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Abstract

A decomposition theorem for the local Hardy space of Goldberg, in
terms of nonhomogeneous div-curl quantities, is proved via a dual result
for the space bmo.

1 Introduction

Given vector fields V. = (v1,...,v,) in LP(R",R™), W = (wy,...,w,) in
LY (R, R") with 1 < p < oo, % + z% = 1, the scalar (dot) product V- W =
> viw; will lie in L'(R™). Coifman, Lions, Meyer, and Semmes [CLMS] showed
that if the following conditions hold in the sense of distributions:

WV o— o
div oz, 0,

curl W := Ow; — Ow; =0,
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then V - W belongs to the real Hardy space H'(R"), a proper subspace of L!.
Moreover,
V- Wil < ClIV]e[[W] L (1.1)

This “div-curl lemma” and other results of a similar nature illustrate the re-
cent use of Hardy spaces for applications to nonlinear PDE and in the method
of compensated compactness, originally going back to the work of Murat and
Tartar.

Recall (see [FS]) that a function f belongs to H!(R") if the maximal function
M, (f) belongs to L'(R™), where, for a fixed Schwartz function ¢, [¢ =1, we
define

Mo(f)(@) = sup f = pr(@)l, i) = o).

Here the norm, defined by || f| g := || Myl||L:, depends on the choice of ¢, but
the space does not since different choices of ¢ give equivalent norms. Functions
in the Hardy space enjoy both improved integrability and cancellation conditions
compared to L! functions. In particular, if f € H' then its integral must vanish.

The local real Hardy space h!(R™), defined by Goldberg [Go, is larger than
H' and allows for more flexibility, since global cancellation conditions are not
necessary. For example, the Schwartz space is contained in h' but not in H?,
and multiplication by cut-off functions preserves h' but not H', thus making it
more suitable for working in domains and on manifolds. For membership of a
function f in h'(R™), we use a “local” maximal function my(f), with

me(f)(x) = sup |fxpi(2)],
o<t<1
and require my,(f) € L'(R™). As for H', || f||n1 := ||ml|z1 defines a norm, and
different choices of ¢ give equivalent norms, so we can choose ¢ with compact
support, making clear the local nature of the maximal function.

In [D], sufficient nonhomogeneous conditions on the divergence and curl were
found in order for the dot product V - W, where V and W are vector fields as
above, to be in h!'(R™). In particular, as a corollary, the following special case
was proved:

Proposition 1.1 ([D]) Suppose V and W are vector fields on R" satisfying
/ 1 1
Ve LP(RM)", WelLP(R")" 1<p<oo, -+ =1
p P

If there exists a function f in LP(R™) and a matriz-valued function A with
components in LP (R™) such that, in the sense of distributions,

divV=f curl W=A4,

then V - W belongs to the local Hardy space h*(R™) with

IV Wil < C (VLo Wl + 1 e IW g+ 1VILze Y 1 Asler)-
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Note that the requirement on the divergence and the components of the curl to
be functions in LP and Lp/7 respectively, was also used in the original div-curl
lemma of Murat [Mu], and is a natural relaxation of the vanishing divergence
and curl conditions. In fact, by the Hodge decomposition, this can be viewed
as a combination of the following two theorems:

Theorem 1.2 ([D]) Suppose V and W are vector fields on R™ satisfying
’ 1 1

VelP(R")", WelLV(R")", 1<p<oo, —+—-=1

p p

and
divV = feLP(R"), curl W=0

in the sense of distributions. Then V-W belongs to the local Hardy space h*(R™)
with
V- Wllpi@ny < C ([[VIze@ny + 1 fllo@n)) W 2o ey (1.2)

and
Theorem 1.3 ([D]) Suppose V and W are vector fields on R™ satisfying
Ve LP(RM)", WeLl(R")", 1<p<oo, % + % =1.
If A is a matriz with components in L (R™) and
divVvV =0, carl W=A4

in the sense of distributions, then V-W belongs to the local Hardy space h*(R™)
with

V- Wl eey < CIIVIiLo@e) [[WIl ey + D ||Aij|\m’(w)] (1.3)

4,J
It may seem that the conditions on the divergence and the curl in the theo-
rems above are too strong, so the question arises as to whether one can charac-

terize functions in the Hardy space in terms of such div-curl quantities. Such a

characterization, providing a kind of converse to the div-curl lemma, was shown
in [CLMS] for H*(R"):

Theorem 1.4 ([CLMS]) Every function f € HY(R™) can be written as
F=Y Vi Wy,
k=1

with {\x} € 01 and V., Wy, vector fields with norm bounded by 1 in L*(R™,R"),
and div Vi = 0, curl Wi = 0 in the sense of distributions on R™.



This decomposition was proved in [CLMS], via functional analysis argu-
ments, from the following dual result: for g € BMO(R"),

llgllBmo = sup / gV -W, (1.4)

n
)

where the supremum is taken over all vector fields V, W in L2(R™,R"), ||V ||z, [[W]| 2 <
1, satisfying div V = 0, curl W = 0 in the sense of distributions on R™.

The goal of this paper is to prove an analogue, Theorem 2.2, of (1.4) for
functions in bmo(R™), the dual of the local Hardy space h'(R"), and conse-
quently a decomposition theorem, Theorem 3.1, for hA! in terms of the div-curl
quantities used in Theorem 1.2 or in Theorem 1.3.

2 The div-curl lemma for local BMO

In [Go] it was shown that the dual of h'(R™) can be identified with the space
bmo(R™), consisting of locally integrable functions f with

1 1
1£llomo == sup —/\f — fil+ sup —/|f| < c0.
<1 | /1 1| J;

[I|>1

Here the supremum can be taken over balls or cubes with sides parallel to the
axes, |I| denotes Lebesgue measure (volume) and f; is the mean of f over I,
ie. ﬁ fI f. The number 1 in the definition can be replaced by any other finite
nonzero constant. Note that unlike the case of BMO, we do not need to consider
this norm modulo constants.

Before stating the main result, let us introduce the following definition in
order to simplify notation.

Definition 2.1 Denote by DC{O the collection of all functions which can be
written in the form V-W , where V., W are vectors fields, V € LP(R™, R"™), W €
LP (R™,R™), [|[V||ze <1, W] <1, satisfying, in the sense of distributions
on R™,

divV =feLP(R"), |fllzr <1, and curll W=0. (2.1)

The collection DCg,l can be defined analogously by requiring the vector fields
to satisfy, instead of (2.1), the conditions

div V =0, (curl W);; = A;; € L (R™), || Ayl <1, 0,5 € {1,...,n}. (2.2)

Note that by Theorems 1.2 and 1.3, both DCY, and DCf; are subsets of
h'(R™) for every 1 < p < oc.



Theorem 2.2 If g € bmo(R"), then for 1 < p < oo,

lgllbmo & sup / of, (2.3)
fGDCf’O n
and
lgllbmo = sup / af, (2.4)
repct , Jrn

with constants that depend only on p and the dimension.

Proof:  Let g € bmo(R™) (we are assuming that g is real-valued) and take
f € DCYy UDCE . As stated above, by Theorems 1.2 and 1.3, f belongs to
h'(R™) with norm bounded by a constant. The duality of bmo(R™) with h'(R")
then gives

/ 9 < Clgllmo.
R’n

It remains to prove the other direction, i.e.

lgllomo < C’ / af
Rn

where we take the supremum over f € DCY, or f € DCj ,, respectively.
We will use the definition of bmo with the supremum taken over balls.

Case L. If B is a small ball, say with radius bounded by 1 (although in fact

the proof is independent of the radius), one can use the following estimate from
the proof of Theorem II1.2 in [CLMS]:

1 5 \1/2
(5 [ lot@) = ga'a) " < Coswp [ g vow, (25)

1Bl J&
where the supremum is taken over all vector fields V, W & CgO(E) (here and
below B denotes the ball with the same center and twice the radius of B) with
Ve <1, [[W|;» <1anddivV =0,curl W = 0. Note that the result in
[CLMS] is stated for a cube @ (instead of a ball B) and for p = p’ = 2, but can
be modified to the case of a ball and for p # 2 as follows.

The key inequality used in the proof in [CLMS],

dg
8@-

, (2.6)

n
lg = 9BllL2(5) < CZ
= w-t2(B)

is valid for any Lipschitz domain (see for example [GR], Section 1.2.1, Corollary
2.1). This inequality holds in the homogeneous sense, modulo constants. There-
fore, while we denote by W~12(B) the dual of the Sobolev space W, **(B), which
is the closure of C§°(B) under the norm ||¢|lw1.2(5) = |¢ll2(B) + Vel L2(B), to
obtain the right-hand-side of (2.6) we test against test functions only bounded
in the homogeneous Sobolev norm ||ullyi1.2( 5y = [|VullL2(5). For a fixed ball the



homogeneous and nonhomogeneous norms on C§°(B) functions are equivalent,
but here we use only the homogeneous norm in order for the constant to be
independent of the radius of the ball.

gfi WoLa(m) it=1,...,n, wefixaje{l,...,n}\{i} and
define the vector fields V and W, for the case p < 2, as in [CLMS]: given
u € C§°(B) with ||Vu|r2 <1, let

To estimate ‘

ou ou
V= |BY*YP ([ —e; — —e; 2.7
| | 8.131' e] 8Ij € ’ ( )
where e; denotes the ith coordinate vector in R", and let
0

W =4|B|" /P’y ((xj—xg)n(x;; )) ; (2.8)

where 2° and R are the center and radius of B, respectively. Here 7 is a fixed
smooth function supported in B(0,2) and identically equal to 1 on B(0,1).
Note that since p < 2, the support and bound on the L? norm of Vu imply
IV]ir < 1, while v can be chosen, depending only on n,n and p, so that
I'W]||,»» < 1. This gives us the desired properties for V and W, and moreover,

10 OU
VoW =B

(2.9)

3

When p > 2, we need to change the definitions of V and W. As above, we
take u € C§°(B) with ||Vul/zz < 1, but now we set

W = |B|'/?" /7' yy (2.10)

and (again taking j € {1,...,n}\ {i})

V:,y/IBl—l/p{a(gij‘])el_ a(gzzxj)e]}’ (211)

with np defined by np(z) = n(‘”%o) for n as above. Clearly divV = 0 and
curl W = 0, and by the conditions on u, the fact that p > 2, and the choice of
7', we can make |V|z» <1 and [|[W]||;,» < 1. On B, where np is identically
equal to 1, we get V = ~/|B|~1/Pe;, so that as before

o

V-W:7’|B|‘1/28x..

(2.12)
Integrating against g in (2.9) or (2.12), we can proceed for any p € (1, 00).
6g b

ox; W-1.2(B) y a

constant multiple of |B|'/? times the right-hand-side of (2.5). We then obtain
(2.5) from (2.6).

Taking the supremum over all such u, we get a bound on



Case II: Now let us consider a large ball B with radius greater than 1. For
this type of ball we need to show a stronger condition, that is, we need to bound
the mean of |g| on B. We will do this by showing two cases of the following
inequality, corresponding to (2.3) and (2.4):

1 1/r
(E/B|g(x)\rdx> < Chr sup/gV~W. (2.13)

In both cases the supremum is to be taken over pairs of smooth vector fields
V, W supported in B, V € (L), W € (L?')", with norms bounded by 1, and
in the first case, with r = p’, the vector fields satisfy condition (2.1), while in
second case, with r = p, they satisfy (2.2).

Note that a priori we have the finiteness of the left-hand-side of (2.13) by
the fact that g € bmo C BMO C L, for any r < oo.

We first prove estimate (2.13) when B = Bj is the unit ball B(0,1). In order
to do this we need to use the full (nonhomogeneous) version of inequality (2.6),

namely
lgllz-s) <C {IIQIIWH(BI) +Y } (2.14)
i=1 W=t (By)

for any r, 1 < r < oo (see [Ne|, Theorem 1, p. 108, with = 0).
g

6:Ei

dg
8l‘i

are analogous to those above (for a fixed

The estimates for ‘ ’
wW-— 1,T(Bl)

ball the norm is equivalent to the homogeneous case). Here the test functions
are in WOI’T/(Bl), so r’ plays the role of the exponent 2 in the argument above,
and again we need to distinguish the two cases. For r = p/, given u € C{°(B)
with ||Vul/zr < 1, we use the same vector fields as defined in (2.7) and (2.8),
normalized for the unit ball B;. For r = p the test function v will now have
IVul|;»» <1, so we can define the vector fields as in (2.11) and (2.10).

Now we address the part that is different from the homogeneous case - we
have to bound

[o0

where the supremum is taken over ¢ € C§°(B1), [[¢lly1.(p,) < 1. We need to
be able to write any such function ¢ in terms of div-curl quantities V - W.

l9llw-1.r(B,) = sup , (2.15)

Lemma 2.3 If ¢ € C§°(By) then we can write
cp:C’Vl-Wl ZOVQ'WQ
for smooth vector fields V;, W; with V1 and Wy supported in By, W1 and V,
supported in the double ball By = B(0,2), Wy € (L? (By))", Vo € (LP(By))"
(with norms bounded by a constant independent of ), and satisfying
div Vo =0, curl Wy = 0.

In addition, we have



(i) V1 € (LP(B1))™ and div V1 € LP(By) with bounds
IVillzr < Cllgllze,  [|div Villze < Cl[Vel[Le;
(it) Wy € (L (By))" and, for alli,j, (curl Wy);; € LP (By) with bounds
IWallpor < Cligllpe,  lI(curl Wa)yll o < Cl[Vepl| o
Proof: [Proof of Lemma 2.3:] Let ¢ € C5°(By). Take
Vi =ye; = (p,0,...,0),

and
Wl = v(nml)a

where 7 is supported in By = B(0,2), satisfies |||z~ < 1, |[Vn|lz= < 1, and is
identically equal to 1 on the support of ¢. Note that this ensures that on By,
W, = e, so we get the desired identity

V1 . W1 = @.

We can bound the norm of W; by a constant:

1/p
Wil 5,y < 1Vlloo /N |21 [P + [11lloo] B1 P < Chn
Bl\Bl

and since W is a gradient, we also have curl W; = 0.

Moreover
IVillees,) < l@lles)
and 5
. P
v Ve = | < Ve lr).
1) oy Lo (By) 1
For the other case, we can take
d(nwy) d(nz1) on O
V — — — — —_— _ 0 N 0
2 s e Ot e x1 6x2’x18:1:1 +n,0,...,

with n as above. Then

IVallosr) S VAl + 10l 5 < Cnwp
(B1) (B1) (B1)

and div Vo = 0. We also set
W2 - Sae27

so as above, since 7 is identically 1 on the support of ¢, we have

VQ'W2:</D.



In addition,
||W2||LP’(B1) < ||‘P||LP’(B
and
[(cwrl Wa)isll Lo,y < IVl Lo (5,)-
|

Continuation of the proof of Theorem 2.2: We obtain estimate (2.13) for
the unit ball, with » = p’ and condition (2.1) satisfied, by using (2.14), applying
the lemma with the vector fields V; and W to the test functions in (2.15), and
dividing by the appropriate constants. The case r = p and (2.2) corresponds to
using the lemma with V5 and Ws.

Now let us prove estimate (2.13) for a ball B = B(xg,R), R > 1. On the
left-hand-side, any g € L"(B) corresponds in a one-to-one and onto fashion to
a g € L"(By) by taking §(z) = g(xo + Rx), with

(7 [, o) = (i [ o)™

On the right-hand-side, for any smooth vector fields V;, W, corresponding
to the unit ball, as in Lemma 2.3 (i = 1 in the case r = p’, i = 2 in the case
= p), define

V() :VZ‘<R_1($—LEQ))7 WO :Wi(R_l(m—wo)).

Then Vo, W are smooth vector fields supported in B = B(xg,2R), Vg € (LP)",
and W € (L?')" with bounds

1/p
IVollzr = </|V (z —xo))lpdx> = R"/P||V;||» < R/,

and similarly
[Woll o < B2

Moreover, if i = 1 we have div Vy € LP,

p 1/p
|div Vo|lLr = (/ ‘R (div V1 R )‘ dw) = R"/P~Y|div Vy||» < RM/P7L,

and
curl Wy = R (curl W) (R™ (2 — 29)) = 0,

while if ¢ = 2 we have div Vg = 0 and, for all j,k € {1,...,n},

o 1/p’
— n/p’—1
|(curl Wo)kllLr = (/ ’f ((curl Wy ]k)( 7 )‘ dx) <R .



Letting V = R~"/PVy, W = R~/ W and using the fact that R > 1, we
get vector fields satisfying either (2.1) in the first case, or (2.2) in the second
case, and

/gV~W = R_”/Q(R_l(a:—xo))Vi(R_l(x—xo))-Wi(R_l(x—aco))dx

/gvi-wi.

Taking the supremum over all such V;, W, and using estimate (2.13) for the
unit ball, we get the same inequality for the ball B. This concludes the proof
of the theorem. [

Remarks:

1. All vector fields constructed in the proof are smooth with compact sup-
port, so the suprema on the right-hand-side of (2.3) and (2.4) can be
restricted to dot products of such vector fields.

2. As pointed out, the proof of Case I is independent of the radius of the ball
and therefore we have generalized the result (1.4) from [CLMS] to p # 2.
Such a generalization and the resulting decomposition of H*(R™) in terms
of (smooth) div-curl atoms is stated in [BIJZ] (Proposition 2.2) without
proof.

3 The decomposition theorem for h'

Since DCY ; (respectively DCY ;) is a bounded symmetric subset of h'(R™), we
can use Lemmas II1.1 and II1.2 in [CLMS], the duality of bmo and k' [Go], and
Theorem 2.2 to obtain the following decomposition of functions in A' in terms
of the appropriate “div-curl atoms”:

Theorem 3.1 For a function f in h'(R™), 1 < p < oo, there erists a sequence
{A\x} € €1 such that

F=Y Mfe, freDCly forallk>1.
k=1

Such a decomposition also holds with fi, € DC(’il for all k.

10
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