Centre de Recherches Mathématiques
CRM Proceedings and Lecture Notes
Volume 51, 2010

Nonhomogeneous Div-Curl Decompositions for Local Hardy
Spaces on a Domain

Der-Chen Chang, Galia Dafni, and Hong Yue

ABSTRACT. Let © C R™ be a Lipschitz domain. We prove div-curl type
lemmas for the local spaces of functions of bounded mean oscillation on €2,
bmo,(2) and bmo(Q2), resulting in decompositions for the corresponding lo-
cal Hardy spaces hl(Q) and hL(Q2) into nonhomogeneous div-curl quantities.

1. Div-curl lemmas for Hardy spaces and BMO on R™

This article is an outgrowth, among many others, of the results of Coifman,
Lions, Meyer and Semmes ([7]) which connected the div-curl lemma, part of the
theory of compensated compactness developed by Tartar and Murat, to the theory
of real Hardy spaces in R™ (see [10]). In particular, denote by H!(R") the space of
distributions (in fact L! functions) f on R™ satisfying

(1) My(f) € L'(R™)

for some fixed choice of Schwartz function ¢ with [¢ = 1, with the maximal
function M, defined by

My(f)(x) = sup [fx¢u(@)l,  ¢u(-) =tT"(t™").

0<t<oo

One version of the results in [7] states that for exponents p,q with 1 < p < oo,
1/p+1/q =1, and vector fields V in LP(R™,R"), W in L2(R",R") with

diszO, curl W =0
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154 D.-C. CHANG ET AL.

in the sense of distributions, the scalar (dot) product f = V- W belongs to H*(R™).
Moreover, one can bound the H' norm (defined, say, as the L! norm of My(f)) by
IVIlze W]l za-

While a local version of this result, in terms of H} , is given in [7], in order
to obtain norm estimates we use instead the local Hardy space h'(R™). This was
defined by Goldberg (see [11]) by replacing the maximal function in (1) by its
“local” version
(2) me(f)(x) = sup |f * ¢y(z)].

0<t<1
Again the norm can be given by [mg(f)||z1rn) and different choices of ¢ give
equivalent norms. In addition, we can replace the number 1 in (2) by any finite
constant without changing the space.

For this space the following nonhomogeneous versions of the div-curl lemma
can be shown (these are special cases of Theorems 3 and 4 in [8]):

Theorem 1 ([8]). Suppose U and @ are vector fields on R™ satisfying

" - 1 1
VelLP(RM", WelL{R")", l<p<oo, —-4+-=1
rp q

(a) Assume
(3) divV =feLP(R"), cullW =0

in the sense of distributions. Then V.-w belongs to the local Hardy space
hY(R™) with

(4) IV - Wiy < CUVIILo@ny + 11l Le ey IW [ paggny-
(b) If M™*™ denotes the space of n-by-n matrices over R and
(5) divV =0, curlW = B e LIY(R", M™*")

in the sense of distributions, then V.-Ww belongs to the local Hardy space
hY(R™) with

(6) IV Wl @n) < OV Le@n) {HWqu(Rn) + Z|Bij||Lq(R")]-
0,J
Before continuing further, let us make clear what we mean by the divergence
and curl of a vector field in the sense of distributions. Let €2 be an open subset
of R™, and suppose @ = (v1,...,v,) with v; locally integrable on €. For a locally

integrable function f on €2, one says that divv = f in the sense of distributions on
Qif

(7) /Qﬁﬁcp:*/gfso

for all ¢ € C§°(2) (i-e., smooth functions with compact support in Q).

Similarly, if @ = (ws,...,w,) with w; locally integrable on § , and B is an
n x n matrix of locally integrable functions B;; on §), we say curlw = B in the
sense of distributions on € if
(8) This is a free offprint prode to tg%author b)@EBe publishfr. Copyright restrictions may apply.
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for all i,7 € {1,...,n} and all ¢ € C§°(2). If the components of ¥ or W are suffi-
ciently smooth, these definitions are equivalent to the classical notions of divergence
and curl via integration by parts.

Recall that C. Fefferman [9] identified the dual of the real Hardy space H! with
the space BMO of functions of bounded mean oscillation, introduced by John and
Nirenberg [13]. In the local case, Goldberg [11] showed that the dual of h!(R")
can be identified with the space bmo(R"), the Banach space of locally integrable
functions f which satisfy

o) Imo = sup - (17 = sl + swp - [ 171 < .
<1 | Jr > | Jr
Here I can be used to denote either balls or cubes with sides parallel to the axes, |I|
denotes Lebesgue measure (volume) and f7 is the mean of f over I, i.e., (1/|1]) [, f
As in the case of h!, the upper-bound 1 on the size of the cubes in the definition can
be replaced by any other finite nonzero constant, resulting in an equivalent norm.
In [5], the authors prove (in Theorem 2.2) a kind of dual version to the div-curl

lemmas in Theorem 1, which is a local analogue of a result proved in [7] for BMO:
for G € bmo(R"),

(10) 1Gllbmo = sup | GV -W
VW /R

where the supremum is taken over all vector fields ‘7, W as above, satisfying (3),
with [|V||zs, ||f]lz» and |W|ze all bounded by 1. Here, and below, one must
obviously consider only real-valued functions g in bmo.

Moreover, the same equation (10) holds if the vector fields, instead of (3),
satisfy (5) with ||Bj;|lpe <1 forall i,j € {1,...,n}, as well as IV Loy [W e < 1.

As a consequence of these results, one is able to show (see [5, Theorem 3.1])
a decomposition of functions in h'(R™) into nonhomogeneous div-curl quantities
V - W of the type found in Theorem 1, part (a) or part (b).

The goal of this paper is to prove analogues of (10) for functions in local bmo
spaces on a domain {2, and obtain decomposition results for the local Hardy spaces.
This was done in the case of BMO and with homogeneous, L? div-curl quantities in
[3], and independently by Lou [16]. In [1] homogeneous div-curl results on domains
were stated under the assumption that one of the vector fields is a gradient, and
extended to Hardy —Sobolev spaces. Related work may be found in [12,17].

In the next section we introduce some definitions of Hardy spaces and BMO
on domains, as well as explain the boundary conditions for equations (7) and (8).
The statements and proofs of our results are contained in Section 3.

2. Preliminary definitions for a domain Q2

For the moment we will just assume (2 is an open subset of R™, but often we
will restrict ourselves to a Lipschitz domain, i.e., one whose boundary is made up,
piecewise, of Lipschitz graphs.

Miyachi [19] defined Hardy spaces on §2 by letting 6(z) = dist(z, ), replacing
the maximal function M in (1) by

This is a free offprmt prowded to the author b{ the publisher. Copyright restrictions may apply.
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for f € L (), and requiring My o(f) € L'(£2). The space of such functions was
later denoted by H}!(f) in [6], since when the boundary is sufficiently nice (say
Lipschitz), H}(£2) can be identified with the quotient space of restrictions to Q of

functions in H(R™) (see [6,19]). Moreover,
I fllzi) = IMg.a(H)llzr @) = nf{[|Fllgi @) : Flo = f}.

The space hl(f2), corresponding to restrictions to  of functions in h!(R"),
can be defined by replacing §(z) = dist(z,9) in Miyachi’s definition by 6(z) =
min(57 dist(x,aﬂ)), for some fixed finite § > 0. Since different choices of § give
equivalent norms, when € is bounded one can choose § > diam(£2), so hL(Q) is the
same as H!(Q) (with norm equivalence involving constants depending on ).

For Q a Lipschitz domain, the dual of hl(Q) (see [19] for the case of H' and
BMO, and [2]) can be identified with the subspace

bmo () = {g € bmo(R") : supp(g) C Q}.
Analogously, one can consider the subspace
hi(Q) = {g € hl(R") : supp(g) C ﬁ}

This was originally done in [15] in the case of H' functions supported on a closed
subset with certain geometric properties, and later in [6] for a Lipschitz domain
and in [4] for a domain with smooth boundary, in connection with boundary value
problems. For a bounded domain €, H}(2) and h1(2) do not coincide since func-
tions in H! must satisfy a vanishing moment condition over the whole domain €,
while those in h!l do not.

The dual of hl(2) can be identified with bmo,(f2), defined by requiring the
supremum in (9) to be taken only over cubes I contained in Q. In fact, one can
actually require the cubes to satisfy 2I C €. This space was originally studied,
in the case of BMO, by Jones [14], who showed that when the boundary of € is
sufficiently nice, BMO,.(€2) is the same as the quotient space of restrictions to € of
functions in BMO(R™). This holds in particular when Q is a Lipschitz domain, and
is also true in the case of bmo,, with

HgHbmoT(Q) ~ inf{H(;”bmo(]R") : G|Q = g}

Note that when €2 is a bounded domain, every element of BMO,.(£2) is in bmo, (1),
but the bmo, norm depends also on the norm of the function in L*().

Since elements of hl(Q) are controlled in norm up to the boundary, when
discussing div-curl quantities in this space one needs to consider the “boundary
values” of the vector fields ¥ and . As these vector fields are only defined in LP(£2)
and do not have traces on the boundary, the appropriate boundary conditions are
expressed, as in the case of Dirichlet and Neumann boundary value problems, by
specifying the class of test functions. In particular, for the equations

dive=f and curl = B,

we now require (7) and (8) to hold in the case when the test functions do not have
compact support in €. This is equivalent to saying that the vector fields

(11)

This is a free offprint provided to the autfaf byithe{publisher. Copyright restrictions may apply.
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and

(12) oy e
0 inR"\Q

satisfy divV = f and curl W = B in the sense of distributions on R™, with f and
B vanishing outside of €.

When the boundary 99 of Q is sufficiently smooth, let i = (1,...,n,) denote
the outward unit normal vector. If the vector fields are sufficiently smooth (so as
to have a trace on the d2), we can integrate by parts in (7) and (8). If ¢ does not
have compact support in €2, the boundary values of ¥ must satisfy ri - & = 0, and in
the case of a bounded domain, this also entails fQ f =0, while for it must hold
that on 09

Win; = Winj,
meaning that « is colinear with n.
We will denote these conditions as follows. Let 2 be a Lipschitz domain and

suppose f and the components of the vector fields ¥ and @ are locally integrable
on . As in the statement of the Neumann problem on 2, write

divi=f inQ,
(13) Jo f =0 if Qis bounded,
n-7=0 on JN

to indicate that (7) holds for all ¢ € C§°(R"™), and

(14) {curlu_iB in Q,

nxw=0 ond

to indicate that (8) holds for all 4,j € {1,...,n} and all ¢ € C*(R").

3. Div-curl lemmas for local Hardy spaces and BMO on a domain

In order to prove an analogue of (10) for bmo,(2), one needs the following
versions of the nonhomogeneous div-curl lemma for hl(Q). The first is a special
case of Theorem 7 in [8]:

Theorem 2 ([8]). Suppose ¥ and W are vector fields on an open set Q@ C R™,

satisfying
ve LP(Q,R"), e LYQ,R"), 1 <p< oo, lJrlzl,
p
and
divi=f e LP(Q), curldd=0

in the sense of distributions on Q. Then G- belongs to the local Hardy space h1(Q)
with
(15) [+ @[ n1 )y < OVl o) + 1 f]lLe @))l1W] La(ay-

THE &858 WWRASRYHEVR Y6 A BT ReBirPAe [ RV SRS W WPt apt

below:
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Theorem 3. Suppose U and W are vector fields on an open set Q C R™, satis-
Jying
1 1
ve LP(Q,R™), e LYQ,R"), l<p<oo, -—+-=1,
P q
and

divd =0, curlwd = B € LI(Q; M™*™)

in the sense of distributions on Q. Then T belongs to the local Hardy space h1(Q)
with

(16) 17 Bl () < CllFl Lo (@) (18] Lage) + DI Bisll age))-
i,j
Proor. Consider a point € €2 and a cube @}, centered at x and of sidelength
I > 0, depending on z. We choose | = min(l,dist(x,aﬁ))/\/ﬁ, which guarantees
Q7 lies inside Q. Without loss of generality assume Qf = [0,{]". Writing v =
(v1,...,v,), and fixing ¢, we solve — A u; = v; with mixed boundary conditions: on
the two faces z; = 0 and x; = [ we impose Neumann boundary values

8ui
8.%1' o

and on the other faces (corresponding to «; = 0 and x; = [, j # 4) Dirichlet
boundary values u; = 0. This can be done by expanding in multiple Fourier series
(with even coefficients in z; and odd coefficients in x;, j # 7). By the Marcinkiewicz
multiplier theorem (see [18, Theorem 4]) the second derivatives of the solution u;
will be bounded in L*(Q7) by ||vs] Le(Qr), for every a < p,i=1,...,n. Note that
by the homogeneity of the multipliers, the constants will be independent of . Since
we have taken [ <1, we also get that ||u;[|w2r(qs) < C|lvil|Lr(gr) With a constant
independent of [.

Set U = (uy,...,uy,) and consider the function divU € WhP(QF). This func-
tion satisfies

A(divD) = —divi =0
in the sense of distributions on @7, since Q7 C €2, and moreover
ouy;
divU = e
vl =Y 7o,

on the boundary, by the choice of boundary conditions above. By the uniqueness
of the solution of the Dirichlet problem in VVD1 P(QF), we must have divU = 0 on
Q7. Let A be the matrix curl (j, ie.,

Ou;  Ou;
Ay = — — —.
J 8$j 8.%1
These are functions in WP (Q¥) with first derivatives bounded in the L% (Q¥)-norm
by [[villa(qs), for every a < p.

Now writing Ej for the jth column of the matrix A, we have, in the sense of
distributions on @7,

This is a free offprint iflectiduihe auth@?lg;ﬁ e publ@her COﬁyr/ght restrictions may apply.
(17) divA; = ; Au; = vy,
O0x;0x; Ox? 890]
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for each j = 1,...,n. Taking the dot product with w and recalling that we identify
curl, in the sense of distributions on 2, with a matrix B whose components are
in L9(§2), we have

5 u‘;’:zn:de ZdlvAw] ZA”%

j=1
= Zdlv A w] +ZA1szjv

1<J

again in the sense of distributions on Q7.

Take ¢ € C with support in B(O 1/( Z\f) nd [¢ = 1, and define, for
0 < t < min(1,dist(z,09)), ¢f by ¢f(y) = t~ ( (x —y)). Since | =
min (1, dist(z, 02)) /v/n we have

supp(¢f) C Bla,t/2v/n) C QF € Q.

Denote B(z,t/2/n) by BY.
We integrate ¢- o against ¢7, noting that equation (17) holds even if we change
A; by adding a vector field which is constant on Q7. In particular we modify each

A;; by subtracting its average (A;;) 5z over IB? . Integration by parts yields:

B‘gn
/ b1(7 - @) = Z / =040 92 (110 ) (A4 (0) — (A) g ey )

+Z/t "9(t (@ — 1) (Ays — (Aij)7) By

1<J

Take a,  with 1l <a<p, 1 <f<gand 1/a+1/8 =1+ 1/n. The Sobolev—
Poincaré inequality in BY¥, together with the fact that ¢ < 1, gives (see the proof of
Lemma II.1 in [7]):

1/« 1/B
60 % (5 @) ()] < O[99l Z(t‘" | VAM-P) (t-” | W)
i By H
. 1/a 1/
+C||¢||002(t‘" /NVAij|a) (t_" /~|Bij5)
i.j By By

< CM(Ji1%) () [qu)mw T ZMOBHW)(@W]

2%

Here the Hardy — Littlewood maximal function on R™, denoted by M, is applied
to the functions |]%,|w|? and |B;;|? by extending them by zero outside 2. The
constant depends on the choice of ¢ but not on t or .

f{é’é%ﬁﬁlgeﬁl%@ﬂﬂ‘e"fﬁa{%ﬁfglﬁfﬁﬂ%ﬁ%’rﬂsﬂﬁcﬁﬂi’éféﬁr fOpy(gRIPSHelors MY @kbtude
that:
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/ sup  |¢y * (7 @)(2)] da
Q

0<t<dist(xz,00)

< Cy ( /Q (M(Ja]) ()" dx)l/p

([ ey )™ + 2 ( f ou0m )" oM

< Cylllloen | I acey + D1 Bislacey |-

2%
This shows ©- @ € h1(£2), and (16) holds. O

Lemma 4. Suppose U and W are vector fields on a Lipschitz domain Q0 C R™,
satisfying the hypotheses of either Theorem 2 or Theorem 3, but with the conditions
on the divergence and the curl satisfied in the stronger sense of (13) and (14). Then
T € hl(Q) with norm bounded as in (15) or (16).

PROOF. Given such vector fields ¥ and w on €2, define the zero extensions 1%
and W as in (11) and (12). The L? and LY norms of V and W are the same as
those of 7 and @ on Q. Moreover, conditions (13) and (14) guarantee that V and W
satisfy (3) (respectively (5)) in the sense of distributions on R™. Therefore, by using
Theorem 1, part (a) (respectively part (b)), we can conclude that V - W € h!(R")
with the appropriate bound on its norm. But VW is equal to zero outside € and
is '+ @ on €, hence this is a function in hl(Q). The hl norm is the same as the h'
norm and the bounds can be given in terms of the LP and LY norms of the relevant
quantities on ). O

Now we can proceed to state and prove the local bmo versions of the div-curl
lemma on a Lipschitz domain:

Theorem 5. Let Q C R™ be a Lipschitz domain.
(a) If g € bmo, (), then

(18) 9 lbmo. & sup / g7,
v Ja

where the supremum is taken over all vector fields v € LP(QQ,R™), @ € L1(,R"™),
19| Le o) < 1, [|W Lagy < 1, satisfying (3) in the sense of distributions on €, with
£l @) < 1.

(b) If g € bmo, (), then equation (18) holds with the supremum now taken
over all vector fields 7 € LP(Q,R"), @ € LY(QR"), |U]|rrq) < 1, [|[W|lpa) <
1, satisfying (5) in the sense of distributions on §, with ||Bij||r«(2) < 1 for all
L,j€eELl . ....n

(¢) If g € bmo,.(Q) then

|9 llbmo. = sup / 90,
70 Ja

the stpedsraueeteiipintaiavigedderheliuter by tiiddlighem &opy ightireshiorpripaserplypart
(b), but satisfying the stronger conditions (13) and (14).
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PROOF. Let g € bmo,(Q2) (real-valued) and take ¢, as in the hypotheses of
part (a) (respectively part (b)). By Theorem 2 (resp. Theorem 3), the dot product
7 - 0 belongs to h1(Q) with norm bounded by a constant. The duality of bmo, (£2)

with hL(Q) then gives
[ 97 < Clglhm.
Q

Conversely, by the nature of bmo, (), the extension G of g to R™ by setting it
zero outside Q is in BMO(R™) with ||G|lbmo = ||9]/bmo. . Hence, by (10), one has

lollono. = 500 [ GV 17 = sup [ g7, 7],
VW /R Vw0

where the supremum is taken over all vector fields V € LP(R™,R™), W € L4(R™, R™),
Ve <1, |W|Le < 1, satisfying (3) (resp. (5)) in the sense of distributions on
R™. The restrictions v = V‘Q, w = W‘Q satisfy the same conditions in (2, proving
the inequality < in (18).

If g € bmo,(Q) and ¥, are as in part (c), by Lemma 4 ¥ - @ € h1(Q) with
norm bounded by a constant, so the duality of bmo, and h! implies

/gawscwmmr
Q

- u_thi < C”gHbmo,,-

This shows that
sw/gawswmmW
Q

v,w

It remains to prove the other direction, i.e.,

nmm%gcmm/gaw
7,0 JQ

The left-hand side is given by

1
sup /Ig —9¢q| dr + sup 7/Ig(x)| dz.
o 1Q © aca 1Q] Jo
o<l 1Q[>1

As explained in the proof of Theorem 2.1 in [3] (for the case of BMO,.(€2) but
the same arguments apply to bmo,(€2)), it suffices to take the supremum over cubes
Q satisfying @ = 2Q C Q (or with some constant Cq, replacing 2). In that case it
just remains to point out that in the proof of estimate (10) in [5] (see the proof of
Theorem 2.2., Case I), it was shown that for a ball B C R™ with radius bounded

by 1
1 1/2
(@ /B\g(x)—gjze\2 dw) < Cnsup/gﬁ-%&

where the supremum is taken over all vector fields 7, @ € Cg°(B) with ||7]|.» < 1,
|@]lze < 1 and divi = 0,curl@ = 0. There we took B = 2B but the argument
immediately applies to B = CqB for some Cq > 1. Note that if BcC ), such vector

fields WAISARTALB IR BSERAARP A Sk (T8 AR TR ST A4S %{H‘fﬁﬂff’dy(l?))
and (14).
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Similarly, for a ball B C R™ with radius larger than 1, we showed in [5] (see
the proof of Theorem 2.2., Case I) that

1 1/2
(i [l ac) < cosup 9o

where this time the supremum can be taken over all vector fields @, @ € C§°(B B) with
19l e < 1, ||w5]| e < 1 satisfying the relaxed div-curl conditions (3)7 or alternatively
the supremum can be taken over such vector fields satisfying (5). Again such vector
fields will automatically satisfy (13) and (14) —the boundary conditions follow
from the vanishing on the boundary and the condition fQ divy = 0, in the case
of bounded 2, follows from the divergence theorem since we are now dealing with
smooth functions. O

Finally we arrive at the desired nonhomogeneous div-curl decompositions for
the local Hardy spaces on 2. These are corollaries of Theorem 5 and follow from the
duality between bmo, and h! (respectively bmo, and hl) by using Lemmas III.1
and II1.2 in [7]:

Theorem 6. Let Q C R"™ be a Lipschitz domain and 1 < p < 0o, 1/p+1/q = 1.

(a) For a function f in hL(Q), there erists a sequence of scalars {\x} with
Yoo 1| Ak| <00, and sequences of vector fields {vy} in LP(2,R™), {@} in LI(Q,R™)
with ||Uk||ze, ||Wellre <1 for all k, satisfying, for each k, condition (3) in the sense
of distributions on 2, so that

o0
f= E Ak Uk - W
k=1

(b) The same result holds as in part (a) but with T and Wy satisfying (5)
instead of (3), for each k.

(c) For a function f € hL(Q), there exists a sequence of scalars {\y} with
Sore 1Akl < oo, and sequences of vector fields {Uy} and {wWy}, as in part (a) or
part (b), but satisfying the div-curl conditions in the stronger sense of (13) for
each Uy and (14) for each Wy, so that

oo
F=" Nl - @
k=1

Remark. As pointed out in Section 2, when the domain €2 is bounded the
“local” Hardy space hi(f2) coincides with H}() and similarly for BMO,(Q) and
bmo, (£2). By taking the constants in the definitions and proofs sufficiently large
(depending on the size of Q), we do not need to deal with the case of “large” balls
or cubes, so everything reverts to the homogeneous case. As previously mentioned,
this case was dealt with in [3] and [16], but only for p = ¢ = 2, so the current
results are a generalization of the older ones.
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