chebotarev Density Theorem is used to count primes splitting completely
in some extensions depending on F, where the error term is then much smaller.

We now concentrate on the conjectural main term of IT5 n(T),

iu Cr(d,r,h)]
> G B

obtained by using the main term of (32) in (31) and the convergence of the sum, proved
below.

Using properties of the Galois representations p42 ) associated to £ we will rewrite the
constant as an Euler product. For any curve without complex multiplication (CM), Serre
proved in [Se72] that the image of the Galois representation associated to all the torsion
points of E is open in GLQ(Z). It follows that for each E without CM, there is an integer
Mg such that for any n with (n, Mg) = 1, we have

Gp(n) = GLa(Z/nZ), (33)
and for any n,n’ with (n, Mg) = (n’,n) = 1, we have

Gge(nn') = Gg(n) x Gg(n'). (34)

16



We remark that the integer Mg is always even. Using (34) and the Chinese Reminder
Theorem and noting that the sum is restricted to squarefree numbers d, we write

|CE(d,r, h)| _ |Cr(d,r, h)|
21,1 k,[gmd[h% “<d)|GE<[d2,hD|

2

k[[h,Mg] ([ D' (4:Mp)=(5,h)=1

where
Ce(%) = {9 € Gu(5”

Since (j, Mp) = 1, Gg(j%) = GL2(Z/5°Z

Cr(42 4902 _p+1
2 “():GEE §||: [l @5 (36)

(4, MEg)=(j,h)=1 YUhMp

~—

: tr2974dethOmodj2}.

~—~

by (33), and we get that

We now look at the first sum of (35). We write h = hihe where p | by = p | Mg
and p | ho = pt Mg. Then, [h, Mg| = [h1, Mglhy. Similarly, for any & | [h, Mg], we write
k = kiko wherep | ky = p | Mg and p | k2 = pt Mg. Using (34) and the Chinese Reminder
Theorem, we get that

|ICr(k,r,h)| |CE(ka,r, ha) |CEr (k1,7 h1)|
e ) R DA A P S Ter )

Let hy = [, ¢, B(¢f) = max (a(¢),2) and

CE((““%T) — {g c GE(Ea(f)) . tI‘92 —4det g = r mod ga(@)} )

Then,
Ce(kz, 1, hs)| Cp(t®,r) Cr(l,r, ga(@) Gp(02®
Cu (2. hal)| H H
Gr([k3, hal)| Gp(t~0)| Cr(t@ )| |G(FO)|’
2
and
S ey |Cetbr )l s 0] [Crllor, 020)
el |G (K3, ha])| i [Gr(te®)] G (t70)]
i 1G0O
where

Dg(,r, ")) = {g € Gp(fP9) : tr(g)? — 4det(g) # 0 mod £2 and tr(g)? — 4det(g) = r mod ZO‘(Z)} .
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It is a lengthy, but straightforward computation, to show that for any odd prime ¢ t Mg
and any integer o > 1,

(e—-1—-(%
( (f)) when £ {r;
D (5
-1
|Dg (¢, r, %) _ ) a1 when £ | r and o = 1;
‘GE(gmax(oz,2))|
éi@ when ¢ || r and « > 2;
0 when ¢2 | r and o > 2.

The last case (£2 | r and o > 2) happens only when ¢2 | (r, h), which is impossible when
(r, h) is square-free. If (r, h) is not square-free, it is clear that H%mh(x) is empty.
Replacing (36) and (37) in (35), we get that

Ce(d.r.h) (Celkr.)
u(d) L (k) CEEL T ROl
2 G ) ,Q%ME] ) G (7 )
1 £-1 - (5) ¢ —202 -0+ 1
h [H ¢ H (%) H 2 -1 (38)
0t M g Mg Mg
ok o|h oth

or o

Conjecture 11 Let E be an elliptic curve over Q without complexr multiplication, and let
Mg be an integer satisfying (33) and (34). Let h be a positive odd integer, and r an integer
such that (h,r) is square-free. Write h = h1hg where p | hy = p| Mg and p | ho = pt Mg.
Then as x — 0o

f
HSE(a,b),r,h( ) CSF(E T h)l ng

where Csp(E,r, h) is the constant given by (38).

Then, Theorem 2 gives evidence for the asymptotic of Conjecture 11, and also for the
constant Csp(E,r, h) appearing on the asymptotic. We remark that the average constant
¢ of Theorem 2 corresponds to a curve with Mg = 1, even if there are no such curves over
Q, as 2 always divides Mg. This also explains the factor 1/3 which appears in the average
constant € since

Ce@)] 1

GLo(Z/4Z)] ~ 3
A similar heuristic leads to the following conjecture for the number of primes p smaller

than « such that p+ 1 — a,(E) is square-free.

Conjecture 12 Let E be an elliptic curve over Q without complex multiplication, and let
MFg be an integer satisfying (33) and (34). Let Ug(x) be the number of primes of good
reduction such that p+1— a,(E) is square-free. Then as x — 00

p(x) ~ Chp(E)—

logz’
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where C4p(E) is the constant

Cr (k%) B—1-1
Cur(E) = w(k |E7 11—
SF( ) k%E ( )|GE(k2)|g+1]\;[E (5271)52(671)
where G (k?) C GL2(Z/k?Z) is the image of py> and
Cp(k*) = {g€Gg(k®) :det(g) +1—tr(g) =0mod k*} .

The work of Gekeler mentioned in the introduction then gives evidence for Conjecture
12, and in particular for the constant Cy(E) appearing in the conjecture. We stress again
that the techniques used by Gekeler and our techniques are completely different, but they
both uncover the conjectural constants computed from Galois representations in this section
(and of course, neither the work of Gekeler or the work of this present paper relies on Galois
representations, and counting elements of Galois groups).
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