NON-ISOTRIVIAL ELLIPTIC SURFACES WITH NON-ZERO AVERAGE ROOT
NUMBER
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ABSTRACT. We consider the problem of finding non-isotrivial 1-parameter families of elliptic curves
whose root number does not average to zero as the parameter varies in Z. We classify all such families
when the degree of the coefficients (in the parameter t) is less than or equal to 2 and we compute the
rank over Q(¢) of all these families. Also, we compute explicitly the average of the root numbers for
some of these families highlighting some special cases. Finally, we prove some results on the possible
values average root numbers can take, showing for example that all rational number in [—1,1] are
average root numbers for some non-isotrivial 1-parameter family.

1. INTRODUCTION

This article is concerned with families of elliptic curves defined over Q such that the root number
of the specializations does not behave, on average, as expected in the classical cases.

More precisely, by a family of elliptic curves, we mean an elliptic surface over Q or, equivalently, an
elliptic curve defined over Q(t) given by a Weierstrass equation

(1.1) Fiy? =2 +ag(t)2® + as(t)r + ag(t)

where as(t), aq(t) and ag(t) are polynomials with coefficients in Z. We denote by 7z the rank of F
over Q(t).

For each t € Q, we denote by F(t) the associated curve over Q defined by the specialization at t of
F. Then, for all but finitely many values of ¢, F(t) is an elliptic curve defined over Q and we let rx(t)
and €z (t) denote its rank over Q and its root number respectively. The parity conjecture predicts that
(—1)"7®) = £x(t) and Silverman’s specialization theorem gives that r7(t) > rz for all but finitely
many values of £. One also conjectures that, up to a zero density subset of Q, 7 is the smallest integer
compatible with the parity conjecture and thus that rz(t) is equal to either rz or rz + 1 depending
on the parity given by €£(t).

We define the average root number of F over Z as

. 1
(1.2) Avy(er) := T11_>H(10ﬁ ETE}-(t),

if the limit exists (and where we define e #(t) = 0 if F(t) is not an elliptic curve).!

The work of Helfgott ([Hel03, Hel09]) implies conjecturally (and unconditionally in some cases)
that Avz(ex) = 0 as soon as there exists a place, other than — deg, of multiplicative reduction of F
over Q(¢). Indeed, assuming the square-free sieve conjecture, one sees that in this case € #(t) behaves
roughly like A(M(t)) where X is the Liouville’s function and M (t) is a certain non-constant square-free
polynomial, so that Chowla’s conjecture implies that Avz(ex) = 0. This is the typical case, which
occurs for “most” families F.
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L Alternatively one could define Avy(ez) with the symmetric average % th\<T replaced by % > o<i<r- All the
same considerations we make in the paper works in this case as well mutatis mutandis.
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When the family F has no place of multiplicative reduction (other than possibly — deg), the average
root number could be non-zero. The case when the family is isotrivial?, and more precisely the case
of quadratic twist families, has been the subject of several studies in the literature (see e.g. [Roh93,
Riz99, DD09, KMR13]). There are however very few examples of non-isotrival families with Avz(er) #
0. There is the Washington’s family ([Was87]) for which Rizzo proved ([Riz03]) that ez(t) = —1
for all t € Z. Rizzo ([Riz03]) also gave an example of a family F with j-invariant jz(t) = t and
Avy(er) € {—1,0,1} (however for this family the degree of the polynomials a;(t) of the model given
in the form (1.1) are quite large: for example degag(t) = 8). Romano [Rom05] considered a slight
generalization of Washington’s family obtaining an infinite sequence of families F; all with rational
average root number and with lim,_,o Avz(ez ) = 2. Finally, Helfgott ([Hel09]) gave an example of a
non-isotrivial family with average root numbers over Q not in {—1,0,1} (the degree of the coefficients
a;(t) are quite large in this case too).3

In this paper we study non-isotrivial families F of elliptic curves with non-zero Avz(ex) in a more
systematic way, with particular attention to the case where we have control on the rank of F over
Q(t). One of our first motivations was to illustrate several questions on elliptic curves and on their
associated L-functions where Avyz(ex) appears naturally as well as to be able to provide numerical
experimentation. For example, in a forthcoming work we show under several conjectures that the
one-level density function corresponding to a family F is

W (t) = r2bo(r) + (1 + (—1)7"; AVZ(E]:)>WSO(even) () + (1 - (—1): AVZ(E]:))WSO(odd)(T)

where dg is the Dirac measure at 0 and Wgo(even) (resp. Wso(odd)) is the one-level density function of
the classical orthogonal group of even size (resp. odd size). We can also rewrite Wxr as

<’I"_7: n 1— (71)7”; AVZ(é‘]:)

sin 27T

Wr(t) =

3

)50(7) + 14 (=1)"7 Avz(ex) Gy

where rx + 1D Avaler) g (conjecturally) the average rank of the specialization. Notice that if

Avz(ex) & {0, £1}, %hen Wx(t) doesn’t reduce to Wso(even) OF Wso(even) Plus some multiple of do(t),
and so Wx(t) is not the 1-level density function of one of the classical compact groups (of course one
can divide the family into two subfamilies according to the sign of ex(t) going back to Wgo(even) OF
W50 (even); see [Far05] and [Sar08] for two proposed definitions of “families of L-functions” where this
division is requested, see also [Kow13] for a discussion on families). Another interesting case is that of
“elevated rank”, i.e. when Avz(ex) = —(—1)"7 and so almost all specializations satisfy rz(t) > rx.
Notice that when this happens then Wx(t) is, up to Dirac functions, equal to the 1-level density of the
orthogonal group with size of parity opposite to that of rx.

The knowledge of Avz(ex) is also useful for the study of the average behavior of the Selmer and
Tate-Shafarevich groups of F(t). There are several conjectures and heuristics for questions on this topic
([BKL*15], [PR12], [DJ14]). For example, let p be a prime number, one of the classical conjecture
predicts the probability that the p-part of the Tate-Shafarevich group is trivial or not; this original
prediction also depends on the rank rz(t) (at least when 7z = 0 and Avz(er) = 0 and so when
rz(t) = 0 or 1 almost always). Now, the p-Selmer group and the Tate-Shafarevich group are related
by the following exact sequence

1= F()(Q/pF()(Q) — Sel,(F(t)) — HI(F(#))[p] — 1

so that |Sel,(F (1)) = p>W|II(F(t))[p]| (in general, |Sel,(F(t))| = p™>O+IUI(F(t))[p]| where d
is the dimension of F(t)(Q)[p] over F,). So, the p-divisibility of |Sel,(F(¢))| and |II(F(¢))[p]| are

2Isotrivial means that the j-invariant of F is constant. For isotrivial families, one can take, for instance, the quadratic
twist of a fixed elliptic curve F/Q by a polynomial d(t) € Z[t], E¥®): d(t)y? = y? = 2 4 agz? + asx + ag, where a; € Z
for ¢ = 2,5,6. In this case, it is easier to deal with the root number, for example if d(¢) is coprime with the conductor of
E, then the root number is simply given by some congruence relations.

3See the end of the introduction for the precise definition of the average root number over Q.
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correlated and depend on the rank, on the parity of the root number and so on the average root
number. In the case where rx(t) > 0, the group Sel,(F(t)) is forced to be large because of the presence
of rz(t) generic points in F(¢)(Q) and one can naturally wonder if those r#(¢) points do contribute in
OI(F(¢))[p] or not (the answer seems to be no as discussed in a forthcoming study).

We are then led to define the following notions.

Definition 1. Let F be a family of elliptic curves with rank rx over Q(t). We say that

o F is potentially parity-biased (or also potentially biased) over Z if it has no place of multiplica-
tive reduction except possibly for the place corresponding to — deg;

o F is parity-biased over Z if Avg(er) exists and is non-zero;

o F has elevated rank over Z if Avg(er) exists and Avzg(er) = —(—1)"7.

We shall describe in Section 2 the relation between potentially parity-biased and parity-biased
families.

In this article we focus on potentially parity-biased families of elliptic curves. In particular, we
classify all non-isotrivial potentially parity-biased families with dega;(t) < 2 for i = 2,4,6. We prove
that there are essentially 6 different classes of such families? (cf. Theorem 7 and Theorem 8):

Fo:y? = a® + 3ta? + 3sx + st, with s € Zoo;

Guw: wy? = x + 3ta? + 3tz + 2, with w € ZL4o;

Hy: wy? = 2% + (8% — Tt +3)2? — 3(2t — D) + (t + 1), with w € Z;
Ty wy? = 2® +t(t — 7)a? — 6t(t — 6)x + 2t(5t — 27), with w € Z;
Imw': wy2 = 2% + 3222 — 3mtz + mz7 with m, w € Zg.

(1.3)

Lo sv: wy* =z° +3(t* + v)z? + 3sx + s(t* +v), with v € Z,s,w € Zs;

In Section 3 we will compute the ranks and give generic points for all of families given in (1.3). We
will see that the rank over Q(¢) of all these families is either 0 or 1 (depending on the parameters)
except for the family £, 5, for which the rank can also be 0, 1, 2, or 3. We remark that both £, s, (t)
and G,, could be expressed in terms of F,. Indeed, we have that L, s ,(t) and G, (t) are isomorphic to
Fowz(w(t? +0v)) and Fyp2 (wt) respectively.

We can also compute the root number for all the specializations of the above families (the results are
quite long to express, so we only give the ones for F, is Appendix A). We use these results to compute
their average root numbers in some representative cases, pin-pointing the cases of parity-biased families
and of families with elevated rank over Z (we are able to provide families of elliptic curves of these types
with rank equal to 0,1,2 and 3). We postpone the precise statements of our results to Section 2, 3
and 4. We state here only some examples.

For a € Z we define

Wa: y? = 2® + t2® — a(t + 3a)x + o

Notice that the family W, is a particular case of the family F;. Indeed, one has that W, (t) is isomorphic
to F_ge2/4(t/3 + a/2) or, equivalently, to F_gs4,2 (12t + 18a) if one wants a model defined over Z. In
Section 3 we shall see that all the families F; which have rank 1 are all of type W,. We will study
the root number and the average root number of W, in full generality and extract from them several
consequences.

In the following the letter p will always denote a prime number. Also, if n € Z»o then we let n, be
such that n = pU»(™n,, where v,(n) is the p-adic valuation of n.

4By the work of Helfgott one also has that, under the square-free sieve and Chowla’s conjectures for homogeneous
polynomials in two variables, the only non-isotrivial families with dega;(t) < 2 for ¢ = 2,4,6 which can have non-zero
average root number over Q are Fs and G,,. See Corollary 4 for the precise statement.
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Theorem 1. Let a € Zyy. Then W, has rank 1 over Q(t) if and only if a = +£k?* for some k € Zo,
and rank 0 otherwise. Also, ey, (t) is periodic modulo 4|a| and one has

t 1+vp(t)
(1.4) ew, (1) = —sa(t) ged(a,t) ] (—1)1+vp<f><;> (mod 4),

a
Pl gcdtag:p

)+2

where s4(t) is defined in Proposition 15, and is a periodic function modulo 2v2(* The average root

number of the family W, is
Avz(ew,) = = [ Ew. ).
pl2a
where Eyy, (p) is defined in Proposition 17. In particular, W, is a parity-biased family if and only if
va(a) # 1. Furthermore, if a is odd and square-free then the average root number of W, is

—1/a ifa=1 (mod 8),

1/(2a) ifa=3 (mod8),
(1.5) Avz(ew,) = ~1/(2a) ifa=5 (mzd 8),
1/a 4fa=7 (mod8).

The family W, can be seen as a generalization of the well-known Washington’s family associated to
simplest cubic field and defined by
Wit y? =a® +ta? — (t+3)x + 1.

One can see that W; has rank one over Q(¢) (the point (0,1) is a point of infinite order) and Rizzo
proved that for all t € Z one has () = —1 ([Riz03]), whence Avz(eyw,) = —1. As a consequence of
Theorem 1, one can see that | Avz(ew,)| = 1 if and only if @ = £1 and in that case Avz(ew,) = —1
and the rank of W, over Q(¢) is 1. So, W, can not directly provide families with elevated rank over
Z. However, one can obtain examples of families with elevated rank using subfamilies of W,; indeed,
in Section 4.1.3 we shall prove the following result.

Corollary 2. Let p be a prime with p = £1 (mod 8), and let a,b € Z be (non zero) quadratic residue
and quadratic non-residue modulo p respectively. Then, the families

Wya @ y* =2+ (pt+a)a® — (Pt + ap® + 3p") +p°

Wiy w y® =2+ (pt + b)a® — (p°t + 3p° + pb)x + p°
are both families with elevated rank over Z. More precisely, Wy , has rank 1 over Q(t) with ey (t) =1
for allt € Z, and Wy, has rank 0 over Q(t) and e+, (t) = —1 for all t € Z.

We in fact have Wy ,(t) = Wyz(pt + a) and W, 73 (t) = Wy(pt +b). One can also use Wy (t) to

construct families with elevated rank and with rank 2 or 3 over Q(t) (see Section 4.1.3).
We shall also focus on another subfamily of Fs, namely the subfamily

Vo @ y? =z + 3tz + 3atx + a®t.
Notice that V,(t) is isomorphic to Fy,2 (4t — 2a).
Theorem 2. Let a € Zyo. Then,

_3 3 vp (t)+vp (t—a)+vp (a) ) . e -
ey, (t) = wat) ws(?) H (1’ )(p> if 61 vp(t —a) —vp(t) + 3vy(a),

Ogvpfaz)ivp(t) 1 Zf6 ‘ ’Up(t - a) - ’Up(t) + 3Up(a’>a
3t ; .
" H - (f) if vp(t) is even
5 (%) if vp(t) is odd,

0<v,(t)<vp(a)



BIASED FAMILIES OF ELLIPTIC CURVES 5

where wa(t) and ws(t) are given by Proposition 43 and 42 of Appendix B. Also,
Avz(ey,) = — H Ey,(p),
p prime
where Evy, (p) are defined in Proposition 24. In particular, V, is a parity-biased family if and only if
va(a) # 1. Finally, if a = £1 we have
1 Ap-1)@* +p)\ _
Avy(ey,) = 51 H (1 R e w— R 0.038562. ..
p=>5
p=2 (mod 3)

(1.6)

We remark that the same method used to prove (1.5) and (1.6) can also be used for computing
the average root number for all the other families given in (1.3) (conditionally on the square-free sieve
conjecture in the case of £, 5, and unconditionally in all other cases, cf. Remark 1).

We are also able to obtain new results on the possible numbers that can arise as average root
numbers. Before stating them we need some more notation.

We let § be the set of all families of elliptic curves over Q, and §; and §’ be the subset of § consisting
of the isotrivial and of the non-isotrivial families respectively. Furthermore, we let §z be the subset of
§ consisting of the families F such that Avz(er) exists. Similarly, define iz and §),. By the work
of Helfgott (see Theorem 6 below) we know, under Chowla’s and the square-free sieve conjectures (see
the next section for their statements), that § = §z and thus also §; = iz and §F = §7,. Furthermore,
we indicate by §, the set of families F such that ex(t) is a periodic function for almost all ¢t € Z (i.e.
the set of exceptional ¢ with |¢t| < T is o(T) as T — o0).

Finally, with a slight abuse of notation we write Avz(Fz) := {Avz(ex) | F € §z} and similarly for
AVZ(&,Z), etc.

Theorem 3. We have
{AVZ(EJ:) | F e Sz} o0QnN [—1, 1].

In particular, Avy(§z) is dense in [—1,1]. Moreover, the same result holds true also for Avz(FY,) and

Avz(Fiz)-

Under Chowla’s and the square-free sieve conjectures we can also classify all average root numbers
that can arise from families with periodic root number.

Theorem 4. We have
(1.7) AV(Fpz) 2 {h/k € QN [=1,1] | h odd, and if k even then |h/k| <1 — 27V},
Moreover, assuming Conjecture 1 and Conjecture 2, the equality holds.

We can also obtain an analogue of Theorem 3 in the case of averages over Q. Analogously to
Avz(ex), we define

, T

(1.8) Avg(er) := qlgréoﬁ Z ex(r/s)
|7],]s|<T
s>0,(r,s)=1

if the limit exists. Also, we let Fg be the set of families 7 where Avg(F) exists, and Fi g and Sb be
the subsets of Fg consisting of the isotrivial and non-isotrivial families.

Rizzo [Riz99], building on the work of Rohrlich [Roh93], proved that Avg(Fig) (and thus Avg(Fg))
is dense in [—1,1]. In a similar direction, Klagsbrun, Mazur and Rubin [KMR13] prove an analogous
result for the parity of the ranks of the 2-Selmer groups in isotrivial families defined over number fields
(with techniques which are completely different from the ones of the present paper). The following
theorem refine Rizzo’s result, showing Avg($ig) actually contains [—1,1] N Q. Moreover, also in this
case we are able to address the case of non-isotrivial families, showing that Avg(§g) is dense in [—1, 1].
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Theorem 5. We have that Avg(Sy) is dense in [—1,1]. Moreover, we have that Avz(§i ) 2 [-1,1]NQ
(and thus, a fortiori, Avg(Fo) 2 [-1,1]NQ).

Notice that in the case of Avg(Jp) we do not get [~1,1] N Q. We remark that there are reasons to
believe that in fact Avg(Fo)NQ = {0}. Indeed, by the work of Helfgott (cf. [CCHO5, Appendix A]) and
Desjardins [Des16a] one has (conjecturally) that for a non-isotrivial family F with Avg(ex) # 0, the
average root number of F over Q can be written as a convergent Euler product Avg(er) = coo [,(1-7p)
for some co, € Q N [—1,1] and some 7, which are rational polynomials in p satisfying 0 < r,(p) < 1,
rp < p~2 for all p and 7, > 0 for infinitely many p.> In particular, one has Avg(ez) # +1, and one
also expects that such an infinite product is not algebraic.

We shall prove Theorem 3, 4 and 5 by considering subfamilies of W, (t) where both ¢ and the
parameter a are replaced by polynomials in Z[t]. By Theorem 1, we know exactly the root number
for all the elliptic curves in these families, and so the problem becomes that of choosing suitably these
polynomials. In the case of averages over QQ, we can reduce to the case where the oco-factor of the root
number essentially determines €z (t), whereas in the the case of Theorem 3 we work with the p-factor of
the root number for a suitably chosen p. The proof of Theorem 4 is a bit more elaborate and requires
dealing with the factors of the root number corresponding to all prime divisors of 6k.

The organization of the paper is as follow. In Section 2 we discuss more in depth the work of Helfgott
and we give our classification of the potentially parity-biased families with coefficients of low degree.
In Section 3 we compute the ranks for the families given in (1.3). In Section 4 we compute the average
root numbers of the families W, and V,. In Section 5 we use the results proven in Section 4 to prove
Theorem 3, 4 and 5. Finally, in Appendix A and B we give the local root numbers of the families
Fs and V,. Finally, this work led to many technical computation (root number, local average of root
number, ...), we used the PARI/GP software ([PAR16]) to intensively check them when it was relevant.

Acknowledgements. The authors would like to thank Jake Chinis, Julie Desjardins, Ottavio
Rizzo, Joseph Silverman and Jamie Weigandt for helpful discussions. This work was initiated while
the first author was a post-doctoral fellow at the Centre de Recherche Mathématiques (CRM) in
Montréal, and completed during several visits of the third author at the CRM, and we are grateful to
the CRM for providing very good facilities. The research of the second author is partially supported
by the National Science and Engineering Research Council of Canada (NSERC). The third author was
partially supported by the Région Franche-Comté (Projet Région).

2. THE CLASSIFICATION OF POTENTIALLY PARITY-BIASED FAMILIES OF LOW DEGREE

2.1. The work of Helfgott and its consequences. We start with a more detailed discussion of the
work of Helfgott ([Hel09, Hel03]) which gives (conditionally) a necessary condition for a family to be
potentially parity-biased. First, we state the following conjectures.

Conjecture 1 (Chowla’s conjecture). Let P(x) € Z[z] be square-free. Then, >-, . A(P(n)) = o(N)
as N — oo, where A\(n) is the Liouville function A(n) := len(—l)vp(").

Moreover, by strong Chowla’s conjecture for a polynomial P we mean the assumption that Chowla’s
conjecture holds for P(ax + b) for all a,b € Z, a # 0.

Conjecture 2 (Square-free sieve conjecture). Let P(z) be a square-free polynomial in Z[x]. Then,
the set of integers n such that P(n) is divisible by the square of a prime which is larger than \/n has
density 0.

Conjectures 1 and 2 are believed to hold for all square-free polynomials P. Chowla’s conjecture is
known for polynomials of degree 1 only, whereas the square-free sieve conjecture is known for polyno-
mials whose irreducible factors have degrees < 3 ([Hel04]).

5In the proof of Corollaire 2.5.4. of [Desl6a] it is shown that r, > 0 for at least one p, but the same proof actually
carries over to show that there are infinitely many such p.
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Theorem 6 (Helfgott). Let F be a family of elliptic curves. Let Mx(t) and Bx(t) be the polynomials
defined by

Mz(t):= [ @@, Brt)= T[] Q.
v mult, v quite bad,
v#— deg v#—deg

(2.1)

where the products are over the valuations v of Q(t) where F has multiplicative and quite bad® reductions
respectively and where Q,(t) is the polynomial associated to the place v. Then for all but finitely many
t € Z one has
ex(t) = sign(goo (AME=(®) [ 90(0)
p prime

where goo(t) s a polynomial, S is a finite set of (rational) primes and g, : Q, — {£1} are functions
satisfying

a) gp(t) is locally constant outside a finite set of points;

b) if p ¢ S then gp(t) =1 unless vy,(Br(t)) > 2.

Moreover, if F has at least one place of multiplicative reduction other than — deg, then assuming
the square-free sieve conjecture for Br(t) and the strong Chowla’s conjecture for Mx(t), one has
AVZ(E}') =0.

If F has no place of multiplicative reduction other than —deg (i.e. F is potentially parity-biased),
then assuming the square-free sieve conjecture for Bx(t) we have

(2.2) Avz(er) = % H/Z gp(t) dt,

where dt denotes the usual p-adic measure and cx = limy_y 400 goo (t).

The case where F is potentially parity-biased was also considered by Rizzo [Riz03] in two examples
which already contain several of the important ideas for the general result. We also mention the recent
work of Desjardins [Des16b] who revisited Helfgott’s result, and relaxed some of the assumptions.

We now give a sketch of the proof of Helfgott’s result, as it reveals quite clearly the way to proceed
when computing Avz(er).

Sketch of the proof of Theorem 6. The root number of an elliptic curve F(¢) in the family F is defined
as a product of local root numbers ex(t) = —[], wp(t), where w,(t) depends on the reduction type
of F(t) modulo p. Naively, one might expect that Avz(er) = —[], J5, wp(t)dt however this is false

in general (the product on the right is typically non-convergent). One can however modify the w,(t)

to some wy(t) so that one still has £(t) = — ][, wy(t), but in this case (conjecturally) Avz(er) =

-1, fzp wy (t)dt.

First, we recall that for p > 5 one has that w,(t) = 1 if F(¢) has good reduction at p, w,(t) =

321} (where () is the Kroeneker symbol) i t) has bad, non-multiplicative reduction at p, where
(Jf))(h (2) is the Kroeneker symbol) if F(t) has bad Itipl d p, wh
—jp(t) = 1,2,3 depending on the reduction type’, and w,(t) = —(%) if F(t) has multiplicative

reduction at p where in this case j,(t) is the first non-zero p-adic digit of the invariant cg(t). Thus,

(23) E]:(t) — —wz(t)wg(t)(—l)#{p:]:(t) has mult. red. at p} H (]P(t)>

p bad p

where the product is over primes p such that F(¢) has bad reduction at p. Now, the key step is to
observe that essentially F(¢) has a certain reduction type at p if and only if there is a place v # — deg

6That is, if no quadratic twist of F has good reduction at v.
"For example Jp = —3 if vp(ea(t), ce(t), A(t)) = (r,2,4) (mod 12) for some r > 2 or vp(c4,c6,A) = (1,4,8) (mod 12)
for some r > 3).
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over Q(¢) where F has the same reduction type and p|@,(t). The only exceptions to this are when p
is in a finite set of primes S (depending on the family F only, essentially this amounts to excluding
the finitely many primes that divide more than one @Q,) and when p divides @, (t) with multiplicity
greater than 1. It follows that

E_;:(t) — _(_1)#{p¢S,p\|Qv(t) v place of mult red.} H wp H H ( 5 ) . H H h (t)

peS v bad, p||Q.(t), v bad, p2|Q,(t),
vFE— deg pgsS v#— deg pésS

p(Qu(t))

= (—1)#IMEO TT wi(0) ﬁ H H<_Z>
p€S i=1veV; p ) H H(CG >p(é2u(t)). H H h*(t)

v mult. p v bad, p |Q (t),
vFE— deg pésS

*

for some finite set of primes S, some functions hy(t), hy(t), wy(t),w;,(t) which are p-locally constants
on Z, outside a finite set of points, and a suitable partition V3 U V2 U V3 of the set {v bad,v # — deg}.®
Then,®

3
() = PO T T (5

peS i=1veV;

>>'UH (50) 1L py)h*
vA— dég

Now, applying repeatedly quadratic reciprocity one sees that the factor ( 5"(5 t))) also depends on the

Z4 expansion of ¢ at finitely many primes g and on the sign of a polynomial and the same is true for

( Q:(it)).w Finally, one can verify directly that hy(t) = 1 if F(¢) has bad but not quite-bad reduction

at p. Thus,

#(0) = NMO)sign(ho () [ @) T 1500
peSs’ p?|BF(t),
pgs’

for a finite set of primes S’, some w;**(t) p-locally constant outside a finite set of points and a polynomial
heo(t). Thus, we obtain the first assertion of Theorem 6. The other assertions are easy once one observes
that the square-free sieve conjecture for Bx(t) gives

- _ . ey soksk *
Tlgréo T Z XlgnOo Tl;ngo Z A Mz(£t)) H wy™ () H hy(£t).
0<+i<T 0<£t<T pes’ 2| Br (1),
pEs’,
p<X

Notice that the product on the right involves finitely many primes (for each X). Thus, if Mx(t) # 1
then dividing into congruence classes modulo these primes one has that the strong Chowla’s conjecture
for Mz(t) gives that the average is 0. Otherwise, the limit over T coincides with the product of the

8For example V3 is the set of places w # — deg of Q(t) such that vy (ca(t), cs(t), A(t)) = (r,2,4) (mod 12) for some
r > 2 or vp(ca,ce, A) = (r,4,8) (mod 12) for some r > 3).

9We ignore the minor issue of the case where the top and bottom of the various Legendre symbol are not coprime.

OFor example, if Q,(t) # 0, then (ﬁ) = sign(Qy (t))x(Qw(t)2), where x is the non-principal character (mod 4)

and Qu ()2 = Qu(t)272(Qv(®),
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p-adic integral (see [Hel09] or also [Riz03]) and, writing hj(t) = 1 if v,(Br(t)) < 2, we have

0<+£t<T peS’ pgS’,
p<X
peES’ p¢S’
with [, hi(t)dt = 1+ O0(p~2). 0

Notice that Theorem 6 implies, under Chowla’s and the square-free sieve conjectures, that Avy(ex)
exists for all families F. Moreover, recalling Definition 1, we have the following implications

elevated Parity Conj. Potentially
rank biased Helfgoti Parity-biased.

The first implication is trivial and the converse is false in general since there are examples with
Avz(exr) & {-1,0,1} (see [Riz03, Hel09] or also Theorem 1). The second implication comes from
Theorem 6 and is conjectural in full generality. The converse is also false in general (see Theorem 1
with @ = 2), however assuming the square-free sieve conjecture one has that every potentially biased
family F has a parity-biased subfamily (obtained by taking ¢ to be in an arithmetic progression and/or
restricting to ¢ > 0'1). Indeed, the potentially biased families are the ones for which some of the
integrals in (2.2) are equal to 0 or with ¢, = —c_. Fixing the sign of ¢ and restricting ¢ to be in a
suitably selected congruence class one can make those integrals (as well as all the other ones) non-zero.

2.2. Potentially biased families. In this section, we find all potentially biased families such that
dega;(t) < 2. We first start by the case with a family F(t): y? = 2 + a2(t)2? + as(t)z + ag(t) where
degay < 1 and degay,ag < 2. We write az(t) = ut+v, as(t) = at? + bt +c and ag(t) = dt?> +et+ f. We
denote by ¢4, c, A and j the classical invariants of F(¢). Notice that the potentially biased condition
is equivalent to the fact that all the roots of A are also roots of ¢4. One can see that if A is constant
then either A = 0 or the family does not depend on ¢ (i.e. a=b=d=e=u=0).

We also notice that if u? —4a is a square, say u? —4a = 72 for r € Q, then the family doesn’t change
under the transformation

ar i(—da+u®—ur), u+ I(—u+3r), b b—uv+r,

2.4
@4 e 2(2e—cuter), d< i(2d—bu+br—2av+ u’v — urv)

(and a suitable linear transformation in ).

Theorem 7. Let as(t),as(t) and ag(t) be polynomials in Q[t] with degas(t) < 1, degay(t) < 2,
degag(t) < 2 and such that the curve F(t): y* = 23 + az(t)2? + aq(t)x + ag(t) is non-isotrivial and
potentially parity-biased. Then the family has rank < 1 over Q(t) and, up to some rational linear
change of variables in the parameter t and in the variables x and y, the family is either

Fo:y? = 2% + 3tz + 3sx + st
for some s € Zzo and with rank 1 if and only if s = —12k* with k € N; or
Guw: wy2 =23 4+ 3tz + 3tz + 2
for some w € Zyo and with rank 1 if and only if w is a square or —2 times a square.

Proof. Here we shall only show that all non-isotrivial and potentially parity-biased families satisfying
the above conditions are of the form F; or G,,. We will compute their ranks in Section 3, Propositions 5
and 8.

11Alternatively one can for example replace t by t2.
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We remind that ¢4 = 16(a3 — 3a4), cg = 32(—2a3 + 9asas — 27ag) and 1728A = ¢} — 2. Thus, with
our assumptions and the discussion above, we have 1 < degcy < 2, degcg < 3 and one easily checks
that deg A can’t be 1 and thus 2 < deg A < 6.

Now, we observe that ¢4 has to be square-free. Indeed, if ¢4 = ¢L? for some ¢ € Qo (for £ = 0 the
family is iso-trivial) and a degree one polynomial L, then since F is potentially parity-biased we can
write A as 1728A = kL™ for some k € Qo and some 2 < m < 6. Then we have ¢z = L™ ((P5~™ — k),
so m € {0,2,4} (if m = 6, then the family is iso-trivial) and ¢L5~™ — k is a square in Q(¢) which is
clearly not possible since /L5~™ — k is square-free. Also, we must have deg(cs) > 2. Indeed, if ¢4 = L,
1728A = kL™, for some linear polynomial L € Q(t), some k € Qo and some m € N, then we’d have
L3 — kL™ is a square in Q(¢) which is clearly not possible.

Now, suppose that ¢4 is square-free of degree 2. Then, ¢4 = L Lo for some coprime linear polynomials
Li,Ly € C[t]. We can write A as 1728A = EL{*Ly for some k € Q4 and some m,n € N with
2<m+n<6,m<n. Thus LPLY (LY ™LY ™ — k) = ¢ is a square in Q(t). In particular, it can’t be
m =mn=3,nor m=0,n =3 (since L} — k is square-free). Moreover, it can’t be m = 0,n = 2 as this
would imply that L$Ls — k is a square in C(t) which is not possible (indeed, we can assume L; =t
and Ly =t — 1, then for k # 0 the discriminant of ¢3(t — 1) — k is zero only for k = —%76 in which case
t3(t — 1) — k is not a square). Thus, we must have either m = n = 2 or m = 2,n = 3. Thus, we have
two cases:

(1) ¢4 = P, 1728A = kP? for some P € Q[t] of degree 2 and some k € Qo;

(2) ¢4 = L1Lo, 1728A = kL3 L3 for some coprime L1, Ly € Q[t] of degree 1 and some k € Q.
First, let’s consider the case where ¢4 has degree 2 and 1728A = kcj. Notice that we can not have
a =0 and u = 0 at the same time (otherwise ¢4 would be a degree < 1 polynomial). Since deg A = 4,
we must have a = d = 0 or a = u?/4 and d = (2ub — u?v)/4. By the transformations (2.4) the two
cases lead to the same families, so it suffices to consider the case a = d = 0 only.

Now, we have ¢2 = ¢3(cs—k) and so c4—k is a square in Q[t], a condition which univocally determines
k in terms of the other parameters. With this choice for k we have ¢4 —k = 16(ut+v— %)2 = (das— %b)Q.
Thus, we have cg = tc4(4ag — %b) and comparing the terms of degree 3 in t we see that we must take
the minus sign. Expressing ¢4 and c¢g in terms of the a; and simplifying this equality becomes

6(aq — azb/u)as — bdag = —18asb/u
or, equivalently, 6(c —bv/u)az + 18a4b/u = 54ag. Comparing the terms of degree 1 and 2 in ¢ we obtain
{6(6 —bv/u)u + 18b% /u = bde, N {c = (9eu + bvu — 3b%) /u?,
6(c —bv/u)v + 18bc/u = 54 f f = (3ebu — b® + evu?)u?
(remember we have u # 0) and so we are led to the families

9 bou — 3b? 3ebu — b3 2
y2=x3+(ut+v)x2+<bt+w>x+et+ ebu —l—evu.

3
u
We make the changes b <> —bu and e <> eu in order to kill the denominator and we make the change
of variables ut + v <> t. We arrive to

(2.5) F:iy? =2 +ta® + (=bt — 3b* + 9e)z + et + b* — 3eb.

Finally, we make the changes of variables ¢t > 3t — 3b/2, x +> x + b/2 and write e = s/3 + b%/4 and
obtain Fg, with associated invariants

ca(t) = 144(1% — ),
(2.6) co(t) = —1728t(t* — s),
A(t) = —1728s(t* — 5)%.

Notice that if d # 0, then the changes t <+ t/d?, x <+ d*x, y <> d®y transform F, into Fy44(t) and so
in particular we can always reduce to the case where s € Zg.
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Now, let’s consider the second case. Up to a linear change of variables in ¢ we can assume c4 has the
form cq = Ct(t — 1) and 1728A = 212kt3(t — 1)? for some k # 0. Comparing this expression of ¢, with
its definition, we see that we must have C' = 2*(u? — 3a), ¢ = v?/3 and b = 1 (u® + 2uv — 3a). Since
deg A = 5, we have a = 0 or 4a — u? = 0 and as before it suffices to consider the case a = 0 (and hence
u #0). Now, c2 = ¢} — 1728A = 212u53(t —1)2(t — 1 — k) and thus k = —1 and so cg = £25u3¢2(t — 1)
and again we need to take the minus sign. Comparing the coefficients of the polynomials in ¢ we find

—864f + 3203 =0 f =327
—864e + 96u?v + 96uv? =0 =< e = (u?v +uv?)/9
—864d + 96u> = 64u> d=u®/27

Making the change of variable x <> x — v/3, we then obtain that the dependence of v disappear and
we obtain the families

y2 =23 + tuz? + %tuzx + 2%ug’tQ.
Writing « = 3w and making the change of variables = <+ wz and y > w?y we obtain G, (t) with
ca(t) = 122w?t(t — 1),
(2.7) co(t) = —123w3t?(t — 1),
A(t) = —128w0rt3(t — 1)2.
]

We can extend Theorem 7 to the case where degag(t) = 2. First we give the following Lemma
which will allow us to exclude several cases. One could also rule out these cases by using Kodaira’s
classification of singular fibers [Mir95].

We remark that when performing the computations needed in the proofs of Lemma 3 and Theorem 7
we used Mathematica and PARI/GP.

Lemma 3. Let Ry, Ry, S and L be polynomials in C[t] of degree 2, 2, 3 and 1 respectively. Let
ke C\ {0}. Then

a) R} —k can’t be divisible by the square of a degree 2 polynomial in C[t].

b) RIRy — k can’t be a square in C[t].

¢) LR} — k can’t be divisible by the square of a degree 3 polynomial in Clt].

d) LS® —k can’t be a square in Clt].

e) S® —k can’t be divisible by the square of a degree 4 polynomial in CIt].

f) L*Ry — k can’t be a square in C[t].

Proof. We only prove the first two statements, the proofs of the other ones being very similar.

a) We can assume R; = t2 +1 or Ry = t%. In the second case the statement is obvious, thus
assume Ry = t? + 1. The discriminant of R —k is 65k*(k — 1) and thus it is zero only if k = 1,
but R} + 1 = t?(3 + 3t2 + t*) and the second factor is not a square.

b) We can assume Ry = t? + bt +c and Ry = t? + 1 or R; = t?; we consider the first case only,
the second one being a bit simpler. If C' := R} Ry — k is the square of a degree 4 polynomials,
then C and C’ have at least 4 zeros in common and thus the first 4 subresultants of C' and C’
are zero. The fourth subresultant is a non-zero multiple of (b* — 4c)(c — 1 + ib)?(c — i — ib)>.
If ¢ = b%/4, then the third subresultant is a non-zero multiple of (4 + b%)? and thus we need
a = £2i, but with this choice the second subresultant is 2!7 -3 -5 k> # 0. If ¢ = 1 £ ib, then
the third subresultant is zero when b = 27 or b = 0 and in both cases the second subresultant
is non-zero. Thus the first four subresultants of C' and C’ can’t be all zeros and so C can’t be
the square of a degree 4 polynomial.

O
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Theorem 8. Let as(t),as(t) and ag(t) be polynomials in Q[t] with degaz(t) = 2, degay(t) < 2,
degag(t) < 2 and such that the curve F(t): y* = 23 + aa(t)z? + asa(t)x + ag(t) is non-isotrivial and
potentially biased. Then, up to some rational linear changes of variables in the parameter t and in the
variables © and y, the family is one of the following

Hy: wy? = 2% + (8% — Tt + 3)2? — 3(2t — D) + (t+ 1), with w € Z,
Ty wy® = 2° +t(t — T)a® — 6t(t — 6)x + 2t(5t — 27), with w € Zy,

2.8
28) TImw: wy? = 23 4 3t22% — 3mtz + m?, with m,w € Zyyp,

Losv: wy? =2° + 3 +v)z? + 3sx + s(t* +v), with v € Z,7,w € L.

Moreover, the ranks of Hy, Ly and Jmw are < 1. Also, T, and Jp . have rank 1 if and only if w is
a square, whereas rankg) (Hw) = 1 if and only if w is 2 times a square. Finally, the rank of L. s is
always < 3 and its value is given in equation (3.8) below in terms of the number of irreducible factors
of certain polynomials.

Proof. We will compute the ranks in Section 3; here we only show that all the potentially biased are
the ones given in (2.8).

First, we observe that ¢4 and ¢ have degree 4 and 6 respectively. Also, 3 < deg(A) < 8. Indeed
all the terms of degree > 9 trivially cancel, whereas imposing that the coefficients of degree 5,6,7,8
cancel we can determine d, e, f, ¢; then, with this choices, the coefficients of degree 4 and 3 can be zero
at the same time only if bw — au = 0 but in that case A = 0.

Now, we notice that we can assume c; is square-free. Indeed, if it is not, write ¢4 = L?LoL3, with L;
linear polynomials in C[t], and, since the family is potentially parity-biased, 1728A = kLﬁL%L’g with
i €{0,2,4}, j,h €{0,2,3},3<2i+j+h <8, and k # 0. Thus,

@ =c} —1728A = LALLLA(LS 2 L3703~ — k)
. . 1-(-1)J  1-(-»P
and in particular LS~ L37L3" — kis L, * L, 2  times a square in C[t] (if Ly = L3 and
j =h =23, and so i € {0,2}, the condition would be that L?_% — k is a square, which is clearly not
possible). One can then easily rule out all the possibilities by Lemma 3.

Thus, we can assume ¢y = L1 LyL3Ly with L; € C[t] different linear polynomials. Since the family
is potentially parity-biased and non-isotrivial, we have 1728A = kLi L LI LY with k # 0 and 4, j, h, g €
{0,2,3}. Clearly at least two among 1, j, h, g coincide and so we write ¢4 = L1 Lo P with P of degree 2,
and 1728A = kL’iLéPh and we can assume 7 < j. Also 3 < i+ j+2h < 8. Then, the only possibilities
are: 1 =j=h=2and i =0 and either j =h=2o0r j =2,h =3 or j =3 and h = 2 (we excluded
the cases i = 2,h = 2,5 € {2,3} by b) and c) of Lemma 3, and i = j = 3,h = 0 by a)). It follows that
there are only the following possibilities for ¢4 where P; and P; ; are polynomials in Q[t] of degree ¢,
not necessary irreducible:

(1) ¢4 = Py and A = kP2,

(2) Cq = P1’1P1’2P2 and A = kP1372P227
(3) Cq = P1’1P1’2P2 and A = ]{7]312’2]3237
(4) 04:P3P1andA:k:P32,

with ¢4 square-free in all cases.

Let’s consider the case 1). Comparing the coefficients in t of the equation cg(t)? = c4(t)3 — key(t)?
we obtain 9 equations in the various parameters (since the terms of degree > 8 in t are always equal).
Imposing the equality of the coefficients coming from the degree 8,7 and 6 we can easily express d, e and
f in terms of the other variables. The coefficient of degree 5 factors and gives rise to two possibilities;
one leads to k = 0 (after eliminating other variables looking at the coefficients of lower degrees) and so
A = 0, whereas the other one, eliminating b and ¢, leads to the following families (after a linear change
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of variable in k)

2

3
y? =2+ ax(t)a® + <ia2(t)+9k—3u}(12>x—|—ka2(t)— —&—%

@

wd  w

with aa(t) = wt? + ut +v. Up to some change of variables, this is of the form (2.5), with ¢ replaced by
ax(t), so killing u with a change of variable in ¢, we see that we obtain families of the form Fy,(p(t? +q))

for some parameters h,p,q € Q with h,p # 0. Writing v = ¢, p = w, r = h/w? and making the changes
T 4> wx, y <> wy we obtain Ly, s, (¢) with invariants

ca(t) = 144(t* + 2t%0 + 02 — 5),
(2.9) co(t) = —1728(1% + v)(s — t* — 2t%0 — v?),
A(t) = —1728s(t* + 2t%v + v? — 5)2.

Now, consider the case 2). We can assume c4(t) has simple zeros at 0 and 1 and that A(¢) has a
triple zero at 0. Thus, we can write c4(t) in the form c4(t) = —16w?t(t — 1)(t> + mt +n) and A(t) as
1728A(t) = kt3(t? +mt +n)? for some n, k € Z4o and some m € Z. Then, we express a, b, ¢, v in terms
of m,n and the other parameters and we impose

(2.10) c2(t) = ca(t)® — kt* (12 + mt +n)?

obtaining 9 equations for the parameters. The equations corresponding to the degrees 0,2,3 and 8
in ¢t allow us to express f,e, k,d in terms of the other parameters. Then, we use a suitable linear
combination of the equations from the degrees 5,6 and 7 to obtain a linear equation in n, so that we
can eliminate n as well. Then, (eliminating the denominator) the equations from the degrees 6 and 7

states that two polynomials in m are equal to 0. The common roots of these polynomials are m = —1
and m = —1l. The former gives k = 0, i.e. A =0, whereas for m = —1 we see that (2.10) is verified

and so we have new families. After a change of variable in « to reduce the degree in ¢ of the coefficient
of x, the families are

1 1 4
y? =23+ §(8w — Ttw + 3t?w)x? + 2—3(411)2 — 3tw?)x + %(Sw?’ + 3tw?).

We make the changes of variables = <> %w:z:, t+ 8t/3, w < 2w, y < ;—ngy and we arrive to H,, with
ca(t) = 16wt(8t — 3) (8% — 11t + 8),
(2.11) co(t) = —64w3t?(8t* — 11t + 8)(64t* — 80t + 45),
A(t) = —512w53(8t2 — 11t + 8)%.
Now, consider the case 3). Again we write c4(t) as c4(t) = —16w?t(t — 1)(¢t? + mt +n) and this time
A(t) as 1728A(t) = kt?(t2 + mt +n)® with k,n # 0. We impose c2(t) = c4(t)® + kt?(t2 + mt +n)? =0
and proceed as above, expressing f,k,e in terms of the other parameters, using the equations from

the degrees 1,8 and 7 in t. A suitable linear combination of the 5th and 6th equations give an
equation of the form (1 +m)2(5 + 2m)d = Q(m,n,v,w) for some polynomial Q(m,n,v,w). We have

Q(-1,n,v,w) = —(”2“;)3 # 0 and thus we can assume m # —1. We now assume 5 + 2m # 0, and we
express d in terms of the other variables and with this choice the remaining equations don’t depend
on w and v anymore. Thus we are left with 4 independent equations equating polynomials in m,n to
zero, the resultants in n of the 2nd and 3th polynomials and of the 4th and 5th polynomials have the
only common zero m = —g which we had excluded. Finally, we consider the case m = —g. With this
choice we can quickly determine also n (whereas the dependence on v disappear also in this case) and,

after some changes of variables in y, z,t we are led to the families Z,, with
ca(t) = 16w (t — 4)t(t* — 10t + 27),

(2.12) co(t) = —64w3(t — 1)t(t* — 10t + 27)2,
A(t) = —64wt?(1? — 10t + 27)°.
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Finally let’s consider case 4). With a change of variables we can write c4(t) as c4(t) = —16w?t(t —
8)(t3 +mt +n) with k,n # 0, 6 € {0,1} and 1728A(t) = k(3 + mt +n)?. As above we expres a, b, ¢, u
in terms of the other variables and we impose c2(t) = c4(t)® + k(t> + mt + n)® = 0, from which we
can easily eliminate d,e, k, f. If § = 1, then a linear combination of the remaining equations give
(3+4m)*(2m —10n—1) = 0 and in both cases one finds k = 0. Thus, we can take § = 0; this simplifies
the remaining equations and we can eliminate m and f arriving to the families 7, ,, with

ca(t) = 144wt (t* 4 n),
(2.13) ce(t) = —864w>(t3 +n)(2t> +n),
A(t) = —432w5n?(t* 4 n)?.

Finally we observe that, up to rational linear changes of variables in ¢,x and y, one can always
reduce to the case where the parameters w,r,v,n are in Z. O

Remark 1. Note that, with the exception of L, s, all the families of Theorem 7 and Theorem & don’t
have primes of bad reduction of degree greater than 3. In particular, the square-free sieve conjecture is
known to hold for the associated polynomial B defined in (2.1). In the case of Ly s, one has that if
t* + 2t2v + v? — s is irreducible (i.e. if s is not of the form n? nor —4n?(n? + v) for some n € N),
then there is a prime of quite bad reduction of degree 4 for which the square-free sieve conjecture is not
proven.

Corollary 4. Assume Chowla’s conjecture and the square-free sieve conjecture for homogeneous square-
free polynomials (Hypothesis 1 and PBs at page 5 in [Hel09]). Then, all non-isotrivial families F of the
form (1.1), with az(t), as(t), as(t) € Q[t] and deg(a;) < 2 fori = 2,4,6, for which we have Avg(er) # 0
are of the form Fg or Gy, up to some rational linear changes of variables in the parameter t and in the
variables x and y.

Proof. By Main Theorem 2 of [Hel09], we have that if the family F is not potentially parity-biased or
it has multiplicative reduction at infinity, then Avg(er) = 0. Thus, we just need to check which of the
families in Theorems 7 and 8 have multiplicative reduction at infinity. By (2.6), (2.7), (2.9) and (2.11)-
(2.13) one immediately sees that the only families with non-multiplicative reduction at infinity are Fy
and G,,.

O

3. RANKS OVER Q(t)

In this section we compute the rank of the potentially parity-biased families given in Theorem 7 and
Theorem 8 following the same approach as in [ALRMO07]. Let F be a family of elliptic curves as defined
by (1.1), and suppose that F is not isotrivial. The following conjecture gives a way to determine rg,
the rank of F over Q(t), by considering averages of the traces of Frobenius at p of the specializations
F(t), when ¢ varies over F,,. More precisely, writing the number of points of the specialization F(¢)
over the finite field F, as p + 1 — az@)(p) (with az)(p) = 0 for p dividing the discriminant of F(t)),

we define
151
= ; Z aF(t) (p)
t=0
Conjecture 3 (Nagao). With the notation above, the rank of F over Q(t) is given by
(3.1) rr=lim - =3 —Ax(p) og(p)
o p<X

where the sum runs through all prime numbers p < X.

As proved in [RS98], Tate’s conjecture implies Nagao’s conjecture, and thus Conjecture 3 holds for
rational elliptic surfaces as Tate’s conjecture holds in that case [RS98]. In particular, the conjecture
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holds if dega;(t) < 2 for i = 2,4, 6, since in this case F is a rational elliptic surface (see [SS10, section

8]).
If dega;(t) < 2, we have that deg,(z® + az(t)z? + as(t)z + ag(t)) < 2 and we can rewrite (1.1) as
F:y? = A(x)t* + B(z)t + C(x),

where A(x), B(z) and C(x) are in Q(x). Now, we have

Y. arp Z > (x + aa( )$2+a4(t)m+a6(t))

t (mod p) (mod p) z (mod p) p

_ Z Z ( ()t + B(x )t+0(x)>7

z (mod p)t (mod p) p

(3.2)

and we can evaluate the sum over ¢ for each fixed value of x.
We will need the following formulas (see for example [LN83]):

(3.3) pz‘i(BHC) :{ p(%) if p| B

=0 p 0 otherwise.

If A is non-zero mod p, then

(3.4) §<W> _ <A> +{ p(4) ifp|(B*-440),

=0 p p 0 otherwise.

We now use the above setting to compute the rank of the families of Theorem 7 and 8 over Q(t). 2
In all cases we shall also give explicitly non-torsion points. Note that to prove that an explicit point, say
G € F(Q(t)), is non-torsion, it is sufficient to prove that it is neither a 3 nor a 4 torsion point (indeed,
we only have to check a point is non-torsion when the rank of the family is 7 > 1 which implies the
torsion subgroup has cardinality at most 4, see [0S91]). In order to do this, it is sufficient to compute
2G and check that its y-coordinate is non-zero and that its z-coordinate is not the x-coordinate of G
(indeed if 3G is zero then 2G = —G and the z-coordinates of G and 2G would coincide). We shall show
this explicitly for Proposition 5 only, the computation being completely analogous in all other cases.

We first compute the ranks of the family Fj, for which A(z) =
Proposition 5. Let r € Z.o such and let Fy be the family
Fo:y? = a® + 3ta® 4 3sx + st.

Then, rank(F,) < 1, and rank(F,) = 1 if and only if s = —12k*, k in N. Furthermore, if s = —12k*,
then (—2k2,23k3) is a non-torsion point of F_19,1(Q(t)).

Proof. We have B(z) = 32? + s and C(z) = 2 + 3sz. If —s/3 is a square mod p, then the 2 roots of
B(z) are +x,, where z, = \/—5/3, and C(+w,) = £3s2,. Then, using (3.1), (3.2) and (3.3), we have

12The study of more general formula for the rank whenever dega;(t) < 2 is a work on progress and will appear in a
forthcoming paper.
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that

p—1p—1
onk(F.) ;giinoo)l(zlogpzz( 2)t + C(x ))

=0 t=0

. 1 65z, —6sxy,
X—o0 X 2 10gp<< p >+< p ))
p<X

I
z
|

I
e
8;
|
]
2
S
7~ N
K
\T/

P
square in Z, then the proportion of primes counted in the sum is 1/4, and hence we obtain rank(F;) < 1,
which implies that rank(F,) = 0. If —3s = —n? for some n € Z4o then

2
-t 3 o) (5)
p<X

. _ _ 6 2 . . . .
since for (%) = (—1) = 1 one has (%) = (%) Now if —3s is neither a square nor minus a

where 65 = —1 (mod p). Note that the sum does not depend on the choice of the sign of ¢,; also,
%’) = 1 if and only if p = 1 (mod 8). We claim that there is a positive proportion of the primes
p =1 (mod 4) such that

)5

so that in particular rank(F;) has to be 0 also in this case. Indeed, if the square-free part of 6n is 2¢

with ¢ odd, then take p =5 (mod 8) and p = b (mod q), where b is a quadratic non-residue modulo ¢

so that by quadratic reciprocity one obtains (3.5). Similarly, if the square-free part of 6n is ¢ with ¢

odd, then take p =5 (mod 8) and p = b (mod ¢), where b is a non-zero quadratic residue modulo p.
Finally, if —3s = n?, then

. 2 6n
rank(Fs) = Xlgnoo bd Z 10gp(p>
P
If 6n # +k2, then the sum is 0; if 6n = £k?, then the sum is 1, and in that case we have that

s = —12k*. Finally, if s = —12k*, then the point G = (—2k?,8k?) is a point on F_j;4(Q(t)) and we
have

1642 ’ 64k3

and so G is neither a 3 nor a 4 torsion point. O

e — <9t2 — 12kt + 100k* 27¢% + 18kt + 324kt + 280k6>

Corollary 6. Let W, : y*> = 23 + tz? — a(t + 3a)x + a. Then rank(W,) < 1, and the rank is 1 if and
only if a = £n2.

Proof. Tt follows from the fact that W, (t) is isomorphic to F_gs442(12t + 18a). O
Corollary 7. Let V, : y?> = 2 + 3ta® + 3atx + a®t. Then, rank(V,) = 0.

Proof. Tt follows from the fact that V, is isomorphic to Fyqz (4t — 2a). |
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We now compute the rank of the remaining families of Theorem 7 and Theorem 8. First, we remark
that for F as in (1.1) one has that the quadratic twist

FO o wy? = 2% + ag()a? + ag()x + ag(t),
satisfies azw) () (p) = (%)a;(t) (p). Then, using (3.3) and (3.4) one has

rank(F) = lim - Z log p< 3 (wi (I))

z (mod p)
A(z)=B(z)=0 (mod p)

CE () s (e)

A(2)#0 (mod p) A(z)#0 (mod p)
(B2—4AC)(z)=0 (mod p)

We note that the contribution from the first sum is zero unless A and B have common factors in Q[z],
whereas the contribution from the last sum is

-1 if wA(x) = P(x)? for some P(z) € Q[z],deg P(z) > 1
0  otherwise
using Weil’s bound (or also (3.4) if A has degree 2).

We now use the above formula to compute the rank of the families Gy, Ziy, Huw, Tm,w and Ly s v,
the most delicate being the last one.

Proposition 8. Let w € Z4g and G,, be the family
Guw: wy2 = 2% + 3tz? + 3tz + t°.

Then, the rank of G, is < 1 and rank(G,) = 1 if and only if w is a square or —2 times a square.
Furthermore, if w =1 (resp. w = —2) then the point (0,t) (resp. (—3,2t)) is a non-torsion point in
Gu(Q(1))-

Proof. We use equation (3.6) with A(z) =1, B(z) = 3z(z+1) and C(z) = 23 so that (B? —4AC)(z) =
22(92% + 142 + 9). Notice that the discriminant of 922 + 14z + 9 is —2° and thus for p > 3 one has
that B — 4AC has 3 distinct roots in F,, if (’72) =1 and has 1 root otherwise. Since A(z,) =1 for

any root x, of (B? — 4AC)(z), we have

rank(G, ) = 151100)1(< 3 3logp(7;))+ 3 logp( ) Zlogp( ))

p<X p<lx

1 w .1 w —2w
iy & moe(5) - g Sl () (57))
r=>

p<X <X
P
(5)=1
and so the rank is 1 if w is a square or —2 times a square, and it is zero otherwise. O

Proposition 9. Let w € Z4g and I, be the family
Tw: wy? = 2® +t(t — T)x? — 6t(t — 6)x + 2t(5t — 27)

Then, the rank of T,, is < 1 and rank(Z,,) = 1 if and only if w is a square. Furthermore, if w =1 then
the point (9/4,5t/4 — 27/8) is a non-torsion point in I;(Q(t)).
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Proof. We use equation (3.6) with A(x) = 22 —6x+10, B(x) = —72%+36x — 54 and C(x) = 23 so that
B? —4AC = —(4x — 9)(2? — 8x + 18)%. Note that A(9/4) = 25/16 = (5/4)%. Also, the discriminant of
2% — 8z 4 18 is —8, and so if —2 is a square modulo p then the roots of z? — 8z + 18 are Tp+ =4E0,

where 02 = —2 modulo p. Moreover, we have A(x, +) = £26, and so by equation (3.6), we obtain
1 20,
i) Zr(5) o2 & (%))
p<X p<X

()3
The contribution coming from the first sum is 1 if and only if w is a square (and 0 otherwise), whereas
the contribution coming from the last sum is 0 (the proportion of primes counted in this sum is 1/4). O

Proposition 10. Let w € Z+o and H,, be the family
Ho: wy® = % + (8t — 7t +3)2® — 3(2t — D) + (t + 1).

Then, the rank of H, is < 1 and rank(H,,) = 1 if and only if w is 2 times a square. Furthermore, if
w =2 then (—1,2t) is a non-torsion point of Ha(Q(t)).

Proof. We have A(x) = 822, B(z) = —(x+1)(7x — 1) and C(x) = (x +1)3. In particular, for p # 2 we
have A(xz) = 0 (mod p) if and only if 2 = 0 (mod p). Also, notice that A(zx) is always 2 times a square.
Then, using (3.6), we get

. 1 2w 2w
< z (mod p <
(B?—4AC)(x)=0 (mod p)

We compute that B2 —4AC = —(x+1)?(3223 - 1722+ 142 —1), and we let Q(z) = 3223 — 1722+ 142 —1
with discriminant —2 - (320)2. Then, we have

1 2w 2w
k = lim — 1 — 31 — .
rank(H,,) XE&;X( ; ogp( » ) + ; ogp( ) ))
Q(z) has iKe root in Fp Q(z) has tflr_ee root in Fp

Now, Q(x) has exactly 1 root in F, if and only if (#2

2w 1 —2 _ % if 2w is a rational square,
4 p B f% if —w is a rational square.

Finally, since the Galois group of Q(x) is S3, we have that the primes such that Q(z) splits completely

) = —1. Thus, the first sum contributes

1 log p

1 -

X e X > 2
p<X

have density %, so that the contribution of the second sum is in [f%, %] Also, such a contribution
is positive if 2w or —w are rational square (indeed in the second case (27“’) = (%) = 1 if @ splits
completely in F,). Thus, since rank(#,,) is an integer, we must have that rank(#,) = 1 if 2w is a
rational square and rank(#,,) = 0 otherwise. O

Proposition 11. Let m,w € Z+o and Jpm,w be the family
Imw: wy? = 23 + 3t22? — 3mtz + m>.

Then, rank(Jm,w) < 1 and rank(Fm,w) = 1 if and only if w is a square. Furthermore, if w = 1 then
(0,m) is a non-torsion point in Ty 1(Q(t)).

Proof. In this case, we have A(z) = 322, B(z) = —3mx, C(z) = 2® + m? and B?(z) — 4A(2)C(z) =
—322(42% +m?). Let Q(x) = 42® + m? and note that the discriminant of Q(x) is —3 - (2m)* and that
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A(z) is always 3 times a square. Also, A(z) has a common root x = 0 and one has C(0) = m?2. Thus,
using (3.6), we obtain

- rw((E)e T ) % ()-()

p<X p<X p<X
Q splits Q has one
completely in Fp, root in Fp,

The first term contributes 1 if w is a rational square and 0 otherwise and the last contributes 1 if 3w
is rational square and 0 otherwise. As in the proof of Proposition 10 one then has that the third term
contributes % if 3w is a square, —% if —w is a square, and 0 otherwise. Thus, we must have that the
second summand contributes % if 3w or —w are squares and 0 otherwise. ]

Proposition 12. Letv € Z, s,w € Zyo and L s, be the family
(3.7) Losv: wy? = 2%+ 3t +v)z? + 3sz + s(t? +v).
Then the rank of Ly, s, 15 < 3 and all the cases can occur. More precisely, let
C(z) = 2® + 3vz? + 3sx + sv, R(x) = 2° + (155w — 27Tv*w)z* + 4852w?x? — 64(s>w?),
then
(3.8) rank(Ly, 5.») = #{Irr. factors of R(x)} — #{Irr. factors of C(z)} — 01 + da,
where 53 € {0, 1} with 6o = 1 iff —4w?s is 3 times a 4-th power and

2 ifs=v? orifv=0 and —2sw is a square in Q whereas —3s and sw are not,
(3.9) 01:=4¢1 ifv=0 and —3s,rw and —2sw are not squares in Q,

0 otherwise.

Proof. In this case we have A(z) = 322 + 5, C(z) = 2° + 3vz? + 3sz + sv and B(z) = 0. Using (3.6)
we obtain

rank(&,,) xlgnoo;(gl()gp< 3 (wc(“’)) n 3 (wA(x)>>

z (mod p) p z (mod p) p
A(z)=0 (mod p) C(z)=0 (mod p)
) 1
= Jim > logp(Si(p) + S2(p)),

p<X

say. We first consider Sz(p). The discriminant of C'(z) is —108s(s—v?)2. If s = v2, then C(z) = (v+x)3

and so Sa(p) = (W) = (%) = (%) for p large enough. In particular

. 1 1 w is a square in Q,
lim — Z Sa(p)logp = { q Q

<X 0 otherwise.

Now, assume s # v2. We have

(3.10) Sa(p) = > 2— > 1=S5(p) -5 p),
z (mod p) z (mod p)
wA(z)=0 (mod p) C(z)=0 (mod p)
C(z)=0 (mod p)

say. Then, since C'(x) is square-free, by Chebotarev’s density theorem we have

. 1 17 . . .
Xlgnoo X ;{ S5 (p) log p = #{Irreducible factors of C'(z) in Q[z]}.
p<
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Next, we rewrite S5(p) as

Sip)= 3. >, 1
0#¢ (mod p) z (mod p)
wA(z)=,% (mod p)
C(z)=0 (mod p)
and we express the inner sum in terms of the resultant between C(z) and wA(z) — 2%, To do this we
notice that defining

R(x) := —Res(C(2), wA(z) — 2?) = 2% + (155w — 27v%w)z* + 485*w?2? — 64(s3w?)

we have that R(¢) = 0 (mod p) if and only if either C(x) and wA(z) — ¢? have a common zero in F,,
or if C(z) and wA(z) — £? have a common irreducible factor of degree > 1, i.e. if (wA(z) — £2)|C(z)
with wA(z) — £2 irreducible in F,[z]. Moreover, for p large enough C' doesn’t have multiple zeros over
F, and we have that the resultant R(¢) has a zero ¢’ # 0 of multiplicity m if and only if there are
m solutions (mod p) of wA(z) = £ (mod p), C(x) =0 (mod p). Also, if (wA(x) — £'*)|C(z) with
wA(z) — % irreducible in F,[z], then ¢ is a double root of R(¢). Thus,

Syp = >, m)- > 2,

0#£¢ (mod p), 0#££ (mod p),
R(£)=0 (mod p) (wA(z)—£%)|C(z) in Fplz],
wA(z)—£? irreducible in Fp[z]

where m(/) is the multiplicity of ¢ as a zero of R(£). Since R(0) = —64s3 # 0 (mod p) for p large
enough, then

o1 . .
Xlgnoo e Z logp Z m(€) = #{Irreducible factors of R(z) in Q[z]}.
p<X 0#¢ (mod p),

R(£)=0 (mod p)
Now we write C(x) as C(z) = L1(A(z))x + La(A(x)) with L1, Ly € Q[z] of degree < 1. We have that
wA(x) — ¢ divides C(z) in Fp[z] if and only if L;(£?/w)x + La(¢?/w) is identically zero in F,[z] and
so iff Ly (¢?/w) = La(¢?/w) = 0. The linear polynomials L; and Ly can have a common root (mod p)
for infinitely many p only if one is multiple of the other, i.e. if C(z) = (A(z) — a)(bz + ¢) for some
a,b,c € Q. In particular, if C(z) cannot be written in such form then

. 1
XIEnOOXZbgp Z 1=0.
p<X 0#¢ (mod p),

(wA(z)—£%)|C(z) in Fy[z],
wA(x)—£2 irreducible in Fplx]

Otherwise, since the discriminant of wA(z) — ¢? is —12w(—¢2 + sw), one has

. o1 a 3w(a — sw)
lm — Y 1 1= lim =S logp(1+ (2))(1- (222
a2 e 2 % 2 ng( i <p)>( ( P >)
p<X 0#¢ (mod p), p<X
’=a (mod p),

—3w(sw—a)¢(F,)?

and this is equal to 2 if 3w(a — sw) is not a square in Q and a is, equal to 1 if a,3w(a — sw) and
3aw(a — sw) are not squares in Q*, and it is equal to 0 otherwise. Also, we observe that looking at
the first two subresultants of wA(x) — a and C(z), one has that C(z) can have a factor of the form
A(x) — a only if v = 0 in which case a = —8sw. Thus,

. 1 ’ . .
Xlgnoo X ;{ S5(p)log p = #{Irreducible factors of R(z) in Q[z]} —n
p<
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where
2 if v =0 and —3s, sw are not a square in Q, and —2sw is a square in Q,
n:=4¢1 if v =0 and —3s,sw and —2sw are not a square in Q,

0 otherwise.

Thus, for s # v? we have

lim — Z Sa(p) log p = #{Irr. factors of R(x)} — #{Irr. factors of C(z)} — 1.

X—oo X
p<X

Since, for s = v? (in particular v # 0 and so 7 = 0) we have that R and C have respectively 6 and 3
irreducible factors, then in general we have

(3.11) lim — Z Sa(p)log p = #{Irr. factors of R(x)} — #{Irr. factors of C(x)} — d;.

X—o00 X
p<X
where 41 is as in (3.9).
We now consider S;(p). We could proceed as for S2(p), but instead we follow a more direct approach.

For p large enough, we have that A(x) has two distinct zeros £, mod p if and only if (‘T?”) =1.1In
particular, S;(p) = 0 for if ( ) # 1. Also, we notice that if ( ) =1, then C(+x,) = +% 1, and

so S1(p) = <6ws“LP ) (1+ (_71)) = (zu;l” ) (1+ ( )) Thus, proceeding as in the proof of Proposition 5

we have that

. 1 - 2 2wz, -
p<X p<X

(5)=(3)=

unless —3s is a square in Q. If s = —3k? with k& € Q, then zp = k and we have

1 2wk -1 1 2wk is &+ a square,
e g s 5 (5) 0 () -5 2

—x 0 otherwise.

Since 2wk € iQQ if and only if s is —ﬁ times a 4-th power, then by the above computation and (3.11)
we obtain (3.8).

We will give an example of a family £ with rank 3 in the paragraph just after the proof of the
Proposition and one can easily find families with rank 0,1 and 2. Thus, it remains to show that
rank(Ly, s,») is always < 3. To see this, we observe that the average value of Sa(p) logp given in (3.11)
is always < 2. Indeed, by the definition of S(p) we have

i Y s LYY
(3.12) p<X p<X =z (mod p)
C(z)=0 (mod p)

= #{square-free irreducible factors of C(x)}

and thus the average value of So(p)logp is < 2 unless C(x) is a product of three coprime linear factors
(in which case §; = 0). Now, if C(z) factors completely then its discriminant —108s(s — v?)? must be
a square, i.e. s = —3k? for some k € N. Now, if y is a root of C(z) then from C(y) = 0 one obtains
2 2
v= % (we can take y # +k since C(+k) = F8k3) and that the other roots of C(z) are %
Then,
k(y+3k 3k
R(z) = (wA(y) — 2?) (wA(RUE) — o2) (A (ML) — 42)

y:t3k) )

and these three quadratic polynomials factors if wA(y) and wA( are squares, i.e. if —3w(k? —

y?), 6kw(k + y) and 6kw(k — y) are squares (and the average of Sg( )log p is exactly the number of
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such integers which are rational squares). These are all squares if and only if —3w, (k+vy)/(k —y) and
6kw(k — y) are squares in Q and, in particular, for this to happen we need w < 0 and |k| > |y|. This
implies that 6kw(k — y) is negative and thus can’t be a square. Thus R(z) has at most 5 irreducible
factors and the proof of the proposition is complete. |

We remark that in the Propositions 5 to 11, the generic points appear naturally from the proofs.
For example, in Proposition 10 with w = 2, one takes the root 1 of B? — 4AC and observe that
A(z)t? + B(x)t + C(z) = 64t so that (—2,8t) is a point in H,,. The same phenomena holds also for
Proposition 12 even if it’s a bit less immediate. Let’s illustrate this phenomena by looking at the two
extremal cases: one where C' is the product of 3 coprime linear factors over Q and one where C is
irreducible of degree 3.

First, suppose that we are in the case where C' has three roots. In the proof of Proposition 12 we
showed that for this to happen we need s = —3k?2 for some k € N and that in this case rank (L, s.v) 18
equal to d2 plus the number of squares among —3w(k — y)(k +y), 6kw(k + y) and 6kw(k —y). As said
above it cannot happen that these three numbers are all squares, but it could be that two of them are
and that at the same time §; = 1 so that rank(£) = 3. Indeed, take

2 9]@2)
1 _ o2 _yly
(3.13) s = —3k2, 3
and
62
14 — 2 2 — 2 2 —
(3.14) y=60°—a), k=607 +a),  w= o,

with a,b,¢ € N. Then, —4w?s/3 = (2 is a square (and so §; = 1) and so are 6wk(k —y) = (6af)? and
6wk (k+y) = (6b¢)2. These three conditions lead to generic points: with this choice for the parameters,
the discriminant in ¢ of P(z) = A(x)t? + C(x) is a degree 5 polynomials with roots
2 012942 1 B2 2 4 12V(,2 2
1=k, xzo=—k; r3 =Y, x4:*6(a S 2}52& o ), x5 = Sl +b6)lga 20 )

Now we have P(x3) = w(4k?/0)?, P(z4) = w(2a/b*)? and P(x5) = w(2b/a?¢)?. Thus, we get
the points (w2,4k?/¢) (the J2 contribution), (x4,2a/b%() and (z5,2b/a?() in L, s,(Q(t)) (the Sa(p)
contribution) with the parameters s,w and v as in (3.13) and (3.14).

Suppose now that C is irreducible and that R factorizes as 2 irreducible factors. This means that
the contribution coming from So(p) gives 1. Since R(z) is the resultant in y of wA(y) — 22 and C(y)
with C irreducible of degree 3, using basic Galois theory one sees that R(z) factors if and only if any
root p of C is such that wA(p) is a square in Q(p). Thus, we get that wA(p)t?> + C(p) is a square in
Q(p)(t) and so we obtain a generic point G = (p, £t/w?) where (> = wA(p) € Lus(Q(p)(t)). Thus,
the trace trg(,)/o(G) gives a point in Ly s (Q(t)). For example, take s =1, v =9 and w = 1 so that

L:y? =2+ (32 +27)2* + 3z + (t* +9)

and the rank is 1. We have R(z) = 2% —21722* + 4822 — 64 = (23 — 4622 — 28z — 8) (23 + 4622 — 282 +8)
and if p is a root of C(x) then A(p) = (p?/12 + p/2 — 1/4)? so that G = (p,t(p?/12 + p/2 — 1/4)) €

Ew,S,v(Q(P)(t)) and
15t2 + 144 2(13t* + 216t2 + 864
troga(6) = (Pt HEEEIE IS e p, )

Note that for all the other families we could find generic points with coordinates in Q[t] but that in
this case we found a point with non-polynomial coordinates. We remark however that there is a point
which is polynomial in ¢ over an algebraic extension of Q.

It could appear as a little bit disappointing not to be able to find potentially parity-biased families
with higher ranks. However, there are also geometric constraints on the rank due to the condition about
the type of bad reduction. Indeed, let £ — C be an elliptic surface defined over C with non-constant
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j-invariant and let R¢ be the rank of the Mordell-Weil group over C. Then, we have the following
result due to Shioda (see [Sch88]).

Theorem 9 (Shioda). With the above notation, we have Rc < —4 4 4g + ni + 2ne — 2py, where
e g is the genus of C;
e ny is the number of singular fibers of the Néron model of type I, b > 0;
e ny is the number of singular fibers of the Néron model of other types;
e p, is the geometric genus of E.

Furthermore if py = 0 then Rc = —4 + 4g 4+ nq + 2na.

For the families of Theorem 7 and 8, we have p, = 0 and g = 0 (C' ~ P'). The condition about the
type of bad reduction implies that the number of singular fibers is the degree of the square-free part
of A plus 1 coming from the place at infinity. Since the families are potentially parity-biased, none of
the finite fibers can be of type I, b > 0. Now if degas(t) < 1 then one obtains R¢c = 2, whereas if
degas(t) = 2 then R < 6.

4. THE ROOT NUMBERS

Let F be an elliptic surface given by (1.1), and let e£(¢) be the root number of the specialization
F(t). Then, we can compute £x(t) as a product
- H U)p(t),
P

where the w,(t) are the local root numbers of the elliptic curve F(t) and are defined in terms of
representations on the Weil-Deligne group of Q,. We remark that the —1 appearing in the formula
corresponds to the root number at oo which is always —1 for any elliptic curve defined over R. The
local root numbers can be computed in terms of the reduction type of F(t) modulo p using tables due
to Halberstadt, Connell and Rohrlich ([Hal98], [Con94], [Roh93]). We use them in the version given
by Rizzo [Riz03] where the assumption that F is in minimal Weierstrass form is dropped.'?

After computing the root number of every specialization, we can compute the average root number.
Notice that in general, it is false that

(4-1) AVZ Ef H/ wp

However, it is easy to see that (4.1) is true if e£(t) is the product of finitely many functions which
are p-adic locally constants almost everywhere (i.e. wy(t) = 1 except for finitely may primes p), and
this can be generalized if ex(t) is well approximated by a finite product. In [Hel09], those are called
almost finite products of p-adic locally constant functions, and we cite his result.

Proposition 13 (Helfgott, Proposition 7.7). Let S be a finite set of places of Q, including co. For
every v € S, let g, : Q, — C be a bounded function that is locally constant almost everywhere. For
everyp € S, let hy, : Q, = C be a function that is locally constant almost everywhere and satisfies
|hp(z)| < 1 for all z. Let B(x) € Zlx] be a non-zero polynomial, and assume that hy(z) = 1 when

vp(B(z)) < 1. Let
= [T 9o I hu(n)

veS vgS
If Congjecture 2 holds for B, then one has

AvzW(n) = = +C+H/gp da - H/

peS pg€sS

L3We remark that there are the following misprints in Rizzo’s table: in Table II if (a, b, c) = (> 5,6, 9) then the special
condition is ¢§ + 2 # 3c4,4(9); in Table III, the second line should have (a,b,c) = (0,0,> 0), also if (a,b,c) = (2,3,1)
then the Kodaira type is I3.
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where ¢y = limy_, 4 oo 8gn(goo(t)).

We remark that ¢, differs from the value of Proposition 7.7 of [Hel09] as he considers averages
over positive integers, and we are using (1.2). Rizzo also proves a similar result in his paper [Riz03,
Theorem 19] in the particular case that B(z) = = (and then the result is unconditional).

Then, our strategy will be rewrite the root number as

=~ [[w®

where the modified local root numbers wj (¢) are such that the product is finite or almost finite, and
then we can compute the average root number with Proposition 13.

The average root numbers of Theorem 1 and Theorem 2 illustrate those 2 phenomenons. For the
family of Theorem 1, the root number is a finite product and it is periodic, and the average root number
is a rational number. For the family of Theorem 2, the root number is not given by an almost finite
product in terms of the local root numbers w,(t), but can be written as an almost finite product in
terms of the modified local root numbers w;(t), and the average root number is given by a convergent
infinite Euler product, computed as in Proposition 13. Our result are unconditional, as the degree of
the polynomial B is 2.

4.1. The generalized Washington family and proof of Theorem 1. As in the introduction, we
fix a € Z»o and we consider the family of elliptic curves

Wa(t): y* = 2% +t2® —a(3a +t)x +a®

with

ca(t) = 16(t* + 3at + 9a?);
—32(t* + 3at + 9a”)(3a + 2t);

16a*(t* 4 3at + 9a%)?;
256

Cﬁt

(
(
(4.2) Al
(

)
)
)
)

t (t* + 3at + 9a?).

J

Hence, W, is a potentially parity-biased family. As explained after Theorem 9, the rank of W, (t) over
C(t) is 2 and, as proved in Corollary 6, the rank over Q(¢) is < 1 and it is equal to 1 if and only if a is a
square or minus a square. In fact, the points (0, a/a) and (a, av/—a) are two points in W, (¢)(C(¢)). By

the action of Gal(Q/Q), one can see that they are independent and the rank is thus 2 over Q(i, /a)(t).
Also, if a (resp. —a) is a square then (0, av/a) (resp. (a,a+/a)) is an infinite order point defined over
Q(t). As stated in [Duq01], the point (0,1) can always be part of the generators of Wi (¢)(Q) for any
t € Z such that t? 4+ 3t + 9 is square-free.

Clearly, the family W, (t) is a generalization of Washington’s family (obtained with a = 1) and it
is closed under quadratic twists: if w € Zo then the quadratic twist of W, (t) by w defined by
Waw(t): wy? = 23 + ta? — a(3a + t)z + a® is isomorphic to Fup(wt). Furthermore, notice that
Wayp(r/s) is isomorphic to W2 (b2s7).

4.1.1. The local root numbers of W, (t). In this section, we give formula for the local root numbers of
W, (t) for t € Z. In the following, we let f,(t) := (¢* + 3at + 9a?). Also, for convenience of notation,
we indicate with €, (¢) the root number ey, (t) and we denote by wy(t) (a will always be understood)
the local root number at p of W,(t). The formula below can be directly computed from Rizzo’s
tables ([Riz03]) and can be deduced from the general formula of the root number of F; given in the
appendix A.



BIASED FAMILIES OF ELLIPTIC CURVES 25

Case p > 3.

Proposition 14. For p > 3 we have

vp(a)+vp(fa(t))
(5" i 0 < vy(a) < v, (0),

wp(t) = —(t—”> if 0 < wvp(t) < wvp(a) and vy(t) is even,
) <vp

P
(#) if 0 < wp(t (a) and v,(t) is odd.

Proof. We check only the case p > 5. The case of p = 3 is analogous but involves a much more lengthy
case by case analysis of all possibilities using Table II of [Riz03]). We remark that it’s quite surprising
that the final formula for p = 3 turns out to be the same as for the case p > 5.

Let p > 5, and we first suppose that 0 < v,(a) < v,(t). Then, v,(f,(t)) = 2v,(a), and

UP(C47 C6, A) = (QUP(G’), 4vp(a)v va(a))'
We have to find the smallest triple (g, h, k) of nonnegative integers such that g = v,(cq) (mod 4),
h = vp(cs) (mod 6) and k = v,(A) (mod 12), and then we can read the value of wy(¢) in the Tables of
[Riz03] giving the root number of the minimal model. For convenience, we use the following notation
between triplets of non-negative integers:
(9,0, k) ~ (¢', . k') <= (g9,h, k) = (¢",h, k') — A(4,6,12),
for an integer A\. Writing v,(a) = 2¢ + 7, with 7 € {0, 1}, we have that

vp(cq, cs, A) ~ (27,37, 67)

vp(a)
and using Table I of [Riz03], we get that w,(t) = (%) when 0 < v,(a) < v,(t), which agrees with

the statement of the proposition, as v,(f,(t) is even in that case.
Suppose now that 0 < v,(t) < vp(a). Similarly to the first case, we write v, (t) =20 + 7, 7 € {0, 1},
and then v,(a) = 20+ 7 + (vp(a) — vp(t)), with vy(a) — vp(t) > 0. This gives

vpea,c6,A) = (40+ 27,60 + 37,120 + 67 + 2(vp(a) — vp(t)))
(0,0,2(vp(a) — vp(t)) if v, () is even,
(2,3,6 + 2(vp(a) —vp(t)) if v,(t) is odd,
and using Table IT of [Riz03], we get

—<7_66p(t)”) = —(%’) if v,(t) is even,

wp(t) =
(1) (*71) if v,(t) is odd.

Finally, suppose that v,(t) = vy(a). Then, vp(fa(t)) = 20,(t) + vy (t2 + 3apt, + 9a2) = 2v,(t) +
Vp(fa,(tp)), and similarly, v, (2t 4+ 3a) = v,(t) + vp(2t, + 3a,). We write vy(fa,(t,)) = 6k + 7 with
0<7<5and v,(t) =20+ 7" with 0 < 7/ < 1. We have

vp(ca,c6,A) = (40427 + 6k + 7,60 + 37" + 6k + 7 + v,(2t,, + 3a,), 120 + 67" + 12k + 27)
~ (27" + 6k + 7,37 + 6k + T + vp(2t, + 3ap), 67" + 12k + 27)
(4.3) ~ 2k +27" + 7,37 + 7+ v,(2t, + 3a,), 67" + 27).

We first suppose that v, (t) = v,(a) is even. We note that if v,(2t, 4 3a,) > 0 then v,(f,,(t,) = 0, i.e.
7=k = 0. Replacing 7/ = 0 in (4.3), and using Table I of [Riz03], it is easy to see that

1 T7T=0
-1 _
wpy(t) = s T7=13,5

=) =24
p
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To see that this agrees with the statement of the proposition, we remark that if v,(fa,(tp)) > 0, then
t127+3aptp+9az2) has a root modulo p and its discriminant —3a]20 is a square modulo p, hence, (—3/p) = 1.

We now suppose that v,(t) = vp(a) is odd, i.e. 7" = 1. Replacing in (4.3) and using Table I of
[Riz03], we have

(vp(ca),vp(cs), vp(A)) ~ (24 2k + 27,3 4+ v,(3ap + 2t,) + 7,6 + 27),

and it is easy to see that

=) 7=0,2,4
p
wpt) =9 (2) =15
1 T=3.

Again, using the fact that (773) = 1 when 7 > 0, this agrees with the statement of the proposition. [

Case p=2. For a € Z4o and t € Z, we set s4(t) € {£1} such that wa(t) = s4(t) fa(t)2 (mod 4).

Proposition 15. The values s,(t) are given by the following cases.

o For 0 <ws(a) < wy(t) and ve(a) even then sq(t) =1 if and only if
az = +1 (mod 8)
or
az =3 (mod 8) and 272Dt =1,23 (mod 4) .
or
az =5 (mod 8) and 272t =0,2,3 (mod 4)

e For 0 <wg(a) <wvy(t) and va(a) odd then s, (t) =1 if and only if

az=1 (mod4) and27"2@t=1,2 (mod 4)
or .

as =3 (mod4) and?2 ">@t=0,1 (mod 4)

o For vy(a) = va(t) + 1 and va(t) even then sq(t) =1 if and only if

a=1 (mod4) andity=1,3 (mod &)
or .
az =3 (mod4) andty=1,7 (mod 8)

e For vy(a) = wva(t) + 1 and va(t) odd then s,(t) =1 if and only if ta = az (mod 4).
o For vy(a) = va(t) + 2 and va(t) even then sq(t) = 1 if and only if

az=1 (mod4) andty=3,5,7 (mod )

or :

ay =3 (mod4) andty=1,3,7 (mod &)
o For va(a) = va(t) + 2 and va(t) odd then s.(t) =1 if and only if t =1 (mod 4).

For vy(a) > va(t) + 3 and va(t) even then sq(t) =1 if and only if

va(a) =va(t) +3 andty =3,5,7 (mod 8)
or

va(a) =v2(t)+4 andta =1 (mod 4)
or

va(a) > v2(t) +5 andty =5 (mod 8)

o For vy(a) > va(t) + 3 and va(t) odd then s,(t) =1 if and only if to =1 (mod 4).

Proof. As for Proposition 14, one performs a rather lengthy case by case analysis of all possibilities
using Table III of [Riz03]). O
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Remark 2. Note that if va(a) = va(t) + 4 then in any case sq(t) = t2 (mod 4) and that if va(a) >
v2(t) + 3 and va(t) odd, then s,(t) = t2 (mod 4). These facts will be important in the proofs of
Theorems 3, 4 and 5.

The root number of W, and proof of the first part of Theorem 1. By the previous section we have

€a(t) = — [, wy(t) we now show how to transform this product into
t 1+vp(t)
(4.4) olt) = —sulfped(ant) [ (0o () (1mod 4)
Plecates s

as given in Theorem 1. We recall that ¢, := p~ Mt and thus ay = 27v2(%)q,

Proof. Let p > 3. From the definition f,(t) := (t? + 3at + 9a?) one has that if 0 < v,(¢) < v,(a), then
vp(fa(t)) = 2vp(t). Hence, by Proposition 14, if 0 < v,(t) < vp(a) then

-1 Uzz(fa(t))""vp(a) t 1+Uzz(t) -1 “p(t)""”p(a)
w0 -(5) -G) G
? p p p

I (- 0y a0 (a) I B\ D 71y @
wo-IG) T (G) (G
p>3 pzs s P p>3 P P

0< v, (t)<vp(a)

Thus,

Using the fact that (’71) =p (mod 4), we have

_ 1\ vp(fa(®))+vp(a)
H <1> = |(afa(t))2] = laz|fa(t)2  (mod 4).

p=>3 p
since f,(t) > 0 for all £. Now, for a prime p, we have 0 < v,(t) < vp(a) if and only if p | gt-=. In
this case we also have vy (t) + vp(a) = vp(a/ged(a,t)) (mod 2). Furthermore, the odd prime factors of
Zcd(ay Are the prime factors of (a/ged(a,t)), and (a/ged(a,t)), = T S0
H (_ <tp>)1+vp(t) (_l)vp(t)+vp(a) B H (_ (tp>>1+ﬂp(t) <_1)vp(a2/gcd(az’t))
et p p . p p
0<vp (t)<vp(a) & 2
_ e 11 AN (mod 4)
= - </ < - — m
ged(ag,t) b p
|gcd(a2,f)
Finally, recalling that by definition wa(t) = s4(t) fo(t)2 (mod 4), we have
cat) = —JJuwn®)
= 14,0
(fa(t)2)?|az|? ( (%)) v
= —s4(t)————— - = mod 4
(t) scd(as, 1) HZ ) ( )
|gcd(az,t)
¢ 1+, (1)
= —s(eden T 00 (%) moda)
Plsatis s
as claimed. O

Corollary 16 (O. Rizzo). Let Wy : y? = 23 +tx? — (t +3)x + 1 be the Washington’s family. Then the
root number of E; is -1 for every t € Z.
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4.1.2. The average root number for W, (t) and the proof of the second part of Theorem 1. In this section,
we give a closed formula for the average root number of F,(t).

Proposition 17. The average root number of the family W, is

AVZ EW H EW
pl2a
where for p odd we have
— p—2lvp(a)/2]
11)—1 + pur(@) if p=1 (mod 4),
Ew, (p) = » _p1+
~ T (1 _ (_pfz)tvp(am) 4 (1) @p=u (@ fp =3 (mod 4)
and for p =2
1 ifa=+1 (mod 8),
1/2 ifa=+3 (mod 8),
0 if va(a) =1,
1/2 if va(a) =2 and as = £1 (mod 8),
_J)3/8 if va(a) =2 and ay = +£3 (mod 8),
Ew,(2)
1/4 if va(a) = 3,
21-v2(a) _ % if va(a) > 4 and va(a) even and az = £1 (mod 8),
3/2v2(a)+1 _ % if va(a) > 4 and vy(a) even and ag = +3 (mod 8),
21-vz(a) % if va(a) > 5 and ve(a) odd

Proof. Since (’71) =1 (mod 4) for p odd, then we can rewrite (4.4) as

1 min(ep(az).u, (1) IR0
sa<t>=—sa<t>H() I v +%<>(;) .

p
plaz Pleatss p|2a

where w3 (t) := s,(t) for p odd

(;)Z”Z))(—l)uvp(t) (%)HUP(” vp(t) < vp(a),
(771) ' vp(t) = vp(a).

Then, the average root number is given by
AVZ Ea = H /
pl2a

For p | a odd, we have

vp(a)—1 e e+1 vp(a) oo
—1\ " (=D d —1\" 1
Lo E S 2 (@ 5 L
b e=0 b b de(Z/pZ)* p p e=v,(a) d€(Z/pZL)*
Let N, = va(a 2| 4+ 1. The first sum is
bl (1)ep L[ p=1 (mod 4)
e=0, e odd p p pe _1:102:-11 (1 - (_p72)Na) p= 3 (mOd 4)7
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and the second sum is

vp(a) oo vp(a)
—1 P P — 1 <—1) P —v (a)
E — = pvele)
< p ) pro(@)+l £ pe p

Thus,
1— —2N,
(4.5) /Z wy (t)dpu(t) = ,ljf X
’ BTt (—p~2)Na) 4 (=1)»@p=(®  p =3 (mod 4)

For p = 2 we consider several cases depending on vy(a) and ag (mod 8).

The case va(a) = 0. First, looking at the values of s4(t), we note that if a = £1 (mod 8) then s,(t) =1
for all ¢ and sz $q(t)dt = 1. Otherwise, we write

/ sa(t)dt = / sa(t)dt + / sa(t)dt + / sa(t)dt
Zo 'L)Q(t):() ’Ug(t)zl 'L)Q(t)ZQ
where in any case, if d is odd then s,(d2°) depend on d (mod 4). If a =3 (mod 8) then

1 1 1
/ L S0d =g Y sald) = e Fsa3) = 5
v2(t)=0 de(Z,/47) %
and
1 1 1
sall)di = 5 D 5a(2d) = H(sa(D) +5a(0) = 5
vz (t)=1 de(Z./47) %
and
1 . . . -1 1
/ st =3 3oz D sal2d) = D (5a(2) + 52(29) = Y 5o = 55
va (t)>2 e>2 de(Z/4Z) % e>2 e>2
Summing up the various contributions we obtain fzg sq(t)dt = 1. If a = 5 (mod 8), then the same

method leads to the same result:
1 1 1

/ sa(t)dt = / sa(t)dt +/ salt)dt +/ sa(t)dt =04 oo + == = =
Zo v (£)=0 va(t)=1 va(£)>2 2222 2

Hence, summarizing the above computations, we have

[ 1 ifa==+1 (mod8),
(4.6) /22 sa(t)dt = { L ifa=+41 (mod 8).

The case va(a) = 1. We have

/ sa(t)dt = / sa(t)dt + / sa(t)dt + / sat)dt
Zo ’L)Q(t):() ’Ug(t):l 'L)Q(t)ZQ
where, from the table for s,(t) we have fv2(t):0 sq(t)dt = [ (=1 Sq(t)dt = 0 and

V2

1 2 -2
_ e e _ (_1\(ap—1)/2 _
/wm Sal)dt = 3 S (0(2%) + 50(2°8)) = ()02 2o S 2 ) <o

e>2 e>3

Thus if va(a) = 1, then

(4.7) /Z sq(t)dt = 0.
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The case vy(a) = 2. We have

/ sa(t)dt = / sa(t)dt + / sa(t)dt + / sa(t)dt + / sa(t)dt + / sa(t)dt
Zo ’Uz(t):O ’U2(t):1 ’Uz(t):2 Vo (t):3 ’Uz(t)24

with [, o sa(t)dt = 7075 (Sa(1) + 54(3) + 54(5) + 5a(7)) = 35, [, J()=1 Sa(t)dt = 0. Furthermore, we

obtain

2 ifay =41 (mod 8)

/ Sa(t)dt = — x< 2 ifaz=3 (mod 8)
va (t)=2 0 ifay=5 (mod8)

and [ J(1)=3 Sa(t)dt = Z%. Finally,
1 4 if ag =41 (mod 8)
/ Sq(t)dt = 2 % —4  ifaz =3 (mod 8)
vp(t) >4 4 ifaa =5 (mod 8)
and so

if vo(a) =2 and ag = £1 (mod 8),
if vo(a) =2 and as = £3 (mod 8).

(4.8) / Se(t)dt =
Lo
The case va(a) = 3. In this case, we have
1
/ Salt)dt = / sa(t)dt = / sa(t)dt = 0,
02 (£)=0 2 va(t)=1 v (£)=2

1
/ Sa(t)dt = —/ sa(t)dt = (=1)@-D/2=
va(t)=3 va(t)>4 2
Thus, if va(a) = 3 then

(4.9) /Z sa(t)dt = i

00l M|+

The case va(a) > 4 with vy(a) even. In this case we have

/ sa(t)dt = / sa(t)dt + / su(t)dt + / su(t)dt + / salt)dt.
Zo va (t)<vz(a) vz (t)=v2(a) v (t)=v2(a)+1 va (t) >va(a)+2

With the same techniques as before,

1 1 ifapg=+1 (mod ),

/ sa(t)dt = o———=¢ 1 ifaz =3 (mod8),
v2(t)=vz2(a) 2e2()F 0 ifas =5 (HlOd 8),

1
Sa(O)dt = ———,
L2(t)—v2(a)+1 2u2(a)+2
1 1 if ag = £1 (mod 8),

/ sa(t)dt = ———4¢ —1 ifaz=3 (mod 8),
(t)>v2(a) 2eal)t 1 if aa =5 (mod 8).

Now,

/ Sq(t)dt = / Sq(t)dt + / t)dt + Z / Sq(t)dt
va (t)<wvz(a) va (t)=v2(a)—2 v (t)=v2(a)— =va(a)—2—j

J even
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The first integral of the right hand side is QTl(a), the second one is 0 and
va(a)—2 vz (a)—6
a(t)dt = / Sq(t)dt
724 / (t)=va( ; vz (t)=v2(a)—6—j
v2(a)—6 1 gua(a)—4 _
- z:(): Qv2(a)—6—j+3 (=2) = 3 x 2v2(a)-4°

Jj even

Thus, collecting the above results, we have that if a = 2%2(%)q, with as odd and va(a) > 4 even, then

(4.10) / sa(t)dt = I gua(a)—4 _ 1 N ﬁ if ag =41 (mod 8),
Zso a 2'112(@) 3 x 2'112(!1)—4 W if as = +3 (mod 8)

The case va(a) > 5 with va(a) odd. In this case we have

/ sa(t)dt = / sa(t)dt + / sa(t)dt + / sa(t)dt + / sa(t)dt.
Zs va(t)<va(a) v (t)=v2(a) va(t)=v2(a)+1 va (t)>v2(a)+2

o (t)=va(a)+1 Sq(t)dt = —fv2(t)2v2(a)+2 Sq(t)dt. Then as

va(a)—1 va(a)—1

The integral [, ,1_,, ) Sa(t)dt is zero and [,
above,
/ 3 [ 3 /. salt)at.
Ug(t)<v2(a) va(t)= (t)=va(a)—1—j

Now, fv2(t) va(a)—1 Sa(t)dt =0, f —v(a)—3 Sa(t)dl = W and

va(a)—1 va(a)—5 va(a)—>5 1
sa(t)dt = / sa(t)dt = 1
; Lz(w—m(a)—l—j z:o: va(t)=v2 () =53 ; 2ea(0)=3
j even Jj even Jj even
21)2((1)—3 -1
T T3 x 2u(@-s
Thus, if va(a) > 5 with ve(a) odd, then
1 — 2v2(a)
(4.11) /Zz sa)d = 5T T 35 gn@—3
Thus, by (4.5) and (4.6)-(4.11) the proof of Proposition 17 is complete. O

4.1.3. Families with elevated rank. We can use the family W, (¢) in order to find families with elevated
rank over Z. First, we notice the following corollary

Corollary 18. Let a,b € Z with a = 1 (mod 8) and ged(a,b) = 1. Then for all t € Z, we have

calat +b) =] - (Z) = (—1)Hx(a) (K(ba)> .

pla

where k(a) := [, p is the kernel of a and X is the Louville function.
Proof. This a direct application of Theorem 1. (|

In particular, Corollary 18 gives that the root number of Wy2(pt + a) is 1 for all t € Z when a is
a quadratic residue mod p and the root number of W, (pt + b) is —1 for all ¢ when b is a quadratic
non-residue mod p. This proves Corollary 2.



32 SANDRO BETTIN, CHANTAL DAVID, AND CHRISTOPHE DELAUNAY

We can also give examples of families of rank 2 and 3 with elevated rank by considering families of
the form W, (p(t)) where p(t) is a degree 2 polynomial. Indeed, for a € N consider the family

WI(t) == W,2 (2t — 2at — a?).
We then have that
Wl (t) = Wa2 (2t2 — 2at — 02) ~ -F—12(3a)4 (6(2t — a)2) >~ Lﬁ,—33a4,0(2t — (1)‘

Now, writing s = —3%a*, w = 6 and v = 0 one has that —4w?r = 3(12a)*, —3r = (3a)* and the
polynomials C(z) and R(x) of Proposition 12 factor into 3 and 5 irreducible polynomials respectively.
Thus, by Proposition 12, we have that W1, has rank 3 over Q(¢) for all a.

Corollary 19. Let p be a prime number = £1 (mod 8), and let W;l(t) = W](pt+1) for £ € Z. Then
for (p,0) =1, W;vé(t) is a rank 3 family with elevated rank over Z.

Proof. For any odd prime p, an easy application of Theorem 1 gives that the root number of W;; (t) is

(0]

for any ¢ € Z. Replacing t by pt + ¢, and using the fact that p = +1 (mod 8), we get the result. ]

It’s not difficult to construct in a similar way rank 2 families with elevated rank. For example, one
such family is given by Wy(—3t? — 4t — 21).

4.1.4. Twists of Washington’s family. In this section, we consider quadratic twists of the original Wash-
ington’s family (see [KN92|, [Bye97] for some studies about Washington’s twists). Let d € Zo, the
twist by w of Washington’s family is given by

Wl(d) (t): y* = 2 + dta® — (t + 3)d*x + d°.
We easily see that the family Wl(d)(t) is in fact the family Wy(dt). So in the formula of Theorem 1,
the product is empty and equal to one, hence e, @ (t) = —|dz2[sq(dt) (mod 4). The value of sy(dt) is
1

given by the first two cases of Proposition 15, furthermore, we have 2724 dt = dyt.

Proposition 20. The root number,
If vo(d) is even, then
e ifdy = +1 (mod 8) then i (t) = —|d2| (mod 4);
e if dy =3 (mod 8) then Epp(@ (t) = sgn(ds) if and only if t = 1,2,3 (mod 4);
e if dy =5 (mod 8) then Epp(@ (t) = sgn(ds) if and only if t =1 (mod 4).
If va(d) is odd then e (t) = sgn(ds) if and only if t = 0,3 (mod 4).

WD (t) of Wfd)(t) s given by the following cases.

wi®
One can also consider the twist by
du(t) =u +tu? — (t+3)u+1=u(u— Dt +u*—3u+1

for any u € Z (one could also take u to be a polynomial in ). In this case, the generic point
(udy(t),d,(t)?) is a non-torsion point of Wfd“(t)). So the rank of W{d“(t)) over Q(t) is at least 1.
Moreover from Proposition 20 we can deduce the following result.
Corollary 21. Let u € Z.

o I[fu=1 (mod 4) then Eppan(®) (t) =1 if and only if d,(t) > 0.

o Ifu=0 (mod 4) then Eypau(®) (t) =1 if and only if d,(t) < 0.
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Proof. Assume that u = 1 (mod 4) then d¢(u) = —1 (mod 8) for all ¢ and we apply Proposition 20:
e(Eq,(u)(t)) = —|d¢(u)| = sgn(di(u)). If u =0 (mod 4) then di(u) =1 (mod 8) for all ¢ and we apply
the same method. ]

As an example, let’s consider the case u = 5, so that d;(5) = 20t+111. In this case €y (20t+111) (t) >0
(20t+111) !
1

if and only if t > —5 and there are at least 2 independent points of W :
20t + 111 (20t + 111)2>

4 ’ 8

(5(20t + 111), (20t + 111)?)  and (

4.2. The family V, and the proof of Theorem 2. First we give the root number for the family
V.: y2 = 2% + 3t2? + 3atz + ot

for which we have

cu(t) = 2*3%t(t —a),

cs(t) = —2°3%(t —a)(2t —a),

A(t) —233a%t2(t — a)?,
2833

i) = —tlt—a).

In the following we shall always assume ¢t # 0, a, so that A(t) # 0. Also, for convenience of notation,
we will use in his section &,(¢) for the root number of V,(t), and wy(t) for the local root number at p
of V4 (t). Then,

ca(t) = = [Jwp(®).

4.2.1. The local root numbers of V,. The local root numbers for V, can be obtained by performing a
simple but quite lengthy case by case analysis from Rizzo’s table [Riz03] as in the proof of Proposi-
tion 14. We give the final results only, here for p > 5 and in Appendix B for p = 2, 3.

Lemma 22. Letp > 5. Then, for 0 < v,(a) < v,(t) one has

2\ Up () Fvp(t—a)+vp(a)
o~ L GE) T 6 vt — @) — (1) + 3up(a),
1 if 6] vp(t —a) —vp(t) + 3vp(a),

whereas if 0 < v,(t) < vp(a) then
—(3%) if vp(t) is even,
(_71) if vp(t) is odd.

We now modify the local root numbers w,,(¢) in order to apply Proposition 13. We will write &, (t)

ga(t) = _pr(t) = —Hw;(t%

for some wy () satisfying wj(t) = 1 for v,(t(t — s)) < 1 for all primes p { 6a.

Let p > 5, and suppose that v,(a) =0 and p | A(t) = —2*33a%t?(t — a)? (if not, wy(t) = 1). Then,
we have 2 cases: either v,(t) = 0 and v,(t — a) > 0, or v,(t) > 0 and v,(t — a) = 0. Thus, Lemma 22
gives in this case

wy(t) =

<;1 vp(t—a)+1

> vp(t) = 0,vp(t —a) > 0 and 6 { v,(t — a),

3
P
vp(t)+1
wp(t) = (=4)(2) vp(t) > 0,0,(t — a) = 0 and 6 1 v, (%),
1 if vp(t) =0,vp(t —a) >0 and 6 | v,(t —a) or if vy(t) > 0,6 | vp(t).
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Then, for all p # 2,3, we define

12 ) ::wp(t)(_1>wp<t—a>(_1>vp<t>,

p p
so that for p { 6a we have wj(t) = 1 for v,(t(t —a)) < 1.

Lemma 23. Forp > 5, let wy(t) be defined by (4.12). Let w3(t), w5 (t), w’,(t) € {£1} be defined by

Wi = () (1D )
wy(t) = ta(t — a)owa(p) (mod 4)
wit) = sen(t(t—a)

Then,

ca(t) = —wi () [ wp(®)

Proof. Using (4.12), we have
—1 ”p(t) -1 ”p(t*a)
Moo - I(5) (5) I wo
P23 pr23 N P p P23

Since <_1> = p (mod 4), then

-1 vp(t) 1 vp(t—a)
() ( ) = ( )’Ug(t) ’U3(t a) Hpvp v,,(t—a) (mod 4)
p p

pF#2
(=1)*= (1) |ty (¢ — a)2| (mod 4),

3

Y
»
B3

which proves the result. O

4.2.2. The average root number for V,(t). Using Lemma 23 and Proposition 13, we then have

(4.13) Avz(ey,) H /

since t(t — a) is positive except for finitely many values of t. Computing the p-adic integrals we will
obtain the following proposition, thus completing the proof of Theorem 2.

Proposition 24. The average root number of the family V, is given by the Euler product
AVZ EV H EV

where the Euler factors for p =2 and p = 3 are given by

~1/2 if va(a) =0
0 if va(a) =1
Eva (2) = 1/8 Zf Uz(a) =2
91—va( %( (v2(a)—3)/2 _ 1) if va(a) > 3 with ve(a) odd
27v2(@) =1 4 1 (4=(2(0)=D/2 1) fuy(a) > 4 with va(a) even,
! §( ) if v3(a) = 0 (mod 2)
By, (3) = 3”3(“ i
Ve 1.3
4

—vz(a)+1 _ . _
73v3(a +2 ( e ) if v3(a) =1 (mod 2),
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whereas for p > 5, the Fuler factors are
—1\1—pi—u@ “1\’' 1 1 ‘ p=1 (mod 3),
By, (p) = (p) i1 + (p) por(@ (1 _ W) p=2 (mod 3),
where vy(a) = j (mod 2) with j € {0,1}. In particular, for vy(a) =0 and p > 5, we have
1 p=1 (mod 3),
E —
v (P) {(1 — 74(p7p16)£p1+p3)> p =2 (mod 3).

When computing the p-adic integrals we shall need the following Lemma.

Lemma 25. For k € Z>o, let Sy == {t €Z, : vp(t) = vp(a),vp(t — a) = vy(a) + k}, then Sk has
measure

p—2 .
@l ifk=0

wS =971
e

Proof. Let xj be the characteristic function of Si. If kK = 0, then
1
- vp(a)
H(Sk) - p'up(a)-‘rl Z XO(p d)’
de(Z/pZ)*

and xo(p*»@d) = 1 iff p*»(@d — p¥»(@Da, £ 0 (mod p¥»(¥+1) and thus iff d # a, (mod p), which gives
the result. In the same way, considering the contribution of d = a, (mod p) only, we have

1
1wt € Zy = vp(t) = vp(a),vp(t —a) > vy(a) +1) = EROE
and similarly, for any k£ > 1,
1
p(t € Zp : vp(t) = vp(a), vp(t —a) > vy(a) + k) = @ Tk
Then,
1 1 p—1
M(Sk) = p'up(a)+k - pvp(a)+k+1 = pvp(a)JrkJrl
completing the proof of the Lemma. O

First, we shall compute pr wy(t) dt for p > 5.
Proposition 26. Let p > 5. Then [, wy(t) dt = Ey, (p).
Proof. We shall consider three cases, according to whether v,(t) is smaller, equal, or larger than v,(a).

The case 0 < v,(t) < vy(a). We have that vy(a) > 0, and v,(t — a) = v,(t) and so by (4.12) in this

case we have wy (t) = w,(t). Using Lemma 22, we have

3t -1
/ wy(t) dt = —/< (p> dt+/< () dt.
0<0p (1) <vp(a) SO\ P S NS £

It is easy to see that the first integral is 0 and that so is the second if vy(a) = 1 (the domain of
integration is empty). Thus, suppose v,(a) > 2. Then, letting v,(a) = j (mod 2) with j € {0,1}

-1 p—1 [-1\ 1 -~
4.14 / wi(t) dt = () = <> 1—p/e(@),
(4.14) 0<vp (t)<vp(a) b D Z p2kt2 p Jp+1 ( )

0<2k+1<vp(a)

Notice that the expression on the right is 0 if v,(a) = 0.



36 SANDRO BETTIN, CHANTAL DAVID, AND CHRISTOPHE DELAUNAY

The case vp(t) = vp(a). We let v,(t — a) = vy(a) + k, with & > 0. We have

(;3)/@+1 (é)vp(a) if 3v,(a) + k 2 0 (mod 6),

(4.15) wp) =93 "k
(—ﬁ) if 3vp(a) + k =0 (mod 6),
and

[ wwa=X [
vp(t)=vp(a) k=0 vp(tia):vZ(a)+k

=S Ut €2, ¢ vp(t) = vyla). vyt — @) = v(a) + k) w0,
k=0

with w3 (t) as in (4.15). Thus, by Lemma 25 we have

j oo k-1 j
wit)ydt=———(—] + _p=1 3
/vpu)—vp(a) g pre(@)+l ( p ; prr(@+HE\ p P

k#3j (mod 6)
oo J
()
+ — | — ] .
; p”p(a)+1+k P
k=3j (mod 6)

The sum over k in the first line gives

p—1 (—3><3>jz°° p_k<—3>’“_ p—1 (—1)j<_3> Z‘X’ o
pr @\ p J\p) = P prr(@+L\ p p —
pr@HAp) o (52) e @ e ) A S0

whereas the sum over k£ in the second line adds up to

(p—1p¥ (-1}’
prr@F(ps — 1)\ p

) =1ifp=1 (mod 3) and (’73) = —1if p=2 (mod 3), we have

w

Then, since (’

<

—1
1\’ | =t =1 (mod 3),

/ wp(t) df = ( ) ’ (1)+1 ip—=1 , 2p¥(p—1)
vp(t)=vy(a) p W(P —24 (=05 W) p=2 (mod 3).

The case 0 < vp(a) < vp(t). In this case, v,(t — a) = vy(a), and by Lemma 22 and (4.12) we get

(21w - (3)""" w®) ~ auylw) 20 mod o
p ? 1 vp(t) — 4vp(a) =0 (mod 6),

which gives

vp(a) e+1
-1\ / . p—1 (—3) p—1
— wi(p)dt = g — + E .
( ) 0< oy (a)<vy(t) »() pett \ p pett

p e>vp(a) e>vp(a)
e—4vp(a)Z0 (mod 6) e—4vp(a)=0 (mod 6)
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Thus, for v,(a) = j (mod 2) with j € {0,1} the first sum is

p-1(=3\"" (-3 3 _p-1
peJrl D D p41)p({1)+6€+1

e>vp(a) e>—%vp(a)
B (3)%(5) p-1 1 (3) (p—1)p¥
p pr(s)+1 p— (773) p p%(a)+1(p6 -1

> p—1 _ (p—1)p¥

pe+1 - pvp(a)-‘rl(pﬁ _ 1) :

whereas the second gives

e>vp(a)
e—4vp(a)=0 (mod 6)

Thus,

-1y’ ﬁ p=1 (mod 3),
4.16 / wi(t) dt = <> LY 1)
(4.16) S » () » CUp1y 2-00Y  (110q 3).

pvp(+T p+1 pUp (DT (p6_1)

Finally, summing

/ wi(t) dt = / w(t) dt + / wi(t) di + / wi(t) dt,
Z 0<vp(t)<vp(a) vp (t)=vp(a) 0<vp(a)<vp(t)

P

we get the result. O
Proposition 27. We have [, wj(t) dt = Ey,(3).
Proof. We recall that
wj (1) = (=1)7 (=1) =Dy (8),
and that the values of ws(t) are given in Proposition 42 of Appendix B.
The case 0 < wv3(a) < vs3(t). In this case we have v3(t — a) = vs(a). Also, from Appendix B, we

have that ws(t) depends only on v3(t) and (t — a)s (mod 9) (and possibly as and wvz(a)). Thus, if
v3(t) = v3(a) (mod 3), we have that

(e (-1 e

/ w(t) dt = — o — > wsa(dp®) = 3042
vs(t)=e de(z/92)*

If v3(t) — vs(a) # 0 (mod 3), then the integral is easily seen to be 0. This gives that

. 92(—1)vs(a) (_1)6
/ wi(t)dt = =)™ 9) > =
0<vz(a)<vs(t)

e>v3(a)
e=v3z(a) (mod 3)

2 > an -1
T 3us(a)+2 231(_1/3) 14 . 3vs(a)+2°
n—

The case 0 < wv3(t) = wv3(a). Let e = v3(t) = v3(a) and v3(t —a) = e+ k with & > 1 so that
w3 (t) = (—1)*w3(t). First, we consider the case k > 1. If k =0 (mod 3) (and then k > 3), then ws(t)
is determined by a congruence modulo 9 on (¢t — a)3, and we compute

. (=1)* (=D*
va(B)=vg(ar=e, 3 (t)dt = Jetkt2 Z w3((d —a3)3) = 236+k+2'

vg(t—a)=e+k de(z)3k+27)*

d=agz (mod 3F)
d#agz (mod 3k+1)
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For k # 0 (mod 3) and k > 1 we easily get

A e W) dE =0

vs(t—a)=e+k
and thus

oo

. B 2) kok 1 1
(4.17) A(t):vg(a):ewgﬁ)dt = 3= 2 (U s—gamm

v3(t—a)>e k=0 ’?Zid 3)

Next, k = 0, that is e = v3(t) = v3(a) = v3(t — a). Then, we must have v3(2t —a) = e + ¢ with £ > 1.
Also, in this case wj(t) = ws(t). If £ > 2, then ws(t) = 1 and

N 2
/J3(t):v3(a>:e, w3 () dt = Jettt1’

vz (2t—a)=e+¢

whereas the integral is quickly seen to be 0 if £ = 1. Thus,
(4.18) / wi(t) dt = 2 i:’rf 1!
. 3 = o = -
(t)=vs (a)=e,vs (t—a)=e & St grala)+2
Summing the contributions (4.17) and (4.18), we get

13 1
/vs(t)vs(a) 14 3vs(a)+2

The case 0 < 1}3(t) vs(a). We let v3(t) = e. In this case we have v3(t — a) = v3(t) = e, and so
wi(t) = ws(t). If e =0 (mod 2) and e < v3(s) — 1 then w — 3(¢) = —1 and so we find

-2
dt = ,
/U:S (t)=e ( ) 36+1

whereas in all other cases the above integral is 0. Thus,

2 1 —2 1 3
wi(t)ydt = —= —-_= 7:,(9—<N+1>_1>7
/ogvg(t)@g(a) s 3 Z 3¢ 3 Z gn 4

0<e<wvz(a)—2, 0<n<N
e=0 (mod 2)
where N = L%j
Then, summing the contribution of the three cases we obtain the proposition. O

Proposition 28. We have [, w3(t) dt = Ey,(2).

Proof. The proof of the proposition is given by a series of lemmas, which compute the contribution to
fz2 w3 (t) dt in 4 cases depending on the relative valuations of ¢ and a. To obtain Proposition 28, it is
then enough to sum the 4 contributions.

Before proceeding with the lemmas we recall that for ¢ ¢ [0, a] (note that excluding a finite number
of values of ¢ does not influence the various averages) we have

wy () = ta(t — a)owa(t) (mod 4).
and that the values of wy(t) are given in Proposition 43 in Appendix B. ]

Lemma 29. Let x4 be non-principal character modulo 4. If va(a) is even, then

1 1 29 1
wi(t)dt = ————= + x - X —_—— .
/Ogvg(a)<v2(t) 2( ) Qua2(a)+2 4( )21)2(11) 4( )63 922+wv2(a)

If va(a) is odd,

1 46 1
wy(t) dt = xa(a2) ——= — xa(a2) =
/0<v2(a)<v2(t) 2 2”1)(“)"!‘5 63 21}2(a)+4
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Proof. We first remark that if 0 < vg(a) < va(t) = e, then
—taaz (mod 4)  if va(t) —ve(a) > 2,
ta(t —a)y = .
toas (mod 4) if vo(t) — va(a) = 1.
t)

We first suppose that ve(a) is even. If va(t) — va(a) = 0,2 (mod 6), and vy (t) # va(a) + 2, then since

w3 (t) = taas (mod 4), it is clear that
/ wi(t) dt = 0.
va(t)=e

If va(t) — v2(a) = 1,3,4,5 (mod 6), and va(t) — v2(a) > 1, then w3 (t) = —ag (mod 4), and

* 1 * e 1
/ Wo (t) dt = Detl Z Wy (dp ) = —X4(ag)ﬁ.
va(t)=e de(Z./27)

Then, if va(a) is even, we then have that

« - 1 - x4(a2) 29
(4'19) Z /}2(t)=e Wa (t) dt = _X4(a2) Z 2e+1 —  9ua(a)+2 63

e>va(a)+3 e>vg(a)+3
e—w5(a)#£0,2 (mod 6)

If va(t) — va(a) = 1, then wi(t) = —tga; ‘taas (mod 4) = —1 (mod 4), so wi(t) = —1 and we have
-1

w; (t> dt = Soala) 42"

/’Uz(t)—vg(a)-i-l 2 2(a)+2

Finally, if va(t) — v2(a) = 2, then we compute

1 d=1 (mod 8),

1 d= d =1 d4
w3 (d2°) = —dasws(d2°) (mod 4) = 3,7 (mod 8),a, (mod 4),

—1 d=3,7 (mod 8),az =3 (mod 4),

-1 d=5 (mod 8),

and so

* 1 * X4(a2)
wi(t) dt = — wy(dpe) = 2o 2
/112(t)—1)2(¢1)+2 2e+3 de(Zz/;Z)* Quz(a)+4

Adding the contributions for v,(t) = vp(a) + 1 and v,(t) = vy(a) + 2 to (4.19), we get the result for
va(a) even.

We now suppose that va(a) is odd. If va(t) — va(a) = 0,2,4 (mod 6), or va(t) — ve(a) =1 (mod 6)
and va(t) # va(a) + 1, then wj(t) = —t3az = —az (mod 4) and so, as before,

1
w;(t) dt = —xa(az) 57 -
/’Ug(t)—e 2 +1

If va(t) — v2(a) = 3,5 (mod 6) and va(t) — v2(a) # 3, then wj(t) = t2as (mod 4) and so

/ w3 () dt = 0.
va(t)=e

Thus, if va(a) is odd, we then have that

y . 1 o x4(a2) 46
(4.20) Z /W(t)_e w(t) dt = —xa4(az) Z 2etl —  gua(a) 4 g3

e>vz(a)+4 e>vg(a)+4
e—wo(a)#£3,5 (mod 6)

We then have to treat the 2 remaining cases v2(t) = ve(a) + 1 and va(t) = va(a) + 3. In the latter case,
we have that

w*(t) _ tgag t2 =5 (mod 8)7
2 —t2a2 tg 5_'5 5 (mod 8),
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and then ) (a2)
* Xa\a2
wy(t) dt = wi(dp®) = “ 5
/va(t) va(a)+3 2072 de(Zz/;Z)* 2
Finally, if v2(¢) — va(a) = 1, then we have
1ty =1 (mod )
—1 ty =3 (mod 8),a2 =1 (mod 4)
. 1ty =3 (mod 8),a2 =3 (mod 4)
t) =
w3(t) = xala2) —1 t3 =5 (mod 8)
1 t2 =7 (mod 8),a2 =1 (mod 4)
—1 t2 =7 (mod 8),a2 =3 (mod 4)

and so

1
wi(t) dt = — w; (dp®) =
[ R EE=) VT

de(Z/82)
Adding the contributions of v,(t) = v,(a) + 1 and v,(t) = vp(a) + 3 to (4.20), we get the result. O

Lemma 30. Suppose that va(a) > 2. Then,

1 va(a) =2
/ wy(t) dt = § 217v2(@) 4 L(4=(2(0)=3)/2 _ 1) yy(a) > 3 odd
0<v2 () <vz(a) 2—1}2((1) 4 %(4—(1}2(11)—4)/2 _ 1) (Cl) > 4 even

Proof. Since e = v,(t) < vy(a) — 2, we have that (t — a)z = to — 2Fay for k = ve(a) — va(t) > 2, and
(t — a)2 = to (mod 4), which gives w;(t) = wa(t). First, suppose that va(t) is even. Then, it is easy to
see from Proposition 43 of Appendix B that

ﬁ e =uvy(a) — 2,
[ = {E ez
va(t) ' 0 e =wvs(a) — 4,
= e>wvy(a) =5

We now suppose that va(t) is odd. Then, it is clear that

/ wy(t) dt = 0.
va(t)=e
Thus, summing all contributions

/ wi(t) dt = / wi(t
0<v2(t)<vz(a)—2 0<€<v2(a) 2 Juz(t)=e

e even

we get the result. (|

/ wi() dt = 0.
va (t)=v2(a)—1

Proof. If va(t) = va(a) — 1, then (¢t — a)a = t2 — 2a9, and one check that to — 2a2 = 1 (mod 4) <~
to = —1 (mod 4), which gives

w3 (t) = ta(t — a)awa(t) = —wa(t) (mod 4).
From Proposition 43 of Appendix B, we then easily deduce that

/ wi(t)dt =0
v2(t)=vz2(a)-1

Lemma 31. We have
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for all cases. 0O

Lemma 32. If va(a) is even, then

. 1 1 129
/vz(t)_vz(a) wa(t) db = =xa(02) 3oy — gmrre T al02) g gy

If vo(a) is odd, then

. 1 1 46
/ sty "2 = (02D ) g Gy
V2 =v2(a

Proof. Let e = vo(t) = va(a) and vo(t—a) = e+ k. Notice that k > 1 since to —ag = 0 (mod 2). We first
suppose that va(a) is even. If k = 0,2 (mod 6), k > 3, then w3(t) = —t2(t —a)s = —s2(t —a)2 (mod 4)
and so

_ —1 * (e kyy _
/vz(t):uz(a):e dt = 2e+k+2 Z w5(2°(s2 +a2")) = 0.
va(t—a)=e+k a€(Z/AZ)*
Ifk=1,3,4,5 (mod 6), k > 3, then w}(t) = s2 (mod 4), and
« 1
A@):vz(a):e wat) dt = Xa(02) gy
va(t—a)=e+k

We then have that

\ _ IR 129
(421) /e:vg(t):vg(a) Wo (t) dt = X4(a2) Z W = X4(CL2)W§.

va(t—a)>e+3 k>3

k#0,2 (mod 6)

We now have to compute the contribution for vy (t — a) = va(a) + 1 and va(t — a) = va(a) + 2. For the
first case va(t — a) = va(a) + 1, by Proposition 43 we have

* 1 —e—
(4.22) ﬁzvz(t):vg(a) w(t) dt = 573 E xal(a(ag + 2a)) wo(2%(ag + 2a)) = —2772
va(t—a)=e+1 a€(Z/AZ)*

For the second case va(t — a) = v2(a) + 2, we have w3 (t) = s2(t — s2)w2(t) (mod 4) and so

. xa(s2) . e
(4.23) ﬂ=v2(t)=v2(a) wy(t) dt = 9et5 > xa(a) wa(2°(az + 4a)) = —xa(s2)27 74,
va(t—a)=e+2 a€(Z/8Z)*

since wy(2%(az +4a)) = 1 only in the cases a = 1,3,7 (mod 8) if ag = 1 (mod 4), or a = 1,3,5 (mod 8)
if az =3 (mod 4). Summing (4.22), (4.23) and (4.21), we get the result when vy (a) is even.

Suppose now that e = vy(a) = va(t) is odd. If k = va(t — a) — v2(a) =0,1,2,4 (mod 6), and k > 4,
then w3 (t) = ta(t — a)awa(t) = ta = s (mod 4), and

1

_A:im(t):vg(a)wQ(t) it = X4(82)2e+k+1'
vo(t—a)=e+k

If k = va(t —a) —va(a) = 3,5 (mod 6), and k > 4, then wi(t) = ta(t — a)awa(t) = —s2(t — a)2 (mod 4)
and, as before,

/32112 (t)zvg(a) 'UJ2 (t) dt = O
v2(t—a)=et+k

Summing the contributions above, we get that

. 1 1 46
(424) Uz(t):’vz(a) ’U}Q (t) dt = X4(a2) Z W = X4(CL2)W&.

v2(t—a)>vz(a)+4 kéi},sk%riod 6)
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We now have to compute the contributions for vy(t —a) = ve(a) 4+ 1 and ve(t — a) = va(a) + 3. For the
first case vo(t — a) = va(a) + 1, we have

(4.25) ﬂ:vzu):vz(a) wit)ydt Y xalalaz + 2a))w(2°(az + 2a)) = 0
va(t—a)=c-+1 0€(z/87)"

since w2(2¢(ag + 2a)) = 1 only in the cases a = 1,7 (mod 8) if az = 1 (mod 4) or a = 1,3 (mod 8) if
az = 3 (mod 4). Finally, if v2(t — a) = va(a) + 3, we find

% 1
(426) ﬁZUQ(t)ZUQ (a) w2 (t) dt = _X4(a’2) 21}2(@)-‘1—5 °
va(t—a)=e+3
Summing (4.24), (4.25) and (4.26), we get the result when vs(a) is odd. O

5. THE DENSITY OF AVERAGE ROOT NUMBERS

We shall prove Theorem 3, 4 and 5 by considering subfamilies of W, (t) of the form W, (Q(2))
where a(t) and Q(t) are polynomials in Z[t]. Thanks to Theorem 1, we know exactly the root number
for all the elliptic curves in these families, and so we just need to choose a(t) and Q(t) so that we obtain
the desired averages. In the case of averages over Q, we can reduce to the case where the oo-factor of
the (modified) root number essentially determines the root number, whereas in the the case of averages
over Z, we reduce to the case where the root number is determined by its p-factor for a suitably chosen
p. The proof of Theorem 4 is more elaborate and requires working with all prime divisors of k.

Proof of Theorem 3. We first prove that Avz(§7,) 2 QN [-1,1].

For any h/k € Q with (h,k) =1, k > 0 we need to show that there exists a non-isotrivial family &
such that Avz(€) = h/k. First notice that we can assume 0 # |h/k| < 1, since by Theorem 1 we have
that Wa (14 4¢), Wi (t) and Ws(1 + 12t) are non-isotrivial families with root numbers constantly equal
to (—=1)f, —1 and 1 respectively. Also, let h = =+|h|.

Let p be a prime such that p + 1 = 2rk for » > 1. By Dirichlet’s Theorem on primes in arithmetic
progressions we can always find such a prime. Let m = p+ 1 — 2r|h| so that 0 < m < p and m is even.
Let

P(t) = Fp H(t —i),  a(t)=2'pP(t),  Q(t) = (4pt* + )P(1),

so that by (4.2) one easily sees that W, ;) (Q(t)) is a potentially parity-biased non-isotrivial family.
We shall assume ¢ # 1,...,m so that P(t) # 0 and we let £(¢) be the root number of Wy ) (Q(%).
First, notice that

_ latt)s]

ged(a(t)z, Q(1)) = [P(t)2 »

Then, by (1.4) for ¢t # 1,...,m we have

1404 (Q(t))
€(1) = — a0 (@) eed(a(), Q1) [ <1>1+”q<Q<t>>(Q(”‘I) (mod 4)

a(t 2 q
0| seatati e
q prime
Q1)) @)
= at (QU) P(D)al(— 1)) () (tmod 4)
p
1+v,(Q(1))
= _Q1)]Q()s] (—1) (@) (C?(;’) (mod 4)
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since va(a(t)) = 4+v2(Q(t)) and thus by Remark 2 after Proposition 15 we have s,y = Q(t)2 (mod 4).
Now, for ¢t # 1,...,m an integer we have that |Q(t)| = FQ(t), so that

e(t) = (1)@ <Q(pt)p

Now notice that v,(Q(¢)) =1 unlesst =1,...,m (mod p), whereas if t = ¢ (mod p) withi € {1,...,m}
then v,(Q(t)) = 1+ v,(t —i) and Q(t), = (4pt® + 1)k;(t — i), where k; = F [1;.:(j —1). It follows that

% Z e(t) :i/ (_1)1+1)p(Q(t))(C?(t)p)l"rvp(Q(t))

t|<X Zp p

> 14vp(Q(1))

dpp

m

p—m o [ Ki(t —1) vp(t=4)
=+ + Z/ (—1)vrt=9 (p) dt
p tEi+pZy, p

i=1
0 . V4
i t— /
K ) / (( Z)p) "
p tez‘+p‘*z; p

<
S () L)

i=1 (=1 p p
p—m LN 1p-1 p—m p—1
¢ even
— -1 2r|h h
e T (e rlal _ k-
D p(p? —1) p+1 2rk k

and Avz(§7) 2 QN 0, 1] as desired.
To show that we also have that Avz(F;z) 2 QN [0,1], we proceed as above taking Q(t) = P(¢)
instead of Q(t) = (4pt? + 1) P(t). O

We now move to the proof of Theorem 5, about the density of average of the root number over the
rational. Given a family of elliptic curve F, we first state a result to compute Avg(er) as defined by
(1.8). As for the averages over the integers, we write the root number as an almost finite product of
local root number, and we use the following result.

Proposition 33 (Helfgott, Proposition 7.8). Let S be a finite set of places of Q, including co. For
every v € S, let g, : Q, x Q, — C be a bounded function that is locally constant outside a finite
set of lines through the origin. For every p & S, let hy, : Qp, x Q, — C be a function that is locally
constant outside o finite set of lines thought the origin, and satisfying |hy(x,y)| < 1 for all x,y € Qy.
Let B(x,y) € Z[z,y] be a non-zero homogeneous polynomial of degree at most 6, and assume that
hp(z,y) =1 when vy,(B(z,y)) < 1. Let

W(z,y) =[] 9o(@9) [] Pwl@v).

veS pgS
Then,

2 pel-NNP y=1 W Y)
A  W(zy) = i TY)ELNNE (@ y)=
vz2 coprime W (2, 9) N #{(z,y) € [-N,N)? | (z,y) =1}

1 1
e [l 1= [ wle) oty T] 1= [ o) dody

pgsS P

where Op = (Zp X Zp) \ (PZp X pZyp), and

1 N N
o= lim — o (2,7) dady.
¢ N@OOQNQ/_N/_NQ (z,y) dvdy
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We remark that our version of [Hel09, Proposition 7.8] is unconditional, as we are assuming that
deg B < 6.

Proof of Theorem 5. We first prove that Avg($g) is dense in [0, 1].
For X > 2, let

my = H p and nx ::m?XLf(X)JH,

where f(z) is any positive function such that f(X) and log X/f(X) tend to infinity. Let P(t) be a
polynomial with integer coefficients of even degree 2d > 0 and define

Qx(t) = —PH)(1+nxt?),  ax(t):=-2*Pt)(1+nxt?)>

Notice that by the equations of the invariants (4.2) for the family Wq(t), W) (@x(t)) is a non-
isotrivial potentially parity-biased family.
Now, let /s € Q with (r,s) = 1, s > 0. We have the isomorphism of elliptic curves

Wa(r/5)(@x (1/5)) = Wazatiay (r5) (8> Qx (1/5)) = Wax (r,6)(@x (1, 5)),
where
P(r,s) := s*P(r/s),
Qx(r,s) = s2T1Qx(r/s) = —s*P(r,s)(s* + nxr?),
ax(r,s) = s> ax(r/s) = =24 P(r, s)(s* + nxr?)?
are homogeneous polynomial in 7 and s which are non-zero for all but finitely many r/s. In the following
we shall ignore such values as they give a negligible contribution to the average. Also, we let (r/s)

be the root number of the elliptic curve given by W, (r.s)(@x (7, 5)) (or, i.e., by Wa (r/s)(@x(r/5))).
Using Theorem 1, we have

e(r/s) = —Sax(rs)(@x(r,s)) ged(ax(r, s)2, @x(r,s)) x
1+, (Qx (1,5))
(5.1) X H (_1)1+vp(Qx(ns))<W’> (mod 4).
plgx (r,s)
where
gx(r,8) = lax (7. 5)o|

" ged(ax (r, s)2, Qx (1, )
Now, we have

ged(ax (r, 8)2, @x(r,s)) = | P(r, 5)2(52 + nXT2)2|(52 +nxr?, sg)
and thus

e laxConl (),
gx T3 8) = ged(ax (r,8)2, Qx(r,8)) (52 +nxr2 s3)

Notice that, for 3 < p < X, we have v,(nx) and v,(s*) have opposite parities and so v,(s* + nxr?) =
min(vy(s%),v,(nx)), since (r,s) = 1. In particular, we have p{ gx(r,s) for 3 < p < X. Moreover, for
p > X then plgx(r,s) if and only if p | 2 + nxr? since p{ s then. In that case, we have

vp(Qx (1, 5)) = vp(s” + nxr?) + v, (P(r, 5)).

Let Ex be the set of primes p > X such that there exist 7, s such thta p | s> + nxr? and p | P(r,s).
Since p t s this implies P(¢) and 1 + n,t? has a common solution modulo p and thus p divides the
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resultant Rx of these two polynomials. We notice that Rx = O(nx). It follows that

H (71)1+UP(Q)((T,S)) (QX(Tv S)P

1+vp(Qx (1,5))
;)

plgx (r,s)

= I (prreeteead) (QXOU%

p>X, pZEx p
vp(s24nxr?)>2

) 1+vp(sz+nxr2)

x  JI (et (i) (Qx(“ 5)p

1+vp(52+nxr2)+vp(P(r,s))
>

p>X,pebx,
vp(s2+nxr?)>1

We now simplify the first part of (5.1). For all but finitely many values of r, s we have
02(Qx (1, 8)) = 205(s) + va(P(r, ) + va(s* + nxt?) = 2v5(s) +va(P(r, s)) +min(2v(s), 2 f(X)] + 1),
va(ax(r,s)) = 4 +v2(P(r, 5)) + 205(s* + nxt?)) = 4 +v2(P(r, ) + 2min(2va(s), 2 f(X)] + 1),

and thus if va(s) < [ f(X)], then va(ax(r,s)) = v2(Qx(r,s)) + 4, and thus by Remark 2 after Propo-
sition 15, we have s, (r,) = @x(7,5)2 (mod 4). Then, for va(s) < [ f(X)],

Sax (r,s) (@x (r,5)) ged(ax (r, )2, Qx (7 5))
= —52P(r, 5)2(s + nxr?)s |P(r, 8)a(s? + nxr?)a|(s* + nxr?, s32) (mod 4)
= —sgn(P(r,s))(s* + nxr? s3) (mod 4).

Notice that since (r,s) = 1 we have

(s> + nxr?, s3) = H prin(up(s)2Lf(X)]+1) = H p (mod 4).
3<p<X 3<p<X,
vp(8)>Lf(X)]

If va(s) > [ f(X)], then it also follows from Proposition 15 that

Sax (rs)(Qx (1,5)) ged(ax (r, 8)2, Qx (r,8)) = —sgn(P(r,s)) fa(r,s)  [[  p (mod 4),
op (27 )]

where fo(r, s) is a 2-locally constant function.
Replacing the above in (5.1), we have proven that

e(r/s) = sen(P(r,9) fox(ris) ][] <_1>

s<p<x, P
vp(s)>f(X)]
1+v, s2+n r2
% H (1)1+vp(s2+nxt2)<QX(T’ 5)p> ( )
p>X,pgEx b
vp(s2Fnxr?)>2

9

> H (_1)1+1)p(82+7le2)+Up(P(T,S)) (QX (T’ S)P

1+vp,(s24+nxr?) v, (P(r,s))
>)

p>X,pebx,
vp(s2Fnxr?)>1

where fa x(r,s) =1 if va(s) < | f(X)]. Then, for 3 <p < X, we write

(5) ifenls) > LF(0)]

1 otherwise.

fZD,X(T’ s) = {
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For p > X, p ¢ Ex we write

1 if vy (s? +nxr?) <2
i (r8) = (—1)Hon(s®+nxt?) (QX (g’s)?>l+vp(82+nxr2) otherwise.
Finally, for p > X, p € Ex we write
1 if v,(s2 +nxr?) =0

Ip, X (7“, 8) =

(—1)1+Up(82+nx7'2)+vp(P(r,s)) (‘Qx(r,s)”—) Ltop(s*+nx ) +vp (P(7.9))
P

otherwise.

Thus, we have

e(r/s) =sen(P(r,;s)) [ fox(rs) I gox(rs) T hox(rs).
2<p<X p>X p>X
pEEX p€Ex

The conditions for Proposition 33 with S = X U Ex (which is a finite set) and B(z,y) = 22 + nxy?
are satisfied and thus

AVQ<€) = AVZQ,coprime(EaX (r,8) (QX (Ta S)))
1
(5.2) = Coo(P) H 1772/ fp.x(r,8)drds x
aipx - P T J0
1 1
X H m/o gPVX(T,S)dT'dS H m/; ]’Lp)X(T,S)dT'dS,
p>X P p>X P
pEEX pZEx

where

1 N /N
Coo(P) = A}gnoom/_]v /_N sgn(P(x,y)) dedy.

We will now show that the three products over p all contributes 1 + o(1) as X — oco. First, we notice
that for p < X, we have f, x(r,s) =1 if v,(s) < | f(X)] and thus

| ot drds = [ Ldrds+0(u{(r:5) € 0y 0,(5) = LF(X)] 1))
0, o)

P

—(1-p 2+ O(pfmxufl).

Also, for p & Ex, we have h,, x(r,s) = 1 if v,(s* + nxr?) < 2 and so

/O hp x(r,s) drds = / Ldrds +O(p({(r,s) € Op : vy (52 + Nxr?) > 2}))

p

= (1—p2)+0<plz>,

and in the same way for p € Ex we obtain

(5.3) /O Gy (rys) drds = (1= p2) + O <;)

P

With the above formulas it’s then clear that the first two products over p in (5.2) are 1 + o(1) as
X — oo. We now show that the same holds for the last product. We let e(X) be the cardinality of
Ex, which is the set of the prime divisors p > X of an integer Rx < nx. Then we have

xeX) H p<Lny = H p2Lf(X)J+1 < P (X)X)
p>X, p|Rx p<X
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and thus e(X) < flg);{ Then,

log [J @+0(1/p) < Y log(1+0(1/p)) < Y ; e(;;) < IJ:);XX), =o(1)
pp€>E)§( pp€>E)§¢ pp€>E)§(

as X — oo, by hypothesis. Thus, by (5.3), we have that also the last product over p in (5.2) is 1+ o(1)
and so

(5.4) lim Avg(e) = coo(P).

X —o00

Finally, we compute that
Co(P) = A}gnoo Ve / / sgn(P(z,y)) dedy

= / / sgn(P(x/y)) dedy = = / / 11/; sgn(P(x))y dzdy
_ / /mm(1 1/Wsgn(P(gc))ydydas
- f/ sgn(P(x ))dx+4/m sen(P(z)) + sen(P(=) ,

4 2

Thus, replacing in (5.4), we get

lim Avg(e) = i/_l Sgn(P(l"))dx—i-i/loo sgn(P(x)) + sgn(P(—x)) de.

X —o0 .’£2

To conclude, it is enough to show that the set of values taken by ¢ (P) as P varies among polynomials
of even degree in Z]t] is dense in [0,1]. If |h/k| < 1, then taking

P(z) = k*(2® = (1= h/k)?),
one obtains co.(P) = h/k and so Avg(§p) is dense in [0, 1].

Next, we show that Avg(F;q) 2 QN 0,1]. Given a polynomial P(t) € Z[t] of even degree 2d > 0
we take

Q(t) := —P(t), a(t) := —2'P(t),
Q(r,s) :== sde(r/s), a(r,s) := s2 a(r/s) P(r,s) := s2dP(r/s).

for (r,s) = 1, s > 0. Then, W, (Q(t)) gives a potentially parity-biased elliptic surface, which
is isotrivial. Also, as before we call £(r/s) the root number of the specialization We(,/s)(Q(t)) =~
Wa(r,5)(Q(r, s)). Then, assume ¢ = /s is not a zero of P(t). We have

ged(a(r, s)2, Q(r, 5)) = |a(r, s)2| = [P(r, 5)2].
Also, va(a(r, s)) = v2(Q(r, s)) + 4. Thus by Remark 2 after Proposition 15, we have
Sa(r,s)(Q(r,8)) = Q(r, s)2 = —P(r,s)2 (mod 4).
It follows that
Ea(s/t)(Q(5/1)) = €a(s,p) (Q(5,1)) = P(r,5)2|P(r, 5)2| = sgn(P(r,s)) (mod 4).

Thus, using Proposition 33, we have
1 N /N
Avalew Q0N = Jim i [ [ sen(Pla.y) dody
1! 1 [ sgn(P P(—
= 7/ sgn(P(x))dx + f/ sgn(P(z)) + sen(P(~2)) dx.
1

4 ), 4 x?
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Choosing P(z) appropriately as above, we obtain Avg(Fiq) 2 QNJ0,1]. O
In order to prove Theorem 4 we need a few Lemmas.

Lemma 34. Let ¢,m1,m2 : Z — Co be periodic functions of period ni,n1 and ny respectively with
(n1,ng) = 1. Assume there exists § > 0 such that

{t e N[t < N,¢(t) #mt)n(t)} <N
for all large enough N. Then there exists { € Cq such that

{t e N[t <N,¢(t) #&-mt)} < 20N
for all large enough N.

Proof. There exists a residue class ¢ modulo n; such that for all large enough N

[{t e N |t < N,no(i +nyt) £ &} < 6N

where £ = % Since (n1,ng2) = 1 then the above inequality is equivalent to

{t €N |t < N,ma(t) # €} < 6N
for N large enough and thus the result follows. O
Lemma 35. Let ¢ : Z — Cyo be a periodic function of period ¢ and let n(t) = Hle hy, (t) with
hp, : Z — Cxq periodic modulo p;* and p1,...,px distinct primes. Assume we have

[{t e N|t < N,o(t) #n(t)} < N/4£

for all large enough N. Then for each p|l there exist p € Cxo and a function h;(t) periodic modulo
) such that ¢(t) = p 11 hy(t) for all t.

Proof. Let n := pi* ---p,*. Increasing n if necessary, we can assume ¢ = pi*---p* where s; < 1y,
u < k and pq,...,p, are distinct primes. We prove the result by induction over the number u of
distinct primes of £. If u = 0, then the result is trivial. Now, let © > 1 and assume the result is true if
¢ has u — 1 distinct prime factors.

Let m(t) = H?:z hy,; (t) and n2(t) = hy, (1) H?:u+1 hy, (t) so that n(t) = n1(t)n2(t). Then for all
i=1,...,p" we have that ¢(i + pi*t) and n;1(i + pj't) are periodic modulo n; := p5? - - - pi» whereas
n2(i + pi't) is periodic modulo ns := n/nyp7*. Notice that (ni,n2) = 1. Moreover, we have

[{t € Nt < N, (i +pi*t) # m(i +pOna(i+py 1)} < pi* - N/462
for all large enough N. Then, by Lemma 34, there exists & € C such that
[{t €Nt < N.g(i+pi't) # &mli+pi D)} < 2p)" N/4¢
for all large enough N. Equivalently, writing hy (t) := & if t =4 (mod pi"), we have

(5.5) {teNltSN,%ﬂl(w < py'N/20

for large enough N. Also, for all j =1,...,¢/p]" we have that % is periodic modulo pi* and
P1 S

1(g + €/p7't) 1s periodic modulo p7'ny /€ and so, since (p7', p7'ni =1, emima we have that
m(j+¢/pitt) i iodi dulo pi'ny /¢ and i pitni/l) =1, by L 34 we h h
there exists 1; € C such that

o0 +¢/pi't)
Thy (G +€/pi'e)
for large enough N (notice that since £/pj! is coprime with the period p®* having ¢ or j +/¢/p3j't doesn’t

1 1

change the estimate on the right for N large enough). Thus, since p;* N/¢? < N/p;' and %
P1 P

{teN[t<N # Ui} < pi* N/
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#(t)
hy, (©)
modulo ¢/p3j*. Finally, notice that pj* N/2¢? < N/4(¢/p;*)? and so by (5.5) we can apply the inductive

#(t)
hi, ()

is periodic modulo pi*, then the set on the left has to be empty which means that is periodic

hypothesis to and the Lemma follows. O

Corollary 36. Assume Conjectures 1 and 2. Let F a family of elliptic curves as defined by (1.1) and
such that ex(t), the root number of the specializations F(t), is a periodic function of t with period ¢
with o(1) exceptions for |t| <T as T — oo. Then, up to o(1) exceptions, we have

er(t) =p[[hu(t)

ple
where hy, : 7 — {£1} is periodic modulo p*»“) and p € {£1}.

Proof. By Theorem 6, the root number can be written as

er(t) = sign(goe () AM=(t) [] 9o(t)

p prime

up to finitely many exceptions, where g,(t) = 1if p ¢ S and p* { Bx(t). Under Conjectures 1 and 2, by

Theorem 6, we have that £x(t) has average 0 as ¢ varies among any fixed arithmetic progression unless

Mx(t) = 1. Thus, since e£(t) is periodic up to o(1) exceptions, we must have Mx(t) = 1. Similarly,

the periodicity of ex(t) implies that sign(g..(t)) is constant, except for a finite number of values of ¢.
Under Conjecture 2, for any fixed € > 0 there exists Ny > 0 such that

{1 <n < N|p*IBr(n) = p< No}| > (1-¢)N.

for all N > 1 (see e.g. the proof of Proposition 7.7 in [Hel09]). Now, let Sy = SU{p < Ny}. Since g,(t)
is locally constant outside a finite set of points for all p, then there exist an integer k£ € N (depending
on ¢) and functions gy : Z — {£1} which are periodic of period p* such that

II 9@ = T] 9
PESo pESo

for ¢ in all but c residue classes r1,..., 7. modulo £ := [], p* with ¢ < ef. Indeed, if g,(t) is locally
constant on Zy, \ {#1,...,2,}, then g,(i 4 tp°®) is p-locally constant (in ¢t € Z,) for all 1 < i < p°
with i # 21,...,2., (mod p®). In particular, since Z, is compact then for all i # x1,...,2., (mod p*)
one has that g,(i + tp°) is periodic modulo p* for some s;. Thus, writing g, (t) = g,(t) if t #
T1,...,%, (mod p*) and g;(t) := 1 otherwise, we have that g;(t) is periodic modulo pkr where kj, :=
s + max; s;. Taking s large enough so that p~™ < e/r, we then have that g;(t) coincides with g,(t)
for all but ep¥» congruence classes modulo p*». Proceeding in the same way for all p € Sy and taking
k = max, k, we obtain the claimed result.
Now, we define

In={1<n<N|p*Br(n)=p< Ny, n#r; (mod m) for j =1,...,c},
so that
[I(N)] > (1-3e)N
for N large enough. For all ¢ € Iy we have

ex(t) = [T 9@

PESo

and so, taking 3¢ < 1/4¢% and using Lemma 35, we get the claimed result. |
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Corollary 36 casily gives that Av(§F, z) is contained in the set on the right of (1.7) (see the end
of the proof of Theorem 4 below for the details). We now give two Lemmas which are needed in the
opposite direction. In order to construct subfamilies of F,(t) with periodic root numbers with specified
averages, we are led to the problem of finding polynomials in Z/p‘Z[t] with a prescribed number of
zeros m. This is not always possible for all choices (for example there is no polynomial in Z/8Z][t] with
exactly 7 zeros), but we can always find an r > ¢ and a polynomial in Z/p"Z[t] such that a portion of
exactly m/p® residue classes modulo p”Z are zeros.

Lemma 37. Let p be a prime and let ¢,u > 1 and let m be such that 0 < m < p®. Then, there exists
r > 0 arbitrary large such that there exists a polynomial P(t) € Z[t] with exactly mp" zeros (mod pTH)
and with vy,(P(t)) <1+ { — u whenever t is not one of such zeros.

Proof. We order the numbers 0 < j < p® in the following way: given 0 < h, k < p* we say h >* k iff
writing h = ag + a1p+ - +ag_1p* Y k=by+bip+---+by_1p*~ !, then ag < by where d = vp(k—h).
Then, we order the numbers 0 < j < p’ as by >* by >* ... >* bye_1, with

bO —0>* bl :p€—1 =% 2p€—1 SE LS (p _ 1)p€—1 >* p€—2 > p€—2 +p€—1 >*

% pf—2 + (p _ 1)p€—1 >* 2p€—2 >* 2p€—2 +p€—1 S pf —1= bp‘f—l'
Notice that with this choice for all 0 < i < p’ we have that vp(b; — b;) is decreasing in j with
i < j < p*. In particular, for any sequence of non-negative real numbers ko, ..., Kpe_1 we have that
Z?:o K;vp(bj — b;) is also decreasing in j for 0 < b < j < p’.
Next, for any positive integer s, define recursively the sequence ¢; for 0 < j < m in the following
way:

j—1
co = s/, lej=s— Zcivp(bj —b;).
i=0

We have that c; > 0 for all j. Indeed, this is obvious for j < 1 and if we assume by induction that it
is true for j < k with k < m — 1, then

k k—1
E(Ck - Ck+1) = Ci’l}p(bk_,_l - bz) - civp(bk - bz)
=0 =0
k—1 k—1
= Ckl}p(bk+1 — bk) + Z Cﬂ}p(bk_;,_l — 67) — Cﬂjp(bk — bz)
=0 =0

S ckvp(ka — bk)
Thus,

k1 > k(1 —vp(bgg1 — br) /) > e/l > 0.

Moreover, it’s clear that ¢;£™ /s is an integer, so that taking s to be any multiple of ¢™u we have that
¢; is an integer greater than or equal to w.
Now, let P(t) := [Tg<;cpm(t — b;)<. For t =b; (mod p*) with j > m, we have

m—1

m—2
vp(P(1)) = Y civp(by = bi) = cm10p(by = bn—1) + Y, civp(b; — bi)
=0 =0

m—2
< em-1Vp(bj — bm—1) + Z ciVp(bm—1 — b;)
i=0

=s—cm-1({—vp(bj —bm_1)) <5 —cCm_1 < s—u,
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since b; # by—1 (mod pe). Finally, if t = b, (mod p[) with 0 < 7 <m — 1, then

Jj—1
’Up(P(t)) > Z Cﬂjp(bj — bz) + Cjé = s.
i=0
Thus, the Lemma follows with r = s — /. O

Lemma 38. Let 0 # |h/k| < 1 with (h,k) = 1 and let p1,...p, be the (distinct) prime factors of
k. Then there exists d1,...,dg € Z, r1,...,74 € N such that =1 < d;/p;* <1 fori=1,...,g and
h/k =TI_, di/p;*. Moreover, we can choose di,...,dg so that dy ---dg|(hk)>.

Proof. We prove the Lemma by induction on the number of distinct prime factors of k, the result
being obvious if £ has only one prime factor. Thus, assume that k£ has g + 1 prime factors and that
the Lemma is true whenever k has g prime factors with ¢ > 1. Let p,q be two distinct prime factors
of k. Since logp and logq are linearly independent we can find arbitrarily large u,v € N such that
|h/k| < ¢”/p* < 1. In particular, writing h’' = h-p“/(p*“, k), k' = k- ¢"/(p“, k) then we have % =k a

- k/ pu
and, if u is large enough, k&’ has g prime factors and 0 # |h'/k’| < 1 and so the result follows by the
inductive hypothesis. O

Proof of Theorem 4. Let (h,k) =1 with k > 1, h odd and, if k even then |h/k| < (2v2(F) — 1) /2v2(R),
We now construct a subfamily of F,(¢) with average root number h/k. As in the proof of Theorem 5
we can assume h/k # 0, +1.

For simplicity we assume k is divisible by 2, but it’s not a power of 2. The same proof works with
obvious modifications also without these conditions. Then, we can write h/k as

h o 2v2R) 1 p

R TIONN]
with —1 < #'/k’ < 1, and W', k" odd. We use Lemma 38 to write h'/k" as h'/k' = [[{_,(d;/p{"") where
P1,-..,Dg are the (distinct) prime factors of &/, wq,...,u, are positive integers and —p" < d; < p*
with d; odd. In particular

h dy dy  dy

where ug = vo(k) + 1, and dy = 2%0 — 2. We will also use the notation py = 2.
Fori=1,...g, let m; be such that d; = 2m; — p", so that 0 < m; < p*#, and let

R L if p; = 3 (mod 4),
Y p —m, ifp; =1 (mod 4).

By Lemma 37, there exist r; € N and a polynomial @Q; such that the set Z; of zeros of Q;(t) modulo
Pyt has cardinality m/p]’, and vy, (Q;(t)) < r; +u; — 1 if t ¢ Z;. Then, let

Bi(t) = piQi(t)* — prit?v
Notice that if ¢ (mod p}*™) is not in Z;, then vy, (B;(t))) = 1+ 2v,(Q;(t)) < 2r; +2u; — 1 is odd and
gcd(p?riJrQMiJrl7 Bz(t)) _ p;+2vp(Qi(t)) = (mod 4)
Instead, if ¢ (mod p[*™™) is in Z;, then vy, (B;(t))) = 2r; + 2u; and By(t),, = —1 (mod p;) so that
(%#) = (;—3) = p; (mod 4). Also, in this case

ng(pfriHuiH, B;(t)) = 2rit2ui = 1 (mod 4).

K2



52 SANDRO BETTIN, CHANTAL DAVID, AND CHRISTOPHE DELAUNAY

Thus, summarizing both cases

Bi(t)p,

i

Di

L vy, (Bi (1))
(1)227“7,+2ul+17 Bi(t))(_1)1+vpi (Bi(t)) ( ) P

—p; (mod 4) ift (mod p) € Z;
p; (mod 4)  if ¢t (mod p) ¢ Z;
_ J1(mod4) ift (modp)€S;
~ | =1 (mod 4) if t (mod p) ¢ S;
where S; is equal to Z; if p; = 3 (mod 4), and it is equal to its complement (in Z/p’"lJr“lZ) if p; =
1 (mod 4). Notice that in both cases we have that |\S;| = m;p;*.
Next, we use Lemma 37 to find o € N and a polynomial @ such that the set Zy of zeros of Qo(t)

modulo 2% has cardinality (2% — 1)2™ and v2(Qq(t)) < ro + ug — 2 whenever ¢t (mod 270740) is
not in Zy. Then, we define

Bo(t) — 2Q0(t)2 _ 22r0+2u0—1.

If¢ (HlOd 2T0+u0) ¢ Zo, then UQ(BO(t)) = 1+2’U2(Q0(t)) < 27‘0+2U0*3 is odd and Bo(t)g = (Qo(t)g)Q =
1 (mod 4). If ¢ (mod 2™0T%) € Z, then va(Bo(t)) = 279 + 2ug — 1 and By(t)s = —1 (mod 4). By
Remark 2 after Proposition 15, in both cases we have sy2rg+2uq+3(Bg(t)) = Bo(t)2 (mod 4) and so

1 (mod 4)  if ¢t (mod p) € So,

s2ro+2u0+s (Bo (1)) = {—1 (mod 4) if ¢ (mod p) ¢ So,

where Sy is the complement of Zy in Z/270F "0 Z, so that |Sy| = 2".
We can now define a = 4[%_, p7" 72“"*! and

Qt) = Z(po o pg/pi) Ty, Bi(t),

where x, is the inverse of pg - - - py/p; modulo p; and where r = 2max;—,. . 4(u; +r; +1). It follows
that the sign €(t) of the elliptic curve W,(Q(t)) is

g9
U, T v . th i
e(t) = =sa(Bo(t)) [ [ ged(pi™ T2, By(1))(=1) o (Bl (;)p
i=1 i

g
= — H (mod 4)

where h;(t) = 1if t (mod pyit ) is in S; and it is equal to h;(t) = —1 otherwise. Thus, by the Chinese
remainder theorem

g g .
2ro+l mip;'
AVZ(E) = - H ( uHrn <2ro+uo h 1) H (2p'l_14i+l7’7; - 1)

i=1 i

14vp,; (Bi(t))
) (mod 4)

-1)=
_ 20—2121&_%

as desired.
For the converse, let’s assume Conjecture 1 and Conjecture 2, and prove that the equality holds
n (1.7). By Corollary 36, we have that if the root number e x of a family of elliptic curves F is periodic
modulo ¢ up to o(1) exceptions then
t)=p[[ht)

plL
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up to o(1) exceptions, where h, : Z — {£1} is periodic modulo p?r) and p € {#£1}. Thus, by the
Chinese remainder theorem we have

B 21)2([)71 — Ko

st -TI( % ) <[ (1 255) = Zi s (22

plt m (mod p“P(e)) pl|¢ 2#p|e

where £, := |{t (mod p*(9) | hy,(t) = —1}|. Since the product over 2 # p|/ is a rational number with
numerator and denominator which are both odd, it follows that if Avz(ex) = & with (h, k) = 1, then

vo (k) _
|%| S 222v2(k)1‘ D
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APPENDIX A. ROOT NUMBER OF Fj

The proofs of the propositions in Appendix A and B can be obtained by a long case by case analysis
in the same way as in the proof of Proposition 14.

In this appendix we give the local root numbers for the family
Fory? =23 + 3ta® + 3sx + st

for which we have

= 20 x3%(t? —s),
g = —20x33xt(t®—s),
A = —26335(t? — 5)?,
_2633 5
| = " —s).
J (& —5)

For a prime p, we denote by w,(t) the local root number of F, at p.

Proposition 39. If p > 5, we have:

. . 1 vp(s)/2 . _9
o if 0 < wp(s) < 2up(t) then if vy(s) is even wy(t) = (7) and otherwise wy(t) = (7)
(this case also holds for t = 0 for which vy(t) = +oo)
o if 0 < 2u,(t) < vp(s) then if vy(t) is even wpy(t ( ) and otherwise wy(t) = (%);

o if 0 < 2u,(t) = vp(s) then
— ifv,(t?—s) = vp(t) (mod 2) then if vy (t2—s)+uv,(t) =0 (mod 3) then wy(t) = 1 otherwise

wp(t) = (_73) ;

— if vp(t? — 8) Z v,(t) (mod 2) then w,(t) = (‘Tl)

Proposition 40. If p = 3, we have:
) ZfO < ’03( ) < 21)3( )
s

— if vz(s) =0 (mod 4) if vs(t) = 1+ v3(s)/2 then ws(t) = 1 if and only if t3 = 1 (mod 3)
if va(t) > 1+v3( )/2 then ws(t) = 1;

—ifvs(s) =1 (mod 4) if vs(t) = 1/2+v3(s)/2 then ws(t) =1 if and only if s3 =1 (mod 3)
if vs(t) > 1/2 + v3(s)/2 then ws(t) = —1;

— if vs(s) =2 (mod 4) if vs(t) = 1 + v3(s)/2 then ws(t) =1 if and only if t5 #Z s3 (mod 3)
if v3(t) > 1+v3( )/2 then ws(t) = 1;
— if v3(s) =3 (mod 4) then ws(t) = 1.

o If0 < 2us(t) < ’U3( ):

—if v3(t) = 0 (mod 2) if vs(s) — 2vs3(t) = 1 then ws(t) = 1, if vs(s) — 2us(t) = 2 then
ws(t) =1 zf and only if t3 = s3 (mod 3) and if v3(s) — 2vs(t) > 3 then ws(t) = —1;
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—ifv3(t) =1 (mod 2) if v3(s) — 2v3(t) = 1 then wz(t) =1 if and only if s3 =1 (mod 3),
if v3(s) — 2v3(t) = 2 then ws(t) = 1 if and only if t5 = 2 (mod 3), if vs(s) — 2vs(t) = 3
then ws(t) =1 and if vs(s) — 2v3(t) > 4 then ws(t) =1 if and only if t3 =2 (mod 3).

o If0 < 2u3(t) = v3(s) and vs(t) even:
— if v3(t? — 5) = 2u3(t) then ws(t) = 1 if and only s3 =2 (mod 3) and s3t3 # 2,4 (mod 9);

— if v3(t? — 8) — 2v3(t) =0 (mod 6) and v3(t? — s) — 2v3(t) > 0 then wz(t) = 1 if and only
if t3(t2 — )3 # 7,8 (mod 9);

—if v3(t? — 8) — 2v3(t) = 1 or 2 (mod 6) then ws(t) = 1 if and only if t3(t> — s)3 = 1
(mod 3);

— if v3(t? — s) — 2u3(t) = 3 then w3(t) = 1 if and only if t3(t*> — s)3 # 1,2 (mod 9);

— if v3(t? — 8) — 2u3(t) = 4 or 5 (mod 6) then ws(t) = 1 if and only if t3(t> — s)3
(mod 3).

o If 0 < 2u3(t) = v3(s) and v3(t) odd:
— if v3(t? — 5) = 2u3(t) then ws(t) = 1 if and only s3 = 2 (mod 3) and s3t3 # 2,4 (mod 9);

— ifv3(t? — s) — 2v3(t) =0 (mod 6) and v3(t? — s) — 2v3(t) > 0 then ws(t) = 1 if and only
if t3(t? — s)3 # 1,2 (mod 9);

— if v3(t? — 8) — 2u3(t) = 1 or 2 (mod 6) then ws(t) = 1 if and only if t3(t> — s)3 = 2
(mod 3);

—if v3(t? —s5) — 2u3(t) =

—if v3(t? — s) — 2v3(t)
(mod 3).

If
N

3 (mod 6) then w3(t) = 1 if and only if t3(t* — s)3 # 7,8 (mod 9);
= 5 (mod 6) then ws(t) = 1 if and only if t3(t> — s)3 = 1

Proposition 41. If p = 2, we have:

o if 0 < was) < 2us(t):
— if v2(s) =0 (mod 4) then
x if va(t) — va(s)/2 =1 then wa(t) = 1 if and only if

s =3 (mod 4)

or

sg =1 o0r13 (mod 16) and ta =3 (mod 4)
or

sg=50r9 (mod16) andtz =1 (mod 4);

* if va(t) — v2(8)/2 = 2 then wa(t) =1 if and only if s2 =5 or 9 (mod 16);
* if va(t) — va(s)/2 > 2 then wa(t) =1 if and only if s =1 or 13 (mod 16).
— Ifva(s) =1 (mod 4), if va(t) — va(s)/2 = 1/2 then wa(t) = 1 if and only if

{ sg=1o0r3 (mod8) andta =3 (mod 4)
or

se=50r7 (mod8) andty; =1 (mod 4),

and if va(t) — v2(s)/2 > 1 then wa(t) =1 if and only if s2 =5 or 7 (mod 8).
— if va(s) =2 (mod 4) then
* if va(t) — va(s)/2 =1 then wa(t) = 1 if and only if

sg=1 (mod 4)

or

sg =3 or7 (mod 16) andty =1 (mod 4)
or

sg =11 or 15 (mod 16) and t; =3 (mod 4);

« if va(t) — v2(s)/2 = 2 then wa(t) =1 if and only if s =7 or 11 (mod 16);
s« if va(t) — v2(s)/2 > 2 then wa(t) =1 if and only if s =3 or 15 (mod 16).
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— if v2(s) =3 (mod 4), if va(t) — va(s)/2 = 1/2 then we(t) = 1 if and only if

sg=1o0r7 (mod8) andty =1 (mod 4)
or
{ ss =3 orb (mod 8) andts =3 (mod 4),
and if va(t) — v2(8)/2 > 1 then wa(t) =1 if and only if s2 =1 or 3 (mod 8).
o If0 < 2us(t) < va(s) and va(t) even:
— if va(s) —2va(t) = 1 then wo(t) = 1 if and only if ro =1 (mod 4) andta =1 or 7 (mod 8)
orif s =3 (mod 4) and ts =1 or 3 (mod 8);
— if va(s) — 2va(t) = 2 then wa(t) = 1 if and only if s2 = 1 (mod 8) and to = 3,5 or 7
(mod 8) or if s =5 (mod 8) and t =1,3 or 7 (mod 8);
— if va(s) —2va(t) = 3 then wa(t) = 1 if and only if s =1 (mod 4) and ta =3 or 5 (mod 8)
or if s =3 (mod 4) and ts =1 or 3 (mod 8);
— if va(s) — 2v9(t) = 4 then wa(t) = 1 if and only if t2 = 1 (mod 4) or if s = 1 (mod 4)
and ts = 3 (mod 8) or if so =3 (mod 4) and ta =7 (mod 8);
— if va(s) — 2ua(t) = 5 then wa(t) = 1 if and only if t =1 (mod 4) or if t =7 (mod 8);
— if va(s) — 2ua(t) = 6 then wa(t) = 1 if and only if t =3 (mod 4);
— if va(s) — 2ua(t) > 7 then wa(t) = 1 if and only if t =7 (mod 8).
o If0 < 2us(t) < va(s) and va(t) odd:
(t) =1 then wa(t) =
— if va(8) — 2ua(t) = 2 then wa(t) =
— if va(s) — 2u9(t) = 3 then wa(t) =
— if va(s) — 2ua(t) > 4 then wy(t) =
o If 0 < 2us(t) = va(s) and va(t) even:
— if va(t? — s) — 2va(t) = 0 (mod 6) then wa(t) =1 if and only if to = (1> — s)2 (mod 4);
— if va(t? — 5) — 2ua(t) = 1 then wa(t) = 1 if and only if ts =1 (mod 4) and t2(t* —s)2 =1

if and only if to =19 or so+ 2 (mod 8);
if and only if to = s (mod 4);
if and only if s =3 (mod 4);

1
1
1
1 if and only if ta =3 (mod 4).

H»\_/

or 7 (mod 8) or if to =3 (mod 4) and t2(t?> —s)2 =5 or 7 (mod 8);

— if va(t? — 8) — 2ua(t ) =1 (mod 6) and vo(t? — 5) — 2va(t) > 1 then wo(t) = —1;

— if va(t? — 8) — 2ua(t) = 2 then wa(t) = 1 if and only if ta = 3 (mod 4);

— if va(t? — 8) — 2u2(t) = 2 (mod 6) and va(t? — 5) — 2v3(t) > 2 then wa(t) = 1 if and only
if ta = (t2 — 8)2 (mod 4);

— if va(t? — 5) — 2va(t) = 3 then wa(t) = 1 if and only if ta =1 (mod 4) and t2(t> — s)s =5
or 7 (mod 8) or if to =3 (mod 4) and t2(t?> — s)2 =3 or 5 (mod 8);

— if va(t? — 8) — 2va(t) = 3 (mod 6) and va(t? — s) — 2ua(t) > 3 then wa(t) = 1 if and only
if ty = (2 — 8)2 (mod 4);

— if va(t? — 8) — 2ua(t) = 4 (mod 6) then wa(t) =1 if and only if to = (1> — s)2 (mod 4);

— if va(t? — 8) — 2ua(t) = 5 then wa(t) = 1 if and only if t2(t> — s)2 = 1,3 or 7 (mod 8);

— if va(t? — 8) — 2ua(t) =5 (mod 6) and va(t? — ) — 2v(t) > 5 then wo(t) = —1.

o If 0 < 2us(t) = va(s) and ve(t) odd:
— if va(t? — 8) — 2va(t) = 0 (mod 6) then wa(t) = 1 if and only if to = (1> — s)2 (mod 4);

— if va(t? —8) —2va(t) = 1 then wo(t) = 1 if and only if to = 3 (mod 8) or if ty = 1 (mod 8)
and (t> —s)a =1 or’5 (mod 8) or if to =5 (mod 8) and (1> — s)2 =3 or 7 (mod 8);

— if va(t? — 8) — 20a(t) =1 (mod 6) and vo(t? — s) — 2va(t) > 1 then wa(t) = 1 if and only
if ta = (t2 — 8)2 (mod 4);

— if va(t? — 8) — 2ua(t) = 2 then wo(t) = 1 if and only if to = (12 — s)2 = 1 (mod 4) or if
o =7 (mod 8) and (t? — s)2 =1 (mod 4);

— if va(t? — 8) — 2va(t) = 2 (mod 6) and va(t? — 5) — 20a(t) > 2 then wa(t) = —1;

— if va(t? — 8) — 2ua(t) = 3 then wa(t) = 1 if and only if (> — s)2 =3 (mod 4);

— if va(t? — 8) — 20a(t) = 3 (mod 6) and vo(t? — s) — 2va(t) > 3 then wa(t) = 1 if and only

mod 4);

thg:( —5)2 ( d
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— if va(t? —8) — 2ua(t) = 4 then wo(t) = 1 if and only ifto =1 (mod 4) and to(t? —5)2 = 3,5
or 7 (mod 8) of if to =3 (mod 4) and t2(t?> — s)2 = 1,3 or 7 (mod 8);

— if va(t? — s) — 2va(t) = 4 (mod 6) and vo(t? — s) — 2v3(t) > 4 then wa(t) = —1;

— if va(t? — s) — 2ua(t) =5 (mod 6) then wa(t) =1 if and only if to = (1> — s)2 (mod 4).

APPENDIX B. ROOT NUMBER AT 2 AND 3 FOR V,(t)

We give the local root number at p = 2 and p = 3 for the family
V,.: y2 = 23 + 3tz? + 3atz + a>t.

The local root number at p > 5 is given in Lemma 22. For the family V, we have

cy = 2%3%t(t —a),
g = —2°3%(t—a)(2t —a),
A = —2'3%a*t(t — a)?,

. —2833

For a prime p, we denote by w,(t) the local root number of V,(t) at p. We shall also assume t # 0, a.

Proposition 42. We have
o For 0 <wvs(a) < vs(t) then
— if vs(t) —v3(a) =0 (mod 3), then ws(t) = —1 if and only if

(=1)*Wa2ty =5 or 7 (mod 9);
— if vs(t) —v3(a) =1 or 2 (mod 6), then ws(t) = —1 if and only if
(-1)@ts =1 (mod 3);
— if v3(t) —wvs(a) =4 or 5 (mod 6), then ws(t) = —1 if and only if
(=1)"@t3 =2 (mod 3).

o If0 <ws(t) =wv3(a) and vs(t —a) — v3(t) > 0 then
— if v3(t —a) —wvz(a) =0 (mod 3), then ws(t) = —1 if and only if
(-1)”3@) 2t—a)3=50r7 (mod9);
—ifvg(t —a) —wvz(a) =1 or 2 (mod 6), then ws(t) = —1 if and only if
(= ) D(t—a)s=1 (mod 3);
— if v3(t —a) —wvz(a) =4 or 5 (mod 6), then ws(t) = —1 if and only if
(=)@ (t —a)3 =1 (mod 3).
o If0 < ws(t) = vs(a) and v3(2t —a) — v3(t) > 0 then
— ifv3(2t —a) —ws(a) = 1, ws = 1 if and only if (2t3 — az) = (=1)*3(¥6 (mod 9);
— if v3(2t — a) — v3(a) > 1, then ws = 1.
o If0 <ws(t) < vs(a) then
— if v3(t) =0 (mod 2) and vs(a) —v3(t) = 1, ws(t) =1 if and only if t3 =1 (mod 3);
— if v3(t) =0 (mod 2) and vs(a) —v3(t) > 1, then ws(t) = —1;
— ifvs(t) =1 (mod 2) then ws(t) =1 if and only if t3 =2 (mod 3).
Proposition 43. We have
o For 0 <wsy(a) < vyt
= if va(t) — va(a)
— if va(t) — v2(a)
(t) )

— if va(t) —va(a

and va(a) even then

0 (mod 6), wa(t) = —1;

1 then wo(t) = —1 if and only if to = as (mod 4);

1 (mod 6) and vo(t) — va(a) > 1 then wa(t) = to (mod 4);

!
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— if va(t) — va(a) = 2 then wa(t) =1 if and only one of the following conditions hold

to =3 (mod 4)
or

to=1 (mod8) andas =3 or7 (mod 8) ;
or

to=5 (mod8) andaz =1 o0r5 (mod 8)

— if va(t) — va(a (mod 6) and va(t) — va(a) > 2 then wo(t) = —1;

y=2
— if va(t) —va(a) = 3,4 or 5 (mod 6) then ws(t) =ty (mod 4).
o For 0 < wvs(a) < va(t) and ve(a) odd then
— if va(t) —v2(a) = 0,2 or 4 (mod 6) then wa(t) =ty (mod 4);
— if va(t) —va(a) =1 then wy(t) =1 if and only if one of the following conditions hold
ts =1 (mod 8)
{ or ;
(t2,a2) = (3,1),(3,5),(7,3) or (7,7) (mod 8)
— if va(t) —v2(a) =1 (mod 6) and va(t) — va(a) > 1 then wa(t) =t (mod 4);
— if va(t) —va(a) = 3 then wa(t) = —1 if and only if t2 =5 (mod 8);
— if va(t) —ve(a) =3 (mod 6) and va(t) — va(a) > 3 then wo(t) = —1;
— if va(t) —va(a) =5 (mod 6) then wa(t) = —1.
e For 0 < w(t) <wva(a) —1 and va(t) even then

[\-] |

t
— if va(a )—U2(t

~—

then wo(t) = 1 if and only if one of the following conditions hold
{ ts =1,5,7 (mod 8) and az =1 (mod 4)

or ;

to =1,3,5 (mod 8) and ag =3 (mod 4)

)
=4 then wy(t) =1 if and only if t2 =3 (mod 4);
> 5 then wa(t) = 1 if and only if ts =7 (mod 8).
. a) — 1 and va(t) odd then wa(t) =1 if and only if t2 = 3 (mod 4).
o For 0 < vy(t) = va(a) — 1 and va(t) even then wy(t) = 1 if and only if one of the following
conditions hold
to =7 (mod 8)
or
ta=1 (mod8) andaz =1 (mod 4)
or
ta =5 (mod 8) and az =3 (mod 4).
e For 0 <wy(t) =v2(a) — 1 and va(t) odd then wa(t) = —1 if and only if t3 = az (mod 4).
o For 0 < wvs(t) = va(a) and ve(t) even then
— if va(t —a) —va(a) =0 (mod 6) then wo(t) = —1;
— if va(t —a) —va(a) = 1 then wa(t) = 1 if and only if (t2,a2) = (1,3),(3,1),(5,7) or (7,5)
(mod 8);
— if va(t —a) —ve(a) =1 (mod 6) and va(t — a) — va(a) > 1 then weo(t) = 1 if and only if
(t—a)y =1 (mod 4);
— if va(t — a) — va(a) = 2 then we(t) = 1 if and only if one of the following conditions hold
t2 — ag = 12 (HlOd 16)
or
az =1 (mod 4) and ta =as+4 (mod 32)
or
az =3 (mod 4) and ts = ay +20 (mod 32);

— if va(t —a) —va(a) =2 (mod 6) and va(t — a) — va(a) > 2 then wo(t) = —1;
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—va(t—a)—va(t) =3,4 0
e For 0 < vy(t) = va(a) and va(t) odd then
— if va(t —a) —va(a) =0 (mod 6) then wa(t) = (t —a)z (mod 4);
— if va(t —a) —va(a) =1 then wso(t) = 1 if and only if one of the following conditions hold
to —az =2 (mod 16)

75 (mod 6) then ws(t) = (t — a)2 (mod 4).

or
az =1 (mod 4) and ts =as +14 (mod 16)
az =3 (mod 4) and tos =az+6 (mod 16);
— ifva(t —a) —va(a) =1 (mod 6) and va(t —a) —va(a) > 1 then wa(t) = (t —a)2 (mod 4);
— if va(t —a) — va(a) = 2 (mod 6) then wy(t) = (t —a)z (mod 4);
— if va(t —a) — va(a) = 3 then wa(t) = —1 if and only (t —a)2 =5 (mod 8);
— if va(t —a) —va(a) =3 (mod 6) and va(t — a) — va(a) > 3 then wa(t) = —1;
— if va(t —a) —wva(a) =4 (mod 6) then wa(t) = (t —a)z (mod 4);
— if va(t —a) — va(a) =5 (mod 6) then wy(t) = —1.
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