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1 Introduction

Let K be a finite extension of Q, with ring of integers Ok and fix for the rest of this article
a uniformizing parameter m of Ox. We denote by S := Spec(Ok) and by M the log structure
on S associated to the prelog structure N — Ok sending n € N to 7™ € Ok. We denote by
(S, M) the associated log scheme.

Let X — S be a morphism of schemes of finite type (or a morphism of formal schemes
topologically of finite type) with semistable reduction, by which we mean that there exists a log
structure N on X and a morphism of log schemes (or log formal schemes) f: (X, N) — (S, M)
satisfying the assumptions of section §2.1.2. In particular f is log smooth.

Let now W := W(Ok/mOk) and we denote by O := W[Z] and by O — Ok the natural
W-algebra homomorphism sending Z to w. Write P.(Z) € W[Z] for the monic irreducible
polynomial of m over W. It is a generator of Ker((’) — OK). We denote by S = Spf(O)

and by M the log structure on S associated to the prelog structure N — O sending n € N to
Z" € O. Let us consider the natural diagram of log formal schemes

(X, N)
[l -
(S,M) — (S, M).

We assume that there exists a GLOBAL deformation f ; ()N( , N ) — (§ , M ) of f. Such defor-
mations exist for example if X is affine or if the relative dimension of X over S is 1, but not in
general.

Our main concern in this article is to:

1) Define Faltings’s logarithmic sites Xx and Xg associated to f: (X, N) — (S, M) and

Fontaine (ind continuous) sheaves on it associated to the deformation f: (X, N) — (S, M ):
_v p—

BZﬁs? Blvog’ Blog? Blog and Blog-

2) Define the category Sh(Xk)ss of semistable (in fact arithmetically semistable) étale local

systems on X and study its properties; see §2.4.4 and §2.4.7.

3) Define in §2.4.7 a Fontaine functor Dy, from the category of semistable étale local systems

on Xk to the category of log filtered F-isocrystals on X relative to O. More precisely these are

Frobenius isocrystals (considering the Kummer étale site on (X, N) modulo p) relatively to the

p-dic completion of the divided power envelope of O with respect to the ideal generated by p

and Pr(Z), with filtration on their base change via O — O defined by mapping Z to 7; see

§2.4.5.

4) We prove the following comparison isomorphism theorem, see 2.33. Suppose that L is a p-
adic Kummer étale local system on X, which when viewed as an étale local system on X is
semistable. Assume that X is a proper and geometrically connected scheme over O. We have,
see 2.33,

Theorem 1.1. a) The p-adic representation H' (X%et,]L) of Gg = Gal(K/K) is semistable for
all i > 0.



b) There are natural isomorphisms respecting all additional structures (i.e. the filtrations,
after extending the scalars to K, the Frobenii and the monodromy operators)
Dy (HE(XE L)) = HE (X /W(R) ), Dis, (L)),
Here, Df},(IL)" is the Frobenius log isocrystal on Xj relative to W(k)* obtained from
D, (L) by base change via the map O — W(k) sending Z to 0. Here, W(k)" is W(k)
with log structure defined by N — W(k) given by sending every n € N to 0. In particular,

H (X5 /W(k)*)f;i;, i (L)) is a finite dimensional Ko-vector space endowed with a Frobenius

linear automorphism and a monodromy operator. Its base change to K coincides with the co-
homology of the filtered log isocrystal Dji,(L)x, given by base change of Djj, (L) via the map
O — Ok, sending Z to . Thus these cohomology groups are endowed with filtrations coming

from the filtration on D, (L) x,. -

For the constructions in (1)—(3) the existence of local deformations of X to O would suffice;
namely the notion of semistable étale local systems and the functor Djj, can be defined locally
and then glued. On the contrary, it is in (4) that we definitely need the existence of a global
deformation X in order to guarantee the finiteness of the cohomology of Frobenius isocrystals
on the reduction of (X, N) modulo p relatively to O, a key ingredient to prove the theorem.

We hope to be able to remove this assumption in the future.

All these constructions are generalizations to the semistable case of the analogue results in
the smooth case. The comparison isomorphisms in the smooth case were recently proved in
[AI2] (after having been proved before in different ways and various degrees of generality by
G. Faltings, T. Tsuji, W. Niziol etc. see the introduction of [AI2] for an account on the history
of the problem to date.)

The proof of the comparison isomorphisms in the smooth case presented in [AI2] was in fact
a result cumulating three sources:

i) [AI2] in which Faltings’ site associated to a smooth scheme (or formal scheme) was defined
(in that article K was supposed unramified over @, and so no deformation was required) and
the global theory of Fontaine sheaves on the site was developed.

ii) [Bri] where the local Fontaine theory in the relative smooth case was worked out. In
particular, if R is an Og-algebra, “small” (in Faltings’ sense) and smooth over Ok it was proved
in [Bri] the following fundamental result: the inclusion R[1/p] < Bes(R) is faithfully flat.

iii) [AB] where (in the notations of ii) above) the geometric Galois cohomology of Beis(R)
was calculated.

The present article generalizes to the semistable case all three articles quoted above as follows:
in chapter 2 we develop the global theory, i.e. we define Faltings’ logarithmic sites Xx and
X% and the Fontaine sheaves on it. In chapter 3 we work out the local Fontaine theory in
the relative semistable case generalizing [Bri]: we define semistable representations and prove
their main properties. The situation is more complicated than in the smooth case, namely let
U = Spf(R) be a small log affine open of (X, N) and U = Spf(R) a deformation of it to (S, M).

We define relative Fontaine rings B{:*(R) and Bﬁgx(ﬁ), which are both R[1/p]-algebras and

together generalize B.s(R) to the semistable case. More precisely:



a) Let Emax be the p-adic completion of the ring R [%Z)] as a subring of ﬁ[l /p]. We prove that

the inclusion émax [p’l} — ngX(R) is close to being faithfully flat; see 3.31. More precisely we
show:

i) If @ = 1, see the assumptions on §3.1 (i.e. we are in the semistable reduction case) then
in fact Ry pt] — Bllf;gx(é) is faithfully flat.

ii) If &« > 1 then the situation is more complicated, namely there exists an algebra A (denoted

A;{;l?iax in the proof of theorem 3.31) such that Rpax [p7!] — Ap!] — Bjo*(R) and having
the properties that a faithfully flat Rinax [p_l}—algebra C is a direct summand of A[p_l} as C-
module and the extension A[p~!] — BRe*(R) is faithfully flat. It follows that if a sequence of

R [p~!]-modules
0— M — M — M —0

becomes exact after base changing it to BE‘SX(R) then it was exact to start with. This property
is what we call “close to faithful flatness” and allows to prove that Djj, of a semistable sheaf is
an F-isocrystal.

b) If we denote by G the (algebraic) fundamental group of Spm(Rz) for a geometric base point,

we compute the continuous G g-cohomology of Bﬁfés(R) with results similar to those in [AB].

c) Finally, if Gp is the (algebraic) fundamental group of R[1/p] for the same choice of geometric

base point as at b) above and if V' is a p-adic representation of Gg then we prove: V' is Bﬁfés(R)-

admissible if and only if V' is Bj52*(R)-admissible if and only if the étale local system L attached
to the representation V' is semistable, in which case V itself is called a semistable representation.
Moreover if V' is a semistable representation then Dps(V) and Dip2X(V') determine one
another and Di7i*(V') provides DiZ, (IL).
Using all these results in the second part of chapter 2 we prove the semistable comparison

isomorphism theorem 1.1 stated above.

We’d like to point out that T. Tsuji has a preprint [T2] where the theory of semistable étale
sheaves on a semistable proper scheme over Ok is developed. On the one hand his work is more
general than ours as he has less restrictive assumptions on the logarithmic structures allowed and
on the existence of a global deformation over (S, M). On the other hand neither does the author
prove in that article any faithful flatness result nor does he derive comparison isomorphisms for
the cohomology of the semistable étale local systems defined there.

Finally, recent work of P. Scholze [Sc] might lead in the future to results in the direction of
proving that de Rham étale sheaves are potentially semistable.

Acknowledgements We are very grateful to the referee of this article and especially to
Olivier Brinon for the careful reading of the text and for pointing out some errors in an earlier
version.



2 Fontaine’s sheaves on Faltings’ site

2.1 Notations

Let p > 0 denote a prime integer and K a complete discrete valuation field of characteristic 0
and perfect residue field & of characteristic p. Let Ko be the field of fractions of W(k). Let O
be the ring of integers of K and choose a urgformiz_er m € Ok. Fix an algebraic closure K of K
and write G for the Galois group of K C K. In K choose:

(a) a compatible systems of n!-roots m of T

(b) a compatible systems of of primitive n—roots €, of 1 for varying n € N.

Define K! := K[rw] and K’_ := U, K. Since T™ — r is an Eisenstein polynomial over O,
then Ok, = Ok (1] = Ok|[T)/ (T™ — ) is a complete dvr with fraction field precisely K7,.

Let M be the log structure on S := Spec(Qf) associated to the prelog structure 1p: N — O
given by 1+ 7. Let i : O[N] — Ok be the associated map of Ox—algebras. For every n € N
we write (Sn, Mn) for the compatible system of log schemes given by S, = Spec((’)K/ﬂ"OK)
and log structure M,, associated to the prelog structure N — O /7"Ok, 1 — 7. We refer to
[K2] for generalities on logarithmic geometry.

Write O := W(k)[Z] for the power series ring in the variable Z and let Ny be the log
structure associated to the prelog structure ¢p: N — O defined by 1 — Z. We define Frobenius
on O to be the homomorphism given by the usual Frobenius on W(k) and by Z +— ZP. It
extends to a morphism of log schemes inducing multiplication by p on N. Let P,(Z) be the
minimal polynomial of 7 over W(k). It is an Eisenstein polynomial and 6p: O — Ok, defined
by Z +— 7, induces an isomorphism, compatibly with the log structures, O/ (P,,(Z )) — Ok.

2.1.1 The classical period rings

Write A for the classical ring of periods constructed by Fontaine [FO,N§2.3] and Alg\g the classical
ring of periods constructed by Kato [K1, §3]. More precisely, let Ez? = liin Ox where the
transition maps are given by raising to the p-th power. Consider the elements p := (p,p%, .. .),
T = (7T,7T%, . ) and ¢ := (1, €p, ) The set ng has a natural ring structure [Fo, §1.2.2] in
which p = 0 and a log structure associated to the morphism of monoids N — ng given by
1 — 7. Write Ajyf (Ox), or simply Ay, for the Witt ring W(Eg?) It is endowed with the
log structure associated to the morphism of monoids N — W(Eg?) given by 1 — [ﬁ] There
is a natural ring homomorphism 6: W(Egﬁ) — @? [Fo, §1.2.2] such that 9([%]) =7 In

particular, it is surjective and strict considering on (5? the log structure associated to N — @F
given by 1 — 7. Its kernel is principal and generated by Pﬂ([%]) or by the element ¢ := [}_9] —p.

Write Z for the ideal of W(Egﬁ) generated by [5}1%” — 1 for n € N and by the Teichmiiller lifts
[z] for z € ]Ai/)g? such that (® lies in the maximal ideal of Og.

We recall that A is the p-adic completion of the DP envelope of W(Egﬁ) with respect to
the ideal generated by p and the kernel of 6. Similarly, Ay, is the p-adic completion of the log DP



envelope of the morphism W(Egﬁ) ®w () O with respect to the morphism 0® 0o : W(Egﬁ) Qw(k)
0 — 6?. In particular,
Alog = Acris {<u - 1>} )

by which we mean that there exists an isomorphism of A..s-algebras fromthe p-adic completion
Acis {{V)} of the DP polynomial ring over Ag;s in the variable V' and Ao, sending V' to v — 1

with u = %; cf. [K1, Prop. 3.3] and [Bre, §2] where the ring is denoted fAlst. We endow A
and Aj,e with the p-adic topology and the divided power filtration. We write Byis 1= Acris [t_l]
and Biog 1= Alog [t‘l}, where ¢ := log([é]), with the inductive limit topology and the filtration
Fil" Beyis 1= Y, ey FII' T Agist ™™ and Fil" Bigg := >, Fil" ™ A t ™.

Let Bjy be the classical ring of Fontaine defined as the completion of W(Eg _)[p~"] with
respect to the ideal generated by ker 6 with the filtration defined by this ideal. é(imﬂarly, we

construct B (O) as follows. Define A;¢(O) as the completion of W(Ezgf) Qw ) O with respect

to the ideal (6 ® 6@)_1(]9(/9\?) and simply denote 6 @ 6p: Ape(O) — Ox the map extending
0 ® 0. Then, we set Bi(O) to be the completion of Aj(O)[p~!] with respect to the ideal
generated by ker f @ 6o, with the filtration defined by this ideal. Define Byr := Bj [til} and
Bar(0) := Bz (O)[t7]. We extend the filtrations to Bar and Bar(O) as before. Note that
B3 (0) = Bi;[u—1] & B[ Z — 7] where the filtration is the composite of the filtration on B
and the (u — 1)-adic or (Z — m)-adic filtration; cf 3.15(4). We have an inclusion B,y C Bar(O),
strict with respect to the filtrations. We also have the classical subrings Beyis k := Beris @, K
and By k := By ®k, K of Bqr introduced by Fontaine; see [Fo, §3.1.6] and [Fo, Thm. 4.2.4].
Define Elog to be the image of the composite map fr: Biog — Bar(O) — Bar defined in [Bre,
§7], and given by Z +— m. We consider the image filtration which is the filtration inherited by
Bgr. For later use we remark

Lemma 2.1. We have natural morphisms Bgisk C Bsx C Elog C Bgr, which are G-
equivariant, are strictly compatible with the filtrations and induce isomorphisms on the associated
graded rings.

Proof. The map f, is clearly compatible with Gg-action and the filtrations. It sends P,(Z)
to 0. In particular, A,/ (P,,(Z ))Alog is an Aeis @wr) Ok algebra and contains the divided
powers of the element [7]/7 — 1. In particular, Aye/(Px(Z)) contains the element log([7]/7)
which generates By as Bes-algebra by [Bre, lemma 7.1]. See also [Fo, §3.1.6]. This provides the
claimed inclusions. As the map B — Bgr induces an isomorphism on the associated graded
rings, the claim follows. [

The rings Aeis and Ajg, and hence B and Bj,g, are endowed with a Frobenius having
the property that ¢(u) = w? and ¢(t) = pt and a continuous action of the Galois group Gk.

Moreover, there is a derivation
dz

d: Alog — Alog7
which is Agis linear and satisfies d((u — 1)) = (u — 1)""Yu4Z; see [K1, Prop. 3.3] and [Bre,
Lemma 7.1]. Its kernel is A and the inclusion Agis C Ajog is split injective where the left

inverse is defined by setting (u— 1)l + 0 for every n € N. We let N be the A.-linear operator
on A such that d(f) = N(f)%. In particular, d and N extend to By It is proven in [K1,

7



Thm. 3.7] that Fontaine’s period ring By, see [Fo, §3.1.6], is isomorphic to the subring of By,
where N acts nilpotently.

Biog-admissible representations According to [Bre, Def. 3.2] a Q,-adic representation V' of
G is called Bjyg-admissible if

1) Die(V) := (Biox @0, V)  is a free BE%_module;
g g <Qp log
(2) the morphism Bjoe ® BOK Diog (V') — Biog ®q, V' is an isomorphism, strictly compatible
log
with the filtrations.

In this case Dig(V) is an object in the category MF ok (¢, N) of finite and free Bgé‘—
log

modules M, endowed with (i) a monodromy operator N, compatible via Leibniz rule with the
one on ng , (ii) a decreasing exhaustive filtration Fil"M which satisfies Griffiths’ transversality
with respect to Ny, and such that the multiplication map ng X M — M is compatible with the
filtrations, (iii) a semilinear Frobenius morphism ¢, : M — M such that Ny; o @ = poaro Ny
and det ¢y is invertible in ng. See [Bre, §6.1].

Comparison with semistable representations Consider the category MF (¢, N) of finite di-
mensional Ky-vector spaces D endowed with (i) a monodromy operator Np, (ii) a descending
and exhaustive filtration Fil"Dg on D := D ®g, K, (iii) a Frobenius ¢p such that detyp # 0
and Np o ¢p = ppp o Np; see [CF]. Such a module is called By-admissible if there exists a
Q,-representation V' of Gk such that Dy (V) := (V ®q, Bst)GK is isomorphic to D compatibly
with monodromy operator, Frobenius and filtration after extending scalars to K. Consider the
functor

T MJ:K(Q(%N) —>M]:BGK<SO7N)

log

sending D +— T(D) := D ®k, ng with monodromy operator Np ® 1 + 1 ® N, Frobenius
©p @ ¢ and filtration defined on [Bre, p. 201] using the filtration on Dg and the monodromy
operator. More precisely, the map f: Bi,, — Bgr defined in 2.1 by sending Z to 7 induces a
map BY¥ — B = K. This provides a morphism p: T(D) — Dg. Then, Fil"T(D) is defined

log

inductively on n by setting Fil"T'(D) := {z € T(D)|p(z) € FiI"Dy, N(z) € FiI""'T(D)}.

Proposition 2.2. [Bre| (1) The functor T is an equivalence of categories.

(2) The notions of Biog-admissible representations of Gk and of Bg-admissible representa-
tions are equivalent. For any such, we have T(Dst(V)) = Digg(V).

Proof. (1) is proven in [Bre, Thm. 6.1.1]. (2) is proven in [Bre, Thm. 3.3]. O

An admissibility criterion. We prove a criterion of admissibility very similar to the ones in
[CF]. Let M be an object of MF ,ax (¢, N). The map Biog — Bar sending Z to 7 has image
o log
Biog by 2.1. Define

0 N=0p=1 1 - 10(
Vieg (M) := <Blog B M> , Vieg(M) = (Buog ® e M) /Fil’(Biog ®pix M).

Let
S(M): Vigg(M) — Vi (M)

log

8



be the map given by the composite of the inclusion Vlgg

Biog @ pae M — Blog ® zox M. We simply write Vieg(M) for the kernel of §(M). Then,

log log

(M) C Biog ® gox M and the projection
log

Proposition 2.3. (1) A filtered (¢, N)-module M over ng is admissible if and only if (a)
Vieg(M) is a finite dimensional Q,-vector space and (b) 6(M) is surjective.

Moreover, if V. = Vieg(M) is finite dimensional as Q,-vector space then it is a semistable
representation of G and Die(V) C M. The latter is an equality if and only if M is admissible.

(2) The functors Vio, and Vi

log

d(M) is not an isomorphism if M # 0.

on € cateqgory G P, are eract an € Mmorpnism
the category MF yay (9, N t and th hi
log

Proof. (1) Let (D, o, N, Fil'DK) be a filtered (¢, N)-module over K, cf. 2.1. As in [CF, §5.1 &
5.2] we define V(D) := (By ®x, D)"~"*=" and V,{(D) := Bag ®x Di/Fil’(Bar ®x D). We
let §(D): V(D) — V(D) be the natural map.

First of all we claim that the proposition holds replacing the category MF BEK (¢, N) with the
category of filtered (o, N)-modules over K and V;{,(M), i = nothing,0,1 with V(D). Indeed,
it is proven in [CF, Prop. 4.5] that the Q,-vector space Vi (D) is finite dimensional if and only if
for every subobject D' C D we have tg(D’) < tn(D’) (these are the Hodge and Newton numbers
attached to D', respectively). Moreover, it is also shown in loc. cit. that in this case Vi (D) is a
semistable representation of G whose associated filtered (¢, N)-module is contained in D. It
coincides with D if and only if dimg, V(D) = dimg, D. It follows from the proof of of [CF,
Prop. 5.7] that, if V(D) is finite dimensional, then dimg, Vit (D) = dimg, D if and only if §(D)
is surjective. The claim follows for filtered (p, N)-modules over K.

Since BN:" = BY=" = Bais, it follows that V(D) = V8 (T(D)). Since Vi, (T(D)) =
(Ebg Qi D K) / Fil° (Ebg Qi D K) and Gr’Elog = Gr*Bgr by 2.1, we deduce that the complexes
§(D): VI(D) — V(D) and 6(T(D)): Vieg (T(D)) — Vieg (T'(D)) are identified. Thus, via the
equivalence of categories T" of 2.2, claim (1) follows from its analogue for filtered (¢, N)-modules

over K discussed above. This concludes the proof of (1).

To prove (2) it suffices to show the exactness of V2 and V! and the fact that § is not an
isomorphism for non zero objects on the category of filtered (¢, N)-modules over K. This is
proven in [CF, Prop. 5.1 & Prop. 5.2]. ]

2.1.2 Assumptions

Fix a positive integer a. We assume that we are in one of the following two situations:

(ALG) (X, N) is a log scheme and f: (X, N) — (S, M) is a morphism of log schemes of
finite type admitting a covering by étale open subschemes Spec(R) C X, by which we mean that
Spec(R) — X is an étale morphism, of the form:

oxlP] % R
T T
OxIN] 22 O,



where (i) P := P, x B, with P, := N% and P, := N’ (ii) the left vertical map is the mor-
phism of Og-algebras defined by the map on monoids N — P = P, x B, given by n —
((n, ..,mn), (0. .. ,O)), (iii) 1), is the map of Ok-algebras with N 3 1 — 7,

We require that the morphism Og[P] ®o,ny Ox — R on associated spectra is étale, in the
classical sense, and that the log structure on Spec(R) induced by (X, N) is the pullback of the
fibred product log structure on Spec((’) & [ Pl®0,mnO K) We further assume that for every subset
Jo C {1,...,a} and every subset J, C {1,...,b} the ideal of R generated by wR(NJ“ X N‘Jb)
defines an irreducible closed subscheme of Spec(R).

(FORM) for every n € N we have a log scheme (Xn, Nn) and a morphism of log schemes
of finite type f,: (Xn, Nn) — (Sn,Mn) such that (Xn,Nn) is isomorphic as log scheme over
(Sn, M,,) to the fibred product of (Xn+1,Nn+1) and (Sn,Mn) over (Sn+1,Mn+1)- Write Xiorm
for the formal scheme associated to the X,,’s. We require that étale locally on X; the formal
scheme X — Spf(Ok) is of the form

Ow/TOk[P] % R/x"R
T 7
OK/WHOK[N] ﬂ OK/’/TnOK,

where the left vertical map and 1), are defined as in the algebraic case and g, induces a mor-
phism Ok [P] ®o, N Or /7" Ok — R/7"R which is étale and the log structure on Spec(R/7"R)
induced from (X, N,) is the pullback of the fibred product log structure on Spec(OK[P] QOK[N]
O/ W”OK). As in the algebraic case we require that for every subset J, C {1,...,a} and every
subset J, C {1,...,b} the ideal of R/mR generated by ¢g (N‘]a X N‘]b) defines an irreducible
closed subscheme of Spec(R/mR).

We deduce from 3.1 that

(i) in the algebraic, respectively in the formal setting, (X N ) (respectively (Xn, Nn)) is a
fine and saturated log scheme;

(ii) f (resp. f,) is a log smooth morphism.

In the algebraic case, by abuse of notation we write X for (X, M). An object U = Spec(R) €
X with induced log structure satisfying the requirements above will be called small.

In the formal case we write X, for the rigid analytic fibre of Xtmm. The inverse limit of the log
structures NN, defines a morphism of sheaves of monoids from the inverse limit Ngy. = lim N,

oO—n

to Ox,,.. It coincides with the inverse image of N; via the canonical map Oy, — Ox,.
We call it the formal log structure on Xiom,. We also write X or (X, N) for the inductive
system {(Xn, Nn) }n o It follows from our assumptions that X, is a noetherian and m-adic
formal scheme. An étale open Spf(R) — Xp,m satisfying the requirements above is calledsmall.
By assumption we have a covering of X, by small objects. For any such small affine Spf(R)
of Xtorm We also have m-adic formally étale morphisms

Spf(OK[P]®OK[N}OK) <w—R Spf(R) - Xforma
where ® stands for the m-adic completion of the tensor product, with the property that the

formal log structure N, on Spf(R) is induced by the formal log structure on the fibred product
Spf(OK [P]@OK[N] OK). We call any such diagram a formal chart of (Xform, Nform).
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2.1.3 Continuous sheaves

Given an abelian category A admitting enough injectves we consider the category A" of inverse
systems of objects of A indexed by N. It is also abelian with enough injectives. Given a left exact
functor F' from A to an abelian category B we have a left exact functor F~: AN — BY sending

(Co)nen = (F(Cy)), o and its i-th derived functor R¥(F™) is canonically (R'F )N. If projective
limits exist in B, one can derive the functor Fem: AN — B sending (C,)nen — lim F(C,). We
refer [AIl, §5.1] for details.

We also consider the category Ind (.A) of inductive systems of objects in A indexed by Z,
ie. (Ah77h)hez with v,: A, — Apy1. Consider a non decreasing function a: Z — Z. Given

objects A = (Az',%)iez and B := (Bj75j)jez
be a collection of morphisms f;: A; — By such that fiiq 07 = Ha(i)éj@(i“) 00 fi We

we define a morphism f: A — B of type a to

denote by Hom® (A, ﬁ) the group of homomorphisms of type a. We say that two morphisms
f and g of type a (resp. (3) are equivalent if there exists N € N such that f; composed with
Ba(iy = Buax(a(i),s6)+~ and g; composed with Bg) — Bmax(a(i),8()+N~ coincide. One checks
that this defines an equivalence relation. We define a morphism A — B in Ind (.A) to be a class
of morphisms with respect to this equivalence relation.

One can prove that Ind (.A) is an abelian category. If B admits inductive limits and F': A — B
is a left exact functor, we define R'F™ : Ind(AN) — B by R'F™ ((Ap, v )n) := Jim RIF™(A).

Then the family {R"F°™}, defines a cohomological §-functor on Ind(A).

2.2 Faltings’ topos
2.2.1 The Kummer étale site of X

The notations are as in the previous section. Both in the algebraic and in the formal case we
write X* for the Kummer étale site of (X, N).

In the algebraic case the category is the full subcategory of log schemes endowed with a
Kummer étale morphism (Y, Ny ) — (X, N) in the sense of [Il, §2.1], i.e. morphisms which are
log étale and Kummer or equivalently log étale and exact. The coverings are collections of
Kummer étale morphism (Y;, N;) — (X, N) such that X is set theoretically the union of the
images of the Y;’s. One verifies that this defines a site; see loc. cit.

In the formal case the objects are Kummer étale morphisms { n: (Yn, Nyn) — (X, Np) }neN
such that g, is the base change of g,.1 via (X,, N,) — (Xni1, Npy1) for every n € N. We
simply write g: (Y, Ny) — (X, Nx) for such inductive system of morphisms. The morphisms
from an object (Y, Ny) — (X, N) to an object (Z,Nz) := {hy: (Z,,Nz,) — (X"’N”)}neN are
collections of morphisms {tn: (Yn,Nyn) — (Z”>Nzn)}neN as log schemes over (X,, N,) such
that ¢, is the base change of ¢, via (X,, N,) — (Xpns1, Npy1) for every n € N We simply
write t: (Y, Ny) — (Z,Nyz) for such an inductive system of morphisms. The coverings are
collections of Kummer étale morphisms {(Y;, N;) — (X, N)}, such that X; is the set theoretic
union of the images of the Y;;’s. This defines a site. Due to the characterization of log étale
morphisms in [K2, prop 3.14] the natural forgetful morphism of sites X** — X} gsending
g: (Y,Ny) — (X,N) to g;: (Yl, NYI) — (X4, N1), is an equivalence of categories.
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Lemma 2.4. Let (Y, H) € X*. Then,

(1) Y (resp. Spec(R) if Yiorm = Spf(R) in the formal case) are Cohen-Macaulay and normal
schemes;

(2) (Y,H) (resp. (Spec(R), Hiorm) if Yiorm = Spf(R) in the formal case) are log regular in the
sense of [K3, Def. 2.1].

Proof. We provide a proof in the algebraic case. Since f: (Y, H) — (X, N) is Kummer étale,
in particular it is log étale. Since f: (X,N) — (S, M) is log smooth the composite (Y, H) —
(S, M) is log smooth. Recall that (S, M) is Spec(Ok) with the log structure defined by its
maximal ideal. In particular it is log regular. Arguing as in [T1, Lemma 1.5.1] we deduce from
[K3, Thm. 8.2] that also (Y, H) is log regular. Due to [K3, Thm. 4.1] the scheme Y is then
Cohen-Macaulay and normal. This proves the claims in the algebraic case.

For the proof in the formal case we make some preliminary remarks in the algebraic case.
Let y € Y and set x to be its image in X. Write H, and N, for the stalk of the sheaves of
monoids H and N and put H, := H,/O; and N, := H,/O% . Since the log structures are
fine, ﬁy and N, are finitely generated and we have inclusions ﬁy C ﬁip and N, C Nip. The
morphism (Y, H) — (X, N) being Kummer étale, the induced map ¢: N, — H,, is injective and
there exists an integer n invertible in Oy, such that nH, C N,. Since N, is a finite and free
Z-module we can find a splitting of the group homomorphism N — Nip which composed with
the inclusion N, C Nggcp provides a chart P — N in a neighborhood U, of z cf. [K2, Lemma
2.10]. Proceeding similarly with Fip we can find a splitting of HP — Fip. Since the local
ring Oy, is taken with respect to the étale topology and n is invertible in Oy, the group (’)Yy
is n-divisible and we can take the sphttlng compatible with the first splitting of N — N
Composing with the inclusion H, C H we get a chart ) — H in a nelghborhood Vy of Y
compatible with P — N via the map of sheaves fYN)— H.

To check that R is Cohen-Macaulay in the formal case it suffices to prove that the complete
local ring of R at every maximal ideal y is Cohen-Macaulay at the image = of y in X. To prove
that it is normal it further suffices to show that R is regular in codimension 1. Due to the
assumptions and the proof in the algebraic case, (1) and (2) hold if Spf(R) is a formal chart of
(X, N), i.e. f is the identity map. In the general case, using the considerations above, we have

@Y,y = @X,x®Z[P]Z[Q]
where P — () is a morphism of monoids as above. By the construction of the chart P, we have
that P* = {1}. We conclude from [K3, Thm 3.2] that Ox, = R[P][Ti,...,T,]/(0) for R =
W (k(x)) and 6 = p modulo the ideal (P\{1},T},...,T;). Then, Oy, = R[Q][T},...,T,]/(6).
Since @ is saturated and Q* = {1} by construction, also (’A)yy is of the same form. The proof
of [K3, Thm. 4.1] applies to deduce that @yvy is Cohen-Macaulay and regular in codimension 1.

This concludes the proof of (1) and (2) in the formal case as well.
[

In the algebraic case consider the presheaves Oyxer and Nyt respectively defined by

X*'> (U Ny) —T(U,0y),  X*'3(U Ny)— I'(U Ny).
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Similarly, in the formal case for every h € N define the presheaves O ket AN Ny

X**'3 (Un, Ny,), — T(Un,Op,),  X*'3 (Un, Ny,), — T (Un, Ny,).

We write Oxet and Nxiee for the presheaves defined as lim Oyie: and lim Ny respectively.

form 00—n orm 00—n orm

Proposition 2.5. (1) In the algebraic case the presheaves Oxier, O and Nxiee are sheaves
and Nxxee — Oxxer 1S @ morphism of sheaves of multiplicative monoids such that the inverse
image of O 18 identified with O, .

(2) In the formal case the presheaves OX’l;et7 O}}jﬂt and NXII;et for every h € N and the
are sheaves. Moreover, Nyree — OX};et and Nyxee —

form

resheaves Oyxet , O% e and N yiet
X ’ b'e X

form form form

Oxgartm 15 a morphism of sheaves of multiplicative monoids such that the inverse image of O}}l;et

(resp. Ot ) is identified with Ot (resp. O et ).
form h form

Proof. An unpublished result of K. Kato implies that the Kummer étale topology is coarser than
the canonical topology. This implies the claims that the given presheaves are sheaves, see [Il,
§2.7(a)&(b)]. The other properties are clear.

O

2.2.2 The finite Kummer étale sites Ukt

Let U € X** and let K € L C K. In the algebraic case we let UX® be the site of finite
Kummer étale covers of Uy, endowed with the log structure defined by N; see [Il, Def. 3.1]. As
remarked in [II, Rmk. 3.11] a Kummer étale map Y — Up, inducing a finite and surjective
morphism at the level of underlying schemes, is a Kummer étale cover. Viceversa [Il, Cor. 3.10
& Prop 3.12] implies that any Kummer étale cover Y — Up is Kummer étale and induces a
finite and surjective morphism on the underlying schemes.

In the formal case we proceed differently. If K C L is a finite extension, let Uy, be the rigid
analytic space associated to Uform®0K O and let Uiket be the site whose objects consist of finite
surjective morphisms W — Up, of L-rigid analytic spaces such that

(1) W is smooth over L;
(2) for every formal chart

Spf(OK[P]@)OK[N]OK) Ri3 Spf(R) — Utorm

the induced morphism W xy, Spm(R R0y L) — Spm(OK[P]@)OK[N]L) defines a finite and étale
morphism of rigid analytic spaces over the open subspace of Spm (L{P}) given by Spm(L{P%}).

The morphisms are morphisms as rigid analytic spaces over Uy,. The coverings are collections
of morphisms W; — W, for ¢ € I, whose images cover W set theoretically.

Remark 2.6. (i) If W — U, is a finite morphism of rigid analytic spaces, then for every formal
chart of U the map
p: W xy, Spm(R ®o, L) — Spm(R ®o, L)

is finite by [FdP, Th. I11.6.2] so that it is of the form Spm(B) — Spm(R®o, L) for a R®o, L-
algebra B which is finite as a R ®p, L-module. Then, p is finite and étale over Spm (L{ng})
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if and only if R ®o, L{ng} — B{ng} is a finite and separable extension of algebras. Since
this condition can be checked on K-points, this holds if and only if R ®e,. L [ng} — B [ng} is
finite and étale in the usual sense.

(ii) Let W — Up be a finite morphism of L-rigid analytic spaces with W smooth over L.
Then, condition (2) holds if and only if there exist formal charts of Ugyy, which cover Uy, and
for which condition (2) holds.

(iii) We remark that the definition in the algebraic case coincides with the one provided by
the analogues of requirements (1) and (2). Indeed, given U € X*** and W — Uj, a Kummer étale
cover, W — Uy is Kummer étale. Thus, W — Spec(L) is log smooth, and in fact smooth as
the log structure on L is trivial. The analogue of condition (2) holds thanks to [K2, Prop. 3.8].
Viceversa assume that W — Uy is a finite surjective morphism satisfying conditions (1) and
(2). Let ¢: Uy — Up be the locus of triviality of the log structure and let j: W° — W be
its inverse image in W. As Up is log regular, see 2.4, the log structure on U}, is defined by
Ov, N 1.(Oye) C Oy, thanks to [K3, 11.6]. As W is smooth Ow N j.(Ow.) C Oy defines a
fine and saturated log structure on W, cf. [Il, §1.7]. Using this log structure we get a map of
log schemes W — Uj, and, as W — Uy, is finite and surjective, it is exact and log étale, i.e.,
Kummer étale.

Given a finite extension K C L C L' C K the base change from L to L’ provides a morphism
of sites Uket — ket For arbitrary extensions K C L C K, we then get a fibred site Ukt
over the category of finite extensions of K contained in L in the sense of [SGAIV, §VI.7.2.1].
We let Ukt be the site defined by the projective limit of the fibred site Uk°t; see [SGAIV, Def.
VI.8.2.5].

Remark 2.7. For example, one has the following explicit description of U%et. The objects in

Ukt consist of pairs (W, L) where L is a finite extension of K contained in K and W € U},

Given (W, L) and (W', L) define Homyne: (W', L'), W, L)) to be the direct limit lim Hom» (W'®
K =

L", W ®;, L") over all finite extensions L” of K, contained in K and containing both L and L,
of the morphisms W' ®, L — W ® L" as rigid analytic spaces over Upn.

2.2.3 Faltings’ site

Let K C L C K be any extension. Let Ex, be the category defined as follows
i) the objects consist of pairs (U, W) such that U € X** and W € Uket;
ii) a morphism (U’,W') — (U, W) in Ex, consists of a pair («a, ), where a: U' — U is a

. . . . . !/ fket
morphism in X** and 3: W — W xp,. U is a morphism in U,

The pair (X, X) is a final object in Ex,. Moreover, finite projective limits are representable
in Fx, and, in particular, fibred products exist: the fibred product of the objects (U’, W’) and
(", W") over (U W) is (U’ xg U W' xw W”) where W’ xy W is the fibred product of the

base-changes of W' and W” to (U’ X1 U”)?fet over the base-change of W to (U’ X1 U”) i{et. See
[Err, Prop. 2.6].

We say that a family {(U;, W;) — (U, W)};er is a covering family if either
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a) {U; — U}ies is a covering in X and W; @ W xy,. U; k for every i € I.
or
B) U; 2 U for all i € I and {W; — W };c; is a covering in Uket,

We endow Ex, with the topology Tx, generated by the covering families described above
and denote by X the associated site. We call Ty, Faltings’ topology and X Faltings’ site
associated to X. As in [Err, Lemma 2.8] one proves that the so called strict coverings of (U, W)
(see definition 2.8 below) are cofinal in the collection of all covering families of (U, W).

Definition 2.8. A family {(U;;, W;;) — (U, W)}ier jes of morphisms in Ey, is called a strict
covering family if

a) For each i € I and for every j € J we have an object U; € X*** and isomorphisms U; & U;;
in Xfket,

b) {U; — U}ier is a covering in X et

c) For every i € I the family {W;; — W xy, Ui x}jes is a covering in U,

This is not Faltings’ original definition of the site given in [F3]. We refer to [AI2] for a
discussion of the differences between the two approaches and motivations for our definition.

2.2.4 Continuous Functors

For K ¢ L C K we let
UxL: Xket _x,. XL X — ¥,

be given by vy 1 (U) := (U, UL) in the algebraic case and by vy 1 (U) := (U, UK), viewing Uy as
an object of U%et, in the formal case and similarly for zx ;. We simply write vy, and zj.
Define

6: %K I %?
by B(U,W) = (U W @k K) (resp. B(U, W) equal to (U, W) viewed in Xg) in the algebraic
(resp. formal) setting.

Assume we are in the algebraic case. Let X be the p-adic formal scheme associated to X and
denote by X Faltings’ site associated to the formal log scheme X. We then have a morphism

YL X, — xL;

sending (U, W) to ((7, W|I7L)‘ Here W/ is defined as follows. Let K C M be a finite extension,
contained in L, where W — Uy is defined. Let W* — Uj} be the associated finite Kummer
étale morphism of analytic spaces. Then W]ﬁL is defined by restricting it to the open immersion

U v C Ujip. We simply write «y if there is no confusion.

It is clear that the above functors send covering families to covering families and commute with
fiber products. In particular they define continuous functors of sites by [SGAIV, Prop. II1.1.6].
They also send final objects to final objects so that they induce morphisms of the associated
topoi of sheaves.
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Remark 2.9. We provide an alternative presentation of the morphisms above for an arbitrary
extension K C L C K.

For every finite extension X C M in L, let X (resp. X)s) be Faltings’ site associated to X

(resp. X) over M. Let vpr: Xy — x u be the morphism defined in 2.2.4. Given finite extensions
M C M’ of K in L we have a natural morphism of sites @y as: %M — %M/ (vesp. upr pr: Xnr —
Xyp) given by (U, W) +— (U, W M’). Moreover, we have vy 0 uny pr = Upar pr © Yaa-
_ Let I, be the category opposed to the category of finite extensions of K contained in L. Then
X, (resp. X,) are fibred sites over I via the morphisms @ (resp. u) and 7v,: X4 — X, defines a
coherent morphism of fibred sites; cf. [SGAIV, §VI.7.2.1]. Then X, and X, are isomorphic to
the projective limit site of X, and X, and 77 is induced by 7e; see [SGAIV, Def. VI.8.2.5].

2.2.5 Geometric points

Following [I1, Def. 4.1] we define a log geometric point s to be the spectrum of an algebraically
closed field k with log structure M, such that multiplication by n on M,/k* is a bijection for
every integer n prime to the characteristic of k. A log geometric point of (X, N) is a map of log
schemes from a log geometric point to (X, N). For any such point x — (X, N), we let (Xx, Nx)
be the log strict localization of X at x as in [Il, §4.5]: by definition it is the log strictly local
log scheme defined as the inverse limit of (U, NU) (resp. (Uform, Ntorm)) over the Kummer étale
neighborhoods U of x.

For a field extension K C L in K we define a geometric point of X, to be a pair (z,y) where
x is a log geometric point of X and y is a log geometric point of (Xx, Nx) over L.

Given a presheaf 7 on X we define the stalk F(,,) of 7 on X to be the direct limit
lim F(U, W) over all pairs ((U,2'),(W,y’)) where U is affine, 2’ is a log geometric point of
U mapping to = and 1/ is a log geometric point of W specializing to 2’ and mapping to y. As
in [Err, Prop. 3.4] on proves that there are enough geometric points in X, i.e. that a sequence
of sheaves is exact if an only if the induced sequence on stalks is exact for all geometric points

(z,9).

2.2.6 The localization functors.

Let U be a small connected affine object of X** and write U = Spec(Ry) in the algebraic case
and Ugym = Spf(Ry) in the formal case. Let Ny be the induced log structure (Ny,,, in the
formal case).

Recall that Ry is an integral domain. Let Cy be an algebraic closure of Frac(Ry) and
let (Clgg = (Cy, N¢) be a log geometric point of (Spec(RU),NU) over Cy. Let Gy, be the
Kummer étale Galois group % (Spec(RU[pfl]),(Clgg), see [Il, §4.5], classifying Kummer étale
covers of Spec(Ry[p~']). It follows from 2.6 that both in the algebraic case and in the formal
case the category Uk is equivalent to the category of finite sets with continuous action of
Gu,. Write (EU,NU) for the direct limit of all the finite normal extensions Ry C S, all log
structures Ng on Spec(Sk) and all maps (Ryx, Nux) — (Sk,Ns) — (Cy, N¢) such that
(Ruk,Nuk)— (Sk, Ng) is finite Kummer étale. Then we have an equivalence of categories

Sh (U%et) — Rep (guK) 5

16



from the category of sheaves of abelian groups on U%* to the category of discrete abelian groups

with continuous action of Gy, , sending F — limF ((S K, NS)). Composing with the restriction

(%) — Sh(UI) — Rep(Gir )

we obtain a functor which we simply write as F — F (EU, NU), called localization functor. We
also write

Sh(Xk)" — Rep(Guy),  F = (Fa), — F(Ru,Ny) = lim F,(Ry, Nv).

More generally we fix an extension K C L C K. Write Ry Ro, L = H:.L:l Ry, with
Spec(RUJ) connected and let Ny; be the induced log structure. Fix a log geometric generic
point 7, = CI{}E of (Spec(RUﬂ-),NU,Z-) over Cy;. Write (EUJ-,NW) for the direct limit of all
finite normal extensions Ry ; C S taken over all morphisms (Ry,;, Ny,;) — (S, Ns) — (Cy, Nc)
such that (Ry;, Nui) — (S, Ng) is finite Kummer étale. We let Gy, ; be the Galois group of
Ry, C RUJ-. Eventually, put Ry := I, EUJ- and Ny := I, NW and

n
Gy, = HgUL,i-
i=1

For later purposes for L = K and for every i write (Ry,so, Nu,so;) as the direct limit of the
Kummer étale covers (R, Nu;) — (S5, Ns) (mapping to (Cy;, Nc)) of the form S = Ry @z,

F[%Nm] for varying n € N. We let Ry = H?:l Ry, and NUM = H?zl NU,OO,Z-. Let HU?J-
be the group of automorphisms of Ry, as Ry -algebra. Let

n
Hu = HHU?:’L"
i=1

Let Rep (QUL) (resp. Rep (QUL)N) be the category of discrete abelian groups (resp. the category
of inverse systems of finite abelian groups indexed by N) with continuous action of Gy, . It follows
from 2.6 and [I1, §4.5] that it is equivalent to the category of sheaves (resp. projective limits of

sheaves) on Uket. Ag before we have natural functors called localization functors

Sh(%L) — Rep(gUL) and Sh(.’{L)N — Rep(gUL)N

defined as follows. If G € Sh (.’{L) is a sheaf of abelian groups its localization is Q(EU,NU) =
@71 G(Ru,;, Nu,;) where G(Ry;, Nu;) :=lim G (U, (Spec(S), Ng)) over all (Ry;, Nu;) — (S, Ns) C

(EU,Z-, NUJ) as before.

2.2.7 The computation of Réycont
Let K C L C K. Let F be a sheaf of abelian groups on X.

Proposition 2.10. The sheaf Rivx 1 .(F) is isomorphic to the sheaf on X assoctated to the
contravariant functor whose values on an affine connected open U € X** s H (QUL, F(RU, NU)).

Analogously, the sheaf R'zx 1 .(F) is isomorphic to the sheaf on X associated to the con-
travariant functor whose values on an affine connected open U € X 4s H! (QUL,}"(RU, NU)).
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Proof. The proof is as in [Err, Thm. 3.6]. O

Assume that we are in the algebraic case and that X is proper over Of. Let X be the
associated formal scheme. For every sheaf L. on X we have a natural morphism

H (%, L) — H'(X,,7*(L)).

Proposition 2.11. Let L be a torsion sheaf on Xy. Then, the morphism above is an isomor-
phism.

Proof. We first show how to reduce to the case that L is a finite extension of K in K Due to
2.9 the sites X, and x 1, are identified with the projective limit site of the sites X, and X, fibred
over the finite extensions of K contained in L. Furthermore v, is induced by ~,. It follows from
[SGAIV, §VI.8.7.1] and [SGAIV, §VI1.8.7.3] that

Hi (%L’ L) >~ IIE)I] Hl (%Ma ]L’l.%]\/[)

and R R

H'(Xz,77(L)) = lim H' (Xar, 77 (L) 5,,).
where the direct limit is taken over the category of all finite extensions M of K contained
in L. Since 77(L)lz,, = 7u (L|x,, ), if we show that for every M the map H'(Xy,L) —
H! (.’%M,ﬁ/[ (]L)) is an isomorphism for every torsion sheaf L. on X,;, the map H* (%L,L) —
H’ (% 1,73 (L)) is also an isomorphism for every torsion sheaf L on X;. We are then reduced to
prove the proposition for K C L a finite extension contained in K. Consider the commutative
diagram
Sh(aAeLf T, Sh(xy)
S X #*i
suxﬂ — Sh(X*).

We have compatible spectral sequences
Hq(Xet,szX7L7*(L)) = HPT9(Xg, L)

and
He (X, RPzg, (v*(L))) = HPH (Xx,7*(L)).

It suffices to prove that the natural map HY (Xet,szX,L’*(]L)) — H¢ ()A(et,sz)?’L’*(y*(L))) is
an isomorphism. Due to [Ga, Cor. 1] and the fact that X is proper over Ok this follows if we
show that the natural map

v* (]RPZX,L,* (]L)) = RPZ)?,L,*@*(L))

is an isomorphism. This can be checked on stalks at geometric points x € X;. Let OE}(@
(resp. O}m) be the henselization of Ox, (resp. O ). Due to 2.10 it suffices to prove that

the map from the Kummer étale covers of Spec((’)ﬁ‘m ®o, L) to the Kummer étale covers of
Spec((?l;? . Qo L), given by base change, is an equivalence. In both cases the number of their
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connected components is finite and equal to the degree of the maximal unramified extension K’
of K contained in L. It thus suffices to show that their Galois groups, by which we mean the
product of the Galois groups of the connected components, are isomorphic. Such Galois groups
are isomorphic to [K’ : L] times the Galois groups of (’)E‘m ®o,., L and (’)} . ®o,, L respectively,
which classify finite and normal extensions which are separable over the locus where the log
structure is trivial. By construction in both cases the log structures are defined by regular
elements Y7,...,Y, € Ox,. Hence, such Galois groups are extensions of the Galois groups of

O% . ®o,, L (resp. of (’)l}%’x ®o,, L) by the product of the inertia groups (= Z) at each of the
prime ideals defined by Y; for those ¢ € {1,...,b} such that Y; is not a unit. Hence, we are
reduced to prove that the Galois groups of Olj(’z ®o,, L and of (9% . Q0 L coincide. It suffices

to show that the Galois groups of O% ,[p~"] and of O% [p~'] coincide. This follows from [EI,

Thm. 5].
[l

For every U € Xk affine connected define H* (Gy,,_) to be the d-functor obtained by

deriving the functor associating to an inverse system of discrete Gy, -modules { A, } e the group
lim AgUL. Consider an inverse system of sheaves F = {F,}, € Sh(%L)N of abelian groups.
0N

Define H,, (F) to be the sheaf associated to the contravariant functor sending U € X***, affine

connected, to H (Gy,, {F.(Ru)}n). One can also consider the sheaf R'v§*2(F) obtained by
deriving the functor F — lim vy, (F,). Then, proceeding as in [Err, Lemma 3.5] and [AI2,

Lemma 3.17] one can show there is a functorial homomorphism of sheaves
fZ(F) Eal(F) e RiUL7*(.F).

The next proposition, analogous to 2.10, provides a criterion under which the above mor-
phism is an isomorphism. Assume that L = K and that {F,}.en is a sheaf of Ajy-modules
(resp. of {Ox/p"Ox},—modules). For every small U € X we write Ry as in 2.2.6 and
Ry 00,0, to be the normalization of Ry in RysK C Ry[p~!]. We write

HU? := Gal (EU [pil]/RU,oo,o?[pil]) , PU? = Gal (RUpo’of[pil]/RUﬁ) .
We then have an exact sequence
O—>HU?—>QU?—>FU?—>O.

As in 2.2.6 we define f(RU,m,of) = lim F, (RU’OO,O?). They are I'y_-modules.
Given an A;yr-module or an O module, we say that it is almost zero if it is annihilated by

any element of ideal Z of Ajy¢ (resp. the maximal ideal of OF) (see §2.1.1 for the notation).

Proposition 2.12. Assume that for every small U € X and every n € N the following hold:
(1) the cokernel of Fi1(Ry) — Fn(Ry) is almost zero;
(2) for every q > 1 the group H? (HUF Fu (FU)) is almost zero;
(3) the cokernel of the transition maps Fr1(Ruc0,0.) — Fn(Ruce,0,.) is almost zero;

(4) for every covering Z — U by small objects in X*** and every q > 1 the Chech cohomology
group Hq(Z — U, F, (RU,OOVO? Ry RZ)) s almost zero.

19



Then, the morphism f;(F) has kernel and cokernel annihilated by any element of % (resp. any
element of the mazimal ideal of O ).

Proof. We follow the analogous proof given in [AIl, Thm. 6.12]. See also [AI2, Lemma 3.19]. In
(4) the notation F, (RUm,@?@ Ry RZ) stands for the following. Write Ry 00,0, 88 a direct limit of
normal RyOp-algebras W, finite and Kummer étale after inverting p. Then F, (RUOO’@?@ ro R Z)
is defined to be the direct limit limy, F,,(Z, W), over all W’s, denoting by W the object of Z%et
obtained from W via the continuous map of sites U%t — Z%et. Note that RZ,oo,O? [p_l] is a direct

factor in Ry e,0, ®ry, Rz [p~'], the group I'z_is a quotient of T'y_ and Ry ee,0, ®r, Rz '] =

Ty . . .
Ind; * Rz .0~ is the induced representation as [';_-module. Hence
L L K

Fu (RU,oo,(’)? ®pr, Rz) = Iﬂdizgfn (Rz,oo,of)-

Without loss of generality we may assume that X = U. Via the equivalence of U%et with the
category of finite sets with action of Gy, we get a subtopology Uy C U%et associated to the
category of finite sets with action of I'y_. Let X % C X be the subcategory consisting of pairs
(V,W) where V € X** and W € V& is obtained from an object in U, via the continuous
map of sites U%t — V%et. It is closed under fibred products and we endow it with the induced
topology. The map vy factors as vz = (3 o a via the continuous morphism of sites

a: X — X% U (U, Ug)

and the continuous morphism of sites defined by the inclusion 5: X, % — Xz. We can then

compute v2" as the composite of ™ o BY; see 2.1.3 for the notation. We get a Leray spectral

K ,x
sequence ' ' -
R'a$™ (R B (Fo)nen) = RHJU%T(}})-
Note that R'GY(F)nen = (R\Bu(Fn)) pen-

Step 1: We claim that the group R3,(F,) is almost zero for i > 1.
For V € X* affine and F a sheaf on X7 we have

Indp FH (Hys, Ry, Nv)) 2 6.(F) (Ruse0p ©ry Rv),

as representations of I'y_, functorially in V. As in [Err, Lemma 3.5] one argues that for every i
we have a map

tndf FH (g F (B ) — ROB.(F) (Ruiog @y B,

A geometric point (z,y) of Xz defines a geometric point of X . Arguing as in [Err, Thm. 3.6]
one proves that the map above induces an isomorphism between the stalk R'f,(F),) and

limgey Ind?iin (Hv?, F (}_%V, Nv)), where the direct limit is taken over all affine neighborhoods
K

V of z. Since we have enough geometric points, this and Assumption (2) imply that R'8.(F,)
is almost zero for every n and every ¢ > 1.
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Step 2: The computation of R‘a™ 3, (F,).

For every i and n € N consider the contravariant functor on X % associating to every affine
connected V € X* the group Ci(FUf, B (Fn>(RU,oo,O? ®pr, Rv)) of conpinuous maps F’UJ; —
Fu(Ru,00,0 @ry Rv). Assumption (4) implies that the associated sheaf C' (-, B,(F,)) has val-
ues on every affine connected V € X*°* equal to the continuous maps FZUJ; — Fu(Ruo0,0,. Ory

Rv), up to multiplication by any element of the ideal Z of Ay (resp. of the maximal ideal
of Of). For V € X* affine connected we have

con . Ty
QB (Fn) (V) = ololglnf"(RU’oo’O? ®r, Rv) F.
In particular up to multiplication by any element of Z (resp. of the maximal ideal of Og) we
have a long exact sequence

0 — o (Bo(Fn)) — C* (Do, Bu(F)).

For every V € X*e affine conencted the group o (Ci (FU?, @(]—}J)) (V) coincides with the
continuous cochains C? (FUf’ lim F, (RU,oo,Of Qry, Rv)). To conclude the proof of the proposi-

tion it suffices to show that the higher direct images R/ of Ci(FUf, ﬁ*(]—"n))n y are almost
zero. We use the spectral sequence

i (R0, C (L Bu(F,))) g = R0 (€ (Dt B(F) )

Arguing as in [Err, Lemma 3.5 & Thm. 3.6] one proves that for any sheaf 7 on X % and any
geometric point x of X* the stalk R7c,(F), is the limit lim,cy H (I’U?, f(RU,oo,o? O Ry Rv))
over the affine connected neighborhoods V' € X* of 2. Up to multiplication by any element of Z
(resp. of the maximal ideal of O%) the group H’ (FU?, ch (FUK, Fn (RU,OO,O? ®ry, Rv))) coincides
with the cohomology of H7 (FU?, ,) of the module of continuous maps F}{]; — F, (RU,OO,O?@) Ry
Rv), which is zero for 5 > 1. We deduce that R/a,C" (FUf, B (fn)) is almost zero for j > 1. We
are left to prove that lim® (a*Ch (FU?, ﬁ*(]:n)))neN is almost zero for ¢ > 1. This follows using

Assumptions (3) and (4); we refer to the proof of [AIl, Prop. 6.15(ii)] for details.
[

2.3 Fontaine’s sheaves

In what follows we will use the following convention. Let S be a site and let A be a sheaf of
commutative rings with identity on & such that the presheaf of units A* is a sheaf. We need
the notion of logarithmic geometry in this general setting. We refer to [GR, §6] for the detailed
re-elaboration of [K2]. A prelog structure on S is a sheaf of monoids M and a morphism of
multiplicative monoids a: M — A. A log structure is a prelog structure such that « induces an
isomorphism a~!(A)* & A*. The forgetful functor from the category of log structures on A to
the category of prelog structures admits a left adjoint. We say that a log structure is coherent
(resp. fine, resp. fine and saturated) if there is an open covering {U; }; of S such that M|y, — Aly,
is the log structure associated to a morphism of presheaves of multiplicative monoids P, — A|y,
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such that P; is a constant presheaf on S|y, and I'(U;, P;) is finitely generated (resp. finitely
generated and integral, resp. finitely generated, integral and saturated) for every i. We refer to
[GR] for details.

If A= {A,}, € Sh(S)" is a continuous sheaf of rings, a prelog structure (resp. a log structure
on A) is a continuous sheaf of monoids M = {M,},, and a morphism a = {a,},: M — A of
continuous sheaves such that each «,: M,, — A, defines a prelog structure (resp. a log structure)
on A,. Also in this case the category of log structures admits a left adjoint. We say that a log
structure is coherent (resp. fine, resp. fine and saturated) if there is an open covering {U; }ie; of
S such that M, |y, — A, |v, is coherent (resp. fine, resp. fine and saturated) for every n € N and
every ¢ € I.

Given sheaves (or continuous sheaves) of rings A and A’ as above and prelog structures
a: M — Aand o: M' — A’, a morphism of prelog structures is a morphism of sheaves of rings
f: A— A" and a morphism of monoids g: M — M’ such that o/ o g = f o . A morphism of
log structures is a morphism as prelog structures. We say that (f,g) is ezact if M’ is the log
structure associated to the prelog structure o’ o g: M — A’.

Examples: 1t follows from 2.5 that:

(1) in the algebraic case Nyt — Oxier defines a fine and saturated log structure on O yret.

(2) in the formal case Nyt — Oxiee for b € N and Nyt — Oxier  define a log structure

form

on Oxie (resp. Oxuet ) which is fine and saturated.

2.3.1 The sheaves Oy and @x

Fix an extension K C L C K. In the algebraic case we define the presheaf of O;-algebras on
Ex,, denoted Oy, , by

Ox, (U, W) := the normalization of I'(U, Oy) in I'(W, Ow).

In the formal case the definition is the same replacing F(U , OU) with F(Uform, OUform). We also
define the sub-presheaf of W(k)-algebras O%" of Ox, whose sections over (U, W) € Ex, consist
of elements © € Oy, (U, W) for which there exist a Kummer étale morphism U’ — U and a
morphism W — U} over Uk such that x, viewed in F(I/V, OW), lies in the image of F(U', OU/).
Then we have.

Proposition 2.13. The presheaves Ox, and O¥, are sheaves. Moreover, O%} is isomorphic to
the sheaf v | (OXkct) in the algebraic case and is isomorphic to the sheaf v p (Oxé(ct ) in the
formal case.

Proof. We prove the statements in the algebraic case. The proof in the formal case is similar
and left to the reader. We first prove that Ox, is a sheaf. Let {(U,, Wa;) — (U, W)}, be
a strict covering family. We set U, := U, Xy Ug and Wogij := Wy, xw Wps;. We have the
following commutative diagram

!
0 — O%L<U7 W) - Hi,a OXL(UOMWOM) - H(a,i),(ﬁ,j) OfL(Uaﬁjwaﬁij)
il ] !
0 — ITWO0w) — IL.'Wai,Ow,.) — [lai@) I Wasijs Oasis)
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Since {U, — U}, is a covering in X " and for every a, the family {W,; — W xy Uy,}, is a
covering in (W Xy Ug )™ it follows from [Ni, Prop. 2.18] that the bottom row of the above
diagram is exact. Moreover the vertical maps are all inclusions therefore f is injective, i. e. Ox,
is a separated presheaf. The rest of the argument proceeds as in [AI2, Prop. 2.11].

Since (U, Uy) is the initial object in the category of all pairs (U’, U} ) admitting a morphism
(U,W) — (U',U}) in X1, we conclude that v} (Oxuwet) is the sheaf on X associated to the
presheaf P(U,W) := T'(U, Oy). In particular, we have a natural surjective map of presheaves
P — O%, inducing a morphism vy M(OX) — O% . One proves that such morphism is an
isomorphism as in [AI2, Lemma 2.13| using that P(U, W) = I'(U, Oy) is normal for every U and
W by 2.4. 0

Denote by @3& the inverse system of sheaves of Op-algebras {Ox, /p"Ox, }, € Sh(X.)".

It follows from 2.13 that each O, /p"Ox, is a sheaf of v (Oxiet/p"Oxiet) algebras so
that we get morphisms of monoids v (N Xfl;ertm) — Oz, /p"Ox, which are compatible for
varying n € N. Proceeding as in [K2, §1.3], one obtains for every n an associated log structure
Nx,n — Oz, /p"Ox, characterized by the fact that the inverse image of ((’)%L/p"(’)ﬁ)* is
(Ox,/p"Ox,)". We define

]/\}}:L = {NXL:'”} - 6XL

to be the induced log structure. By construction it is fine and saturated. For later purposes we
register the following result:

Lemma 2.14. Frobenius ¢ is surjective on Ox, /pOx,. For L = K its kernel is p'/?Ox, /pOx,

Proof. Using 2.2.6 it suffices to prove that Frobenius is surjective on Ry /pRy — Ry /pRy with
kernel p'/? Ry /pRy. This follows from 3.6 and the normality of Ry .
0

The sheaves Wy 1,. For s € N we define Wy 1, := W (O;gL /pOggL) as the sheaf of sets (O;gL /pOggL)S
with ring operations defined using the Witt polynomials. Let Ny be the following log struc-
ture. For s = 1 we let IV} 1, be the log structure associated to the log structure Ny, 1 — W, =
Ox, /pOx, . For general s let N 1 be the fibred product of monoids

Ns,L B— OxL/pOxL

|
Nl,L E— OIL/pOxLa

where ¢° is Frobenius to the s-th power. Since the map ¢ is surjective by 2.14 the map
©*: Ny, — Npp is surjective with kernel 1 +pp%(’)3€L/p(’)xL. If U € X** is a small affine
open, we have a chart P = Nt — Ny |wv,), provided by our Assumptions (§2.1.2). The
surjectivity of ¢* implies that it can be lifted to a map of monoids P — N, which provides a
chart of N; 1, locally over (U, Up) (compare with [T1, lemma 1.4.2]). We conclude that Ny is a
fine and saturated sheaf of monoids.

Let Nw,, — W, be the log structure associated to the prelog structure defined as the
composite of N, ;, — Oz, /pOx, with the Teichmiiller lift Ox, /pOx, — W, 1. Let

NW inf,L

L
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in Sh(X )N be the inverse system of sheaves of W(k)-algebras {W, .} with the log structures
{Nw, , }n The transition maps are defined as the composite of the natural projection W, —
W, 1 and Frobenius on W, ; and the map induced by the natural morphisms Ny, ; — Nx, s
for ¢ > s. Arguing as before, one proves that for every n the log structure Ny, , is fine and
saturated. Note that Afr’lf,L and Ny, are endowed with a Frobenius operator, denoted by ¢, and
that Af.; is a continuous sheaf of W(k)-algebras. We remark that if [ = K Frobenius is an
isomorphism on A;;lf’L by 2.14.

The localizations. Let U € X*®* be a small affine open with underlying algebra R;. Then,
the localizations of the above defined sheaves in the sense of 2.2.6, are

(1) Ox, (Rv) = Ru;

(2) ﬁU 5 Oy, (Ru). Moreover, the localization of {Nx, ,}, defines on ﬁU, via this isomor-
phism, the same log structure as the one associated to the prelog structure ¢, : P’ — Ry —
ﬁU defined in §3.1.

(3) W(E*) S A$f7L(T%U) where E* = Ololinn Ry /pRy is the projective limit taking Frobenius

as transition map. Moreover, the localization of {Nw, , }, defines on W(E*) the same log
structure as the one associated to the map of monoids ww( +): P — W(E+) defined in

B
§3.1.4.

Statement (1) is clear. In statements (2) and (3) we have natural morphisms due to (1). The
proof that they are isomorphisms follows as in [AI2, Prop. 2.15] and the key ingredient is Faltings’
almost purity theorem in the semistable case for Ry (see 3.3). The statements concerning the log
structures follow as by construction N, , and Ny, , locally on (U, UL) admit charts compatible
with ¢g, and ¢W (E +) respectively.

2.3.2 The morphism ©

One has a natural morphism of continuous sheaves with log structures
@L = {@Lm,}n: (Ai—;ﬁL) NWL) E— (Of{La NXL>7

which is strict, i. e. it is such that the log structure ]\Afo is the one associated to Ny, via Op.
For every n € N the morphism Oy, ,, is the morphism of sheaves associated to the following map
of presheaves ¢,. For every object (U, W) of X if we put S = Ox, (U, W), then

n—1
Cn(U7 W) Wn(S/pS) = (S/ps)” — S/pns, (50’ Sy vy Sn—l) — Zpigfnflﬂj
=0

where for every s € S/pS we denote by § a (any) lift of s to S/p™S. One proves that
cn(U W) (30,31, . ,sn_l) does not depend on the choice of the lifts s; of s;, that ¢, defines
a map of presheaves and that ¢,1 modulo p™ is compatible with ¢,; see [AI2, §2.4]. Since the
log structure on S/p™S is the inverse image of the log structure on S/pS, then ¢, is compat-
ible and strict with respect to the log structures. Moreover, if we assume that pirt e s,
then, &, = [p/?"'] — p is a well defined element of W, (S/pS) and it generates the kernel
of ¢,,: W,,(S/pS) — S/p™S. For the proof we refer to loc. cit. Thus,
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Corollary 2.15. We have Ker (@f: A g — 63€?> =& Ay as sheaves in Sh(Xg)".

inf,

2.3.3 The sheaf AY

log

Recall from [AI2, §2.5] that a W(k)—divided power (W(k)-DP) sheaf of algebras in Sh(X.) or
Sh(X)N is a triple (F,Z,~) consisting of (1) a sheaf of W(k)-algebras F € Sh(X);) (resp. an
inverse system of sheaves of W(k)-algebras {F,} € Sh(Xy)Y), (2) a sheaf of ideals T C F
(resp. an inverse system of sheaves of ideals {Z,, C F,}), (3) maps v;: Z — T for i € N such
that for every object (U, W) the triple (F(U, W), Z(U, W), Yuw)) (resp. for every n the triple
(FulU W), Z,(U, W), Yuuw))) is a DP algebra compatible with the standard divided power
structure on the ideal pW(k) in the sense of [BO, Ch. 3|. Given a sheaf of W(k)-algebras G and
an ideal J C G (resp. an inverse system of sheaves of W(k)-algebras G and ideals J C G) the
W(k)—divided power envelope of G with respect to J is a W(k)—divided power sheaf of algebras
(F,Z,~) and a morphism G — F of sheaves (or inverse systems of sheaves) of W(k)-algebras,
such that J maps to Z, which is universal for morphisms as sheaves (or inverse systems of
sheaves) of W(k)-algebras from G to W(k)-divided power sheaves of algebras F’ such that J
maps to the sheaf of ideals of 7' on which the divided power structure is defined.

Let A and A’ be (continuous) sheaves of W(k)-algebras on X endowed with fine log structures
M — Aand M' — A'. Let f: (A, M) — (A, M’) be a morphism of sheaves of rings with log
structures such that the morphism A — A’ is surjective. We call the W(k)—log-divided power
envelope of (A, M) with respect to f to be

(1) a W(k)—divided power (continuous) sheaf of algebras (F,Z,~) on X and a fine log struc-
ture H — F;

(2) a strict morphism of log structures (F, H) — (A’, M’) such that F/Z = A’ as (continu-
ous) sheaves of rings;

(3) a morphism of log structures (A, M) — (F, H) such that the composite with (F, H) —
(A’ M) is f;

(4) (F,Z,~, H) is universal among objects satisfying (1), (2) and (3).

Similarly, we call the log envelope of (A, M) with respect to f to be a (continuous) sheaf with
log structures (&, J) such that (2) and (3) hold and it is universal for such properties.

Lemma 2.16. The W(k)-log divided power envelope (resp. the log envelope) of (A, M) with
respect to f ewists.

Proof. We argue as in [K2, Prop. 5.3]. Assume that the log envelope (&,.J) of (A, M) with
respect to f exists. Then, the W(k)—divided power envelope of £ with respect to the kernel of
the morphism & — A’ exists by [Be, Thm. 1.2.4.1] and, together with the log structure defined
by J, it is the W(k)-log divided power envelope of (A, M) with respect to f. In particular, the
latter exists.

We next prove that, under the assumption that M — A and M’ — A’ are fine, (£, J) exists.
Due to the universal property it suffices to prove that (£, J) exists locally on X, cf. [AI2, Lemma
2.23]. Let V := (U,W) € X such that (M, A)|y and (M’ , A’)|y admit charts P — A, and
P’ — A’y with P and P’ constant sheaves of monoids, integral and finitely generated. Possibly
after shrinking V' we may also assume that f is induced by a morphism of monoids a.: P — P’.
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Let Q := (agp)_l(P’) C P#. Let £ := Aly ®gp) Z[Q)] with the log structure J associated to the
morphism of monoids () — &, ¢ — 1 ® q. Then, we have natural morphisms of sheaves of rings
with log structures (M, A)|y — (€,J) — (M', A’)|v and the latter is exact by construction. We
leave to the reader to check that (£, J) has the required universal property. O

The sheaf A, Let A,y = {A&S’L’n}neN be the W(k)-divided power envelope of A
respect to Ker (©1). It is endowed with a Frobenius operator induced by Frobenius on Af; |
for n € Z, defined by the divided power ideal, where

inf.L with

and with a decreasing filtration Fil"AY.
we put Fil"AY. = AY. | for n <0.

cris,,. = **cris,

cris,LL

The sheaf Ay, 1, Let ©0 1 be the morphism of continuous sheaves with log structure
QoL = 0L ®0o: Al Qwry O — 63&-

Let AV, = {AbgLn} be the continuous sheaf defined as the W(k)-log divided power

envelope of Ame Qw(k) (’) with respect to O . It exists due to 2.16. We have a natural
morphism AY; | — Agg . compatible with log structures.

If L = K, the sheaf AV (resp Av ) is a sheaf of A,s-algebras (resp. Ajg-modules) where
Agis and Ajog are the classmal period rlngs of Ok. We further have the following properties which

are proven as in [AI2, Prop. 2.24, Lemma 2.26, Prop. 2.28]:

v
cris,L cris,

Frobenius: The Frobenius map ¢: W, ; — W, ; defines maps ¢: AY

@: AV, 1, — AY, 1, which are compatible with the morphism AY;, ; — AY,

cris,L log,L*

Filtration: We have a decreasing filtration Fil"AY

log.L» for n € Z, defined by the divided power
ideal and compatible with the filtration on AY.

cris, L
Extension of scalars: We have natural isomorphisms 3* (A(ZIS K) = AZisK and 3* (AX&K) =
Av K compatible with log structures, Frobenius and divided power structures and with the
— 5 AV

morphlsm AYiL log,L-

Explicit description We have natural isomorphisms

7= A+ = Ow(k) Acris, AY == AT Qi Alog

cris,K log, K inf, K

compatible with the divided power structures, log structures and Frobenius and such that the

morphism AZiSR AV « 15 induced by the natural morphism Aeys — Ajeg. In particular,
(1) the Agis-linear derivation d: Ao — Alog% defines on AIZ LK AN AZiSR—linear derivation
dz
. AV v
d: Alog,K Alog,K VA
which is surjective and satisfies AY _ =~ A =0,
cris, K log,K

(2) the inclusion ACVI C AV  1s split injective with left inverse defined as the morphism

7

which is the identity on AY, - and sends (u — 1) to 0 for every n € N;
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(3) the inclusion AY. _ C AV _ is strict with respect to filtrations;
cris,K log, K

Localization: For U a small object of X*®* with underlying algebra Ry we have

ACI‘IS L (RU> A(le (RU) Alvog L (ﬁU) Agg (RU)
Ry) and AY

compatibly with the action of Gy, , filtrations, Frobenius where A log

defined in 3.4.

(Ry) are

CI‘lS(

2.3.4 The sheaf A,

Fix the following notation.

(ALG) For every n € N we write S, := Spec(O/(Pr(Z))") with the log structure M, defined
by to.

(FORM) For every n € N we write S, := Spec(O/(p, Pr(Z))") with the log structure M,
defined by 9¢.

In both cases we assume that a global deformation of (X, M) to O exists. More precisely,
we assume that for every n € N we have a log scheme (Xn, N, ) and log smooth morphism of log

schemes of finite type fn: ()?n, ]vn) — (gn, M, ) such that (Xn, N ) is isomorphic as log scheme
over (gn,Mn) to the fibred product of ()~(n+1,Nn+1) and (Sn,M ) over (§n+1,Mn+1).

Remark 2.17. Since (X, M) is log smooth over (S, N) (resp. (X1, S1) is log smooth over (S;, Ny))
it follows from [K2, Prop. 3.14] that such a deformation of (X, M) to O always exist Zariski

locally on X. For example, it exists if X is affine and in such a case any two deformations are
isomorphic. It exists also if X is of relative dimension 1 over S.

Given a small object U € X*¢* for every n € N we let ((7”, f[n) — ()?n, ]Vn) be the unique
Kummer étale morphism deforming the morphism U — X. Write (Uform, Hform) for the formal
scheme with log structure defined by (Un, Hn)n oy I Utorm = Spf(R), we call a formal chart of
(ﬁforma ﬁform) a chart

A vy o~
W (k) [Pl®wrmmO — R,

inducing a chart of U as in 2.1.

The sheaves ODP and w . Define the sheaf Oz on Xkt by setting O (U) = F(ﬁn, Oﬁn)'
Let (O X7n/p"(’)X7n)n€N € Sh(Xket) . Let

0%, O%,/p" 0%, — Ox/pOx

be the natural surjective map of sheaves of rings. It induces a strict morphism of log structures

for every n. Let (O %n/P"O% n)DiN € Sh(X*")N be the continuous sheaf defined as the W(k)—
log divided power envelope of O¢ / p"Ox,, with respect to the kernel of 05 ; see 2.16. Write

ODP hm (OX LI 0% n) . Then7
O = 05B00(P:(2)),
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where the completion is taken with respect to the (p, Z)-adic topology (or equivalently the p-adic
topology). In particular, if U is a small object of X*¢* and if R is the algebra underlying Usopm,
we have O)'%P(U) = Resis in the notation of 3.30.

Let d be the relative dimension of X over Of. For every integer 0 < ¢ < d let w% /3 (U)
(resp. w% /W(k)(U )) be the module of global sections of the sheaf of logarithmic Kéahler differ-

entials of (U,, H,) relative to (§n,ﬁn) (resp. W(k)). Let w}(/o € Sh(X*HN (resp. w}(/w(k) €
Sh(X*")N) be the continuous sheaf (Wé?n/§n)neN (resp. (w}(n/w(k))neN)'

The sheaf Ajog1,. Let © ; be the morphism of continuous sheaves with log structure
@)?,L =0, ® U},L (9)?) : A;ﬁf,L Qw (k) U;(,L (O)?) — Ox,.

Define Alogr, = {AlogLn} ey as the W(k)-log divided power envelope of Af; | @w) vk 1 (0%)
with respect to © ;. It exists due to 2.16. It is endowed with a decreasing filtration FﬂiAbg’L

for i € Z, defined by the DP ideal, where Fil'AY, | = Ay, | for i <0. By construction we have
a natural morphism AlZg,L — Ajog,1,, compatible with the filtrations.

Explicit description. Let U be a small object of X* and we fix compatible charts
b Wk)[Pl&wan©O — R, Ur: W(E)[P] @wwm Ok — R

for the log structure on ﬁform = Spf(ﬁ) (resp. on U = Spec(R) in the algebraic case and of
Utorm = SPf(R) in the formal case). Recall that P = N® x N°. Let ey, ..., eq4p be the standard
generators of P and write

X, = VYgle), Xi=1vr(e) Vi<i<a Y i=vg(eatrj), Yj:=1vr(ear;) V1<5 <0

Let Z, — Uk be the object in U with underlying algebra R Xyy)p W(k) [#P} Qw(k)
KI/J" (Epn)' Write Sn = O%L(U’ Zn) and E:{Lun = ’U},L<O)z) (Ua Zn) Write 7i,n = Xl/pn n

Sy/pS, and Wm] equal to the Teichmuiiller lift of Yi,n for : = 1,...,a. Similarly put Vj,n =
Y;-l/pn in S, /pS, and an] equal to the Teichmiiller lift of Y, for j =1,...,bin W, (Sn/pSn).

We also have the element m,» € S,,/pS,, and we write [ﬁpnn] for its Teichmiiller lift. Then:

Proposition 2.18. The kernel of the map W, (Sn/pSn) Qwi(k) Eﬁu“ — S,/p"S,, defined by Oz,
1s the ideal (§n, [YM] ®1-1 ®)?,-, [Vj,n] ®1-1 ®}7]) for1 <i<aandl <7 <b orthe ideal
([T @110 Z, [X;n] ©1 10 X, [Vjn] ®1-1QY)) for2<i<aand1<j<b. In
particular,

v
Alog,L,n‘(U,Zn) = Alog,L,n <U2,TL - 17 <oy Ugmn — 17 Wimn — 17 <oy, Whn — 1>

wz’thvi::[)i;(;_"}forizl,...,a and w; ::[Yé;_"]forjzl,...,b.
@ J
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Proof. Tt follows from 2.3.2 that modulo &,, the kernel of © %, on W.,, (Sn / pSn) Qw(k) RK s the

kernel of S,,/p"S, Qw(k) Rkun _, Sn/p"S,. The first claim follows by an explicit computation,
cf. 3.14.
The second part of the proposition follows as in [AI2, Lemma 2.30, Thm. 2.31].
n

Extension of scalars. We have a natural isomorphism * (Ajee k) = A, g compatible with

log,
log structures and divided power structures and with the morphism Ay, ; — Ajgg 1.

Frobenius. For U a small object of Xkt as above let Fyy be the unique homomorphism
Fy: R — R inducing Frobenius modulo p and compatible, via the chart ¢z, with the map
W(k)[P] — W(k)[P] given by Frobenius on W(k) and multiplication by p on P. This produces
a Frobenius Fy; on on vy (O%)|w.u.)- Together with Frobenius on A;;f’L it defines a Frobenius
on A;ﬂL Qw (k) Vx, L((’) )?) |(U7UL) compatible with the log structures. Using 2.18 one proves that
it extends to a Frobenius morphism ¢y on Ay 1|w,v,) compatible with Frobenius defined on
AY, 1, and with the log structures.

Localization. For U a small object of X* write U := Spf(ﬁ) with induced log structure.
Using 2.18 one proves that - B
Ay, L(Ry) = AV, (Ry),

compatibly with action of Gy, , filtrations, Frobenius. Here, Ajy, (EU) is the ring, with log
structure, defined in §3.4.

2.3.5 Properties of A},

and Ay,

Y

For T'= O or T = W(k) consider the continuous sheaf v% , (u)}/T) of locally free vy (Ox) =

O%:-modules over X;. The de Rham complex on )~(n for every n € N defines a de Rham complex

VXM (w;z/T) on Xr. We then get a complex Ai—;f,L ®w(k) Vx a1 (w;?/T).

Convention: In order to simplify the notation, for every sheaf of O} -modules & and any
sheaf of Og-modules M we write £ ®o, M for £ Roy VX m (M).

Omne can prove as in [Al2, §2.7] that the de Rham complex above extends uniquely to a
complex
1

0 1
Alog,L — Alog,L ®O;{ Wy

Vi
2
%r — Alogr ®og Wg p — o

/T
Using the description given in in 2.18 we have that Vi is Ay, -linear and sends (v; —Nl)[”]
to —(v; — )" YUydlog X; for i = 2,...,a and sends (w; — 1)l to —(w; — 1)I""Yw,dlogY; for
j=1,...,b Similarly, Vi, is AY. . -linear and sends (v; — 1)I" to —(v; — 1)""Hoydlog X; for

cris, L

i=1,...,a and sends (w; — 1) to —(w; — 1)[”*1]wjdlog1~/j for j =1,...,b. Moreover,

Proposition 2.19. Writing V := V¥ and V' := Vi, and V := V! we have that:

. . . V e v?
i. for everyr € N the sequence 0 — Fil'AY | — Fil'Ajgg, — Fil' " Ay 1 Ro, w;?/o BN
P2 2 v? -
Fil""Ajog 1, ®og Wijo T S exact;
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v
i’. for every r € N the sequence 0 — Fil"AY, ; — Fil"Aj,L il Fil" ™ Ajog 1. Qo
V2 V3

1 W(k) r—9 W(k)
Dm0 P AogL ®og W

CI‘IS

- 18 exact,

1. the natural inclusion Alvog’L C Ayog 1, identifies Ker(V) with AlogL,

ii’. the natural inclusion AY L C Ay 1, identifies Ker(VW(k)) with AY

cris, cris, Ls

iti. (Griffiths’ transversality) we have Vr (Filr (Along)) c FilIr! (Ajog,1.) ®o. wL _ for everyr;

X/T

w. the connection Vi Apg1, — Algg 1, R0, wk is quasi-nilpotent;

X/T

v. let U be small and choose a Frobenius Fg; on a formal chart of fjform. Then, Frobenius @y
on Awg Ll (wv,) is horizontal with respect to Vr|wu,) i. €., Vrlwu,) o v = (pu®dFy) o
Vrlwo)-

Proof. The proof is formal and follows from the explicit description given in 2.18. We refer to
[AI2, Prop. 2.37] for details.
m

2.3.6 The sheaves BY

log

and Blog

In this section we denote by A any one of AY; 1, AV, or Apgr. For every integer r define
the continuous sheaf A(r) := Z,(r)®z,A (thought of as “At~"”) with filtration Fil'A(r) :=
Zp(r)@z, FiI'""A for i € Z. Let the (local) Frobenius ¢,: A(r) — A(pr) be defined by p"
times the (local) Frobenius on A (coming from the fact that ¢(¢) = pt). This makes sense since

pl=(p-15 120 ¢ Auis - 7P so that p is a well defined element of A(pr). Let the connection

vgl<r)2 Alog,L( )®(9 u)X/O — Alog, ( )®0Xu)?/10

be the one obtained from the one Ajqg L®0, wh %0 One defines V@(lk) (r) in a similar way.

As in [AI2, §2.8] one proves that, given integers r > s, multiplication by #"~* provide mor-
phisms ¢, s: A(s) — A(r) which respect all the above structures and satisfy ¢y, 0 ;s = ¢y, for
integers u > r > s. Define

\Y%
IB%Cms L» IBlog,La IEBlog,L

in the category Ind (Sh(%M)N) of inductive systems of continuous sheaves as the inductive
systems of the sheaves AY 1 (r), (resp. Ay, (), resp. Ajg (1)) with respect to the morphisms
trs for s <r. They are endowed with a descending filtration Fil"BY,, 1, Fil"By, ; and Fil"B 1,
defined by the inductive systems Fil"AY, ; (r), Fil" Ay, (r) (resp. Fil" Aoy 1, (1)) for varying r €

cris,L

Z. Moreover, BY, | and BY, | (resp. Biogr|w,v,) for U € X** small) are each endowed with a

Frobenius defined as the inductive limits of the Frobenii ¢,. We also get de Rham complexes

2

vh V2. )
Biog, L. — BiogL. @0 wh =5 Biog L Bog Wgp —

X/T
for =0 or T = W(k). As in [AI2, Lemma 2.41] one proves the following:
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Lemma 2.20. (1) Multiplication by p is an isomorphism on Fil"BY, ;, BY, 1, Fil"BY, 1, BY, |,
FﬂnBlog,L and Blog,L'

(2) For every r € Z U {—oo}, putting Fil"BY, | = BY, and Fil By, = Bl and
Vi= Zb, we have exact sequences of inductive systems

V2 F-1T—2B 2
s Fil Bl . Qo0 wh o —

qrmV T v! qr—1 1
0 — Fil ]B%log’L — Fil'Biog 1, — Fil'™ Biog 1, Ro, Wi /0

/O

and
1 2

L FI'BY. , — Fil'Br.; % Fir-1p Vi) por-2p
0 W Beris L W Biog,r, — I'l log,L&0O; — I log,LOO ¢ —

1 2
WX Wk WX Wk

(3) for U € X* small, Frobenius gy on Bigr|w,u,) s horizontal with respect to V|uu,)
and induces Frobenius on BY, | lwu,)-
(4) for U € X*' small, BY, | (Ry) = By, (Ry) and Bigr(Ry) = Big(Ry), as defined in

§3.4, compatibly with Frobenius, filtrations, Gy, -action and connections.

2.3.7 The sheaves EV

log, K and Blog,ﬁ

Recall from §2.1 that we have a natural map fr: B,z — Bgr, with image Elog, sending Z to
. Let Zlog be the image of Ajs. Define ng’ﬁ and EZ&E as the quotient Azgﬁ ® Ay Zlog and

IB%ZgR @By Elog, respectively, with image filtration. Due to §2.3.3 we have isomorphisms

Kzgi = Af < Owa Alog, B, X = AL 2 Owoy Biog
in Sh(X%)" and in Ind (Sh(X%)") respectively. These isomorphisms preserve the filtrations.
Similarly, define
Alog,ﬁ = Alog,ﬁ ®Alog A10g7 Blog,ﬁ = IBglogf ®Blog Blog

with image filtration. As f(O) = Ok, we have O)?@Oﬁlog = Ox Qo Zlog. In particular Klog,ﬁ
and B,,, g are Ox®oy Alog, 1€8p. Ox®0, Blog-modules. Due to 2.19 and 2.20 they are endowed
with connections relative to A, resp. B,y and the filtrations satisfies Griffiths’ transversality.
Set Fil A, & = Ao, and similarly for Ay, ., By, and By, .

log, log,

Lemma 2.21. (i) We have Ezi&g ®r, K C Ezg’g.
(i1) Using the notation of 2.18 we have
- =V
Alog,ﬁ,nl(Uyzn) = Alog,i,n <U2,n — 1, ey Ugn — 1, Wi — 1, ceo, Whn — 1> 3
(iit) The de Rham complezes 0 — Filrﬁzg’g — Fil'A, ¢ ~ Fil"A,, x ®oy wi(/OK—> e
and 0 — FilrEZgK — FilrEogR =, Filr_lEOgK Roy wi(/OK—> -+ are ezvact for r € Z U
{—OO},’
Proof. (i) It follows from 2.1.
(ii) It is the analogue of 2.18. The details are left to the reader.
(iii) The fact that we have sequences follows from 2.19(i) and 2.20(2). The exactness follows

from (ii).
[
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2.3.8 The monodromy diagram

: NdZ i 1 :
Consider the exact sequence 0 — Oz% — W T Yo T 0. It induces for every
i—1 dZ ]
AN

X0 — w;/w(k) — w%/o — 0. This implies that the

following sequence of complexes is exact for every n € Z U {—o0}:

1 > 1 an exact sequence 0 — W'

] dz n .
O E— Fll BlogL ®O u)X/O A 7 — Fll Blog L ®(9 wX/W(k‘) — Fll B]og,L ®0)~( w)?/o — Oa
where wh _and wb are set to be 0 for ¢« < 0 and we define Fil"Bjoz 1, = Bjog 1, for n = —oc.

X/0 X /W (k)
Taking the homology and using lemma 2.20 we get the exact sequence (of complexes)

dz

0 — Fil" "By, — ~

[-1] — Fﬂ"Bm L — Fil“IB%lY)&L — 0.

We let N: Fil"By, ; — Fil"By, ;, be the morphism defined by d = N 4 Then,
(i) we have N o =ppo N on By, |;

(ii) N is surjective on Fll"Bng with kernel Fﬂ"BZiSK.

Indeed, it follows from 2.19 that AZisK is the kernel of the monodromy operator on AZ oK

We deduce that IB%V K is the kernel of the monodromy operator N : IB%V K IB%V . Moreover,

the monodromy operator N is surjective on Fil® AVgR and, hence, on Fll'IB%V - by the explicit

description of AV % given in §2.3.3. By loc. cit. the inclusion AV =z C AV is strict so that
the kernel of N on FH"IB%v < is FiI"BY. - as claimed.

2.3.9 The fundamental exact diagram

Let us assume that we are in the formal case. The following commutative diagram called the
crystalline fundamental diagram of sheaves has exact rows:

oRV - v
0 @p Fil IBCrls K IBcris,ﬁ 0
N N I
1—
Vo \e=1 \% ¢ v
0 <IBCI“IS K) IBcris,ﬁ IB301‘is,K 0.

We refer to [AI2, §2.9] for the proof.
We now consider the following diagram called the fundamental diagram of sheaves:

10V (p—1,N) v v (N,1—py) v
00— @p — Fil IEBcris,ﬁ - IBl og, K ® IBcris,i - IBlog,ﬁ —0
N N N (1)
V,p=1 v (¢p—1,N) v v (N,1—-pyp) v
0— ]Bcris,ﬁ - IB5log;,K — IEBlog7 b log,K - IB%log,ﬁ — 0.

Lemma 2.22. Both rows in the fundamental diagram are exact sequences.
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Proof. Since N op = ppo N, the rows define sequences. It follows from 2.3.8 that <BZ15 K)‘P:1 ~

ZA}[{ 0.¢=1 "and similarly for Fil°, and that N is surjective on ng = This and the exactness in
the crystalhne fundamental diagram imply the exactness on the left and on the right of both
rows in the fundamental diagram.

Since N is surjective on IB%V , to prove the exactness at IB%V z D BY _ of the second row

log, K
it suffices to show that p — 1 sends ]]33v 0 which is IB%V 7 surJeCtlvely onto ng]\; 0 o IB%CVHS K
This follows from the exactness in the mlddle of the second row of the crystalline fundamental
diagram. We deduce that the second row in the fundamental diagram is exact. The exactness
of the first row is proven similarly.

]

2.3.10 Cohomology of B, and Eog

Let O%Zog to be the image of Ox®0Biog — v%"flﬁ%logﬁ with image filtration, considering the
composite of the filtration on B, and the P.(Z)-adic filtration on O%. Due to 3.41(3) it is
a direct factor in (’);((X\)@Blog. The aim of this section is to prove the following result. Write
Fil™*B,,, g := Bjg g and Fil_”EIOgR := B,,, g with the notation of §2.3.7.

log, log,

Proposition 2.23. For every r € Z U {—oo} we have:

0 if > 1
cont r _ el
R (Fll Blog,ﬁ) - {Fﬂrof’zeolog lf] =0.

Similarly

R cont (F er ) 0 lf] Z 1
1 log, K = T €0 ) e .

: Fil" (059, @, Buog) il =0.
Proof. We prove the first statement. Lemma 2.24, §2.3.4 and 3.38 imply that R vcom (Alog’g(m))
is annihilated by a power of ¢ if j > 1. From loc. cit. and 3.41(3) we also get the state-
ment for r = —oo and for ROU%’T (F il’"IB%logK). For the statement concerning the vanishing of
R/ v%‘j (FiI'By,, g) for j > 1 we argue as in §3.5.4. As t annihilates Gr"A,, g(m), we conclude
that R/ VRl (Alogﬁ(m)) is annihilated by a power tV of t depending on m and r. Hence, the

image of RIvSMFil" (A, g(m)) in RIvCFil™ Y (A, g(m + N)) is 0. We are then left to prove
that the kernel of the map R/ v%’ffFﬂr (A, g(m+N)) — R/ v%”rfFilr_N (Apyr(m+ N)) is an-
nihilated by a power of p. Proceeding by induction on N, it suffices to show that the cokernel
of Rj_lv%’ffFilT (A, g(m)) — R vt Gr' (Ajzx(m)) is annihilated by a power of p. The lat-
ter cohomology group can be computed using 2.24 which implies that R'v$™ Gr” (Alog’g(m)) =
Hgal(GrTAlogK(m)). It is sufficient to prove that for every ¢ € N the cokernel of the composite
map

Gal (Fll Alog K( )) - RZUCOMFIIT (Alog,ﬁ(m)) - HGal(GrrAlog,K(m))

is annihilated by a power of p. This is proved in 3.56.
The second statement is proved similarly. O]
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In the proof of proposition 2.23 we used the following lemma:

Lemma 2.24. The assumptions in 2.12 hold for the sheaves (a) (535?; (b) Ay z(m) for every
m € Z; (c)F = Gr"A,g(m) for every m and r € Z; (d) Klogg(m) for every m € Z; (e)
F = Grr&og,g(m) for every m and r € Z.

Proof. See §2.3.7 for the definition of A, g(m). Proceeding as in [AI2, Prop. 3.18] one reduces
to the proof for @xf and the sheaves W 7, s € N, using 2.18 in cases (b) and (c) and using

2.21(ii) for cases (d) and (e). For (535? and Wz the proof follows arguing as in [AIl, Thm
6.16(A)&(B)].
[

Let U € X¥ be a small object and let ¢ be a Frobenius on Blog7K|(U7UK).

Lemma 2.25. There is a power s of the Frobenius morphism on v%?’it ((Blog,K) |(U,UK)), depending
on the prime p, which factors via the natural inclusion @%P [p‘l} v C U}?ff ((Blong) |(U7UK)). In
fact s=1 forp >3 and s =2 for p = 2.

Proof. This follows from 2.20 and 3.39.

2.4 Semistable sheaves and their cohomology

As before we fix an extension K ¢ L C K.

Qp-adic étale sheaves. By a p-adic sheaf L on X' we mean a continuous system {L,} €
Sh(X)" such that L, is a locally constant sheaf of Z/p"Z-modules, free of finite rank, and L,, =
Lipt1/p" Ly for every n € N. It is an abelian tensor category. Define Sh(Xy)g, to be the full
subcategory of Ind (Sh(%‘f)N) consisting of inductive systems of the form (LL);cz where L is a
p-adic étale sheaf and the transition maps . — IL are given by multiplication by p. It inherits
from the category of p-adic sheaves on X the structure of an abelian tensor category.

2.4.1 The functor Dﬁfgo

Given a Q,—adic sheaf I on X7 define
DE(L) = vx . (L2, Brogc ).

It is a sheaf of Ofg‘;og—modules in Sh(X*"), see §2.3.10 for the notation. We get a functor

Df: Sh(Xg) ,, — Mod (059 ).

log -

Then,

(1) D (IL) is endowed with a decreasing filtration Fil"Dfsy (L) = vy, (L®g,Fil"By,, &) for
n € Z;

34



(2) Di; (L) is endowed with a connection

Viwe : Dig (L) — DS (L) ®o. w}(/W(k)

defined by vg , (1 ® V%;V(k)) where V%Mk) is the connection on B, , x;
(3) for every U small and a choice of Frobenius on (NJform we have a Frobenius opera-

tor pru: DES (L) — Digr(L)|y defined as vg, (1 ® ¢pr) where ¢y is the Frobenius on

Blog,ﬁ‘ (UUL)-

2.4.2 Geometrically semistable sheaves

A Q,-adic sheaf L = {L, },, on Xy is called geometrically semistable if

i. there exists a coherent O ¢®p Ajog-submodule D(L) of Dy (IL) such that:

(a) it is stable under the connection Vi, w) and Vi wa|pw) is integrable and topologically
nilpotent on D(L);
(b) DY (L) = D(L)® a,,, Biog;

log

(c) there exist integers h and n € N such that for every small affine U the map t"op ;s
sends D(L)| to D(L)|y and multiplication by ¢* on D(L)|y factors via t"pp, .

ii. DFY (L) is locally free of finite rank on X** as (’)f;jog—module.

log

category Ind (Sh(Xz)"Y).

o8&
)},log

iii. the natural map ayy : DE (L)@( )Blog,ﬁ — L®g,B,, % Is an isomorphism in the

We let Sh(X)gs be the full subcategory of Q,-adic étale sheaves on X3 consisting of geo-
metrically semistable sheaves.

2.4.3 The functor Djj,

Assume that X is a small affine so that a Frobenius F'g on (5)’%1) and ¢ on By, x are defined. We

get a map vk . (IB%lOgﬁK) — @?%P[p’l] induced by ¢*; cf. 2.25. Given a Q,-adic sheaf L on Xx
define

D?(fg(L) = UK x <L®ZpBlog7K> ®SDS @)%P [pil]'
VK % (]Blog,K)

Then, Dj, (L) is a sheaf of @?%P [p~!]-modules in Sh(X*"). Asin [AI2, Lemma 3.3] one can prove
that the sheaf Dif}(IL) is endowed with an action of G and

D (L) = (DE(L))“~ @ O [p1l.
& VE % (Blog,K)

It follows that ]D)ﬁfg defines a functor

Dt Sh(Xx),

log - — MOd@}D?p .

P
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Moreover,

(1) ]D)ar

iog(lL) is endowed with a decreasing filtration Fil"Dj (L), for n € Z, given by the

log

inverse image of v . (L@ZpFilnBlogK) via the map Df‘gg(L) — Uk (L®ZpBlog7K) induced by ¢*
on Bog k;
(2) D%, (L) is endowed with a connection

Vi) Digg (L) — Dig, (L) ®o, w}(/W(k)

defined by v, . (1 ® V%W(k)) where V%W(k,) is the connection on By, 1,. We write

Vio: Digg(L) — D, (L) ®oy W;{/o

for the connection induced by the connection Vé on B 1;

(L) defined as vy, . (1 ® ¢) where ¢ is

the Frobenius on By, k. By construction it is compatible with the Frobenius [’y on @)DZP )

(3) we have a Frobenius operator ¢r,: Dif, (L) — Djy,

Localization of Q,-adic étale sheaves. Let Rx be the algebra underlying the affine (formal)

scheme X and let Rx be a deformation to @ as in 2.17. The localization L,(Rx) is given
by a free Z,/p"Z-module with continuous action of Gx, which we denote by Vx(L,). Write
Vx(L) = lim Vx(Ln) Define

Gx—

Dgeo,cris (VX (]L)) — (VX (]L) ®Zp Blcéigs(ﬁX>) K

log

and
. L~ Gx s ~
Dy (Vi (L)) 1= (Vir(L) @2, BEp(Bx)) " ©% ey Bxenslp ™,

cris

as in §3.6. Since éxms[p_l] = @?%P [P~ (X), see §2.3.4, it follows from 2.20 that

]D)geo (L) (X) -~ Dgeo,cris (VX (L)) 7 Dar

log log log

(L)(X) — Digg (Vx (L))

log

as éX,cris [p~!]-modules compatibly with Frobenius, filtrations, connections.

2.4.4 Semistable sheaves

As in the previous section we assume that X is a small affine. Following [O, Def. 1.1] we denote
by Coh(O?%P@Zpr) the full subcategory of sheaves of O?%P—modules isomorphic to F'®z,Q, for

some coherent sheaf F' of @)’%P—modules on X*' A Q,-adic sheaf L = {L,}, on Xk is called
semistable if

i. D, (L) is in Coh(ORP®z,Q,);

ii. the natural map oueg . : ]Di“org (]L) ®aorBlogk — L®z, Biog x is an isomorphism in the cate-
X

gory Ind (Sh(% K)N) of inductive system of continuous sheaves.
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We let Sh(X g )ss be the full subcategory of Q,-adic étale sheaves on X i consisting of semistable
sheaves.

Proposition 2.26. The following are equivalent:
1) L is semistable (resp. geometrically semistable);

2) for every small object U of X*°* the representation Vi; (1) is semistable (resp. geometrically
semistable) in the sense of 3.59 (resp. 3.64);

3) there is a covering {U;}; of X by small objects such that Vi, (L) is semistable (resp. ge-
ometrically semistable).

In particular, if L is a semistable sheaf on Xk then (*(IL) is a geometrically semistable sheaf
on X and D) (6%(L)) = 6 (D, (L )®0Dp(’)ge° )

log

Proof. We refer to [AI2, Prop. 3.7] for the proof of the equivalences of (1), (2) and (3). The last
assertion follows from this equivalence and 3.7.
O]

2.4.5 The category of filtered Frobenius isocrystals

Let Ois be the W(k)-divided power envelope of O with respect to the kernel of the morphism
of W(k)-algebras O — Ok sending Z +— . It is endowed with the log structure coming from

O. Following [K2, §5], consider the site (XO/Ocris);:;:, where Xy := X Xp, Spec(Ok/pOk),
consisting of quintuples (U 1 Mr, o, 5) where

(a) U — Xp is Kummer étale,

(b) (T, MT) is a fine log scheme over O (with its log structure) in which p is locally
nilpotent,

(¢) t: U — T is an exact closed immersion over O,

(d) § is DP structure on the ideal defining the closed immersion U C T', compatible with the
DP structure on Q.

We let Crys(Xo/O) be the category of crystals of finitely presented Ox,0.,,,-modules on
(XO/(’)CU&)C“S cf. [K2, Def 6.1].

Given a crystal £ let &, be the crystal &, := £/p"E. It defines a O;%P /p”O)%P—module,
endowed with integrable connection V,, relative to Oeyis/p" Oaris; see [K2, Thm. 6.2]. Let £ =
lim &, be the finitely presented sheaf of OQP—modules on X with the connection Ve relatlve

t0 Ogpis-

Let Isoc(Xy/O) be the category of isocrystals, i.e., the full subcategory of the category of
inductive systems Ind(Crys(X,/O)) consisting of the inductive system & — & — & — ---
where (1) £ is a crystal and the transition maps £ — £ are multiplication by p; (2) €5 [p_l] is

a finite and projective sheaf of @?%P [p~!]-modules locally on X§.

The absolute Frobenius on Xy and the given Frobenius p» on O define morphisms of sites

F: (XO/Ocris)IC:gs — (XO/Ocris)Cris-

log
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Let FIso(X(/O) be the category of F-isocrystals consisting of pairs (€, ¢) where £ is an isocrystal
and ¢: F*(£) — £ is an isomorphism of isocrystals.

We have two natural maps of W(k)-algebras endowed with log structures:

1) Ouis — Ok, sending Z to ;

i) Ouis — W(k)T, sending Z to 0. Here W(k)™ is W(k) with the log structure associated to
N — W(k) given by 1 — 0.

Both maps are compatible with log structures and divided powers, considering on Ok and
on W(k) the standard DP on the ideal generated by p. Given a crystal £ we denote by Ex
(resp. £T) the base change of £ via the map (i) (resp. (ii)); see [BO, Prop. 5.8]. In particular,
Ex defines a sheaf of @X—modules endowed with an integrable connection Vg, relative to Ok.
Similarly, for an isocrystal £ we let £x,. be the finite and projective sheaf of O x ®o, K-modules
obtained by base change of £. It comes equipped with an integrable connection Vg, —defined by
Ve, . Base changing £ via the map (ii) we obtain an isocrystal £ in Isoc(Xo/Ofk). As the map
(ii) is Frobenius equivariant, if £ is a Frobenius crystal or isocrystal, then £ is also a Frobenius
crystal (resp. isocrystal). Summarizing, given an isocrystal £ € Isoc(Xy/O) we get a composite
functor

Isoc(Xy/O) — Coh((a)%P@Zp@p) — Coh(@x®oKK), Er Eg = Exy.

Define by FIso™ (X /O), called the category of filtered Frobenius isocrystals, to be the category
whose objects are triples (8 o, Fil"E XK) where

(a) (€, ) is an object of Flso(Xo/O);
(b) the connection Vg)? on £ lifts to a connection Vg)?’w(k) relative to K such that Frobenius
is horizontal with respect to Ve_ w);

(c) Fil"Ex,. is an exhaustive and descending filtration by finite and projective Ox,-modules
on Ex,, satisfying Griffith’ transversality.

It is naturally a tensor category.

Cohomology of isocrystals. Consider an object £ € Isoc(Xy/Q). Define Hi((XO/(’)mS)CriS g)

log’
using the formalism of 2.1.3 for the cohomology of inductive systems. It is a Og;q [p_l}—module.
If £ is an F-isocrystal, it is endowed with a Frobenius g ;. Define

Hi ( (XO/Ocris)Cris g)ap—div

log’

Ocris .

as the image of the Os-linearization g ; @

Let £ be the associated coherent @)’%P—module with connection Ve_. Tt follows from [K2,
Thm. 6.4] that we have a canonical isomorphism

HY((X0/Ocis) 0y - €) = My (X, (5. Ve )) [o7']

log ’

as Oeuis [p‘l}—modules. Recall that by assumption Vg)} is the composite of Vgng(k) and the
1 1

surjection w e YEjo The exact sequence

az ,

0—>O)~(7—>w wt,  —0

Xwk) — YXo
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and the connection Ve_ ) define a long exact sequence of cohomology groups

| | | iz
Hir (Xo, (€5, Vww)) [p7'] — Har(Xo, (Ex, Veg)) [p7'] — Har (X0, (€5, Veg)) [P =
In particular, H*((Xo/Ocis)

| oz
WO sk = Oeris 7

f;;s,é’) is endowed with a logarithmic connection Vg ; relative to

The relation with rigid cohomology. Frobenius on O extends to a map Ogis — O Which
factors via the natural map f: Ouis — Opax = W[Z] {#}; see 3.58. Let g: Opnax — Oeris

be the induced map. Let )?max = X @)@Omax, where the completed tensor product is with
respect to the p-adic topology. Let £ = £5R®0,:. Omax be the base change of £¢ via f. The

X ,max

connection Vyy) (resp. Vg)z) defines a connection Veo  wk (resp. Ve max). Since £ is an F-

cris

isocrystal, the base-change €5 ®o,... Ouis[p~!] is isomorphic to E¢[p~1] as (/’)\)Q(P [p~1]-modules
with connection so that we get a natural map of O;s-modules

)) ®0ar Ocris[p™'] — Har (X, (€, Ve )) [p7']-

o Hig (Xmaxs (€5 maxs Ve

,max’ X ,max

The connection Vi) defines a connection V/ on Hiy ()?max, (55( max: VEz max)) [p_l} and « is
horizontal with respect to the connections on the two sides. ’

Proposition 2.27. Assume that X is proper over Ok and let (5, ©, Fil”EXK) € Flso"(X/0).

(1) The map « is injective with image Hi((XO/OcriS)f;;S, g)‘P‘di"’.

(2) the connection Vg ; is horizontal with respect to Frobenius g ,; on Hi((XO/Ocris‘,)f:gsa 5);

(3) the module Hi((Xo/Ocris)f;;S,5)w_div is finite and free as Ogys [p_l]—module and the
O cris [p_l] -linearization of g ; is an isomorphism;
(4) the base change of Hi((XO/OCris)log ) 5) iy via Ogis — K, sending Z to m, is isomor-

phic to HQR(XO, (EXK, VgXK)) as K -vector space;

(5) the base change oin((Xo/(’)cris)log ,€) R Jp— W(k), sending Z to 0, coincides
with Hi((Xk/W(k)JF)IC:gS,S*) as Ko-modules, compatibly with Frobenius. The residue of Vg,
defines a nilpotent operator Ng;, called the monodromy operator, which satisfies Ng; o ¢ =
pyp o Nei;

(6) there is a unique isomorphism

cris

cris

HY(Xo/Oerie) e - €)™ 22 HI((Xe/ W) ) 1o, €7) @uriry Oeri

log ’ lo

compatible with Frobenius and inducing the identity modulo Z. Moreover, via this isomorphism
one has Veg; = Ng, @ 1 +1®d.

Proof. (2) Follows from the fact that Ve w) is horizontal with respect to Frobenius on £.
(5) The formula relating N¢; and pg; follows from the fact that ¢, is horizontal.
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Claims (3)—(6) follow if we prove claim (1) and the analogue (3’), (4’) etc., of (3), (4)
ete. for Hip (XmaX7 (5 Tomax Vg max)) [p‘l}. For (6) note that by construction o commutes with
Frobenius on the two sides. ’

(3”) First of all, HQR()?maX, (5

Ve,
X ,max’ X ,max
lows from the Hodge to de Rham spectral sequence using that the cohomology of £¢

) [p_l] is finite as Opax [p~]-module. This fol-
®o

wh Z /O is coherent since X]max — Spf(Omax) is proper and Oy,.y is noetherian. Secondly, since

it is endowed with a connection V' with respect to the derivation on O,,.y, it is a projective
O\nax [p_l}—module by [Ka, Prop. 8.8].

(47)-(5’) Since &5

X ,max

ymax Xmax

[p7'] is a projective O [p~']-module, the formation of

HilR (era}u (g)?,max’ V‘E)},max)) [p71:|

commutes with base-change from O, [pfl]. In particular, Hiy ()?max, (5 % max ng(’max)) [pfl]

coincides with Hp (X, (Exy. VgXK)) modulo Pr(Z)/p and with Hi((Xk/W(k:)Jr)lcsigs, £') mod-
ulo Z (by [K2, Thm. 6.4]).

(37)(continued) The Frobenius structure on € defines a Opax [p~!]-linear map

F: H3R<Xmaxv (gf(’maxv Vg}?,max)) ®gmax Omax [p_l] B HER ()?maxy (g)?,maw Vé}}@ﬂ)) [p_l} .

The base change Fg; of F' via any map of W(k)-algebras Opax [p~'] — K, with Ky C K| a
finite unramified extension, is the map induced by Frobenius on the cohomology of the isocrystal
over Xmax @0, K defined by (8 Zmaxs Vg max) @0, K- In particular, Fi is an isomorphism.
Since the maximal ideals of O« [p ] defining an unramified extension of K, are dense in
Spec((?maX [p_l}) and since F' is a map of projective Oax [p‘l}—modules of the same rank, we

conclude that F' is an isomorphism.

(6") Let yo: F((Xio/W(k)*), €)[p7!] = Hig (Xmas: (Ex ma: Vg ) [p71] be any map of

Ko-vector spaces inducing the identity modulo Z. Its image spans Hiy (X maxs (5 Fomax: Vg max)) [p~!]

as Omax [pfl}—module in a neighborhood of the maximal ideal defined by Z = 0. Possibly after
composing vy with a power of F' we may assume that it spans it as Opax [p’l}-module. Write

= iFio'yooFo_i,
n=0

where F' and Fy are the two Frobenius morphisms. Fix a basis B of H*((X},/ W(k)*)lc;igs, EN)pY
as Ko-vector space and take s € N such that detFy € p~*W(k). The image of B via F o yy o

Fy !t — 7 is contained in I%HQR ()?max, (5 % max> VEx max)) for some h € N so that the power series
Froqgo Fy™ — F* oo FO—(n—l) is contained in %Hfm ()?max, (€g7max, vg&,max))‘ Note

that iﬁ: € Opax and p" —h+(n—1)s — oo for n — oo. Thus, v = FO’yooFO_l—'yo%—ZZo:l(F”o
Yoo By " —F™t o'yOoFO_("_l)) converges and v is well defined. By construction Foy = yg0 Fy and
= Id modulo Z. This implies that the image of v spans Hip (Xmax, (€ % maxr Vg mx)) [p~!] as
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Ormax [p_l} -module. Hence, v(B) is a basis as well which provides the analogue of the isomorphism
in (6).

Given two such morphisms v and 4’ one argues that v — ' = F"(y —+/)F;~! and the latter
converges to 0 for n — oo so that v = +'. For the last formula in (6’) it suffices to show that
Veioy—~o (Ngyi -dlog Z + d) = 0. The difference is 0 modulo Z and the composite with Fj
has on the one hand the same image, since Fj is an isomorphism, and on the other hand is 0
modulo ZP. Iterating this process we conclude that it is zero modulo ZP" for every n and, hence,
it must be 0.

(1) Consider the commutative diagram

HidR ()Zmaxv (5)?7111&)(7 V:‘)xmax)) ®émax Ocris F®_Oc>ris HSR ()A(:ma)“ (g)?,max’ V‘gg’max)) S Ormax Ocris

(07 ®</7 Ocrisl \LO[
i _ @, ,i@ocris i —
Hir (Xk7 (5)?7 VS;})) [p 1} ®6yse Oeris = Hig (ka (55(7 vg}?)) [p 1} :
The Oy [p‘l] -linearization of ¢¢ ; factors via o as Frobenius on £ factors via €5 . . Moreover,
F ® Qs is an isomorphism by (3’). We deduce that o ®% Oy is split injective. Since the map

a ®% Oes 1s injective and Frobenius ¢ on O is injective, we conclude that « is injective and
the linearization of Frobenius on its image is an isomorphism. The proposition follows. O

cris

2.4.6 A geometric variant.

Let Xy := X Xo, Spec(O?/pOf). Let (70 /Alog)log and (70 /Acris)log be the site defined by
replacing O with A, with its log structure and divided power structure (resp. with Acris With
trivial log structure). Let A := Ajoz or Auis. Then, proceeding as above, we let Crys(X 0 /A)

cris

cris

be the category of crystals of finitely presented Ok, ,-modules on (70 /A) . Given a crystal

log
& let €5 be the finitely presented sheaf of O X&X\)@A—modules on Yget, endowed with connection
V relative to A, defined by the inverse limit €|(Y0 X0 A/prA): Write B := Bjog Or Bgis. Put
5)} = 5)2[75_1].

Let Isoc(yo /A), the category of isocrystals, be the full subcategory of the category of in-
ductive systems Ind(Crys (70 /A)) consisting of the inductive system &€ — & — & — --- where
(1) € is a crystal and the transition maps & — £ are multiplication by ¢ (not by p as before!),

. . . . ket . .
(2) €5, is a finite and projective sheaf of Ofg‘iog—modules on X, with connections V By, rela-

)

tive to B. If B = Bjo consider the map f: B,y — Elog sending Z to 7 defined in 2.1. Write
Ex, =€& %5 @Biog Biog; it is a Ox®p Biog-module with connection V . relative to Bios obtained

from Vg_
XBlog

The category of F-isocrystals Flso (70 /A) consists of pairs (€, ) where £ is an isocrystal
and ¢: F*(€) — £ is an isomorphism of isocrystals.

Consider on Ox &0 Kglog the filtration Ox®¢ X« Fil'Elog defined by the filtration on Elog C Bar
induced by the filtration on Byr. Define by FIso™(X/Ay,), called the category of filtered
Frobenius isocrystals the tensor category whose objects as triples (5 o, Fil"E XK) where

(a) (5 , go) is an F-isocrystal on (70 /Acris)
(b) Fil"Ex,., for n € Z, is a descending filtration by (’)X®W(k)§bg—modules on &£y, such that

cris

log’
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(i) Fil" (Ox®wk) Biog) - Fil"Ex,c — Fil""Ex,, ~
(ii) the graded pieces are finite and projective Ox®e, C,-modules,
(iii) it satisfies Griffith’ transversality with respect to the connection Vi, .

Cohomology of isocrystals. Consider an object £ € Isoc(Xo/Awis). As before we view &£ as
~ cris N
an inductive system of inverse systems {&,}, € Ind (Sh ((X 0 /Alog)10g> ) and we define

H (X Arg) ", )

log

using the formalism of 2.1.3. It is a Bjog-module, endowed with a Frobenius ¢¢ ;, and we have a
canonical isomorphism

((XO/OCHS)C“S 6) = HER (70’ ((S')Z—Bmg7 VE;(BI ))

as Biog-modules. Note that HQR (YO, (8 Xir V XK)) is an Elog—module with a filtration, the Hodge
filtration, compatible with the filtration on Elog. The surjective map £ %n T Ex,. induces a
log

morphism on cohomology, compatible with filtrations and G g-action,

((Xo/ocns)ms 5) - HQR (70, (5XK, VXK)) .

2.4.7 Properties of semistable sheaves.

We now drop the assumption that X is a small affine and deal with the general case. Let L
be a Q,-adic sheaf L. = {L,}, on Xx. We say that it is semistable if there exists a covering
{Ui}ier of X by small objects such that L|y,) is semistable in the sense of 2.4.4. For every i
we write DI, (IL). for the (/’)\)'%P [p~!]|y,-module with connection, Frobenius and filtration associ-
ated to ]L|(U,UK) in 2.4.3. It follows from 2.26 and 3.63 that we have a canonical isomorphism
Dy (L) luinw; = Digg (L),
with connectlons and ﬁltratlons In particular the modules D, (IL) E I glue to a coherent

for every i and j € I, as @DP[ o,

O)Q(P[ 'J-module DfY, (L) endowed with connection and a filtration Fil*Dis, (]L) Moreover for the
same reason, for every small object U € X**' we have that D (IL)|y is the (’)DP[ !|g-module

with connection and filtration defined in 2.4.3. In particular once chosen a hft of Frobenius Fj
on Ugerm We also get a Frobenius ¢, iy on Dff, (]L) -

Proposition 2.28. Assume that I is semistable. Then,

(1) ]D)log( ) is a projective (’A);%P [p~Y-module of finite rank;

(2) Gr"Diz (L) = Fil”Df‘gg<L)/Filn+1Dﬁg (L) are projective Ox Q) K-modules of finite
rank;

(3) the connections Vi wau and Vi e are integrable and topologically nilpotent (with respect
to the special fiber Xo) and satisfy Griffiths’ transversality with respect to the filtration,
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(4) for every small object, Frobenius oLy on Dlog( )|U s horizontal with respect to the
connections Vi wk) and Vi o restricted to U and is €tale i.e., the map

oLy @ 1: D (L) |y ®§%p O — Dt (L)|y

s an 1somorphism of @gp [pil} -modules;
(5) for every n € Z the morphism

GI’ Oé]og[L @ Gra]D)ﬁfg( ) ®(9X®K GI’bBlogK — Gr” (L®ZPBlog,K) R
a+b=n

induced by cueg 1, 15 an isomorphism in Ind(Sh(.’fK)N). In particular, ciegr, s strict with respect
to the filtrations and it is compatible with Frobenii and connections;

(6) the map D}, (L )@ODpngo — DY (L) ds an isomorphism, strictly compatible with the
filtrations and D (L) is a direct summand in ngg(L)@@mBlog compatible with the filtrations.

See §2.3.10 for the notation. It is isomorphic to Dlog(L)<§>o
nected over K

(7) there ezists a coherent @?%P—submodule D(L) f]ngg( ) such that:

(7.4) it is stable under the connections and Vi wa|pw) is integrable and topologically nilpo-
tent,

(7.ii) Dig, (L) = D(L)®z,Qp.

(7.iii) there exist integers h and n € N such that for every small U the map p"pLy sends
D(L)|y to D(L)|y, it is horizontal with respect to Vi w | pwy and multiplication by p™ on D(IL)|y

factors via p"or .

Biog if Xk is geometrically con-

cris

Proof. (1) follows from 3.59.

(2)-(4) follow from 3.60 after restricting to small open affines of X.

(5) The fact that Gr"ayee is an isomorphism follows from 3.22(3) for Dar(V), 3.29(4) and
3.60(4). The compatibilities with Frobenius and connections are clear.

(6) the first claim follows from 3.66. The second follows from the fact that Of;jog is a direct

summand in O X(%@Blog and is isomorphic to it if Xx is geometrically connected over K due to
3.41(3).

(7.i) and (7.ii) hold after restricting to small open affines of X due to 3.6.2. Claim (7.iii)
holds by (4). Since X is a noetherian space and can be covered by finitely many small affines,
the claim follows. O

Corollary 2.29. If L is a semistable sheaf on Xk, there exists a unique filtered Frobenius
isocrystal (5 @,Fil'SXK) such that

(i) Digg (L) = E5, compatibly with the connections;

(11) Fil"Ex,. is defined by the image of Fil"Djy,

Fil"Ex, and Gi"Ex,. := Fil"Ex, /Fil"™ Ex,. are locally free 6XK -modules of finite rank and the

filtration on Diy, (L) is uniquely characterized by the fact that its image in Ex, is Fil*Ex, and

it satisfies Griffiths’ tranversality with respect to Vi )

(L) wvia the isomorphism in (i). Moreover,
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(111) for every small affine U, writing R for the algebra underlying ﬁform, the isomorphism in
(i) restricted to U is compatible with Frobenii, the one on D}, (L)|y given in 2.4.3 and the one

on Ezlu defined by the Frobenius Fy on R.

Proof. The existence of an isocrystal £ such that (i) holds follows from 2.28(7). The uniqueness
follows from the characterization of crystals on (XO / Ocris)iigs in terms of (’3])%13 -modules given in
(K2, Thm. 6.2].

(ii) provides the definition of the filtration. The fact that it satisfies Griffiths’ transversality,
that it consists of locally free O x,-modules and that its graded quotient also consist of locally

free O xx-modules and the fact that we can recover the original filtration on D}, (IL) follow from
3.60 and 3.22(2).

(ili) the required property and 2.28(4) define ¢|y on E5|y, up to multiplication by p, and
hence on the crystal £|y, by [K2, Thm. 6.2]. We are left to show that the ¢|y’s glue for varying
U’s. This follows from 3.63.

[

By abuse of notation we simply write

D, : Sh(Xk)  — Flso™!(X/0)

log ss

for the induced functor. We let FIso™ (X/0)*™  the category of so called admissible filtered
Frobenius isocrystals be its essential image. Let £ := (5 , 0, Fil”EXK) be a filtered Frobenius
isocrystal. Define

>VW(I€):07¢:1

Viog(£) = Fil” (v%(cf %) @00 Biog Kk € Ind (Sh(Xx)") .

Here, we endow £ with the filtrations provided in 2.29(ii) and vy (€5)@pprBiogk Wwith the
X
composite filtration.

Proposition 2.30. The functor D, : Sh(.'{K)SS — FIso™(X/0)2™ defines an equivalence of

categories with left quasi-inverse Vios. Moreover,
(i) if L and L are semistable sheaves, then also L ®z, L' is semistable and D}, (L ®z, L') =

]Digg(l") ®(’)}D~(P D?gg(l‘/)7.
(ii) if L is a semistable sheaf, then also L is semistable and Dfy, (LY) = D (IL)Y;

(111) if L is a semistable sheaf, then B*(IL) is a geometrically semistable sheaf on Xz in the
sense of §2.4.2 and
DE? (5'(L)) = 6" (Diny(L)Bour OF, )

log X,log
as filtered Frobenius isocrystals on Xq relative to Aeis in the sense of §2.4.6.

In particular, Sh(%K)SS and Flso™ (X /0)*™ are tannakian categories and D

log defines an
equivalence of abelian tensor categories.

Proof. Tt follows from 2.3.9 and the definition of semistable sheaf in 2.4.7 that we have isomor-

phisms of functors Vi, o D7, = Id and D, o Vi = Id considering the categories Sh (% K)ss and
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FlIso™(X/O)2™ respectively. In particular the functor D,

surjective by definition of FIso(X/0)*™ we conclude that Diy, 1s an equivalence of categories.

The fact that Sh (% K) is closed under tensor products and duals follow from 2.26 and 3.62.

Ss
The fact that D5, commutes with tensor products and duals also follows from the description

g
of Dif, (IL) on small affine formal subschemes given in 2.4.3 and from 3.62. Claim (iii) has been

proven in 2.26 and 2.28(6). The Frobenius structure is defined for Df? (3*(IL)) only on small
affines and is compatible with the one on D7, (IL). This compatibility allows us to define a global

Frobenius structure on D7 (87(L)) inherited from the Frobenius structure on D, (IL).

is fully faithful. Being essentially

]

2.4.8 Cohomology of semistable sheaves

Theorem 2.31. For L a semistable sheaf on X there is a canonical isomorphism of d-functors
from Sh(Xk)ss: .
H (5, L @ BY, ) = H((Xo/Oua) . DES(L)),

log * ~ log
of Biog-modules, compatible with action of Gk, Frobenius, monodromy operator N and strictly
compatible with the filtrations. In fact for every r € Z we have isomorphisms of Aj.g-modules
which are G g-equivariant and compatible for varying r’s and with the previous isomorphism,
i rmV ~ T ke +1r—eT\gEe0 °
H' (X7, L@ Fil'BY ) = H' (X, Fil' "D (L) ®oy wk))-

log X/0

Here we write L for §*(IL) by abuse of notation. We identify Df*7(L) with the Frobenius

log
crystal D

1og(L)®O§P Of;jog using 2.30(iii). In particular, we have an isomorphism

HY((Xo/ Oars) - D (L) & (XM, DER(L) R0, w0 0)
/0

by 2.20 which is quasi-isomorphic to B, ®ome Die (L) ®o, wk 0 by definition of semistable

sheaf and 2.30(iii). Thus the fact that we have isomorphisms of Bj,,-modules as claimed in the
Theorem is a formal consequence of 2.20.

The filtrations. The filtration on H' (X%, L ® ]B%lvo . K) is defined as the image of H' (X%, L ®
FiI'BY ). The filtration Fil"H'((Xo/Ouis),,, , Dity (L)) on H'((Xo/Ocris)y,, - Disg (L)) s de-

fined as the image of H' (X, Fil' *Di (L) ®o. w}(/o). Due to 2.20 we are left to prove that

Rivgent (L ® FiI'B,,, ) vanishes for every j > 1 and every r € Z. Note that L ® Fil"B,, ¢ =
Fil” (Dge‘)(L) Qowo By, E) which is Fil" (D (L) ®gor By ) by 2.30(iii). We are reduced to
X ,log ’ X ’

log log

as Biog-modules. Note that L ® ]B%Z oK is quasi-isomorphic to the complex L ® B, g ®o_ w

cris

prove the vanishing of R’ v%)rfFﬂ" (]D)a“r

log
(L) = Fil"Dx

(L) ®app B g) for every j > 1 and every r € Z. As
X b
Dar iog (I) for h-small enough, we conclude that R7pont (F ir'oar

log K % log (]L) ®@§P FﬂtBlog,K)
is 0 for every s < h and every t € Z thanks to 2.23. Using 2.28(2) and proceeding by induction

on s we get the vanishing for every s and ¢t € Z. We conclude using 2.28(5).

Galois action. The Galois action on Hjp (X, Fil'Dfsy (L)) is induced by the Galois action on

Di; (L). The Galois action on H (X, ]L@Filr]B%lvo gR) arises via the isomorphism 3* (L@Fierlvog’K) =
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L@Filr.&zg = The verification of the compatibility with G'x-action is formal; see [AI2, Thm. 3.15]
for details.’

Frobenius: The Frobenius on H* (i{?, IL,®ZPIB%Zg K) is induced by Frobenius on Bzgﬁ' Frobe-
nius on H'((Xo/ Ocris)cris D§?(IL)) is defined by Frobenius on Dfy (L) defined in 2.30(iii). The

log * = log log
proof of the compatibility of the isomorphism with Frobenius is as in [AI2, Thm. 3.15]. We refer

to loc. cit. for details.
Monodromy: The monodromy operator N on H' (X%, L®]B%Zg ) is defined by the BY. _-linear

derivation BY oK BY gR%Z induced by the W(k)-linear derivation O — O on O.

The monodromy on H: ( Xket, Dlg(fg"(L) Qo Wy y o) is defined by taking the long exact sequence
in cohomology associated to the short exact sequence

€o o— dZ (<0} L[] €0 °
0 — D, (L) @oy W)?/ig Nz~ Digg (L) ®o; Wk gy — Dleg (L) B0y W0 — 0

of complexes deduced from 2.3.8, relating the derivations Vi, w) and Vi, o. It provides for every

¢ a map N ;:

Hi Xket Dgeo L . Hi+1 Xket ]Dgeo L o—1 dZ ~ Hz Xket Dgeo L . az
(XD (L)®ogwk0) — (X, D ( )®O;zw)?/o)7 = H (X D ( )®O>?w)?/o)7'

The verification of the compatibility in 2.31 with the monodromy operator is a formal conse-
quence of the following exact sequence of complexes, see 2.3.8,

v dz v d v
0 IBglog,L 7 [_ 1] JBcris,L IB%log,L 0
o—1 dzZ ° °
00— Bigr ®og w3/ p N7 — BioglL ®og wg yy BlogL ®og w5 0 0.

A variant: We use t}f notation of §2.4.6. Let (D (IL)x,, VD%;?;’@ XK) be DY (L) ®p,, Blog-
It is a sheaf of Ox®p, Biog-modules with connection relative to B),s and filtration satisfying
Griffiths’ transversality. See loc. cit. Recall that in §2.3.7 we have defined Eng as IB%IZ oK OBiog
Blog and similarly for Eog’g.

Theorem 2.32. We have an isomorphism of §-functors:

H’ (:{Fa L® EZgK) = HilR (Xketa (Dgeo (L) xe ngeo(L)XK )> ’

10g log

for I a semistable sheaf on Xg. The above isomorphism is Elog—lmear, compatible with action
of Gk and strictly compatible with the filtrations.

Proof. This is a variant of 2.31 using the quasi-isomorphism of complexes
eV ~ Ir—eTy °
L®Fil'B,, g = L @ Fil' "B, g ®ox wk/o
provided by 2.21, the isomorphism

L® FiI'B,, ¢ = Fil (Elogf ®oss Dﬁfg(L)) >~ Fil’ (Eogf o Dy (JL)XK>
and the vanishing of R7v" (FilrEogK) for j > 1 and the fact that for j = 0 it coincides with

Fil' (O%%, @, Biog ), proven in 223, O
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2.4.9 The comparison isomorphism for semistable sheaves in the proper case

We assume that we are in the formal case and that there exists a proper, geometrically connected
and log smooth morphism X#& — Spec(Oj ) whose associated p-adic logarithmic formal scheme
is f: X — Spf(Ok). The main result of this section is

Theorem 2.33. Let L be a semistable sheaf on Xr. Then H' (X%,1L) is a semistable represen-
tation of Gk for every i > 0 and
Dy (H' (X7, L)) = H((Xi/W(k)") 0, Digy (L))

log " log

compatibly with Frobenius and monodromy operators and filtrations after extension of scalars to
K. Such an isomorphism is an isomorphism of 0-functors on the category of semistable sheaves.
Moreover, H' (X%, _) satisfies Kiinneth formula for semistable sheaves on Xy and Dy commutes
with the Kinneth formula.

The map of sites u: Xx — X5 sending (U, W) — W sends covering families to covering

families, commutes with fibred products and sends the final object to the final object. In
particular it is continuous and the push-forward defines a morphism u,: Sh(X§) — Sh(Xk)
which extends to inductive systems of continuous sheaves. It is an immediate verification that
it sends Q,-adic sheaves on Xk defined in a way similar to §2.4, to Q,-adic sheaves on Xg.
Given any such sheaf I we write L, by abuse of notation, also for its image u,(IL) in Sh(X.)q,.
We get a map H (X, L) — H' (X5 L).

Theorem 2.34. ([F3, Thm. 9]) The map above induces an isomorphism H' (X7, L) = H' (X&' 1)
of Gx-modules. In particular, H" (X, L) is finite dimensional as Q,-vector space.

Remark 2.35. Faltings’ proof uses Poincaré duality for locally constant sheaves on X3 and on
X%t. If X is smooth over O, one has a more direct proof suggested in [F3, Thm. 9]. Via a
Leray spectral sequence argument, it amounts to prove that the higher direct images of Q,-adic
sheaves with respect to the maps Sh(X§) — Sh(X*!) and Sh(X$) — Sh(X*) coincide.
This is worked out in detail in [AIl, Prop. 4.9] if X has trivial log structure and in Olsson [O]]
in general.

Let L be a semistable sheaf. Write
D;(L) := H'((X3/W(k)") " D (L) F).

log * — log
It is is a finite dimensional Ky-vector space since f is assumed to be proper. Moreover, thanks
to 2.27, we have
Hi((XO/Ocris)criS Dy

log ’ " log

(L))cp—div = DI<L) ®W(k) Ocris [Pil] )

where ¢ —div stands for the image of Frobenius linearized. The above isomorphism is compatible
with the Frobenii and with the logarithmic connections relative to O.;s-modules. Consider the
natural morphisms

H ((Xo/Oure) 7, DR (L) P B By > H((Xo/ O, DES(L))
ol . 18 (2)
7

Hig (Xo, (D (L) xk Vg )y, ) ©x Brog —> Hig (70, (Dfy (L) xy» VD%:;’(IL)XK)> :
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Here the top row is deduced from the isomorphism

Dy (L) = D, (L)®0,i, Biog
which follows from 2.28(6) and the assumption that X?(lg is geometrically connected over K. It
is compatible with the Frobenii, connections Vi ; relatile to DBig, filtrations and G g-actions.
The bottom row is defined by the natural map Biog — Biog, defined in 2.1, which induces the
map Oguis — Ok. It is a morphism of filtered Bjoe-modules. Let Ceis be the complex

Ccris: (Na 1- pSO) : Blvogyﬁ D BZiS,K - IB%IZg,K

and let Cjog be the complex

. .V \Y v
Clog : <N7 1- pSO) : IBlog,K © IBlog,K - Blog,ﬁ'

Proposition 2.36. (1) The derivation Ny ; on Hi((XO/Ocris)IC;:',Dlgoeg(L)), defined in §2.4.8,
v

is surjective with kernel isomorphic to H’ (%f,L ® Bcrisi) as Beis-modules, compatible with

Frobenii. The same result applies to Hi((Xo/Ocris)CriS ]D)geo(]L))w_div,

log * ~ log
(2) For every i we have exact sequences

0— HZ <%F7 L® Ccris) I Hi((XO/OcriS)Crisa DgGO(L>) SH Hi((XO/OCris)Crisa Dgec’(L))NL’i:O -

log log log log

(N]Li)pso) Hi ( (XO/Ocris)f(f;S, DgeO(L)) — 0

log
and

0 — (X, L@ Cog) - H((X0/ Ou) . DEZ(L)) © H((Xo/Ou) 2 DESIL)) —

log log log log
(NL,i,1—pp) i cris o
—_— H ((XO/OcriS)log 5 ]Digog (L)) — 0
In particular, the natural map H (%F,]L ® Ccris) — H (%?, L® Clog) is injective for every i.
(3) The morphisms ~i and 7 are isomorphisms and 7 is strictly compatible with the filtra-
tions.

(4) The morphisms o, and B; in (2) are surjective.

Proof. We identify the cohomology group H' (X, L&BY,) with H ((X,/ Ocris)f;igs, D (IL)) using
2.31. Let (£,V) be the module with connection on Xp.x associated to Dj, (L); see 2.27. As

Biog = DY(L) provided by

log

explained in 2.4.5 and using that the isomorphism Dﬁgg(L)@v@
2.28(6), we conclude that we have an isomorphism

Hi ( (XO/OCHS);Z;S? Dlg;go (]L>) = HziR (Xk> g®Blog)

compatible with the connection relative to Bes. Frobenius on B, factors via the natural map
[ Biog = Bmax and g: Bax — Blog S0 that the image of Frobenius on Hi((XO / Ocris)f:gs, Df’fg (IL))
factors, using the identifications above, via

Hip (X5, ER0pa Biog) = Hijg (X4, €) D0pax Blog-
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The last isomorphism comes from the fact that HQR (X K & ) is a finite O .-module and O, . —
Apax 1s almost flat by 3.32. We conclude from 2.27 that 44 is an isomorphism. The proof that
7% is an isomorphism is similar using the isomorphism

D?gg(L)XKé\)OKEIOg = Dlgoeg(L)XKv

of filtered OX®@K§1_Og—modules endowed with a connection relative to By, obtained via the
base change Bj,g — Blog (inducing the map O — Ok sending Z to ).

(1) The derivation N : ]Blv — — BY _ is surjective. Its kernel is BY, _ and the inclu-
og,K log,K cris,

K
sion BY. . C BY _ is split injective; see 2.3.3. Identifying H'((Xo/Ocus),.. , Die (L)) with

cris,K log,K lo log
H! (%?,L ® Bzgfjg and using that the map induced by N on the latter is Sp?it surjective for
every i, the first part of the claim follows. Since N o ¢ = pp o N and ¢ is an isomorphism
on EZisR’ we conclude that N preserves the image of Frobenius and the last part of the claim
follows.

If (3) holds, then since N is nilpotent on D;(LL) and it is surjective on By, the monodromy

E:, Dis (L))"D—div. This concludes the proof of (1).

operator is surjective on Hi((XO / Ocris)
(2) The given short exact sequence, beside the exactness on the left and on the right, is ob-

tained from the long exact sequence relating the cohomology of L&Ceis and L&Ciog with the coho-
mology groups H* (:{F, IL®IB%1VO . R) identified with H? ( (XO / Ocris)ms, ]D)geO(IL,)). The connecting ho-

log log

momorphisms H ((Xo/Oui) " DEC(L)) — H (X, L&Cas) and Hi ((Xy/Ouis) ™, DEC(L)) —
p ((X0/Ouris),, » Dy (1)) 7 / ,DEY (L)

log log } log log
H™™ (X%, L ® Ciog) are zero for every i due to (1). As H'((Xo/ Ocris)lc;s, Dys (L))NL‘FO coincides
with H' (X7, L@ BY. ) by (1), the conclusion follows.

(3) We prove that 7% is strict on filtrations, i.e. that it induces an isomorphism on the various
steps of the filtrations. We argue as in the proof of [AI2, Prop. 3.25]. Since X is proper and
algebrizable over Ok, by GAGA there exists a O xaz module £y, with logarithmic and integrable
connection V algebrizing the coherent Ox-module D(LL) ®p,.. Ok (see 2.28 for the definition of
D(L)). Its base change & 1= Eo, ®o, K algebrizes D, (L) ®o,,,, K, viewed as a module with
connection on the rigid analytic space X, so that the filtration on D, (L) x,, := D, (L) ®o,,,, K
defines unique filtrations Fil*€x on £k and Fil*Ep,, 1= Fil*€x NEp,, on £, satisfying Griffiths’
transversality. By GAGA and 2.27 we have isomorphisms

cris

HY (/W (k) oy Ditg (L)) @y K = Hi (X3¢%, Ex)

log log

and Hig (Xk, (DR (L) x VDgeo(L)XK)) ~ Hip (X?(lg, SOK®OK§10g>> as filtered B),g-modules.

IOg log

It then suffices to prove that the isomorphism of Elog—modules
gi: Hig (X?(lgv 51{) ®k Blog — HER(X§g750K®OK§10g)

is strict with respect to the filtrations. As in the proof of [AI2, Prop. 3.25] one shows by a direct
computation that this holds for ¢ = 2d and & = Q‘)l(K K where d = dim Xg and Q%K /K are

the usual Kihler differentials. In this case both groups are isomorphic to Biog(—d) where (—d)
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stands for the shift in the filtration by d. Let X%&° C X% be the maximal open subset where
the log structure is trivial. The morphism of filtered Bjos-modules

HSRJ (X?(lgp? gK) e Elog - HfiR,! (X?gg’o, SOK®OK§log)

of compactly supported cohomology is compatible with the previous one and Poincaré duality.
By [S, Prop. 2.5.3] Poicaré duality provides an isomorphism

Hig (X3, €x) — Homye (HEL! (X350, €x), K (~d))
of filtered K-vector spaces, strict with respect to the filtrations. Then,
Hin (X3%,Ex) @1 Bog — Homye (M3 (X35, x), Bog(—) )

is a strict isomorphism of filtered Elog—modules. Since it factors via g;, also g; must be strict
with respect to the filtrations.

(4) As »i and 7} are isomorphisms and «; is surjective by 2.27(4), it follows that also ; is
surjective.

]

Consider the diagram obtained by tensoring L with the fundamental exact diagram (1) in
§2.3.9. Taking the long exact sequence in cohomology, we get a commutative diagram of Q,-
modules endowed with continuous action of G g, whose rows are exact:

s Hi(%g, L) —  H@pLeFlBY o) — H(¥gLleClw) — -

l l l

W (R LoBYA ) — H((Xo/Ou) [ DIS(L)) — (X L®Cu) — -

cris,K log log
(3)

Here we have used the above 2.31 to identify H' (X%, L ® Bzg z) = Hi((Xo/Ocﬁs)f:gs, D (L)),
compatibly with monodromy operators, Frobenii and G g-action.
Recall that

~ 7 cris €0 p—div
D;(L) @wk) Biog = H ((XO/Ocris)log ; Dig (L))
compatible with monodromy operators, Frobenii and Gi-actions. It is also compatible with fil-
trations where the latter is endowed with the filtration induced from H'((Xo/Ocris);.. , Dise (L)).

log * = log
Then, with the notation of 2.3, we have:

Proposition 2.37. (1) The isomorphism D;(LL) @w k) Biog = Hi((XO/OcriS)CriS ]D)geo(]L))w_div is

log * ~ log
compatible with filtrations, monodromy operators, Frobenii and G -actions.

(2) We have a homomorphism of G -modules

H(XpLoBY, o), H(@&gLeB, )
. s
FI'H (X7, L®BY, ) Fil’H (¥, L By, )

5 Vi (Di(L) @wey BRX)

where ¢ is injective and p is an isomorphism.
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cris

,DES(L)) is contained in

cris,K log

(3) The image of u;: H’ (%y,L@BV’wil) — H((Xo/Ocxs)
D;(L) @w) Biog and its image is

Vlgg (Di(L) Ow(k) ng) = (Di<L) Ow(k) Blog)NZO’@:l

which coincides with Hi((XO/Ocris)CriS, Dgeo(]L))N:O"p:l > H (Xz, Lo BY. )SO:l'

log log cris,K
(4) The Gk -submodule Viog (Di(L) Qw(k) ng") of D;(L) @w) Biog coincides with the image
of H'(X#, L),
(5.1) Vieg (Di(L) @wr) ng) is finite dimensional as Q,-vector space and it is a semistable
representation of Gk for every i;

(5.ii) the maps H (X5, L ® FilOIB%ZiS z) — H <%?,1L ® BY 7) are injective for every j;

cris,K
(5.14i) the morphism v in (2) is an isomorphism and we have a long exact sequence
B (L) — B (R LOBY) Vi (D) S BE) — BV (R L) — -
Proof. (1) follows from 2.36(3). The existence of ¢ follows from 2.21(i). The fact that p is
an isomorphism follows from 2.36(3) and 2.32. As Ezg,g = A~ ®we B, and BY - =

AL,K ®w(k) Beris by §2.3.7 and §2.3.3 and as BcriS/FiloBcriS o Elog/FﬂOElOg by 2.1, we get an
isomorphism BY. /Fil’BY = EZ&K / Filoﬁzgg. Using the inclusion

H (X L BY, )

Cri

Fil’H (X, L@ BY. )

cris, K

CH (%?’ LeB; /FHOBV *) =~ (%fv L® EZgK/FﬂOEZgK>:

cris,K cris,K

which contains Hf (X%, L ® Ezg,ﬁ) JFil°H’ (Xz,L® Evogﬁ) as a submodule, we deduce that ¢ is
injective.

(3) Since Frobenius is the identity on H’ (%F,]L ®BZ;§§1>, the first claim is clear. The
composite of the map #;: H' (X%, L ® Bzg,ﬁ) — H' (X%, L ® Ciog) with the map s; in 2.36(2) is
identified with the map

(0= 1,N): H(Xg, Lo BY ) — H(¥z, Lo B o) ®H (Xz, Lo By 7).

log.K log, K

Due to 2.36(2) the kernel of ¢;, which is the image of u;, coincides with the kernel of s; o t;. By

2.36(1) the kernel of s; ot; is H! (%f, L® Bzg K) #=! This proves the second claim except for the

last isomorphism in the display. To get this it suffices to remark that H? ( (XO / Ocris)lcsigs, Dlgfg (IL)) = c
H! ((XO / Ocris)cris Dgeo(]L.))Lp_div. The conclusion follows.

log ’ = log
(4) An element @ in Vi (Di(LL) @y BEX) s in the image of H’ (xf,umaazig;) by
(3). Thanks to the injectivity of ¢ proven in (2) the element x is also the image of some
y € H (%g,]L@ FﬂoBZmR) by (2). This implies that (¢ — 1)(y) = 0 using the long exact
sequence in cohomology defined by tensoring the first diagram in §2.3.9 with .. We conclude
that y is in the image of H (X%, L) as wanted.
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(5.1) This follows from (4) and 2.3.

(5.i1) Let Q be the kernel of the map H/(X%, L ® Fil’BY, ) — D;(L) ®@w) Big. Then,
Q@ is a Buis-module. Since B contains the maximal unramified extension Q;m of Q,, then @
can be considered as a vector space over Q). A diagram chase in (3) and the last assertion in
2.36(2) imply that @ is in the image of H/ (X%, L) which is a finite dimensional Q,-vector space
by 2.34. Hence () must be trivial.

(5.ii1) Using the long exact sequence in cohomology associated to the exact sequence 0 —
LOFI'BY - —LoBY — Le®BY /FI'BY - — 0and (5.i) we get that

H (X7 L@ By, )

Cri

Fil'H (X7, L®BY, )

~ H' (X% L®BY. /Fi’BY

cris,K cris,f) :

This and the argument in (2) imply that ¢ is an isomorphism. As

L®BY

cris,

=/Fi’BY. — = (LeBY*")/L

cris, K cris,K

by §2.3.9 we deduce the second claim by considering the cohomology of the exact sequence
0 —L—LeB " — (LB *2')/L— 0.

cris,K

]

Corollary 2.38. The filtered (¢, N)-module D;(IL) @) ng is admissible and it is associated
to the semistable representation H! (.’ff, IL) of Gk ;

Proof. Thanks to 2.3, (1) the filtered (¢, N)-module D;(L) @) ng is admissible if and only
if (2) the map 6 (D;(IL)) is surjective. Assume that (1) holds. The map

hi: H (X7, L) — Vie (Di(LL) ®wey BEK)
is surjective by 2.37(4). Its kernel coincides with

H(XmLoBY, o) H((Xo/Ou)l Di(L) "

cri A~ log IIOg
(= DH (X L@ BT, £) (= DH((Xo/Ourie) e - DES (1))

by 2.36(1) using the long exact sequence in cohomology associated to the crystalline fundamen-
tal diagram in §2.3.9. Note that (Di(IL) Qw(k) Blog)NZO/(go -1 (Di(IL) Qw(k) Blog)NZO is 0 since
D;(IL) @wy BEX is admissible. By definition (Di(L) @wr) Blog)N:() contains the image of Frobe-

log

nius on H ((Xo/Ocis) cris pseo (L)) V=" Hence, ¢—1 on H ((Xo0/Ois) cris ygeo (L)) NZO/ (Di(L)@w)

log log log log
Blog) N=0'is the operator —1 which is an isomorphism. We conclude that the map ¢ — 1 is sur-

jective on Hi((XO / Ocris)cris, ]Dgeo(]L))N:O. Thus the map h; is an isomorphism.

log
We are left to prove that one of these equivalent statements is true. Due to (2) it suffices to
show that the map & (D;(IL)) is surjective. Let V := Vi (D;(IL) ®@wr BGK) and put D' := (V®q,

log

Bst)GK. Due to 2.3 the filtered (¢, N)-module D’ is admissible and V' = Vj (D’ QwW(k) BGK).

log

log
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It then suffices to prove that D’ = D;(IL). We argue as in [CF, Prop. 5.6& Prop. 5.7]. Let
D := D;(L)/D'. Consider the commutative diagram

0 0
} l
T ‘ﬁ — V5 (D' @ww Bor)  — Vil (D' ®wa Br)  —0
l |
0— V — V& (Di(L) ®wwy Bik) — Vi (Di(LL) ®@wry BLX)
| |
Ve (D @wiy Bok)  — Vil (D ®@way Bigx)
| |
0 0,

where the first line is exact since D’ is admissible and the columns are exact by 2.3. Thus the
map 6(D) is injective and its cokernel coincide with the cokernel of 6 (D;(LL)).

Let h be the dimension of D as Ky-vector space. Fix a basis {di,...,d,} adapted to the
filtration and for every j = 1,...,h let ¢; be such that d; € Fil D\Fil“™ D. Fix r such
that r > 4; for every j. Let n be the dimension of the Q,-vector space H*! (.’ff, L). We
consider the Galois twist of (D) by Q,(r). Due to 2.37(3)&(5.iii) we have Coker(d(D))(r) =
Coker (6(D;(L)))(r) € H*! (X%, L)(r) so that its dimension is bounded by n. Let K C K’ be
a totally ramified extension of degree s > 0. Then, Vlgg (D Qw (k) ngK) (r) C (D R K, Bst) (r).
Since t is invertible in By we have (D Rk, Bst)(r) = Bsht so that its G g/-invariants are K(’}.
On the other hand, Vi, (D ®x, ng) (r) = &, (Bar/Bgp)t" ™" ® d; as Galois module, i.e. it
is isomorphic to @?ZleR/ Fil" % Byr. In particular, its G g/-invariants coincide with @?ZIK "
see [CF, §1.5]. Hence, H° (G, Coker(6(D)(r))) has dimension as Ky-vector space at least
(s — 1)h. On the other hand, it is bounded by n. Since s can be chosen arbitrarily large, the
only possibility is that h = 0 so that D = 0 as wanted.

O

Proof. (of theorem 2.33) It follows from 2.38 that H'(X#, L) is a semistable representation of
Gk with associated filtered (p, N)-module D;(IL). Since semistable representations of Gx form
an abelian tensor category and Dy is exact and since H( (X, /W(k)*):;, _) is a é-functor, the
statement of 2.33 regarding the isomorphism as d-functors is clear. The functoriality is also
clear. Note that Hi((Xk/W(k)J“)IC;;S,Df‘org(]L)*) satisfies Kiinneth formula by [K2, Thm. 6.12].
The category of semistable sheaves is closed under tensor products and Dfj, commutes with

tensor products by 2.30. Thus the compatibility with Kiinneth formula holds as well.
[

3 Relative Fontaine’s theory

3.1 Notations. First properties

Let R be an Og—algebra. Assume that there exist a positive integer o, non—negative integers a
and b and elements X1,..., X, and Y7,...,Y, € R such that X;--- X, = 7® and the properties
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numbered (1),(2),(3),(4) below hold. We start by defining the monoids P, := N and P, := N,
put P := P, x P, and we let

a b
Yr: P — R, be defined by (au,..., 00, Br,..., 5) — [[ XM ]V}
=1

j=1

It induces a morphism of Og—algebras ¥g: Ok [P] — R. We then get a commutative diagram
of morphisms of Ox—algebras

oxlP] & R
7 T
OxIN] 25 O,

where the left vertical map is induced by the map N — P = P, X P,, n — ((n, ..,mn), (0, ... ,O))
and 1, : Og|N] — Of is a morphism of Og-algebras sending N 3 1 — 7®. We assume that the
following hold.

(1) R is excellent;
(2) the map ¥g: Ok[P|®0, Ok — R induced by ¢r has geometrically regular fibers;

(3) Risobtained from Ok [P|®e, Ok as a succession of extensions RO = Ok[P]®o, NOk C
.-+ C R™ = R such that

(ALG) RV is obtained from R® by (loc) localizing with respect to a multiplicative
system or (ét) by an étale extension.

(FORM) each RV is p-adically complete and separated and it is obtained from R®
as (loc) the p-adic completion of the localization with respect to a multiplicative system,
(ét) the p-adic completion of an étale extension, (comp) the completion with respect to
an ideal containing p.

(4) For every subset J, C {1,...,a} and every subset J, C {1,...,b} the ideal of R generated
by g (N’* x N’#) is a prime ideal of R.

In both cases we consider the log structure on Spec(R) induced by the one on the spectrum
of O [P]®0o, Ok considering the fibred product log structure. Here we take on Spec(Ox|[P])
(resp. Spec(Ok[N])) the log structure associated to the prelog structure P — Og/[P] (resp. N —
Ok|[N]) and we take on Spec(Ok) the log structure associated to the prelog structure N — O
sending 1 — . In particular the structure map of schemes Spec(R) — Spec(Of) extends to a
morphism of log schemes.

More explicitly let P’ be the submonoid of 1P, x P, C Q* X P, given by
1 |
Pl—=N+PC-P,xP,
a a
where +N is diagonally embedded in 1 P,.
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Lemma 3.1. (a) The monoid P’ is the amalgamated sum of monoids P ®y N via the maps
(i) N — P given by N > n — ((n,...,n),(0,...,0)) € P, x B, = P; (ii)) N — N given by
N> nw— an.

(b) The monoid P’ is fine and saturated.

(¢) The structural morphism of log schemes q: (Spec(Ok[Pl®o,nOk), P') — (Spec(Ok),N)
is log smooth of relative dimension a +b — 1, in the sense of [K2, §3.3].

Proof. (a) By construction we have a surjective morphism of monoids f: N@ P — P’ given by
the inclusion P C P’ and the map N — P’ sending n to (é(n, co,m), (0, 0)) The equalizer
of f is N mapping to N @ P via the maps given in (i) and (ii). By the universal properties of
the amalgamated sum we thus get an isomorphism P &y N & P/,

(b) The group PP generated by P’ is the subgroup 1Z+ P& of 1 P> x PP which is torsion
free and abelian. In particular, P’ is integral and it is clearly finitely generated. We prove now
that P’ is saturated.

Every element a € P # can be written as a = (h/a + hy,...,h/a + hy,my, ..., my) for a
unique positive integer 0 < A < o — 1 and unique integers hy, ..., hq,my, ..., mp. It lies in
P’ if an only if hy,... hg,mq,...,my € N. Let 0 # § € N be such that fa € P'. Write
Bh = ra + k', the division by « with reminder 0 < b’ < a — 1. Then, fa = (h’/a + (Bhy +
r),...,hja+ (Bhe + 1), Bmq,...,Bmy) so that Bhy +r,...,Bhy +1r,Bmq, ..., my € N. This
implies that my, ..., m; are non-negative, and hence lie in N, and that for every 1 <1 < a we
have r + 8h; > 0, i.e. afh; > —ra = W' — Bh > —(h. We conclude that ah; > —h > —a« so that
h; > —1, i.e. h; € N. This implies that a € P’ to start with.

(¢) The map of monoids ¢: N — P’ sending n to ((n,...,n),(0,...,0)) is injective. At the
level of associated groups (8 remains injective and the quotient is isomorphic to Z***~!. Thus,
q is log smooth of the claimed relative dimension by [K2, Prop. 3.4].

O
For every n € N write R, = R if n =0 and let R,, be
L  a o o o o
Rn = R@(’)K OKL |:X1n!7. . 7XCZLA7S/17L7. . 7}/;)n4i|/(X1n» .. .XaTL _ ﬂ'n!)
forn > 1. Then, Spec(Rn) has a log structure N,, defined by the chart O [%P]@ Okg: —

ES
R,, considering on Ok [%P]@O [1 }OK; the fibred product log structure, where:
! e
(i) we endow Spec((’)K[n N}) and Spec(OK[ ]) with the log structures having %N —
O [LN} and respectlvely P — O [—P] as charts
ii) the log structure on Ok, is the one defined by N — Ok, sending 1 — W%;

iii) the map Ok [%N} — Ok [%P] is the map of O-algebras sending % — L(d,...,d,0,...,0);

n!

(iv) the map (’)K[ L N} — O is the map of Og-algebras sending % — Tl
(v) the map Ok [i, P] — R, is the map of Og-algebras sending

%(al,...,aa,ﬁl,...,ﬁb |_>Han Hyn,

7j=1
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Equivalently, proceeding as in the case n = 1 treated before, we have an isomorphism

1 1
Ok [=Pl® [ ]OK;LgOKa[EP']

n‘ Ok %N

and the log structure on Spec(Rn) is the one associated to the morphism of monoids %P’ — R,.
We also define ) ) ) )
R’ :=R[X¢,..., X¢&|/(X{ - X& —7) C R,

with log structure on Spec(R") associated the morphism of monoids (éPa) x P, — R° sending

L(ug, o ug) x (vr, . w) to [0, X HJ L Y. We consider it as a log scheme over Spec(Ok)

where the map on log structures is associated to the map of monoids N — (épa) x P, sending

neNto<(n,...,n,0...,0).

3.1.1 First properties of R,
The following hold:
(1) R, and R, (resp. R° and }A%O) are flat Ok, —algebras (resp. Ok-algebras);

(2) the extension R — R, is w*-flat, i.e., the base change of an injective morphism of R-
modules has kernel annihilated by 7.

(3) R, is a Cohen-Macaulay ring and, in particular, it is normal. It is regular if o = 1.

(4) R° is a regular ring. Moreover, R is a direct summand in R° as R-module and 7*R° is
contained in a finite and free R-submodule of R°. We have R = R° if and only if o = 1.

(5) R is an integral domain.

Proof. Since R, (resp. R°) is noetherian claims (1)—(2) for R, (resp. R°) follow from the claims
(1)—(2) for R, (resp. for R°). By construction R, is the tensor product of Ox[P'] — R, induced
by ¢g, and R), := Ok[5P']. Thus it suffices to prove claim (2) for the tower defined by R/,
for n € N. Since the map Wg is flat by assumption, it suffices to prove claim (1) for R/ and
similarly we can replace R° with R.

( ) We prove it for R! leaving the analogous proof for R’ to the reader. Since the element
X"' X”' — gt is irreducible in Ok, [Xln', . Xa”' , Yl”' N ] which is a UFD, it defines a

prime ideal. Since the quotient is R/, the latter is an integral domain and, hence, it is 7wl -torsion
free. The claim follows.

Bi 25
(2) Let A, C R/, be the R'-subalgebra generated by 7= XY, := 7nt [[_, X" H? Y3 with
0<p<n,with = (0,...,0,) and 0 < j3; <nfor every2 <1< aandmthw- (’yl,...,%)

and 0 < v; < n for every 1 < j < b. Since 7 = X”' X”' in R/, we compute that
£ _pr _ L
X = XX T X i € A,

Hence, R/ C A,, C R] . Furthermore, A, is finite and free as A,,—module for every n. Indeed,
since both A, 4, and A,, are flat as Ok, —modules, it suffices to prove that the elements mm X 3Y,
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are linearly independent over A, [pfl] = R), [pfl}. Since K ., = K], [7T (n+1>‘} is an extenswn

of degree n + 1, we need only to show that the elements X5V, = [/ QX(”“)' HJ L Y(”“)'
with 3" = (52,...,ﬁa) and 0 < B; <n—+1forevery2<i<a and with v = (71,...,%) and
0 <v; <n+1forevery 1 <j <b, are linearly independent over Frac(R,) ®x, K], and this
is clear.

(3) We prove that R, is Cohen-Macaulay for n = 0. The general case follows in the same
way after replacing K with K/ and R with R,. Assume we are in the algebraic case. Since the
map Ok — R is the base-change of the map Ok|[N] — Og[P], which considered as a map of
log schemes is log smooth, it defines itself a log smooth map. Since O with the log structure
defined by 7 is log regular, [K3, Thm. 8.2] implies that R, with its log structure, is log regular.
Then, [K3, Thm. 4.1] implies that R is Cohen-Macaulay and normal as claimed.

In the formal case, due to [K3, Thm. 4.1] it suffices to prove that R, with its log structure,
is log regular. By construction R is obtained from R(®) := Ok[P]®o, Ok by taking successive
extensions R® C RO+ each given by (6t) the p-adic completion of an étale extension, (loc) the
p-adic completion of a localization or (comp) the completion with respect to an ideal containing
p. Since R is log regular by the argument provided in the algebraic case, it suffices to prove
that if R is log regular, then R*Y is. We may assume that R = ROV, By [K3, Prop. 7.1] to
prove the log regularity of R it suffices to show it at maximal ideals of R. Since R is p-adically
complete and separated, any such contains p. Due to [K3, Thm. 3.1(1)] the log regularity of
R at (@) is expressed in terms of the completed local ring EQ of R at (), with the induced log
structure. Set Q¥ := QN R®. Then, R® 4w C EQ is a finite and étale extension in case (ét) or
it is an isomorphism in /tEe other two cases. Since R is log regular by assumption, then [K3,
Thm. 3.1(1)] holds for R® 5 and hence it holds also for R as wanted.

Assume next that @ = 1. We may assume that n = 0. In case (ALG) the map Wg is the
composite of localization and étale morphisms. Thus to prove the regularity of R, it suffices to
show that R/, is regular. Since R/ [p~'] is a smooth K/ -algebra, it is regular. We are left to prove
that the localizations of R], at prime ideals containing p are regular. In case (FORM) the map
U g is the composite of p—adically formally étale morphisms, p-adic completions of localizations
and completions with respect to ideals containing p. Since it suffices to check regularity for the
localization at maximal ideals and the maximal ideals of a p-adically complete ring contain p,
it suffices to prove that the p-adic completion R, of R, (for R], as in (ALG)) is regular.

1 1

Let P be a prlme ideal of R! or R’ containing p. Then it contains a1 = X" --- X' and,

hence it contains X" for some i = 1,. , - Note that X " is a regular element in R/, and in R’

e., it is not a zero divisor. Otherw1se 7w would be a zero divisor. But this is impossible due

o (1). Since R, /X;"R,, =~ R, /X" R/ is a smooth k-algebra, we deduce that R, p (resp. R,»)
is regular as claimed.

(4) The regularity of R° follows arguing as in the proof of (3). Clearly R = R° if and only

Bi

if @« = 1. One shows that in general 7R’ C ®R[[;_, X,* H Y ° with 8 = (fs,...,0,) and

0 < B < aforevery 2 <i<aand withy = (vy,...,7) andO gfy] <aforevery 1 <j<b

proceeding as in the proof of (2). The proof that R is a direct summand in R° as R-module is

reduced to the case that R = R’ = Og[P'] and R° = R = Ok [((1/a)P,) x P;]. This follows

as R = R @© D where D = > wcq Rz with @ the subset of (1/a)P, of elements which are not
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diagonal (i.e., of the form (u,...,u) € (1/a)F,) and which do not lie in P, C (1/a)P,
(5) It follows from assumptlon (4) in 3.1, taking J, = J, = 0, that R is an integral domain.
[l

Let €2 be an algebraic closure of Frac(R). Fix compatible R-algebra morphisms R,, — {2 for
n € N and write
R C Q)

for the union of their images.

Lemma 3.2. (i) The R°-algebra R, is flat as R°-module.
(ii) For every n the image of R, — R is a direct factor of Ro and it is a finite R-module.

Proof. (ii) Since R, is noetherian and normal, R, is the product of finitely many normal integral
domains and the image R/ C Q of R,, in €2 is then one of these factors. We conclude that lim R,

is a product of integral normal domains and its image R, = U, R/ in € is one of these factors.
(i) We claim that A := lim R,, is a flat R°-module. Thanks to (ii) this proves that R,

is flat as R°-module. Proceeding as in 3.1.1 we reduce to the case that R = R = Ok|[P’].
In this settmg we prove that A is in fact free as R'°-module with basis given by the elements

T 1X HJ , Y;”, with rational numbers 0 < 3; < 1 and 0 < v; < 1 fori = 1,...,a and

Jj=1,...,b. Indeed, as 7 = X7 --- X for every positive ¢ € Q, then Og,_ C A so that these
elements are generators of A as R°-module. They also form a basis over R°[p~!]. As R is
p-torsion free, they form a basis of A as R'°-module. [

3.1.2 The ring R

Let S be the set of R—subalgebras S of €2 such that

(1) RIYE, .Y p7) € S@rRIY, .. Y p7l] s étale;

(2) S is finite as R-module and S is a normal domain.

Then S is a dire/eted set with respect to the inclusion. Define R to be the direct limit
R := limges S and R to be the p-adic completion of R. Put G to be the Galois group of

ﬁ[pil} over R[pfl}. We endow the R-algebra R with the log structure induced from the given
one on R.

Let Sy, be the set of extensions R, C S C €2 such that S, is finite and étale over R, [p‘l]
and such that S, is normal. Every S, € S is contained in R. On the other hand it follows
from Abyhankar’s lemma [SGAI, Prop. XIII.5.2] that every normal extension R, C 7 finite
and étale over R, [Y[™,... Y™ p~!] is in fact finite and étale over R.,[p~']. Hence,

limS =: R= lim S,
Ses So0ESoo

For every Sy € S let es.. € So®r.. Soo [p‘l] be the canonical idempotent splitting the multi-
plication map Sec®p.. Soo [pil} — Sy [pil}. We have.

Proposition 3.3. For for every n € N, the element Wﬁegw 15 1n the image of So®R. Seo-
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Proof. The claim follows from Faltings’ Almost Purity Theorem [F3, Thm. 4]. See also [GR,
§9], especially Theorem 9.6.34.
[

It is in the proof of the proposition that assumptions (1) and (2) on the ring R made in §3.1
are used and they might be relaxed using recent work of P. Scholze. Let m# be the ideal of R
generated by mw forn €N. T hen,

Corollary 3.4. The extension Ro C R is almost flat. In particular, the extension R° C R is
mg—flat.

Proof. 1t follows from 3.3 and 3.2.
]

Proposition 3.5. The following hold:
(1) the ring R is p-torsion free and reduced, the map R — R is injective and pR N R = pR;
(2) the extension E[p‘l} C R[p™] is faithfully flat.

Proof. (1) The claim, except that R is reduced, is the analogue of [Bri, Prop. 2.0.2] and the same
proof applies. In our case the key ingredient is that R is the direct limit of finite and normal

extensions of R. Let # € R be such that 2™ = 0. Since R is p-torsion free if  # 0 we may
assume that z is not divisible by any element of the maximal ideal of O=. Since R/pR = R/pR,

we may write = y + pz with # € R. Then, y" € pR and we deduce from the normality of R
1 = 1
that yp~™» € R. This implies that p» divides y and hence x. This leads to a contradiction.

(2) We start with the flatness. It follows from 3.2 and [Bri, Cor. 9.2.7], with A = R° and
B = R, that the extension Re [p_l} C ﬁ[p_l] is flat (note that in loc. cit. one does not need A
to be p—adically Eomplete). Due to A§3.1.1 weAhave that 7*R° is contained in a finite and free
R-submodule of R°. Thus the map R[p~!] — R°[p~!] is flat.

To conclude the proof of the proposition we are left to show that the image of Spec (ﬁ [p’l} ) —
Spec(ﬁt [p‘l}) contains the maximal ideals of E[p‘l}. Let P C R be a prime ideal such that
P]?i[p_l} is maximal. Arguing as in [Bri, Thm. 3.2.3] one concludes that the ideal PR [p] is

not the whole ring E[p‘l]. In particular there exists a maximal ideal Q of E[p‘l] such that

PcCaon ZSL[p_l]. Since P is maximal the last inclusion is an equality and P is the image of Q.
[

Corollary 3.6. Frobenius is surjective on S, /pSs for every So € Ss and, in particular, on
J— J— 1
R/pR. Moreover, mr S, is a finitely generated Ro.-module.

Proof. If R is p—adically complete the proof is as in [Bri, Prop. 2.0.1]. In the general case we
proceed as follows. We claim that Frobenius ¢ on R._/pR._ is surjective. Recall that R/pR
is obtained as a chain R'/pR’ = R /pR® c ... ¢ R®™ /pR™ = R/pR where R0V /pR(+)
is obtained from R® /pR(i) by taking a localization or an étale extension or the completion
with respect to an ideal. One then proves by induction on ¢ that in each case Frobenius on
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ROHY /p R+ induces an isomorphism ROV /p RG+D ®2(i>/pR<i) RO /pR® — REHD /pREHD n
particular Frobenius provides an isomorphism R/pR ®%, IR/ R'/pR' — R/pR. Since Ry /pRoo
is a direct factor of R. /pR. ®gr R by 3.2, Frobenius on R /pRs induces an isomorphism
Reo[PRoc®7y R [pR,, — Roo/pReo. In particular, since Frobenius ¢ on R, /pR., is surjective
then Frobenius is surjective also on Ry, /pRso-
1

Let R C Sy be an extension in So,. Write mreg  as a finite sum of elements Y\ 2;Qu;
with x; and y; € Ss. Then, for every z € S, we have Ty = > Trs./r. (22:)ys, e,
W%SOO is generated by yq,...,y, as Ro-module proving the last statement. We also compute

s
W%esw = (7‘(‘1’2 6soo)p = >, 2'®yl + pw with w € S®p._Ss. For every z € S, we have

YoiTrs jr.(zal)yl = 77z + pw' with w' € S.. Write Trs. /. (22)) = of + pf; with «; and

0B; € Rs. Then, TPy = (ZZ aiyi)p + pw” for some w” € S,. Since S, is normal and the p-th
1

power of v; = (ZZ aiyi)/W?2 lies in o, then ~; lies in S, and 2z = 7] + —f7w”. This proves

that Frobenius is surjective on S,/ 55+ and, hence, it is surjective on Su.

]

3.1.3 The lift of the Frobenius tower éoo

Put O := W(k)[[Z]]. Let Mo be the log structure on Spec(O) associated to the prelog structure
Yo: N — O given by 1 +— Z. Let ¢¥o: W(k)[N] — O be the associated map of W(k)-algebras.
Note that Ox = O/(P(Z)) so that O has a natural structure of O-algebra, compatible with
log structures. Put

RO .= O[P|2opmO

where the completion is taken with respect to the ideal (Pr(Z)), the map O[N] — O[P] is the
morphism of O-algebras defined by N 3 n+— ((n,...,n),(0,...,0)) € P and the map O[N] — O
is the morphism of O-algebras sending N 5 n +— Z*". All these maps are compatible with log
structures taking on O[P] (resp. O[N]) the prelog structures given by P (resp. N). We consider
on R® the log structure induced by the fibred product log structure on O[P] ®op; O. It is
associated to the prelog structure P’ — R© where P’ = P®y N where N — P is defined above
and the map N — N is multiplication by a.. Note that R /(P(Z)) = R = Ox[P]®0,mOxk
compatibly with log structures so that we can view R® as é(o)—algebra.

Lemma 3.7. There exists a unique chain of R©-algebras R® ¢ RV c ... c R™, complete and
separated with respect to the ideal (Pr(Z)) in case (ALG) and with respect to the ideal (P(Z), p)

fori > 1in case (FORM), lifting the chain of R©-algebras R® ¢ RV c ... c R = R™ modulo
(Px(2)).

Proof. We construct R® proceeding by induction on ¢. Assume that R® has been constructed.
If ROHY is obtained from R® by (the p-adic completion of) an étale extension R) of R then
we put ROHD to be the (Px(Z))-adic completion (resp. (p, Px(Z))-adic completion) of the étale
extension of R® lifting R® ¢ R). If R(HY is obtained from R® by (the p-adic completion of)
the localization of R® with respect to a multiplicative set U;, we let ﬁl be the set of elements
of R® reducing to U; and we let R(+D be the (Px(Z))-adic completion (resp. (p, Px(Z))-adic
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completion) of R® [U ] If RU*+Y is obtained from R® by completing with respect to an ideal
I; (containing p) we let I; be the inverse image of I; in R and we let RO be the I-adic
completion of R®. We leave to the reader to check the uniqueness. O

We put R := R™ and we let )?1,.;,)?(1 and }71,...,}71, € R be the elements so that
the induced prelog structure ¢¥z: P* — R restricted to P C P’ is the morphism of monoids

(al, e NG ,ﬁb) — 11, )A(/f‘l H?:l ?jﬁj. Note that we have a commutative diagram of
morphisms of O-algebras

o] 5 R
7 7
ON] *o 0.

Let Ok {% — 1} be the ring of m-adically convergent power series in % — 1. Since the power
series in Z with coefficients in O can be expressed as power series in Z — 7 = W(% — 1), then
Ok {g — 1} is a Ok Q) O-algebra.

Lemma 3.8. There exists an isomorphism of Ok [[— — 1}] -algebras

R&o(0x H% _ 1“) = Rio, (Ox H% _ 1ﬂ ).

where @ stands for the (% — 1)—adic completion.

Proof. We construct compatible isomorphisms of O [[— — 1}] algebras between RMR00 [[— — 1}]
and R ®(9 Ok [[— — 1}] by induction on n. The inductive step follows from the construction

of R™ given in 3.7. We just prove the case n = 0.
Recall that R is the (P.(Z))-adic completion (resp. (Px(Z),p)-adic completion in case
(FORM)) of

So == O[P| @opy O 2 O[X1,..., Xo, Vi, V5 /(X1 X — 29).

Then, Sy ®o Ok [[——lﬂ =~ Ok [[%—1]} [5{_17“.7)?(“?17”"%}/(5(,1...)?Q_Za)' Since Z =

mu with u = 5 a unit of O [[Z — ﬂ we have

™

7 N I I -
Sy~ O H__lﬂ Kl Ko Ta e T3] (R R — 7)

with )~({ = uX;. There is a map of Ok [[% — 1]}—algebras to R @0, Ok [[— — 1]} sending
Xito Xy, X;to X, fori=2,...,aand Y; to Y, for j =1,...,b. It is an isomorphism. This
proves the case n = 0. []

For every n € N write ﬁn for

~ o 1 ~ ~ ~ 1 1 ~ 1 1

R, = R[X[, ... X&', V7", Yy 2w (X X' — Z

3

).
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Let

R = R[Xp,.. . X&l/(Xf - Xi - 2)
and define morphism of monoids ¥, : (éPa) X P, — Re sending é(ul, coUg) X (g, ,vb) to

I, Xfl H?:1 Y. As in §3.1.1 and in 3.2 one proves that

Lemma 3.9. The following hold:
(1) the rings R, and R° are noetherian and flat O—algebras;
(2) En 18 Z%-flat as R-module and the direct limit lim En s a flat Re-module with basis provided

n—oo

by the elements
a b
~ }71} — HX:F’ Hij'
i=1 j=1
with u = (uy,...,u,) and 0 < u; < 1 rational number for every 1 < i < a and with v =
(v1,...,) and 0 <wv; < 1 rational number for every 1 < j <b.

(3) E are Cohen-Macaulay rings and they are reqular if o = 1. In particular, they are normal.

(4) R° is a reqular ring. Moreover, R is a direct summand in R° as R-module and Z*R° i
contained in a finite and free R-submodule of Re. Furthermore, R=FR° if and only if o = 1.

(5) R is an integral domain.

3.1.4 The map O.

For any normal subring S C R we put
E! = lim 5/pS C Et = liinﬁ/pﬁ

where the projective limits are taken with respect to Frobenius x +— zP. The fact that the
natural map Ef — ET is injective follows from the assumption that S is normal. We write the

elements of E* as sequences (o, T1,...).

The rings ]:];r and E* are rings of characteristic p. In fact, they are k—algebras via the map
k>x— (a:,xl/p,xl/pQ, S F/(\)r any (xo,1,...) € E~ there is a unique sequence of elements
(x(o),x(l), . ) of elements in R such that (:c(”“))p = 2 and 2™ = 2, modulo p for every
n € N; see [Fo, §11.1.2.2]. In fact due to 3.6 if S, € S, then we have an isomorphism of
multiplicative monoids

Bg, = {(@0,2,.) € 5| 0) = o), v e N},

In particular, if Ry, C S is Galois with group H after inverting p the trace map > _, 0
induces maps

Trs /r..: ngw — EEW, Tro, /R : W(EN];COO) — W(EEW) (4)
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Let © be the map from the Witt vectors of Etto R
O: W(E*) — R, (ag, a1, as,...) — Zp"aﬁl")
n=0

The elements € := (1, €y, €p2,...), P := (p,p'/?,..), 7= (m, 7P, ..), X; := (Xi,Xil/p, ...) for
i=1,...,aand Y; := (Y}-,Y;l/p, ...) for j =1,...,b all define elements of Ej, . The images of
their Teichmiiller lifts via © is

O(eh) =1 o(p)) =p. O([F]) ==, O(Xi]) =X O([\3]) =Y
We endow W(Eﬂ with the log structure defined by the prelog structure

Vi ):P’:P@NN%W(EJF)

W(E+

sending P 3 (a1, ..., 4, b1, ..., 0) — [T, [Xi]™ H?‘:l [?ﬂﬁj and N > n — [7]". Recall that
the R-algebra R is endowed with the log structure induced from the given one on R. Since
@(WJ) = X, and @(WJD =Y, we conclude that © respects the given log structures. Write

, 1 p=1 _
¢ =1+ +-+[]7, &= -p
Lemma 3.10. (1) The morphism © is a surjective homomorphism of W(k)-algebras. The kernel

15 generated by
Ker(©) = (P=([7])) = (¢) = ().

(2) The kernel of the morphism of Ok-algebras 1® ©: Ok Q) W(fﬁ) — ﬁ is generated
by & =1 ® [ﬂ —7T® 1.
(3) The same holds for the induced map Og,__ W(E;oo) — 50\0 for every Sy € S

Proof. (1) The proof that © is a homomorphism of W(k)-algebras proceeds as in [Bri, Prop
5.1.1-5.1.2]. Since W(E*) is p-adically complete, to prove that © is surjective it suffices to show
that it is surjective modulo p and this follows from 3.6. Note that ¢/, £ and Pﬂ([ﬁ]) lie in

Ker(©). Moreover ¢’ and £ generate the same ideal in Fontaine’s ring Ay, = W(Eg?) which

~

is contained in W(]:]Jr) Since W(E*) is p-adically complete and separated and R is p-torsion
free, to prove the claims regarding the kernel it suffices to show that for any = € Ker(©) there
exists z such that © = £z (resp. ¢ = Pﬂ([ﬂ)z) modulo p. If e is the degree of P,(Z) then
Pﬂ([ﬂ) = [ﬂ ¢, modulo p, which is P up to a unit. Thus, it suffices to show the claim regarding
¢ and this follows as in [Bri, Prop 5.1.2].

(2) It follows from (1) that Ox ®w, W(E*)/(g) >~ Ok Q) R. Thus the kernel of 1® © is
generated by &, and § and we are left to show that £ is a multiple of {;. Note that p = um® for
some unit u € Ok and [p| = [u][7]° for some unit u € EJ(SK/ . Since O([u]) = u we conclude that
[ —u € (&, €). Hence, & = [u]([7]°—7°) + ([u] —u)7© so that £ € (&, 7€) 1. e., E(1+7°a) = bS,
for some a and b in Ok @y W(fﬁ) Since the latter is m¢-adically complete and separated,
then 1+ 7°a is a unit and the claim follows.

The proof of (3) is analogous to the proofs of (1) and (2) and is left to the reader.
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3.1.5 The ring A% .

Recall that O := W(k) [[Zﬂ Consider on W(]:]Jr) the structure of O-algebra given by Z +— [ﬂ

where the latter is the Teichmiiller lift of the element (7‘(’,71'%, --+). Using the prelog structure

ww(ﬁ+) and the fact that Wl] [Xa} = [ﬂa, we deduce that W(E*) is endowed with the

structure of R(-algebra via the map of O-algebras
RO — W(fﬁ)

sending )~(, — [71] for 1 <i < a and }7; — [VJ} for 1 < j < b. In particular the log structure
on W(E+) is the one induced by the log structure on R,
Convention: In what follows given an element a € Et and n € N for typographical reasons

we write [a] to denote [aﬂ where [a] is the Teichmiiller lift of a.

Lemma 3.11. (1) The elements ([ﬂ ,p) form a regular sequence in W(E*) Moreover € is also
a reqular element.

(2) There exists a unique morphism R — W(fﬁ) of ﬁ(o)—algebras such that the reduction
modulo P,(Z) induces the inclusion }N%/(PW(Z)) =R C R W(E*)/(Pﬁ([f])) (using 3.7 and
3.10). B B E B

For every n € N there exists a unique morphism of R-algebras R,, — W(E*) (resp. R® —
W(E*)) sending )?lm to [Yz}ﬁ fori=1,...,a and i}]ﬁ to [Yj}m forg=1,....b
and Z T [ﬂﬁ (resp. )?; to W,ﬁ fori=1,... a).

(3) The (Z,p)-adic completion R, (resp. R®) of the image of R, (resp. R°) in W(E*) is a
direct factor of the (Z,p)-adic completion ﬁn (resp. EO) of R, (resp. of R°). It coincides with
the (Z,p)-adic completion R of R forn =0.

(4) The (Z,p)-adic completion of Ry, = lign E; maps isomorphically onto W(EEOO)

(5) The subring RC W(EEOO) 15 stable under Frobenius and the induced morphism ¢ extends

=~ ~o0 1 .
uniquely to a morphism, denoted p, on R, and on R sending X" [Xl] (D for ¢ =

~_ 1 __ P _P__
L...,a and V""" — [YV;] T for j =1,...,b and A= N (7] @07 It has the property
that the maps }N%n — W(E;w) and R — W(EEOO) commute with the morphism .

~ ~N
Proof. (1) Note that Ej; is identified as a multiplicative monoid with a submonoid of R .

~

Since R is reduced by 3.5 and multiplication by p on W(EEOC) is the composite of Frobenius

and Vershiebung, we deduce that p is a regular element of W(EEW) Since R is 7-torsion free

for every n, then EEOO is T-torsion free. This proves the first part of the claim.
For the second part one proceeds as in [Bri, Prop. 5.1.5]. Assume that x := (2o, 21,...) €
W(E*) is such that  # 0 and € = 0. Let n be the minimal integer such that x,, # 0. Dividing
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x by p" we may assume that n = 0. In particular, 0 # x EAEJF and pro = 0. Since E* is the
inverse limit lim R with the natural multiplication and since R is p-torsion free, we deduce that
zo = 0 (absurd).
(2)-(3) We prove the claims for R,; the statements for R° are proven in the same way. It
follows from (1) that W(E},_)/([7].p) 2 E},_/(T) = Rx/mRe. By construction R,/(Z,p) =
R,/pR,. The image R, of R, — R is a direct factor of R, as R, is normal and noetherian.

This defines a direct factor of R, /(Z,p) and, hence, a direct factor R’ of R
=(0) (@)
First of all we construct injective morphisms of R -algebras R — VV(EJr ) by induction

/\Z

on i. Assume that we have constructed a morphism R — W(EEOO) of R (©)_algebras inducing
the natural inclusion R® /(Z, p)}N%(i) C W(EE@)/([W],p) and with the property required in
(2). Then, R® c ROV is obtained as (the (p, Pr(Z))-completion of) an étale extension, a
localization or the completion with respect to an ideal containing (p,P (Z )) In each case,
one proves by induction on m that the map R +/(Z, p)R +1) ¢ V\V(EJr )/([7].p) extends

uniquely to a morphism of R ()_algebras

ROV /([7],p)" — W(EL)/([7],2)"

~(i+1) ~
Passing to the limit over m € N we get the morphism R — W(E}gm). Reducing modulo
P.(Z) and using uniqueness one proves that such map has the property required in (2).

The existence and uniqueness of the morphism én — W(E*) for n € N as required in
(2) is clear. Note that (p,Z) are regular elements in R, and in V\V(EJr ) by (1). Moreover,
R./(p.Z) — W(EEOO)/( [T].p) = Reo/TRo factors via the direct factor R' /(p, Z) which injects
in Ro/mRs. Thus, the map R, — W(E+) factors via R;L — W(E*) and the latter is
injective.

(4) Since W(EEM) /([7],p) coincides with U, R /(p, Z), the statement follows.

(5) The proof proceeds as in (2). First of all one proves by induction on ¢ that the (p, Z)-adic
completion of the image of R — W(Ejgoo) is stable under ¢. This is clear for ¢ = 0. For

(i+1)

the inductive step one recalls that the (p, Z)-adic completion of RY c R is obtained as the

(p, P.(Z ))—completion of an étale extension, a localization or the completion with respect to an
ideal containing ( , P.(Z )) In each case one checks that this is preserved by (. One verifies that

the extension of ¢ to én, given in (5), is well defined and that the morphism ]SLn — W(Ejgw)
commutes with ¢ on the two sides. The details are left to the reader. O]

Definition 3.12. We write AE (resp. A}%O) for the (p, [7])-adic completion of the image of R,
(resp. R°) in W(fﬁ)

We write Z for the ideal of W(E*) generated by [e ]7 — 1 for n € N and by the Teichmiiller
lifts [x] for = € E* such that 2© ¢ mp. Following Fontaine (cf. [Bri, Def 9.2.1]), we say that
the extension AE — W(E*) is Z™-flat for m € N if, given an injective map of AE -modules

n

M — N the induced map M ® 4+ W(fﬁ) — N Qp+ W(E*) has kernel annihilated by Z".
Rn, Rp
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Proposition 3.13. The extension AEO — W(fﬁ) is I9-flat. Moreover, AEO is finite and
[7|*-flat as AL-module and AT is a direct summand in A% as AL-module.

Proof. Thanks to 3.9 and 3.11 the extension A}%Q — Ry is flat. As W(EEW) is the (p, [7])-
completion of R, and (p, [ﬁ]) is a regular sequence in R by loc. cit., the extension A}%G /(p™) —
W(EE@)/(})”) is flat by [Bri, Thm. 9.2.6] for every n € N. Taking the limit over n € N and
arguing as in the proof of [Bri, Prop. 9.2.5 & Thm. 9.2.6], we conclude that AEO — W(EEW) is
flat.

For Ry C Seo(C §2) normal and finite and étale after inverting p the extension W(E}m) C
W(E;OC) is almost étale by 3.3 and, hence, Z-flat. As W(E*) is the (p, [ﬁ])—completion of the
union of all the rings W(]:j;roo) and (p, [ﬁ]) is a regular sequence, arguing as above and using
[Bri, Prop. 9.2.5 & Thm. 9.2.6], we conclude that AEO — W(E*) is 79-flat.

The other statements follow from 3.9 and 3.11.

m

Extending O-linearly (resp. R-linearly, resp. E—linearly) the morphism © we get a homo-
morphisms of O—algebras (resp. R-algebras, resp. R—algebras)

=1l

@1og1 W(E*)@W(k)(’) — ﬁ, @leogt W(E+)®w(k)R — ﬁ, @ﬁ,log: W(E+)®w(k)é —

We consider on W(E*)@W(k)o (resp. W(E*)@W(k)]%, resp. W(E*)@W(k)ﬁ) the log structure
defined as the product of the log structures on W(E+) and on O (resp. on R, resp. on R). Then,
Olog; OR10g and O Rlog TESDECt the log structures.

3.2 The rings Bggr

Define Ainf<R/O) (resp. Ainf(R/R), resp. Ainf<R/§)> as the completion of W(Eﬂ Qwry O
with respect to the ideal @1;; (pﬁ) (resp. of W(fﬁ) ®w(r) [T with respect to the ideal @;?}log (pﬁ),

resp. of W(Eﬂ Qw(k) R with respect to the ideal @glog (pﬁ)) with the induced log structures.
Denote by ’

@10g5 Amf(R/O) — %ﬂ, GR,log: Amf(R/R) — ﬁ, ®}~2,10g: Amf(R/ﬁ) — fﬂ

the maps induced by Oy (resp. Op og, resp. O Rlog).

Define B(Y}’Jn (R) (resp. B(Ylfn (R), resp. BIR’H (R), resp. B:;R’n (R)) to be the algebra under-
lying the n—th log infinitesimal neighborhood of the closed immersion of log schemes defined
by O@W (k) [p~'] (resp. Oz@W(E)[p~'], resp. Orioz@W(E)[p~'], resp. O, OW(k)[p~']) in
the sense of [K2, Rmk. 5.8]. Put

B (R) == lim B (R), B (R) == lim BY;" (R)

and similarly

Bir(R) == lim Bly . (R), Bin(R) = lim Birn (B).

o0—n o0—n



Note that Ker(©) contains the element [¢] — 1 with E* 3 & := (1,¢,, €p2,...). In particular,
BZ}’;L, and hence Bl (R), contains Fontaine’s element ¢ := log[e]. Put

Bin(R) =B (R)[t'].  BR(R) =B (B)[t"].

Ban () = By ()], Bun(R) = B ()]
Filtrations: We endow B(Ylgf(R) (resp. BIR(R), resp. Bglgf (é), resp. BIR(ﬁ)) with the
Ker(©)-adic (resp. Ker(Op,og)-adic, resp. Ker(Oioq)-adic, resp. Ker(0g,,,)-adic) filtration.
Galois action: Note that G acts continuously on the rings above, preserving the filtration.

We extend the filtrations as follows. Let By, be BYg" (R) (resp. BJz(R), resp. B (E),
resp. BJ (R)) with the given filtration Fil'B;. Set Bag := BJz[t™!] and

Fil'Bgg := » ¢ "Fil"Bj;,  Fil'Bug := t'Fil’Byn Vr € Z.

n=0

3.2.1 Explicit descriptions

Following [K2, Pf Prop. 4.10(1)] let T := {(a,b) € Z x Z|a + b € N} and let @ be the
inverse image of P’ in P& x P"2P via the sum P8 x P& — PP Pyt (Ainf(R/O>)log =
Amf(R/(’)) ®Z[NxN}Z[T]. The map ©),, extends to a map

(o (Aue(R/O)) = R,
Similarly, put (Ainf(R/E))log = Ajns (R/E) ®Z[P/XP/]Z|:Q] and extend @E,log to

O- : (Aw(R/R))* =R

R,log

Then, BYp' (R) is the Ker(6©),,)-adic completion of (Ainf(R/O))log [p7'] and Biz(R) is the
Ker(@’ﬁ 1Og)fandic completion of (Ainf(R/ E))log [p’l}. One proceeds similarly for BIR(R).

We make these definitions more explicit. Consider the elements

fori=1,...,aand j =1,...,b. Then, (Ainf(R/O))log is generated by u and u ! as Ajn¢ (R/O)—
algebra, i.e.

(Amf (R/O))log it Amf (R/O) [u, Uil]
and Ker(@{og) = (u—1). Similarly, (Ainf(R/ ﬁ))log is generated as Ainf(R/ E)falgebra by u, the

elements v; for i = 1,...,a, and w; for j = 1,...,b and by their multiplicative inverses

(Ainf(R/f{))log = Amf(R/}N%) [ ot e eyt

yYa )
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For later purposes we generalize these constructions. Set
lo =
(W(E")@w(0) ™ = W(E") @i ODzpoxZ[T].

The map O, extends to a map

o (W(ED)@we0)™ - R

log :

As above W(E+)®W yORzNxN Z[T] o W(E+)®W Olu,u™t] and Ker(@{og) = (u —1). Simi-

larly, set (W(E+)®W(k)R)log = ( ) R®Z[P/><P’]Z[Q] and extend @Rl g

ng( ( )®W(kR)0g_>R'

Then, W(E+)®W(k)§®z[plxp/]z [Q] = W(E+)®W(k)§[uil ’Uitl, e Uil ’U}itl, .. w;tl] .

Lemma 3.14. (1) The sequence (§,u — 1) (resp. (Px([7]),u — 1)) is regular and it generates
the kernel of Ker(@{og) in (W(E+)®W(k)(’))log.
(2) The sequence (ﬁ,u — Lo —1,... 0, — 1w —1,...,w — 1) is reqular and it generates
. = =\ log
the kernel of Ker(@’ﬁ’log) in (W(ET)@wwR) .

Proof. 1t follows from 3.10 that Py ([7]) and £ generate the same ideal.
(1) Due to 3.11 the element £ is not a zero divisor in W(E*) QwO. Since W(ﬁ*) QwiO/(§)

ﬁ@w(k)O and 1 ® Z is not a zero divisor in it, we deduce that £ is not a zero divisor in
W(EH) Qw0 [u] = W(E) @w O[T/ (7T — Z).

Note that W(E+)®W (k) [ u/(€) = ﬁ@w(k)O[u,u_l] with (1 ® Z)u = 7 ® 1. Modulo
(u — 1) this coincides with R. Moreover, such ring injects in ﬁ[[Z]] [u,u™'] which injects in
ﬁ[p‘l] (Z)). It then suffices to show that (v —1) is not a zero divisor in the latter or equivalently
that Z(u — 1) = 7 — Z is not a zero divisor. This is clear since 7 is a unit in ﬁ[p‘l].

(2) Since RO is obtained from R® by completing with respect to some ideal, localizing or
taking ¢tale extensions, it is a flat R%-module. Thus, the regularity of the sequence, given in (2),
in the ring W(E")®w RO [, v, ... ,Ujﬂ, wlﬂ, ...,w; '] holds if it holds for i = 0. Since
RO is flat as an algebra over R = (9[)?1, X Y ,Yb} /(X1 X, —Z*) it suffices to prove
the regularity for R’ instead of R. Note that W(E*)@W( )R [uﬂ ot v wit L wgﬂ} is

> Ya )

isomorphic to W(E+)®W(k)0[uil ot vE o wy ] /(o ve — ) which s

W(E+)®W(k)0[uil R VR T )

a

since v; = u®vy ' ---v;t. Thus, if & and u — 1 is a regular sequence of W(E*)@W 1 Olu*]

generating Ker ( {Og) then also (2) holds for R' in place of R. In particular, the regularity
claimed in (2) follows and we are left to prove that the sequence given in (2) generates the ideal

Ker (@/ﬁ,log) )
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Due to (1) the ring W(E*)@W(k)é[ 1 vfl, cvELwit L wyt] modulo (€, u — 1) coin-

cides with E@oKR[vgﬂ, couE wfl, Wy ] Consider the quotlent B modulo the ideal J :=
(v2—1,...,va—1,w1 —1,... ,wb—l) To show that B = R, by base changing via R — R, it is
sufficient to prove that R®OKR[U§1, v wlﬂ, e ,wlfl] /J coincides with R; here and below
we still denote by J the ideal generated by (v2—1, . —1,w—1,..., wb—l). This follows show-
ing by induction on ¢ that RV®e, R® [v3", ... ,vffl, wfl, ... wy']/J = RY. The inductive step
is left to the reader using the fact that RGY (resp. R(HD) is obtained from R® (resp. R?) by
completing with respect to some ideal, localizing or taking étale extensions. The essential case is
i = 0 and in this case we may replace R With R = (’)K [Xl, XY, ,Yb]/(Xl s Xy —m?).
Then, R'®OKR’[U2 ot wit }/J [02 ,...,vfl,wfl,...,wgﬂ]/[] >~ R and
the claim follows.

m

Proposition 3.15. The following properties hold
(1) Bi" (R) = B (R)[u —1];
(2) Bir(R) 2By (R) [[vi — 1,00 — Lywy — 1, w, — 1]];
(3) Bir(R)
(4) Bin(R) = Bl (R)[u— 1] = Bl (R)[Z — 7]

(5) the filtration on By (R) is the t-adic filtration. In particular, Gr*By;" (R) = ﬁ[p‘l][t]
with grading given by the degree in t;

12

BR+( )[[02_1""7Ua_17w1_17"'awb_1]:|7'

(6) the filtration on B(J{R(}N%) is the (t,v1 — 1,0 — Lwy — 1,...,wy — 1)—adz’c filtration.
In particular, Gr'Bj{R(E) = Rlp~"[t,o1 —1,..., 04 — Liw, —1,...,wy — 1] with grading
given by the degree as polynomials in t,v1 —1,...,v, — 1,w; —1,...,w, — 1. Therefore,

1?]1 1 Ua—l w1—1 wb—l_
; ey ; , ; Sy ;

Gr*Bar (R) = Rlp™! ] tt~

with grading given by the degree in t. Similarly,

1?]2—1 va—lwl—l wb—l_
: e ; , : sy ;

Gr*Bar(R) = Rl ] ¢t

with grading given by the degree in t;

(7) the filtration on Bar (E) 1s exzhaustive and separated and FierdR(é) ﬂBj{R (E) = FilTBj{R (E)
for every r € N.

Proof. The proofs of (1), (2) and (3) are similar and follow closely the proof of [Bri, Prop. 5.2.2].
We only sketch the proof of (1) and (2) and we refer to loc. cit. for the details. We certainly have
morphisms ¢: B(YQ(R)[[U —1] — B(YRJF( ) and f: B (R) [[vl —1,...,0,—Liw —1,...,w, —
1] — BXR(E). Notice that B§R+ (R)[u — 1] has the structure of an O-algebra as we can send
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Z to [wu~!. Similarly, BCYF’{JF (R)[[s = 1,...,va — Lwy — 1,...,w, — 1]] has the structure of
RO)-algebra. Indeed, it is a O-algebra since W = [7]® - v;'---v7 ! lies in this ring. Since the
equation X® = W has the solution 1 modulo (t,u —1,v1 —1,...,0, — L,wy —1,...,w, — 1), by
Hensel’s lemma it admits a solution Z’. Then, the structure of O-algebra is defined by sending
Z to Z'. The structure of R(O)—algebr@ is given by the structure of O-algebra and by sending
X; to [71}@;1 fori = 1,...,a and Yj to [Vj]wj*l for j = 1,...,b. Arguing as in 3.7 one
proves that there is a unique extension to an E—algebra structure compatible via the morphism
© with the R-structure on R[p~']. This provides morphisms By (fi) — By (R)[u — 1] and
Bi: (}N%) — Bgf’;r (R) [[Ul —1,...,0,— 1wy —1,...,wp, — 1ﬂ which are proven to be inverse to
v and f respectively, see loc. cit. N

For (4) we notice that u® = [[{_, v;. Since the v;’s are unit in By (R), the first formula
follows from (2) and (3). The second formula follows remarking that v = % = % - Z so that

(7]

The claim follows since o 1 lies in FillB:{R(OK).

For (5) one needs to prove that ¢ is not a zero divisor in B(Ylgf (R). Note that tB(YP’{Jr (R) =
SB(YEF (R), as this holds already for R = Z,, due to [Fo, §I1.1.5.4]. One is then left to prove that

¢ is not a zero divisor in deg;“ (R). Arguing as in [Bri, Prop. 5.1.4] one reduces to prove that R
has no non-trivial p-torsion. This has been proven in 3.5.

(6) follows from (5), (2) and (3).

(7) follows arguing as in [Bri, Prop. 5.2.8 & Cor. 5.2.9]. O

3.2.2 Connections.

Put & ¢, = lim, wg 0, /P"Whe, Where w! denotes the module of logarithmic Kéhler differ-
entials. Then, Oy, 0 = ®¢ ,RdlogX; @?:1 RdlogY;. Similarly, let

~1 Y 1 n 1 ~1 7 1 n 1
YR/WE) T ol,}Eln u’E/W(k)/(pv P(2)) YR/W(k) YRio T ol,}Lnn u’E/o/(pv Pr(Z)) YRio®

We have @}% W) ~ RdlogZ &, RdlogX; I ]A%/dlogffj, where R is the (p, Pr(Z))-adic comple-

tion of é, as dlog)N(l = adlogZ + >77 , dlog)N(i. We also have @é/w(k) = OdlogZ. We have an
exact sequence _

Using 3.15 define the connections
Vi Big(R) — Bir(R) ®f Orjoy
Vi BQFR(E) — Bir (E) 2= LD11§/W(k)

and ~ ~
Vio: Bir(R) — Bir(R) ®5 CA"zlé/o
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to be the By (R)-linear (resp. By (E)—linear) by sending v; — 1 to —v;dlogX; fori =1,...,a
and w; — 1 to —w;dlogY; for j = 1,...,b. These connections extend to the rings Bagr (R) and
Bar(R).

Lemma 3.16. We have:

)

(1) The above connections commute with the action of Ggr, are integrable and satisfy Griffiths
transversality with respect to the filtrations;

(2) Bir(R) = Bar(R)

(3) BYx(R) = Bar(R) ®°™".

VR=0 o Bur (ﬁ) VE/W(k):O;

The same statements apply for the rings with +.

Proof. By definition the connections are integrable and satisfy Griffiths’ transversality. To prove
that they commute with Galois it suffices to prove that the induced derivation N; equal to Xi%

fori=1,...,a and N; equal to ﬁ_aﬁia fori=a+1,...,a+ b commute with Gg. Let X; = v;
if 1 <i < aandw;ifi=74+aforsomel < j < b Since N; acts trivially on v; — 1
for 7 # ¢ and on w; — 1 for j + a # ¢ it suffices to prove that for every g € Gr we have
g(N;(X; — 1)™) = N;(g(X;) — 1)". Since N; satisfies Leibniz’ rule it suffices to consider the case
n = 1. Then g(X;) = []“MX; for suitable ¢;(7) € Z; and, as N(X;) = —X;, the formula is
readily verified.
(2) and (3) are a formal consequence of 3.15.
]

3.2.3 Flatness and Galois invariants.

—

Let R[p~1] be the P(Z)-adic completion of é[p‘l].

Lemma 3.17. We have isomorphisms (’)/[pi] ~ K[Z — «] and Rlp~'] = R[p™}] £ -1]] as

(’)/[pi] -algebras.

—

Proof. Note that the Pr(Z)-adic completion O[p~'] of O[p~'] is a complete dvr with residue
field K. In particular, it is a K-algebra by Hensel’s lemma and, hence, O[p~!] is isomorphic to
K[Z—=]. Thus, R[p~'] is a K[Z —]-algebra. Since it is Z — r-adically complete and separated

and }’%[pfl} [(Z —7) = ﬁ[pil], the proof of the second isomorphism is a variant of the proof of
3.8 and is left to the reader. O

Recall that Gp is the Galois group of R[p~'] over R[p~']. Then,

—

Proposition 3.18. The extensions ﬁ[p‘l} C Bar(R) and E[pfl} C Bar(R) are faithfully flat.

—

Moreover, ﬁ[p_l} = Bar(R)9" and E[p_l] = BdR(§>gR’-
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Proof. We prove the first assertion for R. The assertion concerning R follows remarking that

—

Bar(R) = BdR(E)/(PW(Z)) so that ﬁ[pfl} C B4r(R) is obtained from the extension E[p‘l} C
Bar(R) by tensoring with é[p*l] — E[p*l]/(P,r(Z)) = ﬁ[pfl}.

We first prove that Bl (R)/(t) is a faithfully flat é[p*l}—algebra. It follows from 3.15 that
Bix (R)/tBix(R) is isomorphic to Rlp~'|[[r — 1,...,0, — Liawy — 1,...,w, — 1]]. This is a
faithfully flat ﬁ[p‘l] o1 —1,... v = Lwy; — 1,...,w, — 1]]-algebra since ﬁ[p_l] C R[p™'] is
faithfully flat by 3.5. Furthermore, ﬁ[p_l] [[vl —1,...,0,— 1w —1,...,w,— 1}] is the completion
of R @y R[pil} [Ufﬁl, vt wfl, e ,w,jtl} with respect to the kernel of the map R Q)

Y Va0

R[pil} [vfcl, vt ,wfl} — ﬁ[pil}. Such kernel is given by (PW(Z), Vo—1,...,0, —

Lw —1,...,wp — 1]. Thus, such completion coincides with ﬁi[p*l] [[’Ug —1,... v, — LLw, —

1. wy — 1]] which is a faithfully flat é[p*l]—algebra.
Since t is a regular element of Bi;(R), it follows by induction on i that Bz (R)/(t%) is

the successive extension of flat é[p*l]—modules and, hence, it is flat itself. Since é[p*l] is

—

noetherian, one concludes as in [Bri, Thm. 5.4.1] that BCTR(E) is a flat E[p*l}—module. Since

—

Spec(Bi(R)/(t)) — Spec(R[p~!]) is surjective then Spec(Bjz(R)) — Spec(R[p~1]) is
surjective as well and ﬁ[p—l} C BQ’R(E) is faithfully flat. Arguing as in [Bri, Thm. 5.4.1], the

faithful flatness of B;{R(E) /(t) as ﬁ[p—l}—algebra implies that the assertion of the Proposition
regarding BIR (R) implies the assertion regarding Bggr (R)

We are left to compute the invariants. Recall from 3.15 that Bqr(R) = BIz (R)[u — 1][t71].
Since [7] is invertible in BJ(R), then Bj; (R)[u — 1] = BL(R)[[Z — [7]]]. Note that [7] —
7 € Fil'Bjz(R) so that Blz(R)[[Z — [7]]] = Bix(R)[[Z — 7]]. We conclude that Bar(R) C
Bar(R) [[Z — 7rﬂ Since Z — 7 is fixed by Gg, if we prove that Byqgr(R)9% = ﬁ[p‘l], we conclude

— —

that Bag(R)9* is contained in R[p~] Z - =] = R[p~1]. Since it also contains R[p~1], it
coincides with R[p~1].

We are then left to show that Bqr(R)9% = R[p~!]. The proof proceeds as in [Bri, Prop. 5.2.12].
Consider the exact sequence

0 — Fil""'Byg(R) — Fil"Bqr(R) — Gr"Bgr(R) — 0.

~

As Gr"Bgr (R) ={"R[p~!] [”2;1, c ”at—_l, “’1;1, c “”’T_l} by 3.15 one shows as in [Bri, Prop. 4.1.4&
Cor. 4.1.5] that H'(Gg, Gr"Bar(R)) is R/[p?l] if i =0and 1 and » = 0 and it is O otherwise. We
refer to loc. cit. for the details using 3.42(ii) in place of [Bri, Prop. 3.1.3].

In particular, HO(QR,FilTBdR(R)) & HO(QR,FiIT“BdR(R)) for r # 0 which implies that
H%(Gg, Fil'B4r(R)) = 0 and H°(Gg, Bar(R)) = H®(Gg, Fil’"B4r(R)) since the filtration on
Bar(R) is separated and exhaustive by 3.15. Thus, H° (QR, FilOBdR(R)) c H® (QR, GrOBdR(R))

which is R/[pT\l] Since R/[pT\l] C H(Gg, Fil’Bar(R)), the claim follows.
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Alternatively, one can argue in the same way using Bar(R) instead of Bqg(R). Thanks to
3.29(4) and 3.38(iii) one deduces that H'(GF, GrrBdR(é)) =0 for ¢ > 1 and every r € N and is
a direct summand in R ®o, Gr"Bjog for ¢ = 0. Here G C G is the geometric Galois group and
Biog is the classical ring of periods introduced in §2.1. As Gr"Biog = >, Gr*Bar - (Z — 7)°,
see §2.1.1, one deduces that H' (G, Gr'Bqr(R)) is 0 for i > 1 and every r € N and is a direct
summand in R ®o, Gr"Bgg for i = 0. One deduces that H'(Gr, Gr"Bar(R)) is R[ Nifi=0
and 1 and » = 0 and it is 0 otherwise from the analogous result for the cohomology of Gr" Byg.

[

Corollary 3.19. The connection Vg (resp. Vg, resp. Vﬁé/o) induces the standard derivation
d: R[p7'] — DR /ox [p~'] (resp. d: R[p™'] — wR/W(k) [p~'], resp. d: R[p7'] — w}%/o (p7']);

Proof. Tt follows from 3.16 that the connections are Gr-equivariant. Due to 3.18, upon taking
invariants, we get maps as claimed. We only need to verify that they coincide with the standard
derivations. It suffices to prove that they send X; to dX; and Y; to dY} (resp. X to dX and Y

to Y}) This is clear.
[

3.3 The functors Dyr and f)dR. De Rham representations.

Let V be a finite dimensional QQ,—vector space endowed with a continuous action of Gr. We
write

Dar(V) i= (V @g, Bar (R)™,  Dan(V) = (V &g, BdR(fz))gR .

Then Dggr(V) is a R[p~!]-module and Dar(V) is a R[p~']-module. The filtrations and the
connections on BdR(R) and on BdR(R) induce exhaustive decreasing filtrations Fil"Dgg (V') and
resp. Fil"Dggr (V') for n € Z and integrable connections

63 f)dR(V) — f)dR(V) XR= Al

V: DdR(V) — DdR(V) R[p—1] R/W( )

~1
®§ wﬁ/@]{’
such that the filtrations satisfy Griffiths’ transversality.

Definition 3.20. We say that a representation V' of Gg is de Rham if

DdR(V> ®§[p—1] Bar (R> —V ®q, BdR(R)

is an isomorphism of Bgg (R) -modules.

—

Recall from 3.17 that R[p~1] = R[p~!][Z — «] as filtered rings. Then,

Lemma 3.21. Given a representation V of Gg, we have a functorial isomorphism of filtered

—

R[p—1]-modules endowed with connection Dag (V) ® Rp-1] R[p~'] — Dar (V). Thus,

(1) the filtration on Dag(V') is the composite of the filtration on Dag(V)) and the (Z —7)-adic
filtration. In particular, considering the map

p: Dar(V) — Dar(V)/(Z = 7) = Dar(V)
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the filtration Fil"Dag (V) is the image of Fil"Dar(V). Viceversa Fil*Dag (V) is the unique filtra-
tion such that the image via p is Fil*Dar(V') and it satisfies Griffiths’ transversality with respect
to V. It is characterized by the property that for every n € N

Fllnf)dR<V) = {.T c [N)dR(V)|p(x) S FllnDdR(V>, % & Flln_lf)dR(V)} ;

(2) V is de Rham if and only if

Dar(V) ®%p1 Bar(R) — V ®@q, Bar (R)

s an isomorphism of Bar (R) -modules.

Proof. Recall from 3.15 that B (R) = Bi (R)[Z — «]. This isomorphism is compatible with

the isomorphism R[p~1] = R[p~'][Z —n] via the inclusion R[p~'] C Bix (é) and Rlp~][Z—7]
Bz (R)[Z —n]. These isomorphisms are strict with respect to the filtrations where R[p[Z—n]
is endowed with the (Z—m)-filtration and Bj (R)[u—1] is endowed with the filtration composite
of the filtration on By (R) and the (Z—m)-adic filtration. We deduce that the natural application

Dar (V) @1 R[p~] — Dgr(V) is an isomorphism of filtered R[p~']-modules endowed with
connection. This proves the first claim. Claims (1) and (2) follow. For the formula in (1)
compare with [Bre, p. 207]. We remark that in (1) the condition 8z/0(Z — m) € Fil" 'Dgr (V)
is equivalent to V(z) € Fil" 'Dar (V) ® O

~

- 1
Rip=1) YR/
Proposition 3.22. Let V' be a de Rham representation of Ggr of dimension n. Then,

(1) Dar(V) (resp. Dar(V')) are finite and projective R[p~]-module (resp. R[p~']) of rank n;

(2) the R[p~]-modules Fil'Dgg (V), Gr"Dar (V) := Fil'Dar (V) /Fil" "' Dar (V) and Gr"Dgg (V) :

Fil' Dar (V) /Fil' ' Dar (V) are finite and projective for every r € N;
(3) for every r € N the natural maps

@aer:nGraDdR(V) ®1§[p—1] GrdeR (R) —V ®Qp GI’anR(R)
and N N B
Batb=nGr*Dar(V) ® g,y Gr’Bar (R) — V ®g, Gr"Bar (R)

are 1somorphisms.
In particular, the isomorphisms DdR(V)®§[p_1]BdR(R) — V®g,Bar (R) and Dar(V)®

Rip1]
Bar (R) — V ®q, Bar (R) are strict with respect to the filtrations.

Proof. The last claim follows from the others and 3.21. Claim (1) for Dgr (V) follows from the
assumption that V' is de Rham and the fact, proven in 3.18, that the extension R [p‘l] C Bar(R)
is faithfully flat. The statement for Dqr (V') follows from 3.21.
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If (3) holds and since the extension E[p‘l} C R[p™'] is faithfully flat by 3.5 and since

Gr’Bagr (R) is a free R[p~]-module by 3.15, it follows that each Gr"Dgr(V') is finite and pro-
jective as ﬁ[p‘l]—module. Arguing by induction one gets Claim (2) for Fil"Dggr(V') as well.
Statements (2) and (3) for Gr*Dag (V) follow from 3.21.

We are left to prove (3). Let T be the set of minimal prime ideals of R over the ideal (1) of R.
For any such P let Tp be the set of minimal prime ideals of R over the ideal P. For any P € T
denote by Rp the p-adic completion of the localization of R at PN R. It is a dvr. For Qe Tplet

R(Q) be the normalization of Rg in an algebraic closure of its fraction field and let R(Q) be its p-

adic completion. Let BdR’Q(R) be the ring defined using the extension ﬁp C R(Q) and let Gr o
be the decomposition group of Gp at Q. It is the Galois group of Rp C R(Q). The normality of
R implies that the map R/pR — I1o Ro/pRo, where the product is taken over all P and all Q,
is injective. This and 3.15 imply that the map BdR(R) — Ilo BdR’Q(R) is injective on graded
rings and, hence, it is injective. It is naturally a map of Gr-modules considering the action of
Gr on the prime ideals Q’s; see [Bri, Rmk. 3.3.2] for a description of the action on [J5 R(Q). In
particular, the map f: Dar(V) — [[g Dar,o(V) where Daro(V) := (V ®q, BdR’Q(R))gR’Q is
injective.

By [Bri, Rmk. 3.3.2] the group Ggr acts transitively on Tp ar/l\d, for every Q and Q' € T'p,
any h € Gg sending Q to Q' induces an isomorphism R(Q) = R(Q’) and hence BdRQ(R) o~
Bar,or (R). This induces an isomorphism between Dgg,o(V) and Dagr,o/(V) as filtered Rp[p~)-
modules for any @ and Q' over P. As the elements in the image of f are fixed under the action
of Gg and Claims (2) and (3) are known for R formally smooth over O by [Bri, Prop. 8.3.2],
Gr’Dgr (V) is zero a part for finitely many a’s. The morphism f is strict with respect to the
filtrations by 3.15 so that it induces an injective morphism Gr*Dgr(V) — [[o Gr“Dar,o(V)
for every a € N. Since the map in (3) is injective for Dyg o(V') for every Q, we conclude that
the map displayed in (3) is injective for every n € N. This implies that it is an isomorphism and
(3) follows.

O

: cris max
3.4 The rings B} and By}

(R) to be the p—adic completion of the logarithmic divided power envelope (W (E*))DP
of W(E*) with respect to Ker(@) (compatible with the canonical divided power structure
on pW(E+)). We define AV, (R) to be the p-adic completion of the W(E*)—subalgebra of

W(ET)[p~'] generated by p~'Ker(8). We have a natural map AY, (R) — AY,_ (R). The

cris

Define AY.

cris

element ¢ = log([e]) is well defined in AY,. Define BY,(R) := AY; (R)[t™'] and BY, (R) :=
Arax(R)[t71].
Let Af;;S’V(R) be the p-adic completion of the log divided power envelope (W (fﬁ) ®W(k)O)IOgDP

of W(E*)@W(k)o with respect to Ker (@10g) (compatible with the canonical divided power struc-
ture on pW (E™) @) ©) in the sense of [K2, Def. 5.4]. Here we consider on W(E™)®wy)O

its log structure. Define AﬁgX’V(R) to be the p-adic completion of the (W(E*)@W(k)(’))log—
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subalgebra of (W(E*)@W(,ﬂ)(’))log[p”] generated by p~'Ker(6j,,
APV (R) — ApR2Y(R). We define

log

). We have a natural map

Bcris’v(R) — Acris,V<R> [t_l} and Bmax,V(R) — Amax,V(R) [t_l] )

log log log log

L~ ~ ~\ logDP
Let AP (R) be the p-adic completion of the log divided power envelope <W (E+) ®W(k)R)

of W(E*)@W(k)ﬁ with respect to Ker(@é’log) (compatible with the canonical divided power

structure on pW(]:jJr)@W(k)é) in the sense of [K2, Def. 5.4]. Let Ajj3*(R) be the p-adic comple-

tion of the (W (E*) ®W(k)§) 8_subalgebra of (W (E*) ®W(k)§) tog [p~!] generated by p~'Ker (@%2 log) .

We have a natural map A{S(R) — A*(R). Define

log log

BI(R) := AZS(R)[t7!] and BEX(R) := AR(R)[t7!].

log log log log
3.4.1 Explicit descriptions of Bfgigs and Bjg*

Lemma 3.23. The ring Aﬁfigs’v(R) coincides with the p-adic completion of the divided power

envelope 0fW(E+)[u] with respect to the ideal (£, u— 1) = (Pﬁ([ﬂ),u — 1). Hence,

Al ™ (R) = AL (R){(u — 1)},

log

the p-adic completion of the divided power algebra AY. (R){u —1).

cris

Similarly, Afggx’v(R) = W(E*) {%, “le}, the p-adically convergent power series ring in the

variables W =& (or W = Pr([7])) and u — 1. In particular,

AR (Ry =AY (R) {“ _ 1} .

log max
p

Proof. We prove the claims for AY,. and Alccfigs’v. Those for AY, and Afggx’v follow similarly. It
is clear that AY

Vis(R){{u—1)} is the p-adic completion of the DP envelope of W(E*) [u] with
respect to the ideal (f U — 1). There is a map of W(E*) [u]-algebras

FrAL (R {(u—1)} — ATPY(R)

cris log

Acris,V

by universal property of divided power envelopes. By definition log (R) is the p-adic comple-

tion of W(E*)logDP and the latter is the DP envelope of W(fﬁ) Qw(k) O[u, uil} with respect

to the kernel of the map to ©j,,. Such kernel is (§,u—1) by 3.14. Note that u =1+ (u — 1)

has >0 (=1)%il(u — 1)l as multiplicative inverse in A (R){(u — 1)}. Furthermore, Z =

(7] (u='—1)+[7]. If e is the degree of Pr(Z) then [7]° = v[p] with v a unit ofW(E*). This im-
plies that Z¢—vp admits divided powers in AY. (R) { (u— 1)} so that, since the latter is p-adically

(R {{u—1))

complete, power series in Z converge in it. We thus get amap g: Alc;;s’v(R) —s AY

which is the inverse of f. O
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Corollary 3.24. For every n € N the morphisms
Wn (E+) {507 517 .- }/(p(SO - £p7p6m+1 - 57}3”)m€N - Ale(R)/pnAZﬂs(R)

and
AT (R) /P AT (R)[W){ po, 1, - -}/ (Ppo = (= 1), ppmst — PB,), ooy — Al (R) /0" Al (R),

sending 6, to " HE) and py, to Y (u — 1) with y(x) = (p — 1)1z, are isomorphisms. In

particular, AY; (R) and Afgigs’V(R) are p-torsion free. Also AY. (R) and A{Q;X*V(R) are p-torsion
free.

Proof. For the first claim one argues as for the proof of [Bri, Prop. 6.1.1 & Cor. 6.1.2]. If
AY. (R) is p-torsion free, then A™™V(R) is p-torsion free as well thanks to 3.23. One proves

cris log
that AY. (R) is p-torsion free as in [Bri, Prop. 6.1.3]. The fact that AY._ (R) and Aﬁ;gx’v(R) are

cris max

p-torsion free is clear. O

Lemma 3.25. The natural map

ATSVRY {(vg — 1,0 — Liwy — 1,...,wp — 1)} — ATS(R)

log log

s an isomorphism. The map

AE;X’V(R){UQ_l,...,U“_l,wl_1,...,wb_1} L AP(R)
p P p p

s an isomorphism.

Proof. We prove the claims for A, Those for A"®* follow similarly. We follow [Bri, Prop.

log * log
6.1.5]. Recall that Af2i( R) is the p-adic completion of (W(E+)®W(k)§> logDP. The latter is the
DP envelope of
~ ~ p| X [72} Xa Wa] Y [71} Yy Wb]
WE+® R i7£j|7 27 YY) o Y Y N~ Y AR Y
EVR G el % R S TR T

with respect to the ideal (§,u —1loo—1,...,0,—Liw —1,...,wp — 1) which is the kernel of

the map to R by 3.14. Note that Ag;s’v(R) is an O-algebra. Consider the structure of O[P']-

algebra on Acris’v(R) {{vg —1,...,v,— 1wy —1,...,wp, — 1)} given by sending X; to Wz] v; +

o log
[Xi] fori =2,...,a and Y} to Yj}wj + W]} for j = 1,...,b. Using that v; is invertible in

AIC;;S’V(R) {(va, ..., vq,w1,...,wp)} for i = 2,...,a, it sends X; to [X;]u*[]{_,v;". The ring

ATJ;S’V(R){<U2 - 17"'7va - ]-7w1 - 1,-'-7wb — 1>} 18

AcriS’V(R){'Ui, hi,Ou hi,h e 7wj’£j70,£j717 e }._

log

(phio — (vi = 1), phiyro — hE . plio — (wi — 1P, plyngao — )
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with A = 4™ (v;) and b = 7™ (w;) where y: 2+ £%. See [Bri, Prop. 6.1.2]. Put

ET/PE [u—1,0—1,...,0, — Lwy —1,... w, — 1]
((u_ 1)p7(v2 - 1)p7-"a(va - ]-)p?(wl - 1)p7'-'a(wb - ]_)p)
and Z := (p,u — Livg —1,..., v, — Liwy — 1,...,w, — 1). It follows from 3.24 that

A=

Acnsv(R){@Q—1,_._,%—1,w1—1,...,wb—1>}/(]?) =

log
NA[(S(),él,...,po,pl,...,...hio,hi’l,"' ’£j7o’£j71"“]i:2 ..... a,j=1,..., b
(55”7pm’€§m)z 2,..., Jj=1,...,b,meN
Then, Afg;SV(R) {(va — 1,. — 1wy —1,...,w, — 1)} modulo p is an A-algebra and A is

an O[P']-algebra. The 1deal of 7 is nllpotent Furthermore A/T = R/pR as O[P']-algebras.
Since R/pR is a successive extension of O[P']/pO[P]-algebras obtained taking localizations,
étale extensions and completions with respect to ideals, there exists a unique morphism of
O[P']-algebras R — A inducing on R/pR its natural structure of R-algebra. This also provides

Afg;s V(R {(vs—1,...,0a—1,wy —1,...,wp — 1)} modulo p with a structure of R-algebra. By
induction on n we get unique maps R — Aif;sv(R) {{vo—=1,...,0,— Liwy —1,...,w, — 1)} /(p™)

of O[P']-algebras, compatible for varying n, inducing via the natural map

AT (R) {2 = 1w = Loy = 1wy = D} /(") — R/p"R

log
the natural structure of Efalgebra on R/p"R. Hence,

Acrlbv(R){<U2_17"'7Ua_17w1_17""wb_1>}

log

cris

g (R) such morphism extends

is a W(Eﬂ@w(k)éfalgebra. By the universal property of A
uniquely to a morphism

f Acrls(R) Acrlbv(R){<U2 — 1,,..,2}@ — 1,w1 - 17-~-awb_ 1>}

log log
Consider the natural map g: Alcégv(R) {{va—1,...,0, — Lbwy —1,...;wp, — 1)} — Afgigs(é) of

ATV (R)-algebras. By construction it is a morphism of W(E+)®W(k)(’)[P’ |-algebras. Arguing

log ~ »
as before, one concludes that it is a morphism of W(E*) ®@wy(r) [Z-algebras since this holds modulo
p" by induction on n. One verifies that since the composites g o f and f o g are morphisms of
W(E*)@W(k) R—algebras, they are the identities on
Aféf;(R) and on Afcf;sv(R) {{va—1,...,0, — Lbwy —1,...,w, — 1)}

respectively, by the universal properties of divided power envelopes. This concludes the proof.

[]

Remark 3.26. We have morphisms

AV (R){<U1—1,...,Ua—17w1—]_,...,wb—:[)} _)ACI'IS(R)

cris log
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and

—1 Vg—1 wy —1 w, — 1 ~
AXaXR{Ul U S }—>A“§a"R.
(F) (= P ; ) log (1?)
Using the isomorphism Afg;s’v(R) =~ AYi(R){(u—1)} of 3.23, the first map is a map of AY, (R)-

algebras sending v; to u®v, ! ---v; ! and being the identity on the v;’s for i > 2 and on the w;’s.

Hence, using 3.25 we conclude that the above morphisms are isomorphisms if o = 1.

Corollary 3.27. The rings A{’*(R) and Aj*(R) are p-torsion free.

Proof. This follows from 3.25 and 3.24.

3.4.2 Galois action, filtrations, Frobenii, connections

Wiite A = A, (1) or AT (1) (=], AT, = AZE () or AT (7)) anc Av = A2 ()
or A{ggx(ﬁ) [p_l}. Put B = A[t‘l], Blvog = Alzg [t‘l] and Biog = Ajgg [t_l},

Galois action: The Galois action of G on W(E*) extends to an action on the rings A, Agg

and Aj,, which are continuous for the p-adic topology. For every o € Gr we have o(t) = x(o)t

with x: Gr — Z, the cyclotomic character. Thus the action of Gr extends to an action on B,
BY  and Biog-

log

Filtrations: Note that the rings AY; (R) and A{?¥(R), with and without V, are endowed
with the divided power filtrations which are decreasing and exhaustive. Similarly, A..(R)
and A{(n)gx(ﬁ), with and without V, are endowed with the p~'Ker(©],,)-adic filtrations which
are compatible with those on AY, (R) and Afgi;(é). Set Fil'B := ), t"Fil" "A, Fil'By, =
> nez U'FII"AY and Fil'Biog := Y, o, t"Fil" " Ay, for every r € Z.

Frobenii: Let oo: O — O be the Frobenius morphism inducing the usual Frobenius on W (k)
and Z +— ZP. Let pg: R — R be the unique morphism which lifts Frobenius modulo p and is
compatible via the chart ¢5: O[P'] — R with the morphism O[P'] — O[P’] which is po on
O and gives multiplication by p on P’. Then, ¢ ® po on W(E*)@W(k)o extends to Frobenius
morphisms ¢ on A, Alvog and Aj,. They are compatible with respect to the natural morphisms
between these rings. Since p(t) = pt, the Frobenii extend to compatible morphisms on BY.

BY_ and Biog-

log
Connections: Using 3.25 define the A-linear connections
Vi Ao = Aoy OF By
characterized by the property that for every m € N we have
V(=) = =) (= 1)) = = 1)
for y = u, vy,..., 04, O Wy, ..., wy. One defines similarly
1

VE/O: Alog B Alog ®§ &J\E/O
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as the AY

Jog-linear connections characterized by the formula above for y = vy, ..., V4, Or wy, ..., Wy,

These connections are compatible for the natural morphisms Af*(R) — AP2*(R). They

extend to connections on Bj,s. We will also prove in 3.37 that Frobenius on By, is horizontal
with respect to the connections Vg (k) and Vg J0-

Corollary 3.28. The following hold:

e connections V z and V 5., are Gr-equivariant, they are integrable and they satisfy
1) th tions Vg iy ond Vg o g wariant, th ntegrable and th ti
Griffiths’ transversality with respect to the given filtrations;

(2) the connections Vﬁ/w(k) and vfé/o on Afgi;(R) are p-adically quasi-nilpotent;

() the connections Vg .y and Vg, are compatible with the derivation d: R— &L

_ R/W(k)
(resp. d: R — &3}%/0);
(4) we have AY. (R) = AFO‘SX(E)VE/W(M:O and Aﬁngv(R) - AgSX(E)Vﬁ/o:O‘

Proof. Claims (2) and (4) and the claims that the connections are integrable and that the
filtration satisfies Griffiths’ transversality follows from the construction and 3.25. The Gg-
equivariance is checked as in 3.16. Claim (3) is proven arguing as in the proof of 3.19. O]

3.4.3 Relation with Byr

Note that the ideal Ker(Oy,) admits divided powers in By’ (é) JFil"BY (fi) for every n € N
since p is invertible in the latter. Thus, the map W(E*)@W(k)(? — B(YI’;F (ﬁ) /Fil"BdVlgjr (E)
extends to a map

(W(E Ym0y 0) = — B (B)FBy ().

Acris,V

g (12) — By (é) Similarly we get natural morphisms

This provides with a morphism

Acris,V(R) N Amax,V(R) SN B(Yl’;_ (E)’ AcriS(R) — Amax(R) — Bji_R (E)

log log log log

Proposition 3.29. The given morphisms have the following properties:

(1) they are injective. In particular, A7 (R) and A{S*(R), with and without NV, are t-torsion
free.

(2) they are compatible with respect to the connections;

(3) they are strictly compatible with respect to the filtrations. In particular,

GI*AZS(R) 2 @, cppass RE™ (u — 1)) (0 — 1)) (0, — 1)) (g — 1)lnest] . (g, — 1))

log
e Amax/ D\ ~v 5 g " u—1 " U2_]- " U)b_]_ ftd
GrtAps (R) = Openan R (]—) 5 ; . . _

(4) the maps B>V (R) — BV(R) — BY(R) and BES(R) — Bl (R) — Bag (R)

log log log log
are injective, compatible with connections, strictly compatible with the filtrations and

and

GI‘.BcriS<R) ~ GroBmax(R) = Gr.BdR (R)

log log
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Proof. The compatibilities with the filtrations and connections are clear from the construction.

If the morphisms are injective, since B (R) is t-torsion free by 3.15, also Aféigs(ﬁ) and A{g;X(fi)
are t-torsion free. Then, also the morphisms in (4) are injective and compatible with the connec-
tions. They are also compatible with respect to the filtrations and if (3) holds, they are strictly
compatible with respect to the filtrations and induce isomorphisms on graded rings by 3.15.
We are left to prove that the given morphism are injective and that the filtration on B

induce the filtrations on Axg and Ay, using the conventions of §3.4.2. Due to 3.15, 3.23 and

3.25 it suffices to prove that the maps AY, (R) — AY, (R) — By (R) are injective and

that Fil"AY,(R) = AY,(R) N Fil'BY;" (R) (and similarly for AY, (R)). For this we refer to

max

the proof of [Bri, Prop. 6.2.1]. The last statement follows from the strict compatibility of the

filtrations, the explicit description of the filtrations in A{2®*(R) and Aj2*(R) in 3.23 and 3.25

and the description of Gr'BCYP’;“ (R) in 3.15. m

3.4.4 Descent from Bj7Z*

Let R be the (p, Z)-adic completion of R.

Definition 3.30. Define Ecris as the p-adic completion of the logarithmic divided power envelope
of R with respect to the kernel (PW(Z )) of the morphism from R to the p-adic completion of R,
compatible with the canonical divided power structure on pﬁ. Put

o= {22

p

to be the p-adic completion of the subring R [%} of }N%[p_l].

Consider the inclusion émax [p’l] C Biog™ (R) We have the following fundamental result:

Theorem 3.31. (1) If a sequence of Emax [p‘l} -modules is exact after base change to Bige™ (R),
then it is exact.

In particular, if an Rinax [p‘l} -module is finite and projective as Bji* (}N%) -module after base

change to Biog™ (}N%), then it is finite and projective as }szax [pil} -module.
(2) If « = 1 then Rinax [p‘l} C Blg (E) 15 a faithfully flat extension.

Write A%’L‘ﬁf (resp. A;%fffl;z, resp. W(EJ’)EZX) for the p-adic completion of the subring

AJTR [@] (resp. of A}%o {Pﬂ(pﬂ] , Tesp. ofW(f)ﬂ {Pﬂ(pﬂ}) of W(Eﬂ [p~']. Then, A}%ii{v
R).

Consider the morphism of rings with log structures 6: A}% Qw(k) R— ﬁ induced by © Rilog:
Let (AL @ R)™ = AL@zppZ[Q] and let 6o, be the extension of 0 to (AL @y ).
We write Agiix for the p-adic completion of (AE Qw (k) ﬁ) log [p—lKer(elog)} _ We define Agfrﬁa

similarly using AEO instead of A;iz. We start with the following:

max (

is isomorphic to ﬁmax by 3.12. It follows from 3.10 that W(E*)EZX’V ~ A

X
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Lemma 3.32. (1) The extension Ag;kfl’v — AY. (R) is T* -flat.

(2) We have an isomorphism

émax{u—l,w—l va—l’wl—ly.”’wb—l}gAtlog

! R,max

p p p p p

of émax—algebms. They are faithfully flat as Emax—algebms.
(3) A};’E’lix is a direct summand in A;%;lziax as Ag’zix—module and A};ﬁ?ﬁax is a Z%-flat A8 -

R,max
module.
(4) The extension Agfiiax — AP®(R) is I -flat. Thus the extension A;%;ljiax — Bigax (R)
is flat.
In particular the extension Ry |[(pZ)~'] C Biax (R)[Z7'] is flat.

p

Proof. (1) Since the extension A%n {M} — W(fﬁ) {Pﬂ(pﬂ} is obtained from A}% —

p

W(E*) by base change via the extension AEO — AEO [M}, it is Z°-flat due to 3.13. The
extension obtained taking p-adic completions is the extension A}%;l‘ﬁ;z — W(EJF)EZX. Since
A%O @ is noetherian and p-torsion free, the extension of the lemma is Z?"-flat by [Bri,
Thm 9.2.6].

(2)—(3) Recall that AE’}EX is the p-adic completion of (AE@W(;C)R) o8 [p~'Ker(6"°%)] (resp. A%;loliax
for AL instead of AZ). In both cases Ker(fog) = (Pr([T]) @ 1L, u — 1,02 = 1,..., 0, — 1wy —
1,... ,wb—l); this ideal coincides also with (1®PW(Z), u—1,v9—1,...,0,—1,w;—1,... ,wb—l).

It follows as in 3.25 that AE’EEX is isomorphic to

A~ B {u—l vy — 1 Vg —1 w; —1 wb—l}N

g ey , g e ey —

p D p p p
QA+,log7v{U—]. vg — 1 Vo—1 wy —1 wb—l}

R,max

— g ey 9 9o e ey

p P p p p
and, in particular, it is a faithfully flat Emax-algebra. This proves (2). Similarly, we have

A+,10g §A+,log,V{U—1 vy — 1 Vg—1 wy —1 wb—l}

R,max

RO max 9 ) 9 ) 9

p p p p p

Note that AT'®Y is a direct summand in AT'°®Y and the latter is a [7]*-flat AT'°*V thanks
_R,max R° max R,max

to 3.13. As [7] = Zu and u is invertible, Claim (3) follows.
(4) As in (1) we deduce that

R°,max

Atls W (EJr)

Re,max 9 ) ) ) ) )

log

p p p p p
is (127)3—ﬂat. The latter is isomorphic to Aﬁ;g"(é) due to 3.25. Since IB{ggx(ﬁ) = B{ggX(E)

cf. [Bri, Pf. Thm 6.3.8], the last claim follows.
[
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In order to prove Theorem 3.31 we show:
Lemma 3.33. The image of the map g: Spec <B{g§x (E)) — Spec (Emax [p_l]) contains all
maximal ideals not containing Z .

Proof. We first prove that the image of g contains all prime ideals containing P,(Z). Consider
the commutative diagram

Rmax [p—l} — ., PRBmax (é)

1 "
R[p7'] — Baw(R).

Recall that E[p*l} is the P,(Z)-adic completion of émax [p_l}. Since the latter is noetherian,

the set Spec (ﬁ [p—l]) is identified with the set of prime ideals of Ruax [p_l} containing P (7).
Due to 3.18 the last row is a faithfully flat extension and, in particular, the induced map on
spectra is surjective. We conclude that the image of g contains all prime ideals of R« [pfl]
containing P (7).

The maximal ideals of Emax [p’l] are defined by the L-valued points h: Emax [p’l] — Lfor L
varying among the finite extensions of K. Fix one and let us call it h. We characterize the images
under the Frobenius morphism ¢: Ryax [p_l] — Ropax [p‘l} of the maximal ideals containing

P.(Z). As ¢ is compatible with the Frobenius morphism ¢: Bjj3* (E) — Bg* (ﬁ), we conclude
from the argument above that they also lie in the image g. Assume that P,(Z) € Kerh. Then,
h(Z) = @ for some root 7 of Pr(Z). The Frobenius morphism ¢ on Riax [p~!] maps Pr(Z)
to PZ(ZP) where, if Pr(Z) = Z" + Y., a;Z2" € W(k)[Z], then P2(Z) = Z" + ., 0(a;)Z" is
the polynomial with coefficients twisted by Frobenius o on W(k). Thus h o ¢ sends P,(Z) to
Pe (W/p). More generally take a maximal ideal of Runax [p‘l] corresponding to a homomorphism

A~

f to K sending Pr(Z) to PZ"" (77") for some m and n € N and some root 7’ of Pr(Z). As
Frobenius R — R is finite and flat by construction, Frobenius induces a surjective morphism

Spec(R) — Spec(R). Thus f is obtained by pre-composing an homomorphism h: R [pfl} — K,
sending Z to 7’ and Pﬂ(g) to 0, with ¢ and the —m-th power of the automorphism o of W(k).
Note that f extends to Ryax [p_l]. Hence, the image of g contains every maximal ideal defined

by some h: Riax [p™] — L such that Pr(Z) maps to PZ"™" (W/pn) for some m and n € N and

some root 7" of Pr(Z). Notice that all these points are contained in Spec (Emax [(pZ )_1}) over
which g is flat and, hence, g is faithfully flat at those points.

We are left to consider homomorphisms h: Ripax [p‘l] — L which do not map P,(Z) to
p7" (77" for any m and n € N and any root ' of Pr(Z). Let o be h(P:(Z)/p). It is non-
zero and, since Ry.. is p-adically complete, h induces a map h: Ry.x — Op. Consider the
map

s: A(R) — Ay, (R)

log max

sending u — 1, vo —1,...,v9, — 1 and w; — 1,...,wy — 1 to 0; see 3.25 for the notation. Recall
from 3.12 that the (p, Pr(Z))-adic completion of R is identified with the subring A}% C AV (R).

In particular, b defines a morphism h: Aj[lz — Op and AY,_ (R) is endowed with the structure

max
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of ﬁ—algebra via these identifications, which is the same as the E—algebra structure induced by

s composed with the structural morphism of AjE* (E) as E—algebra. To prove that h is in the

image of Spec (B{ggx (R)> it suffices to prove that there exists a morphism

~

ri AY,(R) — Og

max

12

max(R)
W(ET) {Pgﬂ} It follows from [Fo, §5.2.4&§5.2.8(ii)] that ¢ = vy([e] — 1) with vy a unit

extending I and such that the image of ¢ is non-zero. Due to 3.23 we have AY

of Fontaine’s Agis so that r(¢) # 0 if and only if r([e] — 1) # 0. Note also that h( -([7@])/p) =
0 € Oy is already determined. It then suffices to prove that there exists a morphism

q: W(fﬁ) — @?

(I) extending % and such that (II) q([e] — 1) is non zero.

We start with (I). It follows from 3.11 that W(EEW) is the (p, Pﬂ([_])) adic completion of
the A;%—algebra obtained by adjoining all roots of [ﬁ], [71] fore=1,...,a and of [Y ] for j =
1,...,b. We deduce that, once chosen compatible roots ofﬁ( [_] ), 71( W D fori=1,...,a and of
ﬁ( [?j]) for j =1,...,b, the morphism I can be extended to a morphlsm hoo Y\/V(EJr ) — (5?.
By assumption h(Z ) 7£ 0 so that h([ ]) # 0. Since the image of hse contains all p-th power roots
of %([ﬁ]), it contains elements of (’)? of arbitrarily small valuation. Note that W(E*) is the
(p, Pr(Z))-completion of the union of all extensions W(E;w) - W(E;oo) for R C Sx(C Q)
normal and finite and étale after inverting p. Since @g is p-adically complete and separated,
to achieve (I) it suffices to prove that oo extends to compatible morphisms TLSM on W(Egm)
Using Zorn’s lemma we are left to show that, given extensions So, — 7., as above and a map

hs., extending h.,, the morphism hg _ can be extended to a morphism hr_. Write A for the
base change

. ~ s Y
v: O — A:=W(E} ) ®W(E§w) Ox.

The existence of the ring homomorphism ﬁTm: W(Ei@) — (/Q\f extending hg_ is implied
by the existence of a ring homomorphism s: A — (/I)\? which is a section to ¢. Indeed if s exists,
we define hy_ as the composition W(E; ) — A @f, where a is defined by a(x) =z ® 1.

We have the following properties of the (7)\* algebra A. Let us denote by Ay the ideal of
A of torsion elements and by Ay := A/ Aiors. The O~ o algebra Ao defined above is flat since it
is torsion free. Let A := lim A/p" A and similarly for Ay.

1) m?Ators =0.
Due to 3.3 the extension W(EEW) C W(f}gm) is almost étale so that ¢ is almost étale and,

in particular, my-flat. Here my is the maximal ideal of O. In particular, base changing to A
the exact sequence
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we get that the kernel A[p"] of multiplication by p™ on A is annihilated by my for every n i.e.,
Aiors = UA[p"| is annihilated by my.

2) The @F—algebra Ay is torsion free.

For every n € N the kernel of multiplication by p on Ay/p"Ag is p" 1 Ag/p"Ap so that the
kernel of multiplication by p on Ag is lim p" 'Ay/p" Ay which is 0.

3) Ay is non-zero. In particular, Ay[1/p] # 0 by (2).

To prove this we describe the map induced by ¢ by taking quotients Ox/poOx — A/poA
as follows. The quotient W( ) ®w(k) O modulo (Pﬂ([_]) ®1,1® pg) coincides by 3.10 with
Soo @w(k) Or/poOr, and similarly for W( ) ®w(k) Or. Then, the map hs.. = hs modulo po
factors via S @wry Or/poOr and ¢ modulo po is the base change via hg_ of the extension

71 Seo Aw(r) OL/poO1 — Too @w(ry OL/poOr.

Since T, is the normalization of S, in a finite and étale extension of S, [p~!], we conclude
that the map induced by 7 on spectra is surjective on generic points and, being an inductive
limit of finite and finitely presented S..-algebras, it has closed image. Hence, it is surjective.
In particular, there exist prime ideals of T, ®wr) Or/peOr, over the prime ideal of Sy Q)
O1/poO;, defined by the kernel of S @wr) Or/poOr, — Ox/mzO% induced by hs_. The set of
such ideals is Spec(A/mzA). We conclude that A/mz.A is non trivial. Due to Faltings’ almost
purity theorem, see 3.3, the extension S, C T is almost étale so that the trace map Tr: T, —
S.. has mzS,, in its image. Its base change via hg,_ provides a map v: A/poA — Ox/poO%
of Oz-modules having m in its image. Since any element of Ay, has image via ¢ annihilated
by my by 1) and since the only such element in O /poO% is 0, we conclude that ¥(Aios) = 0.
We conclude that Ao C A/poA is not surjective, i.e., the quotient which is Ag/po.Ag is non
trivial. In particular p is not a unit in Ag. Therefore for all n > 0 the ring Aq/p™Ap is non-zero
which implies that /TO is non-zero.

4) Ao[1/p] is a finite dimensional K-vector space and coincides with A[1/p).
Since S, C T, is almost étale, W%TOO is finitely generated as Se-module by 3.6. Hence,
there exist eq,...,e, in A such that if B is the Oz-submodule of A generated by eq,..., e, we

have 774 C B + p.,zl\. As B is a finitely generated (/’)\?—module, it is p-adically complete. We
claim this implies that we have:

mrAcBc A
Indeed, let us denote by p” := 7% with 0 < v < 1 and let z € A. Then p“z = by + pz1, with

bo € B and x; € A. Then p'z = by + p* V(b1 + pxs), with by € B, x5 € A. Tterating this process
and using the completeness of B we obtain that

P’z =bo + p Vb + pP by + ... € B.

Since multiplication by p" annihilates A;..s and has trivial kernel on Ay, we have for every

n that the map Ayos — A/p"A is 1nJectlve with quotient A,/ p”.AO Takmg projective limits we

get the exact sequence 0 — Agors — A — Ay — 0. Therefore A[1/p] = Ao[1/p] = B[1/p], which
proves the claim.
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5) There is a section s: A — O of .
We have that A[1/p] is a finite étale K-algebra by (4). Therefore A[1/p] is a finite product of
copies of K as K is an algebraically closed field. Therefore there exists a section sy : .Z[l /p] —

K to the structure morphism tx: K — A[1/p].
As Ay C A[l/p] is p-adically complete and separated, we have sk (Ag) C Og. Denote by s
the following composition

A— Ay — Ay — Ag[1/p] 25 K.

It is clearly a section of ¢ as required.

We now prove (II). Take any ¢ as in (I). Recall that ﬁ(Pﬂ([ﬁ])) = h(P:(Z)) = po is non zero
in L by hypothesis.

a) There exists n such that E( [51%”)) # 1.

Recall from 3.10 that 1 + [8]% + - 4+ [6]%1 is Pr([7]) up to unit since they both gen-
erate the kernel of ©. In particular, applying ¢ ' o 0=V we get that 1 + [51%”} + - 4+
[5%"1} is Pﬂ([ﬁp"%l]) up to a unit for every n € N. Thus, if %([51%”]) = 1 for every n then
h (Pﬂ([ﬁp"%l})) = p times a unit of O for every n. As h([7]) = v € Oy, is not a unit and it is
not zero and Pr(Z) is an Eisenstein polynomial of the form Z™ + pg(Z), we deduce that for n
large enough h (P,T( [ﬁz%"})) = fyz% + pg ('yz%") has valuation strictly smaller than the one of p,
leading to a contradiction.

b) We have E([e]) # 1 which proves (II).

Assume on the contrary that ﬁ([e]) = 1. By a) there exists n such that %([EPL”D # 1.
Take the smallest such n. Then, ﬁ([gr%"}) is a primitive p-th root of unity. Thus h maps
1+ [61%”] + -+ [51;;"1] to 0 and, arguing as in (a), we conclude that h (PW([ﬁP”%ID) = 0.

Thus, 7" = %([ﬁp"%l}) is a root of P.(Z). We conclude that h sends PW([%]) to P, (’/T/pn_l).
Thus h sends P.(Z) to Py (ﬁ’pnfl). This contradicts our assumptions on h. O

Proof. (of Theorem 3.31) Thanks to 3.32 and 3.33 the inclusion R [(pZ)’l} C Bpax (R) [Zfl]

- o /. log N
is faithfully flat. If & = 1, as R = R° in this case (see 3.9), the inclusion Ryax [p_l] C Blg™ (R)
is flat.

Due to 3.32 to conclude the proof of the theorem we are left to show that AE;I‘E&X '] —

Ble (ﬁ) is faithfully flat if we localize at maximal ideals of A;%f(flax [pfl] containing Z. Equiva-

lently we need to show that the map on spectra contains all closed points associated to L-valued
points h: AT"8 [p~'] — L, for some extension K C L, such that h(Z) = 0.

R° max

First of all the map h defines the map hg: Opax — W(k) sending Z to 0. We claim that one
can extend hg to a K-point hg of Bl2#*(0). For this it suffices to show that Z is not invertible

log
in Byog* ((’)) As p(Z) = ZP and @(Bﬁ;‘gx ((’))) is a subring of Kato’s period ring B, introduced

in §2.1.1 by 3.58, it suffices to show that Z is not invertible in By,,. It follows from [Bre, Cor.
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4.1.3 & Prop. 5.1.1(ii)] that ¢ (BGK) C Ouis[p™!] which is contained in Opay[p~']. Thus, if Z

log
were invertible in Bjog, then 77" and thus Z itself would be invertible in Oy [p~1] which is not
the case.
Since AT kflaz is p- adlcally complete, h defines a morphism h A+ eV Op. As the

max

images of u — 1, vy — 1,. —land wy —1,...,w, — 1 are determmed thanks to 3.23 and
3.25, it suffices to show that there exists a IIlOI‘phlSIIl r: AV, (R) — OK, extending h and such
that the image of ¢ is non zero. As in the proof of 3.33 we are left to construct a morphism
q: W(E*) — (9? extending h and such that q([e]) # 1. First of all we extend h using the map

hi: W(Ezg?) — O defined above. Note that the image of [¢] — 1 is non zero as hx(t) is non

zero. The map ¢, extending h and hz, is then constructed as in the proof of 3.33. We leave the
details to the reader. O

3.4.5 Localizations

Assume first that R is p-adically complete and separated and that the log structure coincides with
the log structure defined by the ideal 7. This amounts to require that Yi,... Y, are invertible
in R and that there exists 1 < ¢ < a such that Xi,..., X; 1, X;11,..., X, are invertible in
R. Up to renumbering the variables we assume that X; = X,. In particular, R is obtained
from Ok [Xlﬂ, L XELYVE L ,Y;fl} by iterating the following operations: taking the p-adic
completion of an etale extension, taking the p-adic completion of a localization and taking the
completion with respect to an ideal containing p. Put Ry := R/ZR. Tt is p-adically complete

and separated and Ry/pRy = R/7R.

Lemma 3.34. There exists a unique isomorphism R =~ Ry[Z] of O (XF XL YL LY
algebras lifting Ry/pRo = R/mR. In particular,

B ® RolZ1 {(Po(2))} . e = Ro[Z] {PM } |

p

Proof. Both R and Ry[Z] are (p, Z)-adically complete and separated. By definition of Rin 3. 7,
they are both obtained from O[Xlﬂ, XL YVE L ,Yil} by iterating finitely many times
the following operations: taking the (p, Z )-adic completion of étale extensions, the (p, Z)-adic
completion of localizations and completion with respect to some ideal containing (p, Z). One
proceeds by induction on the number of iterations to show that the algebras we obtain are

isomorphic modulo (p, Z) and, hence, they are isomorphic, cf. 3.7. O]

Following [Bri, Def. 6.1.3] we let Beis(Ro) := Acris(Rg)[t_l} where Ags(Ryp) is the p-adic
completion of the DP envelope of W(Eﬂ ®w (k) Fo with respect to the kernel of the morphism
O: W(EY) @y Ry — B. Similarly one defines A (Ro) and Buu(Ro) = Aumax(Ro) [t7]
where Ap.x(Rp) is the p-adic completion of the subalgebra of W(E*) Qwr) o [pil} generated
by p~'Ker(0).

Corollary 3.35. We have AV (R) = AY. (Ro)[Z] {(Pr(2))} and AZS(R) =2 A is(Ro)® gy Reris-

log cris log

Similarly, A"V (R) = AY, (Ro)[Z] {%} and AP (R) 22 Ao (Ro) & o R

max log
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Proof. This follows since R 2 Ry[Z] by 3.34. O

We now return to a general R, i.e. assume that R satisfies the assumptions in §3.1. Let T be
the set of minimal prime ideals of R over the ideal (7) of R. For any such P let T'» be the set of
minimal prime ideals of R over the ideal P. For any P €T denote by ﬁp the p-adic completion
of the localization of R at P N R. It is a dvr. Let R(P) be the (p, Z)-adic completion of the
localization of R at the inverse image of P and let Rp o := R(P)/ZR(P). Then, R(P) = Rp[Z]
by 3.34. For Q € Tp let R(Q) be the normalization of Rp ¢ in an algebraic closure of Frac(Rqg).

Lemma 3.36. The maps
AR @) — I AR@EE) = ][] AwBro)lZ]{(P(2))}
PeT,QeTp PeT,QeTp
obtained from the functoriality of the construction of Afcfigs
compatible with filtrations and Frobenii. Similarly, the maps

are injective, Gr-equivariant and

appd)— [1 am@Eey= I Awdiealz{ =2}

— — p
PeT, QeTp PeT, QeTp

are injective, Gr-invariant and compatible with filtrations and Frobenii. In particular, the same

holds if we take Bf3® instead of A(® and if we take B2 instead of Ap2™.

cris

Proof. The compatibilities with filtrations and Frobenii follow from the construction of A{7s and
Ape” and their functoriality. As remarked in the proof of 3.22 the group Gr acts transitively on
Tp for every P € T and, by the normality of R, we have an injective Gg-equivariant homomor-
phism R/pR C [lper.ocr, R(Q)/pR(Q). This implies the claimed Gr-equivariance. It follows
from 3.24 that the displayed map of the Lemma is injective modulo p and, hence, it is injective.

One argues similarly in the case of AjS™. O]

Corollary 3.37. Frobenius on Bfgi;(]é) and on Bigi*(R) is horizontal with respect to the con-
nections Vg sy and Vg o

Proof. We need to prove that ¢ o V = V o ¢ where Frobenius on the differentials is defined by
sending dz — dp(x). Due to 3.36 it suffices to prove it in the case that R is a complete dvr.
Thanks to 3.35 one is reduced to prove the horizontality for Be.s(Ro) and Byax(Ro). This is the
content of [Bri, Prop. 6.2.5]. O

cris

3.5 The geometric cohomology of Blog

Fix an embedding K C  with © an algebraically closed field containing R. We call
Gr:= Gal (R[p”']/RK), Gr = Gal (R[p'|/R[p7"])

the geometric (resp. the arithmetic) Galois group of R[p_l}.
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In 3.30 we defined écris (resp. émax) as the p-adic completions of the logarithmic DP envelope
of R with respect to the kernel Ker of the morphism R—R (resp. of the subring R [Ker} of

p

R[p™']). Similarly, one defines the geometric counterparts Elgfg IS and élgfg % using the subring

RE®° .= W(Egﬁ) Qw(k) R C W(E%) Qw(k) R

instead of R and the kernel of the natural morphism Re° — R induced by © Rlog " W(E%) Qw(k)

R — R. As in §3.4.2 one endows filg:g IS and ]ngfg % with filtrations. There are morphisms

REcoTs AfPS(R) and RECoOmax _, Amax( Ry preserving the filtrations. For m € Z we set

log log log
~ i 1 ~ is ~ 1 ~
Fil™ (ng()eg(?,crls [t_1]> _ Z If_SFils+leg§g(?,crls’ Fil™ (Rigoego,max [t—1]> _ Z t_SFﬂs—i-leg(?g,max
in ﬁig;;’cris[tfl] (resp; ﬁffg’max[tfl]). For m = —oo we put Filmﬁfg’cris[fl] = ﬁ%fg’cris[tfl] and
Fil™ RED™ [t~ = Ry, ™ [t']. The main result of this section is the following

Theorem 3.38. (i) Fori > 1 the cohomology groups

' (Gr, A (R))

log

are annihilated by ([e] — 1)2d([e€]% - 1)812 fori > 1 and they are zero if we invert t. For i =0
we have injective morphisms

Reeocris [0 (G& Actis( R)) 7 fecomax 10 (GR; Amax( R))

log log log log

with cokernel annihilated by a power of t and which are strict with respect to the filtrations.

(ii) We have an injective morphism

R0, G1* Auis — H° (G, Gr"ARE(R))

log

with cokernel annihilated by a power of p.

(111) For every m € Z U {—o0} and every i > 1 we have

I <GR, FilmBCfiS(§)> ~0.

log

For i =0 we have isomorphisms

Fil™ REeocris—1] _, g (GR, FﬂmBCfiS(E)) . FilmREO™ ] s 1O <GR, FilmBmaX(}N%)> .

log log log log

(iii’) Statement (i) holds replacing Bf3S(R) with Bfglgs(ﬁ) ® By, Blog and replacing ﬁ%ﬁ;’cris

with ﬁlg(fg’cris ® B, Blog. See §2.1 for the notation.

Using 3.38, we also prove the following analogue of [Bre, Prop. 5.1.1(ii)]:
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Proposition 3.39. There exists s € N, equal to 2 if p > 3 and equal to 3 if p = 2, such that
o (BER(R)) € Rusa[p'] and ¢* (BES(R)9%) C R [p']-

Let Hr C G be the Galois group of E[p‘l] over Ro oK. Then, fR := Gr/Hpg is the Galois
group of R, K over RK. It is a finite index subgroup of the Galois group iy Liyyi @ @?ZIZpéj
of the extension

1 1
n! n!

K[X1,..., X, Y1,.... Y] LJ??LX{ wa§QM,“.,Yy}
— Un 1 1
(Xl...Xa—T(') (XF"'X[{T!—W%)

)

where for every ¢ = 1,...,a we let 7; be the unique element of r r characterized by the property
that for every n € N we have

1
7(X0) =9 1 |
X Vi<h<a,h#i
1
and ; (Y ) Y" for every j =1,...,b. Here, ¢, is the primitive n!-root of unity chosen in
2.1. Similarly, for every 1= b we let d; be defined by the property that for every n € N

1
we have 6;(X;") = Xi”! for every i =1,...,a and

1
5(Y%) - Cngifjm if h :j
T Y Vh=1,....b h#].

The proof of 3.38 is in three steps:

1) First of all, using Faltings’ theory of almost étale extensions, we prove that
HY (i, A (R) /7 AT (R) )

and
H' (Hn, Al () /p" A(R))

log log

are annihilated by the ideal Z for i > 1. We also construct rings A __ and A™* _ with maps to

log,00 log,00

Afgg(R)HR and A{ggx(ﬁ)HR respectively, such that modulo p™ kernel and cokernel are annihilated

by Z for every m € N; see 3.47.
2) We define subrings Ageo’max(ﬁ) and ALY S (R) of A2 and AT respectively such that

log,00 log,00

ipm 1\ .
these inclusions modulo ( Y [ } > induce a morphism between the cohomology groups

with respect to the group 'z with kernel and cokernel annihilated by ([5]% —1)%. See 3.52 and
3.53.

3) We prove that the cohomology groups
H' (T, Al ™ (B)/ (7))
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vanish for i > d + 1, are annihilated by the ideal ([e] — 1)¢ for i > 1 and coincide with

Eﬁfg woris / pmﬁﬁfg “ up to ([e] = 1)d—torsion for i = 0. We also prove that

HO (T, Afsy ™ (R)/(0"))

coincides with ﬁﬁfg — pmﬁlgfg " up to multiplication by ([e] — 1)d. See 3.55.

Proof of 3.38 We start by showing how Claim (i) follows from (1)—(3). First of all using
the limit argument of [AB, lemma 23 & Cor. 24] one proves that (2) holds modulo p™ up to

([5]% — 1)%-torsion for every m € N. Using the Hochschild-Serre spectral sequence applied to
Hr C Gg glvmg _
H" (FPm H* (HR7 *)) — H' (GRJ *)7

the first claim in 3.38(i) follows, considering the rings modulo p™, up to ([e] — 1)d([5]% —1)*Z-
torsion. Using once more using the limit argument of [AB, lemma 23 & Cor. 24| the first claim
follows. As [e]p2 — 1 belongs to Z and it is invertible in B by [Bri, Pf. Thm 6.3.8], the ideal
([e] - 1)d([5]% — 1)*Z becomes a unit if we invert ¢ proving the vanishing in Claim (i).

The injectivity for ¢ = 0 in 3.38(i) and the fact that the maps are strict with respect to the
filtrations is proven in 3.41.

Claim 3.38(ii) concerning the graded rings are proven according to similar lines. The analogue
of (1) is contained in 3.42. The analogue of (2) is the content of 3.54. The analogue of (3) is
also proven in 3.55.

Claim 3.38(iii) is discussed in §3.5.4.

Claim 3.38(iii’), concerning the vanishing of the cohomology groups, is a variant of the
strategy described above and is discussed in §3.5.5. For the computations of the invariants, see
3.41.

For the reader’s convenience we summarize in the following diagram the various rings ap-
pearing in this section in the crystalline setting. The horizontal rows should be thought of as
analogues of the inclusions RO% C RoOx% C R. The top row is the V = 0 analogue of the
lower row:

At,geo C AcriS,V C Acris.V (R)

R,cris log,00 log
o Lo l b
RES™™ C ARDT(R) © AR C ARS(R),
where:
i) Af(figs;oo (resp. Afg;;SOZ) is the p—adic completion of the log DP envelope of W(EEOO o )®W(k)§

K

(resp. W(EEM of)®W(k)O) with respect to the natural morphism to R. It is the analogue of
UK

the inclusion Ro,Ox C R and by almost étale descent it reduces the computation of the G'g-
cohomology of Af(R) to the computation of the I'z-cohomology of AfS_ - see 3.47;

lOg log’ocﬂ
ii) Ag’ff; is the p-adic completion of the log divided power envelope of the image Ag’geo

of A%@W(k)W(E;g?) — W(f}) with respect to the morphism to R; see §3.5.2. It is the de-
Acris,V

perfectization of Ay~ .
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iii) AJY “IS(R) is the p-adic completion of the log DP envelope of A%’gm@W(;ﬁ)ﬁ with respect

to the morphism to R. See §3.5.2. It is the de-perfectization of A

log,00*

3.5.1 Almost étale descent
Denote by Ryo. the composite ROz C R.

Lemma 3.40. (1) For every n € N the subring R,Ox C R is a direct factor of R, R0 Ox
and 1s a normal ring.

(2) Let S C Q be a normal Ry o -algebra, finite étale and Galois with group Hs after
inverting p. Then, for every i > 1 the group H° (HS,S) 15 annihilated by the maximal ideal
of Og. Fori=0 it coincides with R 0.

In particular, H (HR,E) 15 annihilated by the maximal ideal of O foriv > 1. Fori1 =10 it
coincides with Roo@? and the latter is a normal ring.

Proof. (1) It follows as in §3.1.1 that R,®0, Oy is a normal ring for every n € N and every finite
extension K C L C K. As it is noetherian, it is the product of normal domains one of which is
its image R,,Or C R. Thus, R, O is a direct factor in R,,®0, O and it is a normal domain.
Statement (2) follows from 3.3; cf. [F3, §2c|. The claim concerning the invariants is clear if
we invert p. Since Ru o is normal by (1), it follows that R = Roo.0
The last statement follows from (2). O

Corollary 3.41. (1) The image of RE° pig OF 10g 15 7‘25*.

(2) The map Rgeo ors — APP(R R) (resp. Rgeo T ARS(R R)) is injective and strict with
respect to the ﬁltmtzons

(3) We have a surjective, Gk -equivariant map R®oAlog — Rgeo S where ® stands for the
p-adically completed tensor product, which is compatible with the ﬁltmtions and admits a splitting
compatible with the filtrations. It is an isomorphism if the map R ®o, Ox — RO#(C R) is an
1somorphism.

(4) Statements (2) and (3) hold after taking the p-adically completed tensor product @Alogzlog

and E@Ozlog = R(/g\)OKZlOg'

Proof. 1t follows as in 3.14(1) that the kernel of the extension of OR 1og: }A%W(Eg?) — ﬁ to

~ ~ log
(RnW (Ezg?)) is generated by a regular sequence consisting of 2 elements, given by (£, u —1)

(or (Px([7]),u —1)). The graded pieces are isomorphic to the image of Ojog. By 3.40 the ring
RO is normal so that the map RO%/p"RO% — R/p™R is injective for every m € N. We

conclude that RO* — R is injective. Thus, the image of RV\V(EJr ) via © Rlog 18 ROK proving
(1). Due to 3.14(2) we conclude that the maps in the statement ( ) induce injective maps on

the associated graded rings. It follows by induction on m € N that they are injective modulo

the m-th step of the filtrations on the two sides of the given maps. As the filtration on Af(flgs(R)

and on A{ggX(R) is exhaustive, claim (2) follows.
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Recall from 3.40 that R®o, O is the product of integral normal domains one of which is
B := RO%. As the latter is normal, the map B/pB — R/pR is injective so that, since p is

not a zero divisor in B, we deduce that the map on p-adic completions B —Ris injective. As
R/(P:(Z)) = R, the reduction of the V\V(EJr )@wy R modulo (p, &, Z) is Og®o, (R/TR). B

Hensel’s lemma the direct factor B/mB of OK®@K(R/WR) lifts uniquely to a direct factor B
of the (p,£ Z ) adically completed tensor product R®W W(E;g?) By construction the map
B — W(E )®W(k R modulo (&, Px(Z)) coincides with the inclusion B C R®p, O%. This

implies that the p—adlc completion B

cris
log

Op: B — B has B as graded piece for the DP filtration. As ©p is compatible with O,

we get a natural map Bforés — Rﬁfg S which is an isomorphism on graded pieces. The DP

of the logarithmic divided power envelope of the map

filtration being exhaustive, it is an isomorphism. As E@W(k)W(EE?) maps to E@OAlogy which

is (p, & P.(Z ))—adically complete, we get a map B — ﬁ@oAlog Arguing that the kernel of ©p
is generated by the regular sequence (5 u — 1), see 3.14, and using that (f u— 1) admits DP

powers in Aj.,, we obtain a natural map Bﬁfés — R®@A10g inducing the inclusion B — R®o, (9*

on the graded pieces for the DP filtration. It provides a splitting of the map R®oAlog — ngfg scris
as required in Claim (3).

We prove (4). As Z = 7 in zlog, see §2.1, we have P.(Z) = 0 and ﬁ@ozlog o R@oKzlog.
The analogue of (3) is then clear. The filtration on Ay,[p~!] is the one induced from Bj; and

the two rings have the same graded pieces, each isomorphic to . Consider the composite map

Rgeo crls(X)A1 ;Zlog _ Acris(ﬁ)&’zAlo Zlog — BIR(R)a

log

where the second map is provided by 3.29. The morphism 7 is compatible with filtrations as

both maps are. The ring Rﬁfg = Aoy Alog has B as graded pieces, using the analogue of (3). As

B injects in R, the map 7 is injective on graded pieces by 3.15(6). Thus, it is injective and strict
on filtrations. Therefore also Ry “*® 4., Alog — AZS(R)® a,,, Alog must be injective and strict
on filtrations. The claim follows.

O

Corollary 3.42. Consider the following situations:

(i) A= RA/pR and A equal to the image of Roo o /PRoc.0;

(ii)) A= R and Ay the p-adic completion ﬁoqof of Reo,0;

(i1i) A = Gr'Aféés and A, = @geNdHéoo,Off[m](u — 1)[”1](112 — 1)[n2] R 1)[%] (wy —
1>[na+1] o (wy — 1)["11}'

The groups Hi(HR, A) are annthilated by the mazimal ideal of O for everyi > 1. Fori =0
the natural map

Ao — Hi(HR, A)

has kernel and cokernel annihilated by the maximal ideal of O.

Proof. The first two statements are clear. For (iii) we use that Gr®AfT®( R) = Dpenetr REM (u —
D)ml(py — D)2l (v, — 1)Pal(wy — 1)re+1] ... (4, — 1) proven in 3.29. The claim follows then

from (ii) noting that Hg acts trivially on &, u,vs, ..., vg, w1, ..., wy.
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]

Define A™™Y and A™Y to be the p-adic completion of the log DP envelopes of W(EEOO ) Qi O

log,00 log,00

%
with respect to the natural morphism to R induced by © and, respectively, the p-adic com-

pletion of the (W’(E+ )®W(k)(9)log—subalgebra of (VV(EJr )®W(k)(9)log [p~!] generated by

R —_ R __
oo,OK oo,OK

p‘lKer(@{og). As in 3.23 and in 3.24 one proves the following results:

Lemma 3.43. The ring Afgi;gj is the p-adic completion of the DP envelope of W(EE o) ]
) 0, K
with respect to the ideal (f, u— 1).
Similarly, ARV o W(EE o ) {§ %}, the p-adic completion of the ring in the variables
e

log, 00 p’

Vand W = “le modulo the relation pV = €.

Corollary 3.44. We have
Ai:é&v(R)/pAlccf;’V(R) = E+[u]{507 517 -5 P05 P15 - - }/(5137 5517 u? — 17 pfn)mEN

and similarly for Af:gsoz instead of Afg;S’V(R) and EEO@,@? instead of E*. On the other hand,

e (R) [pAie Y (R) = E*/(€)[6, ]

log log

the polynomial ring in the variables 6 and p where § corresponds to the class ofg and p corre-
sponds to the class of “le. One has the same description for A"V instead of A™V(R) and

log,00 log
Ej; . instead of E.
K

Define A% __ as the p-adic completion of the logarithmic DP envelope of W(E;w o )®W(k)R

1 _
0g,00 O

with respect to the natural morphism to R induced by ©. Let A™* be the p-adic com-

log,00

pletion of the (W’(iﬁv)+ )®W(k)§) 2_subalgebra of (W’(iﬁv)+ )®W(k)§) o8 [p~!] generated by

R —_ R __
oo,OK oo,OK

p‘lKer(@% 1Og). As in 3.25 one proves:
Lemma 3.45. The natural maps
ATV Ly — 1, g — 1wy — 1, wy — 1)) — ASS

log,00 log,00

and

log,0c0 © ) ot

AmaX’V{W_l,,, ’Ua—l w1—1 wb—l}_>AmaX
p p p p

are isomorphisms.

Corollary 3.46. We have

o o Acris,V R Uz‘7w'7hi, 7]%.’ R 76.’ 76., -
A (7 pace (9 ar Pog (B) oo 5 iy Biy -+ 1 b0 ooy

it 1 = ri
o8 o pAfogS’v(R) ((Ul - 1)p7 hf,m’ (wj - 1)p’ gim

..... a,j=1,...,b

)i:Q ..... a,j=1,...,b,meN
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and similarly for A instead of Afgi;(ﬁ). We also have

ARS(R) /pAR2(R) = APV (R) [pAY (R) [hi, 0],

log log log log  \"Y/ " "0 ]i=2,..., ,j=1,...,b

and similarly for AR _ instead of Aﬁjg"(ﬁ).

log,00

Write A for A{S(R) or A®(R). Write A, for AZ®_or A®™  We deduce from 3.46, the

log log log,00 log,00*
following:

Proposition 3.47. For every i > 1 and every n € N the group H' (Hg, A/p"A) is annihilated

by the ideal . The morphism A /p"As — (A/]D"A)HR has kernel and cokernel annihilated by
T.

Proof. Since A is p-torsion free, proceeding by induction on n it suffices to show the claim for
n = 1. Tt follows from 3.44 and 3.46 that A{S/pAfs (resp. A" /pAnax) is a free ET/(£P)-

log log log log

module (resp. E*/(¢)-module) with a basis fixed by the action of Hg. Since E*/(¢?) = R/pR
and E*/(¢) = R/pR, the statement follows from 3.42. O

3.5.2 De-perfectization
Recall that we have introduced in 3.12 subrings A;{E of W(E*) isomorphic to the (p, Z)-adic

n

completion of R. For R = R© we have

Aty =07 RS )7 ) ()[R - 7).

For n € N write O, := W[Zu]. Since W(ng) is a W(k)-algebra, we can make it into an
K

1

O,-algebra by sending Z= to (7] ™. Set A}ggeo to be the image of
AL ®o,W(E, ) — W(ET),

where the completion is taken with respect to the ideal (p, 7). Identifying A% with En we let
é%eo to be the quotient of En@)onW(Eg?) isomorphic to A}%’geo. For every m € N set

Ml = o () 1 (7).

=0

The action of of the group fR(O) = Bf_ZpY; @ @2:121,53- on W(Eﬂ, for R = R, stabilizes
A%%fo for every n. More explicitly, it acts trivially on W(Egﬁ) and it acts by

1 [e] 7= [X]™ ifh=1
Vi([yh]m): [5]%[7117’ if h=1

1

(X V2<h<a,h#i
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1

1
and %( Y-} "') = [Y] " for every j = 1,...,b. Similarly, for every i = j,...,b we let ¢; act via
)

([

:‘,_.

) [7 } a for every 1 =1,...,a and

}"L ifth=j
Vh=1,...,b, h # j.

e

oy JEn Y

() - { i

[Ya]™

Iiemr~na 3.48. (1) The ring A}%;geo is a direct factor of A}%n@)@nW(EZg?). They are equal for
R =R,

(2) The maps AL/ (p, Pr(2)) — B/ (Pr(2)) and Ay (Ra) — W (B5)/ (0, 3205 5] )
for m € N are injective. Moreover, ¢™ induces an isomorphism A}%’geo/ (p™, Pr(Z)) —
A (R,).

(3) The subring Ag’geo of W(]AE%) is stable under the action of the group I'n for every n.

Moreover, for n =1 the induced action of Tr on A, (é) 18 trivial.

(4) The ring and T g-module A;%feo/ (pm, S €] Z‘pmil) is a direct factor in A, (E) ®, (70)
iym—1
age/ (Sl ).
Rv('LO) ) =0

Proof. Without loss of generality in proving (1), (2) and the first part of (3) it suffices to consider
the case R, = R.

(1) The argument is as in 3.41(3).

(2) Since the map A%’geo — W(E%) modulo (p, Z) is the map B/pB — R/pR, it is injective
as proven above. Since (p,Z) is a regular sequence in Ag’geo and W(E%), also (p, Pr(Z)) is a
regular sequence. Note that P;(Z) and ¢ = f:_ol [5]5 generate the same ideal in W(Egﬁ) by
3.10 so that also (p,q’) is a regular sequence. We conclude that the map A};’geo — W(E%) is

Y

injective modulo (p ,q ) Frobenius to the m-th power defines an isomorphism W,, (E*) /(q) =
T+ m( ) : : +,geo m )\~ m +.geo moom ()
Wm(E )/(gp (q)) and an isomorphism AR' /(P q) = p <AR’ >/(p P (q)) The
second claim follows.
(3.a) Recall from 3.7 that there exists a unique chain of O-algebras

AT C At

+ At
R0 R(l) L C AL AR

R

lifting R® ¢ RM ¢ --. ¢ R™ = R modulo P,(Z). Since the subgroup Tr C fR(m stabilizes
A~ =) and acts trivially on the chain R c R c ... ¢ R™ = R, one proves by induction on
i that it stabilizes AJ]%(Z.) for every ¢ by uniqueness. Hence, it stabilizes A}%.

(3.b) We prove the second part of claim (3) by induction on i in R®. Since A;%(O) is the
(Z,p)-adic completion of O[P’ ], then A,, (]5;(0)) satisfies

= W(EJ(”S*) ~ 1P™ ~ 1™ p™ p™ ~ 1P
An(BY) = oy ] [T A R ]/ (1]

(p™, ¢™(q
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Since [e]P" —1 = o™ (¢') ([g]p”hl — 1), it follows from the definition of the action of I ro that the
latter acts trivially on A,, (R ©) ) Assume that 'z acts trivially on A,, (R(i)). By construction
and the argument in (3.a) we have that A,, (R "1} is obtained from A,, (R")) taking a localiza-

tion, the completion with respect to an ideal or an étale extension. In the first two cases r RO+1)
acts trivially on A,, (R ’“)) In the last case we remark that FR(ZH acting on A,, (R Z“)), acts

trivially on A,, (R(Z ) by assumption. Moreover, the action on A~< /(0. Z) = RO /() is triv-
ial and, hence, it is trivial on A,, (R “DY/(p, Z). Since A, (RED) is (p, Z)-adically complete

and separated, we conclude that r rG+1 acts trivially on A,, (R(Z“)) as well. This concludes the
proof of (3).

(4) Consider the map

~ b~ 1 p_l I m—1
A, (R)® A (70) R;%fo <pm7 > ) — AL/ (pm,zo[s} P )

A+ R(O)

HO)
Due to 3.11 it suffices to show that R, is isomorphic to ¢™ (R) ®@m (E<0)) RY. Arguing as in

Due to (1) and (2) it suffices to prove that AE is a direct factor of o™ (AE) ® m(

)A~

(3.a) it suffices to show this for R, = R and this is clear. O

Define AJr 8° and AJr 8% as in 3.30 using AJr £ instead of R. Define Ams(ﬁn) as the p—

n ,CI1S Ry max log

logDP ~
adic completion of the logarithmic divided power envelope <A§ ®W(k)R> . Let Ajpe™ (Rn)

be the p-adic completion of the (AJr Qw( )E)log—subalgebra of (Af Qwy( )E)log [p~'] generated
by p‘lKer(@’ﬁ’lOg). Similarly, define Af C“S(Rn) and AP (R ) using A+’ge°® k)é instead.
Recall that we also have rings Rﬁfg S and Rigoego % defined before 3.38. Then

Lemma 3.49. We have isomorphisms of Gr-modules

At {<u—1,?12—1,...,va—1,w1—1,...,wb_1>} —>ACHS(R )

Ry, cris log

and

Ry ,max P D ) P P ) p log
and similarly for the geometric counterparts

At {u—17vg—1m?va—17w1—17m wb—l}_> max<§n)

ATEC Ly — T —1,.. .0, — Liw —1,...,w, — 1)} — Ageoms(Rn)

Ry, ,cris log

and

n u—1 vy —1 Ve—1 w —1 wp — 1 max
Aﬁngf;’ax{ , , — AR (R ),
: p p p p p

For n =0, the natural morphsims

Reis {1 = 1,05 = 1, v — Lowg — 1,y — 1)} — AZ(R)

log
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and

~ u—1 vy —1 Vg—1 wy —1 w, — 1 =
Rmax{ ) 3t ) [ - log(R)

p p b p b

are isomorphisms and similarly for the geometric counterparts

{<U2_17---,'Ua_1,w1_1,---,wb—1>} _)Ageo,cris(R)

>geo,cris
R log

log

and

tog p 7 p T p Cop o
Proof. The first claims are proven as in 3.23 and in 3.25.

For n = 0 we certainly have natural maps as stated. To prove that they are isomorphisms
we remark that the images of ﬁﬁfgo and of Ag’geo in R via © Fl0g COINCide with }/Bbf by 3.41(1)
and 3.48(1). Thus, the given maps define isomorphisms on the graded rings and, hence, are
isomorphisms.

Egeo,cris{UQ_l v, — 1 wl_l,... wb—l} _)Ageo,max(é)'

0
Set A,,(0) = W(Egﬁ)/ (pm’ S B ipmJ). For every m and n € N define

1
En,m = {(Oﬂ?"'a&a:ﬁl?"'aﬁb) € ENaer’Oél"'Oéa = 0}7

i.e., at least one of the a;’s is 0. Set E,, := U, E,, ,,. For (g, ﬁ) = (al, e, 0, B, ,ﬁb) c kb,
write

P = T T

Define 5
Xn,m = @(g7é)€En,mAm(O) m@W] T

They are endowed with an action of r ro where the action on A,,(O) is trivial and the action
on [Y]gmé has been described above. For h and i € {1,...,a} with ¢ # h, consider the
I' p0)-submodules

ng;;) = @(g,g)eEn,m,a;LZO,ozl,...,ozi,1EN,aigNAm(O) [Y]Q[ﬂg

and for i € {a+1,...,a + b} set

X = D (a,8).an=0.011 001 Bi_a1€N.8,_agNAm (O) [ X]*[Y] 7

In particular we have X, ,,, = @he{ly,,.7a}’i€{17_,.7d},i¢hX$f;Q.

Lemma 3.50. For every m € N, every 1 < i,h < a with h # i and every 1 < j < b the kernel
and the cokernel of the following maps are annihilated by [8}% —1:

1)~v—1on Xq(lhn? fori>1;

2) v, —1 on XU

3)d0;—1 on X,({f;fiﬂ).
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Proof. Notice that (y;—1) [Y]Q[?}é = ([g]* —1) [y]gmé and (6; —1) [Y]Q[?}é = ([e]? —

1) [X]*[Y] £ The assumption (1) (resp. (2), resp. (3)) amounts to require that a;—a; (resp. —ap,
f3;) are rational numbers of the form ¢ := % for some r and s € Z with r and s coprime and
s > 1. If s is not a power of p, then [¢]¢ is a primitive s-th root of unity (; in W(Egﬁ)/(p, [ﬁ]) =
O /mOx. Since (; — 1 is a unit in F,, we conclude that [¢]° — 1 is a unit. In this case v; — 1
(resp. v, — 1, resp. 6; — 1) is a bijection on A,,(O) [EQW]Q

If on the other hand s is a power of p it follows from [AB, lemme 12] that [¢]¢ — 1 divides
[e]> — 1. In particular, the cokernel and the kernel of 7; — 1 (resp. 7, — 1, resp. §; — 1) on

A, (0) mg[V]é is annihilated by [¢]® — 1 and, hence, by [e ]P — 1 as well. O

3=

Let us recall that we denoted by Aeis(Ok) and Anax(Ok) the classical period rings.

Lemma 3.51. For everyi € {1,...,a} and N € N, we have

N—-1
(/YZ - 1)((”1 - 1)[N} % Z ACI‘lb OK 'U - 1)[771]
m=0

and

-0 (U ) e - ) T An(on

m=0

Similarly, for every j € {1,...,b} and N € N, we have

N-—1
(53 — 1) (U)EN] % Z ACI‘IS OK ] 1)[m}
m=0

and

s _1)((wp = ) (- NzlAmaX 0 D"

0 P
Proof. We prove the first statement. The second one is similar. We show how to deal with v;

and +;, the computations for w; and J; are the same. For every i = 1,...,a recall that v; := [?{]
so that v;(v;) = v; + ([e] — 1)v;. In particular, v;(v; — 1) = (v; — 1) + ([g] — 1)v;. Recall that
€] — 1= ([e]% — )X for X € W(E%) mapping to zero via ©; cf. [Fo, 5.1.1]. Thus, for every
N € N, we have

i (v — 1)[N]) = ((vi = 1) + ([e] = 1)w)
= (0= )] - 1)

(V]

m=0
N 1
= (0= D+ (] = e Ao — v
m=1
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Similarly

N :
(v; = )N (v; — )N ( N ) 1 o AT (0 — )N ™
Vi = + elp — 1)t ——t——.
( pN ) ( pN ) mZﬂ m <[ ] ) pm pN—m
O
In particular, it follows that the rings A,, {{(u — 1,vo — 1,...,v, — L,w; — 1,...,w, — 1)} and
A, {“le, ”2;1, o ”“];17 wlp_l, o “’bp_l} are endowed with an action of T'p.

Note that X%h,fl) and X,, ,,, are modules over

1

An(BO) = 8(0) [Ki] ™ [R] [F) 7, [T) 7 ] ()7 (K] = 27),

where the equality follows from 3.48(1). Let Xﬁmﬁ) (é) = Xﬁ[’;) ® A 70)Am (é) (resp. X,,m (fi) :

Xm & A (BO) A, (é)) The next proposition will allow us to reduce the computation of the

SIS

geo,cris

log (ﬁ) and the cohomology of another

Galois cohomology of Af™__ to the cohomology of A

log,00

module that will be computed in 3.53.
Proposition 3.52. For every m the A,, (E) -module AS™S__/ (pm, Zf:_ol [g} Z‘pmil) is a direct sum-

log,00

mand, as fR—mOdule, of

p1 o om—1 ~
Aig;g,cris(é)/ <pm72|:gj|lp )@ lim Xn7m<R) {(U — 1,U2 — 1, ey Ug — 1,w1 — 1, ., Wy — 1>} .

- n—00
1=0

iym—1

Similarly, AR _/ (p™, Zf;& [5} ? ) s a direct summand of

log,00
[5]ipml>@th (é){“‘l el taolw—l o “’b‘l}.

M1

A geomax (E)/ <pm7
o par p P p p p

Proof. First of all we claim that for every n and m € N the natural maps Afse ™ (R,) — A

and AF>" (R,) — Afpex  are injective modulo p™ and induce an isomorphism onto passing to

the direct limit lim . Since in both rings p is not a zero divisor, it suffices to prove the claim for

n—oo

. ,ge cris,V
m = 1. Due to 3.46 and 3.49 it suffices to show that the maps Agnfcris{<u —1)} — A}, and

, _ v .. . . . . .
A% geo {%} — Aﬁg’;@ are injective modulo p and induce an isomorphism onto passing to the
n,Nax )

direct limit lim . Due to 3.44 it suffices to show that Ag’geo /(p, &) — EEOO o,/ (P) is injective and

n—oo

induces an isomorphism onto passing to the direct limit over all n € N. The injectivity follows
from 3.48(2). The image in EEOOO?/ (P) = RocOx/(p) is the image of RO by construction.
Due to 3.11, the union of such images over all n € N is the whole R.O%/(p).

We are then left to prove that for every m and n € N the quotient of A{? seris (ﬁn) modulo

iym—1 ~
—1[_7ip . . .
(pm, A [5] ) is, as ['g-modules, a direct summand in

p1 om—1 ~
Aiego,cris(é)/ <pm72|:gj|lp ) @Xn,m<R) {<U, — 1,7.)2 — 1, vy Ug — 1,w1 — 1, cee, Wy — 1>}

=0
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iom—1

and similarly for AF>" (En) Due to 3.49 it suffices to show that Ag’geo / (pm, b [e]” ) is
a direct summand of Ag’geo / <pm, S €] pﬂH) ®Xnm (E) Thanks to 3.48(4) we may replace
R, with R and R with R©. The claim follows then from 3.48(1). 0

Corollary 3.53. For every i € N and every m and n € N the cohomology groups

H (fR,Xmm(ﬁ) {(u—l,vg—1,...,va—1,w1—1,...,wb—1>}>

e 1
and H* (FR,Xn,m {“’1 vl o ve—d wl_l,...,wbp_l}) are annthilated by ([6}” — 1)2. The

same holds if we takep the ]Zlirect limzt ovel; alln € N.

Proof. We prove the first statement. The second one is similar and left to the reader. Using the
direct sum decomposition X, ,, = Dpefi,....a}ic{l,..., d},i¢hX$L%) it suffices to prove the statement
for X,(lhn? instead of X,, ,,,. Apply the Hochschild-Serre spectral sequence associated to the exact
sequence of groups:

0 — Zy, — Tg — Tp/Zy — 0

for 2 <i < a (resp. 0 — 25]- — fR — fR/z(Sj — 0 for a+ < h < d with j = h — a) with coeffi-
cients in X" {{lu—1,v9—1,...,0,— 1wy —1,...,wp — 1)}. The cohomology of Z% (resp. Z(Sj)
is zero in degrees > 2 and is computed as the kernel of v; —1 (resp. §; — 1) in degree 0 and as the
cokernel of 7, —1 (resp. d;—1) in degree 1. It follows from 3.50 and 3.51 arguing as in [AB, Lemme
15] that kernel and cokernel of 7; — 1 on ng)m {lu—1v3—1,...,0,— 1wy —1,...,w, — 1)} for

2<i<aandofd; —1for 1 <j <b are annihilated by [5}% — 1. The result follows. O

We also have the following analogue on graded rings. In §3.1.1 we have proven that the
R-subalgebra R%, of R., generated by the elements X,Yj5 := [/, X" H?Zl Yjﬁj for non neg-
ative rational numbers o, §;, is free as R-module and it has the property that 7R, C RZ..
Write X := 52, X® where X is the ROg-submodule of RooO7 generated by XoYs with
ag,...,a;1 € Na; € Nif 1 <4 < a and with as, ..., a4, 01,...,0i—a-1 € N, G, & N if
i€{a+1,...,a+b}. We have

Corollary 3.54. For every i € N the cohomology groups

o (fR, B penant XEMI (v — DMLy, — D (g — T)rer) - (ay, — 1)[nd1)
are annihilated by (ep — 1)2. The morphism

log

Hi (fR, @ﬂeNd-HE(T)?S[nO}(U - 1)[n1](U2 - 1)[712] s (Ua - 1)[na] cee (wb — 1)[nd]> — HZ (GR, Gr.Acris)

has kernel and cokernel annihilated by mzm® (ep — 1)2 for every i € N.

Proof. The first statement follows as in 3.53.

For the second statement note that multiplication by 7* on 1%/0.79} factors via }/3(\9? ® X
thanks to the results of §3.1.1 and 3.40. We conclude using 3.42(iii) and the Hochschild-Serre
spectral sequence for the subgroup Hr C Gp.

O
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log log

3.5.3 The cohomology of A8 (é) and of AP ( ﬁ)
In view of 3.53 and 3.52, to conclude the proof of Claims 3.38(i)&(ii) we are left to show that

Proposition 3.55. (1) For everyi andn,m € N the groups H' (fR, Aifgo’cris(R) /pmAlgfg’Cris (E))
vanish if t > d + 1, are annihilated by ([e] — 1)d fori > 1 and contains RE™ /pm RE™ for

log log
i = 0 with cokernel annihilated by ([e] — 1)d. The map

log log

égeo,max N HO (fR; A geosmax (E))

is injective with cokernel annihilated by ([g] — 1)d.

(2) For every i the group
Hi (fR, éﬁeNdJrl Ea?f[no] (U — 1)[711}(1}2 — 1)[n2] ce (’Ua — 1)[71“} (U}l — 1)[7’La+1] cee (U}b — 1>[nd])

vanishes if i > d+ 1, is annihilated by 7T<(€p - 1)d forv >1 and contains (ROF) @O?Gr' (Acris)
for i =0 with cokernel annihilated by (ep — 1)d.

Proof. We prove statement (1) for A§? “"(R). The proof of statement (2) is similar and easier
and is left to the reader. Define

0 ._ }:zlg;;’“%/pmggj;“% {lu—T1,05—1,..., 0.1 — 1)} Vi<i<a
" RS RE T {(u = Log =1, vy = Lwy — 1w — 1)} Va+ 1< <0
Note that
’71'(1)1' — 1) = ([5] — 1)1)1 + (U'i — 1), (5j(wj — 1) = ([5] — 1)'11}] + (U}j — 1)
and hence

[4]
with §; = M € Ker(0) of Auis(Ok) by [AB, Lemme 17]. Then, v; — 1 defines a K,g?—linear
j

homorphism on K (v; — 1) whose matrix with respect to (vi—1, (v; = DR (v; — 1)) and
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(1, (v; = 1),..., (v; = Y1) is given by ([e] — 1)G( )N with

v; 52,01,2 Uf’ﬂs cee e Uszlngl .. vagN
0 v v} o o v By o 0N T By
v, U£V72ﬁ]\772
G ' :
U?ﬁ?, ’0?54
V7 B2 v} B3
: - Ui U?ﬁz
[ 0 Vi

Since v; is invertible, it follows that GS}N is an invertible matrix. This implies that the cokernel
of v, —1 on KW (v; — 1) is annihilated by [¢] — 1 and that the kernel coincides with K up to a
direct summand which is also annihilated by [¢] — 1.

A similar argument shows that (6; —1) defines a K% Jinear homorphism on K™ (w;—1)
whose matrix with respect to (w;—1, (w;—1)?, ..., (w;—1)™) and (1, (w;—1),..., (w;—1)"-1)
is given by ([e] —1) times an invertlble matrix. This implies that also in this case the cokernel of
v —1on K§+ (w; — 1) is annihilated by [¢] — 1 and that the kernel coincides with K9 up to
a direct summand killed by [e] — 1. The conclusion follows proceeding by descending induction
on 2 <h<d.

Note that K\ (w, — 1) = AE® “(R )/ P ABCCTS (R) due to 3.49. The cohomology with

log log
respect to ZJ, is zero in degrees > 2, is annihilated by [e] — 1 in degree 1 and is KY =
KW 71)<wb, — 1) up to a direct summand annihilated by [¢] — 1. Applying the Hochschild-Serre
spectral sequence associated to the subgroup Z5b cT r, we conclude that, up to ([¢] — 1)-torsion,
the cohomology _groups of the proposition coincide with the cohomology of K, (d- )(wb_l - 1)
with respect to I'g/Zd,. For general h < d one assumes that, up to ([e] — 1)*"!-torsion, the
cohomology groups of the proposition coincide with the cohomology of K with respect to
the groups I';, = @} Zé IT'rif h>a+1and ', = &L hZ% Z5 if h < a. Applying

the Hochschild-Serre spectral sequence associated to the subgroup Z5h clyifth>a+1and
Zry, C Ty if h < a, one concludes that, up to ([¢] — 1)~ "*2-torsion, the cohomology groups of

j=h—a

the proposition coincide with the cohomology of Ky, 1) With respect to the group I'y,_;.

The statement concerning H° (f R AL (R)) follows as before, using that

(i —1) (@i . Um) (e = Do + (v = 1) (v; =)™

P pm pe
BT e WICIIE
= mu; » el + Z (] > e

and similarly
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m—h

(6, - 1) <(wjp;m1)m> NG ) G D" i @1) AR (w; — 1)

P pm—l — ph pm—h
]

We remark that the same strategy to prove the vanishing of H? (fR, ABComaE (ﬁ) / (pm)>, for

log
1 <4 < d, fails due to the presence of binomial coefficients. For example, coming back to the
proof of 3.55, the matrix of (v;—1) with respect to the bases (v;—1, (v;—1)2/p?, ..., (v;— 1) /p")
and (1, (v; —1)/p, ..., (v; = 1)N71/pN=1) is upper triangular with the elements (v;, 2v;, ..., Nv;)
on the diagonal.

3.5.4 The cohomology of the filtration of Bf.’(R)

In order to conclude the proof of 3.38(iii), we are left to show the vanishing of

ik (GR,FWBC“S(E)> = lim I (GR,t*SFil’"“Acris(E))

log 00 log

for i > 1. The strategy is the same as in [AB, §5]. Due to 3.38(i) and the fact that GrA{J®(R) is
annihilated by ¢, we know that H’ (G R Fil”Afgg(fi)) is annihilated by a power tV of ¢ depending

only on i and r. In particular, the composite map H* <G R Fierfgigs(é)> — H! (G rt ™ FilTAfggs(§)>

is zero. One proves as in [AB, Lemme 33| that H’ (G R Fierfgigs(R» is a Q,-vector space. One is

reduced to prove that the kernel of the map H (G r, tVFIITTY AcriS(R)> — H (G ot N Fil’"A“iS(é)>

log log
is p-torsion; compare with the proof of [AB, Prop. 34]. Arguing by induction on N we may as-
sume that N = 1 and we are reduced to prove the following:

Lemma 3.56. The cokernel of H'™! (GR,FﬂTAC“S(R)> — H! (GR, GrTAcris(R)> is p-torsion

log log
for every i > 1 and every r € N.

Proof. Thanks to 3.54 the Gg-cohomology of Gr"AZ(R) is the I'z-cohomology of the ]/%(\’)f—

log
module M, 1= @y, ROz (e, — 1)m0&Mol(y — 1)ml(vy — 1)l (y, — 1)l .. (ay, — 1)Ial up

— ~

to p-torsion. On the other hand, define the Re°_submodule M, of FilTAfgigs(R) spanned by

tol log(u) 1) log(vg) =2 - - - log (v, )Ml - - - log(wy) 4] for 7, n; = r. Arguing as in [AB, Lemme

36] one shows that it is I'g-stable, it maps surjectively onto M, and the induced map on fp;

cohomology is surjective. This concludes the proof. O
3.5.5 The cohomology of Ef;;(ﬁ)

We are left to prove 3.38(iii’). Let Zlog be the image of Ay, in §10g~ Set

——cris

——cris,V cris, -~ - cris > A
Alog (R> = Alog V(R)®AcrisA10g7 Alog (R) = Alog (R>®AcrisAIOg'
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Then,
(i) A (R) 2 AT, (R)®a,p. Arog:

log

(ii) Kfjgs’v(R) {{(va—1,...,0,—Liw —1,...,w,— 1)} — Kf:gb(é) is an isomorphism.

s\ H8CO0 >geo,cris S - . . ~ — . ——cris , =~
(iil) Ry, = ngog ® A, Alog 18 the image of R®o, Alog in Ay, (R).

The first statement follows as Aféigs’v(R) > AV (R)®a.,,. Alg by 3.23. The second state-
ment is a consequence of 3.25. The third statement follows from 3.41(4). One proves the

analogues of 3.47 with A = ng;(ﬁ) and Ay the image of A{"®  ®uy,, Ajyg in Kfﬁ;s(é) One
defines KIC:; (En), resp. Kﬁw resp. ng o (E) as the image of Afgi;(f%n) ® Aoy Alog 1D Kf;;s(é),

{{u— 1)} ®a,, Alog, Tesp. Ao (}Ni) ® A, Alog; see 3.49 for the notation. Due to

+
resp. A B og

n,Cris

loc. cit., one gets isomorphisms

Kén {<U2_1,---,’Ua—1,w1 _17...,wb—1>}§chc§§<Rn)

and

Elgjgo{@Q — 1,0, —Lw —1,... w— 1)} = ngo’criS(R).

log

- — ——cris , 75 - ipm 1 ~
Define A,, as the image of A, {{u — 1)} ®4,,, Aiog in A, (R)/ (pm, S [e]” ) and X, ,, :=

log

B (,8)EEnm Am [Y]QWQ. One shows that the analogues of 3.52, 3.53, 3.55(1) and §3.5.4 hold

proving 3.38(iii’).

3.5.6 The arithmetic invariants

It follows from 3.38 that (BC“S)GR — REeocris [til} and (Blg )GR — REcomax [til].

log log max log

. . \G _ _ e
Lemma 3.57. We have RS = <Rge°’ms> * and Riax = (Rgeo’max> "

log log log

Proof. Let Aeis(O) (resp. Aeis.o(O)) be the p-adic completion of the DP envelope of W(Egﬁ) Qw(k)
O (resp. of W(EJ(BK, ) @w O) with respect to the morphism 6 to Ow. Let Apax(O) be the
p-adic completion 0? the W(Ezgf) Qw (k) O-subalgebra of W(Ezgﬁ) Qwy Olp~!] generated by
p~Ker(6); using the notatioils of §2.1.1 we have iriclusions Aeis C Apax C 410g. Analogously,
define Aax00(O) using W(EgKéo) instead of W(E5_). By 3.48 the ring R is a direct
factor of E@oACm(O) {(u—1)} and filgfg % s a direct factor of E@oAmaX(O) {“le}, where ®
is the p-adically completed tensor product.

Let H be the Galois group of K/, C K. Since every finite field extension of K’_ is almost

étale, arguing as in 3.47 one proves that the invariants of ﬁﬁfg < (resp. of Eﬁfg “1%) with respect

to H are contained in fi@oAcrism((’)) (resp. in fi@oAmax,oo((’))).
Recall that W(ng ) contains a subring AT = W(k)[[[7]]] isomorphic to O, where the

isomorphism is defined by sending Z +— [7]. Moreover, W(EJ{)K, ) is the [7]-completion of

UmeNAJ“[[f]P%”]; cf. 3.11. In particular, we may write W(Ezw ) as a direct sum AT @ X
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where X is the (p, [7])-adic completion of Yoma AT [7]7™, where the sum is taken over all

integers m > 1 and 1 < a < p™. Note that the p-adic completion Altgris of the DP envelope

of A" @w(ry O with respect to Ker(f) is isomorphic to O {(u — 1, P:(Z))}. Similarly the p-adic

completion Afg’gmax of the (AT ®w) O)log-subalgebra of (AT ®w C’))log [p7'] generated by
Pr(Z)

p~'Ker(f) is isomorphic to O {“le, T}' In particular,

Acris,oo(o) = A—hcris ) X QA+ A+7cris’ Amax,oo(o) = A-‘r,max ) X XA+ A—i—,max.

log log log log

Let v € Gk be an element such that v([7]) = [¢][7]; it is a topological generator of the coset
Gk /Hg. Asin 3.50 one proves that the kernel of v—1 on RRoW (Eg?) intersected with R®pX

is annihilated by [5} » — 1. As in 3.53 one deduces that the kernel of v — 1 on E@)oAcriS((’))

intersected with R®oX ® A+ Ag’gcris (resp. on E@oAmax((’)) intersected with R®oX ® At Afg’gmax)

1 ~ o~ ~ .~
is annihilated by ([g} » 1)2. In particular, it is zero since RRo Aeis(O) (resp. RQo Amax(0)) is
([e] — 1)-torsion free. We conclude that the invariants we want to compute are the elements of
R{(u—1,P.(Z))} (resp. R {“—_1 M}) which are invariant under v—1 acting on E@OAlog(O)

p’op
(resp. on }N%@@Amax(O)). Arguing as in 3.55 we conclude that such invariants coincide with

R{(P.(2))} (resp. R {#}) as wanted. O

Remark 3.58. Let A be a ring which is p-adically complete and has no p-torsion. Assume that
it is endowed with an operator ¢ lifting Frobenius modulo p. Let x € A be such that z — 1 is

a regular element and ¢(z) = aP. Write Auis := A{{(x — 1)} (resp. Apax == A {“le}) for the

p-adic completion of the DP envelope of A with respect to z —1 (resp. of the subring A[(z—1)/p]
of A[p~']. Note that Frobenius extends to A and Apay.

For every m € N we have (x — 1)[m] = ’%(w — 1)mp_m. In particular, we have a morphism
Aeris — Amax. Since p(x—1) = 2P —1 = (x—1)P+py, then cp((:L'— 1)p*1) =(p-Dl(z—-1DF 4y
so that ¢ on A factors via a morphism Agis — Amax-

It follows from 3.58 and from 3.23 and 3.25 that we have ring homomorphisms

Bcris (R) . Bmax (R) ’ Deris . Emax-

log log log

Furthermore, as shown in 3.58 Frobenius on Bjgg* (R) factors via Bfgi; (R) inducing a ring homo-

morphism Ropax ] — Resis [p™']. In particular, it suffices to prove 3.39 for Brs (R). Define

Acris(r) = AlccflgS(R) ’ t*T.
Using 3.57 and since ¢ is Galois equivariant, to prove 3.39 we are reduced to show that for every

r € N we have .

& ((Aanlr)) ) € R

This is proven in [T2, Prop. 4.11.2]. We sketch the argument.
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Take = € Aféigs(é) such that 2¢™" is Galois invariant. Then, ¢™ (2t™") is also Galois invariant.

—

Its image in B;{R(]B;) is then also invariant under Gz and those invariants coincide with R[p~1]
by 3.18. In particular, ™ (xt”") € B:{R(}N%). Since @™ (t") = p"™t", this implies that ™ (z) €
"Bl (é) for every m € N.

Using 3.25 write z as >, cyass Bo(v1 — 1) (v, — D)l (wy — 1)Peril o (1, — 1) o] with
v=(V1,...,Vapp) and B, € AV (R). Write o™ (2) = 3 cjass Bmp(v1 — D)+ (v, — 1)l (wy —
Dlecl .o (wy, — 1)l Since (X — 1) = (X — 1) + 1)pm — 1 = p™(X — 1)+ higher order
terms in (X —1) for X = vy,..., v, w1, ... wpy, one argues that 3, = pm=i%ie™(3,)+ a Z-linear
combination of the ¢™(f3,,) for v/ such that v, < y; for every 1 < i < a + b and there exists i
such that v/ < v;. Since B(J{R(é) = B;{P’{V (}Aé) [[vl -1, .0, —Lw —1,...,w, — 1}] by 3.15 one
concludes by induction that ¢™(f3,) € tTB:{ﬁV (E) for every v € Not?,

Let 0] Afg;S’V(R) be the subset of elements y such that o™ (y) € Fil'BY;Y (E) for every m € N.

Then, 8, € I [T]Aforigs’v(R) for every v. We are left to prove that ¢*(I [T]Aféigs’v(R)) C t’"Aﬁf;;S’v(R)

with s = 1 if p > 3 and s = 2 if p = 2. This follows from [T2, Lemma 4.11.4] or [T1, Prop.
A.3.20].

3.6 The functors Dféigs and D)i*. Semistable representations.

Let V be a finite dimensional QQ,~vector space endowed with a continuous action of Gg. Due
to 3.39 there exists s € N such that ¢* (Blc‘;i’gR) C Reris [p_l} and ¢* (Bfﬁgx’g’*) C Rmax [p_l}.
Write

. ~\Or _
DEE(V) 1= (v ®g, B (R)> : @ s [p7'].

Itisa Ems [p_l}—module. The connection and Frobenius on Bfg;s (R) induce a connection and a

Frobenius on the Gg-invariants of V ®@q, Bf3® (1?5) and, hence, by base change via ¢*: B89

ﬁcm [p_l}, an integrable connection

Vv : Digg (V) — Dig (V) ®= @}%/W(k)

and a Frobenius ¢ horizontal with respect to Vywx). The morphism ¢ on Bf7¥ (E) induces a
natural map B
Die (V) — V ®g, B (R).

We define a decreasing filtration Fil*Df2*(V') as the inverse image of V ®q, Fil*Bf’® (R). Since

Frobenius on Bf;¥ (R) is horizontal with respect to the connection and the filtration on B (R)

satisfies Griffiths’ transversality, also Fil*D{" (V) satisfies Griffiths’ transversality.

log
Similarly, let
Or s

Dmax(v) = (V ®Zp Bmax (E)) ®"Dmax,gR émax [p71:| .

log log B!
og

Itisa ﬁmax [p_l}fmodule endowed with an integrable connection Vy w) and a Frobenius ¢. It

is also endowed with an exhaustive decreasing filtration Fil"Dy53*(V), for n € Z, given by the
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inverse image of V ®q, Fil*Bp3* (é) via the morphism

Dmax(v) N V ®Qp Bmax (R)

log log
induced by ¢* on Bjgg* (ﬁ)
It follows from 3.58 and from 3.23 and 3.25 that we have ring homomorphisms

Bcris (R) __, pmax (R) , ﬁcris RN émaX‘

log log

In particular, we get a map .
fV: DCrlS(v) SN Dmax(v)'

log log

It sends Fil"D{Z¥(V) to Fil"D{5a*(V) and it is compatible with Frobenius and connections. Fur-

thermore, as shown in 3.58, Frobenius on Bjgs* (ﬁ) factors via Bf}® (ﬁ) inducing a ring homo-

morphism Emax[p_l} s R [p~']. In particular, Frobenius on Di7#(V) factors as a morphism

gy Dmax(v) _ Dcris(v).

log log

We then get the property that gy o fir and fy ogy define Frobenius on ngi;(V) (resp. on Diga*(V)).

Proposition 3.59. Let V' be a finite dimensional Q,-vector space of dimension n endowed with
a continuous action of Ggr. The following are equivalent:

1) the map of B (R)-modules

log

. ~\9 L~ L~
(V@ BiEE(R)) Syeresn Bing () — V @, B (R)

1S an isomorphism;

2) the map of B (E) ~modules

log
. Tcris cris ( > cris ( 1>
Qleris,V * Dlog (V) ®§ms Blog (R) —V ®Zp Blog (R)
1 an isomorphism;

3) the map Ba* (ﬁ) —-modules

log

g
(V ®z, Blog (R)) R @ymexon B (R) — V @z, BE2(R)

log log

1 an isomorphism;
4) the map Bie (ﬁ) ~modules

Oy DI (V) ®5,,, Bl (R) — V @, B (R)

log log

1 an isomorphism.

If one of these conditions holds then ngigs(V) s a projective and finitely generated écris [p_l} -

module of rank n and the natural morphisms

Dcris(v) ®}§ms Emax N DmaX(V),

log log
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induced by fy, and

cris cris,Gr cris 9r
log (V) ®§ Blog - (V ®Qp log (R)>

cris

and
Gr

max max,G max [ D
log (V) ®§max BlOg F— (V ®Qp log (R)>

are all isomorphisms compatible with Frobenii and connections. Similarly the morphism

max(v) ®§max Rcris _ Cris(v)j

log log
induced by gy, is an isomorphism.

Proof. We write B, for B (]5;) and B, for Bmax (fi) We also let Deys be DSES(V) and Dippax

log log log

. Gr ~\9r
be D22%(V'). Eventually, we write E.s for (V ®q, Biyy (R)) and E,,.x for (V ®q, Bigs* (R)) )

log log log
(1) = (2). We have

ris ris Cris-

. o~ ¢ R .
Dcris ®Rcris Bcris = Ecris ®BgR Rcris ®Rc

cris

©° °
Bcris = Ecris ®BgR Bcris = Ecris ®BQR Bcris ®BC

cris CT1S

Since (1) holds the latter is isomorphic to V ®q, Beris ®§;S Bais 2V ®q, Beris- This implies (2).
One proves similarly that (3) = (4).

(4) = (1). As Dyax := Enax ®F Riax, we conclude from 3.31 and (4) that D,y is a

max,gR
Blog

projective Emax [p_l]—module of rank n i.e., it is a direct summand in a free émax [p‘l]—module. In

particular, the Gg-invariants of Dyay ®‘}%mx[p_l] Beris are Dyyax ®%max 1) Bfﬁs and its base change

via B2 — By is Dypay ® Fomaxp—1] Biax ®f_ Beis which is V ®q, Bes by (4). This proves (1).

We have also proved that if (4) holds then Dy, is a projective R [p~!]-module of rank n and

Dmax®% 1] Bcgr’fs = Eeis. This implies that the map Do (V) ®5 Ecris — Deis(V), induced

by gv, is an isomorphism. Using the projectivity one proves similarly that Dy, ® B ngx ~
Epax and Deis ® Ror Bgﬁs > Euis compatibly with Frobenius, filtrations and connections so that
the last statements of the proposition hold.

(2) = (3). Since by (2) we have that D5 ® £.... Bmax is isomorphic to V' ®q, Biar-module,

it follows from 3.31 that D ® Boie R.x 1s a projective ﬁmax[pfl]-module of rank n and one
argues that Deys ®p BY9% is Epax and (3) holds.

max

]

If one of the conditions of the proposition holds, we say that V is a semistable representation

of Gg. For any such the restriction of the filtration on Bff® (resp. Bji3*) via the inclusion

Di7*(V) C V ®q, Bity (resp. DI2X(V) C V ®q, Bs2*) define an exhaustive decreasing filtration

Fil"D{?*(V'), for n € Z (resp. Fil"D22*(V')).
Proposition 3.60. Assume that V is a semistable representation. Then,
(1) Frobenius is horizontal with respect to the connections and it is étale on D22*(V') and on

. log
DEg (V) d.e., the maps

e®1: DEN(V) @2 Ry — DIES(V), @ 1: Digg*(V) ®% Rinax — DS(V)

IOg Rmax 1Og lOg cris lOg
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are 1somorphisms.

cris

e (V) and it is integrable

(2) The connection is integrable and topologically nilpotent on D

and convergent on Dga* (V).

(3) The representation V' is de Rham and the natural morphisms

DES(V) @5, Rlp~'] 2 DEX(V) ®5, Rlp~'] 2 Dar(V)

are isomorphisms as ﬁ[p—l]—modules with connections.
(4) The filtrations Fi*DES(V) and Fil*D(V) satisfy Griffiths’ transversality with respect

log log "
to the given connection. The morphisms Df>(V) — Di@(V) — Dar(V) are strict with

respect to the filtrations and for every r € N we have isomorphisms

Gercris(V) ~ GermaX(V) & GrrﬁdRG/).

log log
In particular, via the natural maps
DR (V) — Dip(V) — Dar(V) — Dar(V)/(Z — 7) = Dar(V)

log log

the filtration on Dgr(V') is the R[p~'|-span of the image of the filtration on nggS(V) or on

Dia*(V). Moreover Fil"ng{f;(V) and FiI"Digi* (V) are uniquely characterized, as filtrations, by

the fact that their images span Fil"Dggr (V') and they satisfy Griffiths’ transversality.

Proof. (1) The horizontality of Frobenius follows from 3.19. The assertions regarding the étalness
of DiZ¥(V') follows from the one about D5&*(V) and 3.59. We use the notation of the proof of

loc. cit. We know that E. ®7g. BYE is a projective B2 module and its base change via

max

ngx — Buax 18 V ®g, Bmax- In particular, Frobenius defines an isomorphism Epax ®§g n ngx =

Emax thanks to 3.31. Taking the base change via B9% ®%° émax [p’l] we deduce the claimed

max
étalness for D (V).

(2) Let N; be the derivation R defined by X;0/0X; for 1 < i < a and by ffjf)/cf)?j for
a+1<i<a+bwith j =i—a. Since Dii¥(V) is étale, it suffices to show that it is generated
as écris [p‘l} by a finite écris-module E stable under the connection and such that NY(E) C pE

for every 1 <4 < a+ b. It suffices to show that D := D{ge*(V) is generated as Rinax [p_l} by

a finite Emax—module Dy stable under the connection and such that NP(Dg) C pD, for every
1 <i < a+b. Indeed, in this case £ := Dy ®p  Reris — ngi;(V) is a finite Rgis-module with
the required properties.

We may assume that V' is in fact a Z,-representation. Since Dj3*(V') is a projective and
finitely generated R,y [p_l}—module, it is a direct summand in a finite and free R. [p_l}-

module T'. Let Ty be a free ﬁmax—submodule of T such that Ty [p_l} =T. Let n € N be large

enough so that the image of V' in
Dmax(y) ®§max Bmax (E) C T ®§max Bmax (ﬁ)

log log log

is contained in Ty ®@p 7 A (E) Then,

1 _\9%r 1 _\Y9r
D} <v @z, t—ﬂA{gg"(R)) cTiop <t_nA;ggx(R)> .
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~\g ~ ~
It follows from §3.5.6 that ¢*: (tinAmax (R)) L Biog™ factors via #Rmax. Write Dy for the

log

#Emax) of the base change of D via ¢®. It is stable

under the connection and Nf(Dy) C pDy for every 1 <i < a + b since this holds for Aj"2*(R).

#émw), then Dy is a finite

Rupax-span of the image in Ty @7 (

Since Rmax is a noetherian ring and Dy is contained in Ty ®z (
max

Emax—module. Consider Dy [p_l] . It is contained in D and after base changing via the extension

R [p—l] — Bjoax (E) it contains V' so that it surjects onto D@z B2 (ﬁ) =~ V®g, Blg™ (ﬁ)

In particular, the inclusion Do[p™'] C D is surjective after base changing via R '] —
Bpax(R). Due to 3.31 this implies that Do[p~'] = D.

log

(3) We prove the claim for D2*(V'). The one for Di53*(V') follows similarly. The natural Gg-

equivariant morphism Bf%® (E) — BdR(é) induces a morphism of Rejs-modules Dire(V) —

Dar (V). Write D := Dis(V) @5 R[p~1]. Tt is a projective R[p~!]-module with a natural map

a: D — 15dR(V) of }Nf[p—l]—modules. Note that D ®§/[p'jl] BdR(ﬁ) =2V BdR(ﬁ)- Thus, to

prove that « is an isomorphism it suffices to show that Bgr (E) 9r é[pfl]. This is proven in
3.18.
(4) The morphisms for B (R) C B2#*(R) C Bqr(R) are strict with respect to the filtrations

log

by 3.29. This implies that the morphisms Df*(V) — DpX(V) — Dar (V) are strict. Since

the filtration on Bféigs (R) and on Blog (R) satisty Griffiths’ transversality, the same holds for
D&S(V) and D**(V). The rest of the claim follows from this, (3) and 3.21. O

log log

—

3.6.1 Localizations

We assume that we are in the setting of §3.4.5 and, in particular, R Ry[Z] by 3.34 and
B¢ (R) 22 Beyis(Ro) @y Reris and BEX(R) 22 Biax(Ro)® gy Rinax due to 3.35. Here, Beis(Ry)
and Byax(Ro) are the period rings introduced in [Bri, Def. 6.1.3]. Let V' be a representation
of Gr. Define Dgs(V) = (V ® BcriS(Ro))gR and Dy (V) = (V ® BmaX(RO))gR. They are
projective Ro[p~!]-modules endowed with Frobenius, an integrable connection and an exhaustive
and decreasing filtrations satisfying Griffiths’ transversality; see [Bri, §8.3].

Proposition 3.61. Let V' be a representation of Gr. Then,

(i) V is a crystalline representation of Gg in the sense of [Bri, §8.2] if and only if V' is
semistable in the sense of 3.59. B N
(ii) if (i) holds, then the morphisms Deus(V)® g, Reris — Df;igS(V) and Diax(V)® gy Rinax —

nggX(V) are isomorphisms of ﬁcris—modules (resp. Emax—modules), compatibly with Frobenius

and connections and strictly compatible with the filtrations.

Proof. (i) Due to [Bri, Prop. 8.2.6] the morphism
Qeris,V - Dcris(v) ®R0 Bcris (RO) —V ®Qp Bcris (RO)

is injective so that V' is crystalline if and only if the image of agisy contains V. We have

compatible maps R — Ry and B{J¥(R) — Bens(Ro) given by Z +— 0. This induces a section
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Di?¥(V') = Deris(V) to the morphism given in (i). In particular, if V' is semistable then V' is in

the image of Df"*(V) ® fgl;(ﬁ) — V ®g, Benis(Ro) induced by Z +— 0. Thus, it is in the image
of aeyisy and V' is crystalline.
Viceversa, if V' is crystalline then acisy ®B,,..(Ro) Beris (R) is an isomorphism, strictly com-

patible with the filtrations. As De(V) is a projective Ry[p~']-module by [Bri, Prop. 8.3.1],

taking the Gr-invariants we get that (V ® Beris (R))gR = Duis(V) ®r, Beris (E)QR, compatibly
with Frobenius and connections and strictly compatible with the filtrations. Moreover, condition
3.59(1) holds. In particular, V is semistable. As Dg;s(V) is an étale Ry[p~']-module by [Bri,
Prop. 8.3.4] the map in (ii) is an isomorphism.

O

We go back to the general ring R. Let T" be the set of minimal prime ideals of R over the
ideal (7) of R. For any such P let T'p be the set of minimal prime ideals of R over the ideal P.
For any P € T denote by ﬁp the p-adic completion of the localization of R at PN R. It is a dvr.
Let R(P) be the (p, Z)-adic completion of the localization of R at the inverse image of P and
let Rpo := R(P)/ZR(P). For Q € Tp let R(Q) be the normalization of Rp in an algebraic
closure of Frac (Eg) and let G.o be the Galois group of Rpy C R(Q). If V is a representation
of Gr, we can consider it as a representation of Gg o and form DcriS(V|GR’Q) as in [Bri, §8.2].
Using 3.36 we get injective maps

DIE(V) — [ Deis(Vlene) @rpo R(P).

PET, QT p

Proposition 3.62. (1) Let V' be a semistable representation of Gr. Then, Vg, , is a crystalline
representation of Gro and Ders(V]ggo) = Die(V) ® Rpyo compatibly with connections and
Frobenius and strictly compatibly with the filtrations.

(2) If V and V' are semistable representations of Gg then V ®q, V' is a semistable repre-

sentation of Gr and D3 (V @q, V') = DEs(V) @5 DER(V') compatibly with Frobenius and

connections and strictly compatibly with the filtrations.

(3) Let V' be a semistable representation of Gr. Then, the Q,-dual V'V is a semsistable repre-
sentation and D (V') is the Reris [p"] -dual Dis(V))Y of Di2S(V'), compatibly with connections,
and Frobenius and strictly compatibly with the filtrations.

Proof. (1) Due to [Bri, Prop. 8.2.6] the morphism
acris,wGRQ : lcglgs(V) ®RP,0 Beris (Rpp) — V’GR’Q ®@p Beris (RP,O)

is injective so that V|q, , is crystalline if and only if the image of Qeris, Vi o contains V|a, o
Due to our assumption, V' is contained in the image of s y. Since Qs y and s v | o ATC
compatible, we deduce that the image of s v| ro contains V|GR, o as well. This proves that
Vl]gno is a crystalline representation of Gro. We certainly have a morphism f: DiZ¥(V) @5
Rpy — DcriS(V|GR’Q). They are both projective Rp [p’l]—modules of rank equal to the
dimension of V' as Q,-vector space. After base change via Rp g [p_l] C Bais (R’p,o) the map f
is an isomorphism. Since such extension is faithfully flat by [Bri, 6.3.8] the morphism f is an
isomorphism as claimed.
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(2) By assumption we have an isomorphism

DICC%S(V) ®}§Cﬁs Dcris(vl) ®§Cris Bcris (R) N v4 ®Zp V/ ®Zp Bcris (R) )

log log log

Since D2¥(V) and Df¥(V’) are projective Rexis [p~']-modules, the base change of the Gp-

invariants of the LHS via B®9% — R [p™"] coincide with DiZ(V) @7  Diis(V’) due to
3.39. It also coincides with ngi;(V ®q, V') by definition, compatibly with connections, filtra-

tions and Frobenius. The claim follows.
(3) By assumption we have an isomorphism

DiPs(V)Y @5 B (R) = Homg, (V, Q,) ®z, B (R).

cris IOg lo g

Since Df(figs(\/)v is a projective }N%Cﬁs [pfl}—module and thanks to 3.39, the base change of the

Gr-invariants of the LHS via Blog9r __, ﬁcris [pfl] coincide with ngigS(V)V. It also coincide with

ngigs (V) compatibly with connections, filtrations and Frobenius. The claim follows.

We are left to prove the isomorphisms DiP*(V)®@z  DRs(V') — DEs(VeV’) and DS (V)Y —

log s log log log

D5(VY) constructed in (2) and (3) are strictly compatible with the filtrations. It suffices to

prove that they are injective on the associated graded modules. As the maps

Df;és(V) - H Dcris (V|GR,Q) ®R7,’0 R(P)
'PET,QETP

are injective and induce injective maps on Gr®, we may reduce to the smooth case. The claim
is then the content of [Bri, Prop. 8.4.3].
O

3.6.2 Relation with isocrystals

Assume that V' is a semistable representation. It follows from 3.60, see the proof of (2), that
there exists a coherent Reys-submodule D(V) of D{2¥(V') such that D(V)®z,Q, = D{¥(V) and

log log

(i) D(V) is stable under the connection Vywx) and the induced logarithmic connection
Vv is integrable and topologically nilpotent;

(ii) due to 3.60, choosing suitable integers m and n € N the map ¢p) := pp sends D(V)
to D(V'), the morphism ¢p(y) is horizontal with respect to Vp(yy and multiplication by p" on
D(V) factors via p"pp.

We deduce from [K2, Thm. 6.2] that (D(V), Vyw) defines a crystal D(V) of Ox, 0

modules on the site (X K/ Ocris)cr:; see 2.4.5 for the notation. Moreover, the absolute Frobenius on

log — (Xk/ocris>
Then, ¢p(v) defines a morphism ¢: F*(D(V)) — D(V) of crystals of Ox, o
to (ii) this is well defined up to multiplication by p.

Given two charts on R, inducing two choices of Frobenius ¢; and ¢, on fi, we get two
Frobenii ¢; and 9 on D(V'). Then,

cris

lo

cris cris

Xy and the given Frobenius p» define a morphism of sites F': (X k/ (’)Cﬁs) log

-modules. Due

cris

Corollary 3.63. Assume that V is a semistable representation. Then, the two Frobenii 1 and
o on the crystal D(V') differ by multiplication by a power of p.
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Proof. Choose in (ii) above h large enough so that it works both for ¢; and for ps. We then
prove that ¢ and ¢y on the crystal D(V) coincide.

Let T be the set of minimal prime ideals of R over the ideal (7) of R. For any such P let
Tp be the set of minimal prime ideals of R over the ideal P. Using the injective maps

lccl;lgs(v> - H Dcris (V’GR,Q) ®R7’,0 E(,P),

PeT, QT p

it suffices to prove the claim for Dcris(V’GR,Q) for every P € T and Q € Tp. Since the log
structure on Rpy is trivial, our claim is the content of [Bri, Prop. 7.2.3]. O

3.7 The functors D°***° and D'%&°, Geometrically semistable repre-
sentations.

Let V be a finite dimensional Q,—vector space endowed with a continuous action of the geometric
Galois group Gg. Define

geo,cris cris( » Gr geo,max max [ Gr
Dlog, (V) = <V ®@p log (R)> ) I)log7 (V> = <V ®Qp log (R)> :
They are Rgeo rS_modules (resp. Rgeo "**-modules) endowed with filtrations, connections Vv,
and Vyp, and semilinear Frobenlus ¢y. We have

Proposition 3.64. The following are equivalent:

(1) Dy (V) is a finite and projective Rffg [t~ -module and the map

Dgeo crls(v) ®§igoeo,cris Bcris (R) -V ®Qp cris (E)

log log log

1 an isomorphism;

(2) Dy, (V) s a finite and projective Elgfgo’max [t7!]-module and the map

D& maX(V) ®§lg:§’max Bmax (ﬁ) N 7 ®Qp cris (ﬁ)

log log log

1S an isomorphism.

Moreover, in this case Di)” V) @ prseo.cris ngfgo M2 DEPT(V) compatibly with filtrations,
log

connections and Frobenius.

Proof. This is a consequence of the projectivity assumptions and the fact that BL??S’GR = Elgfg scris [t

and BlogGr = peeocris [¢7!] proven in 3.38. O

max log

Definition 3.65. We say that a representation V' is geometrically semistable if one of the two
conditions above hold and if furthermore there exists a coherent R®pAjg-submodule D of

Dlg(f;’cris (V') such that:

(a) it is stable under the connection Vyw) and Vywa|p is topologically nilpotent;
(b) Dl:t— ] Dgeo Crlb(v)’

log
(c) there exist integers h and n € N such that the map "¢ sends D to D and its image
contains t"D.
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The following corollary provides examples of geometrically semistable representations:

Corollary 3.66. If V is a semistable representation of Ggr, then it is geometrically semistable
and we have natural isomorphisms

cris(v) ®§lcris égeo,cris o Dgeo,criS(V)7 max(v) ®Em égeo,max o Dgeo,maX(V)
og ax

log log log log log log
compatible with connections and Frobenius and strictly compatible with the filtrations.

Proof. The displayed isomorphisms follow from the isomorphisms in 3.59, the fact that ngigS(V)

a}vnd Ditg*(V) are projective modules and the computation BIC;;S’GR = }Nzﬁfg “[¢71] and Bloglr =
Ry [t7'] provided in 3.38.

Such isomorphisms are clearly compatible with connections, Frobenius and filtrations. The
conditions in 3.65 are satisfied due to §3.6.2. The strict compatibility with the filtrations follows
from 3.29(4), 3.60(4) and 3.22.

]

We state our main result:

Proposition 3.67. (i) The category of geometrically semistable representations is closed under
duals, tensor products and extensions.

(i1) The functors DE™™ and Dlg(fg’cris, from the category of geometrically semistable repre-

sentations to the category of }N%Igfg’cris—modules (resp. }N%igoego’max—modules) endowed with connections
and Frobenius, commute with duals and tensor products and are exact.

Proof. The claims concerning duals and tensor products follow proceeding as in 3.62(2)&(3).
Let 0 - Vi — Vo — Vi — 0 be an exact sequence of QQ,-vector spaces endowed with an
action of Gr with V; and V3 geometrically semistable. First of all we claim that the sequence

0 — D" (Vi) — DES™(Ve) — DEF™(V3) — 0 is exact. This follows if we prove that

H' (G, V1 ®g, Bl22*) = 0. This group coincides with H! (G, D&, (V) ® seo max Blg 2™ (}N%)) since
og

log log log

V1 is geometrically semistable. Since Dii™*(V) is a projective Eﬁfgo ¢~ -module of finite

rank, it suffices to prove the vanishing of H* (G R, Binax (R)) This follows from 3.38. In particular,

log
D™ (V2) is a finite and projective R

with exact rows:

geo,max

log [t7!]-module. Consider the commutative diagram

Dgeo,maX(‘/l) ® Bmax N Dgeo,maX(‘/—z) ® Bmax N Dgeo,max<‘/3) ® Bmax N 0

log log log log log log

0— i ®q, max (E) — V5 R, max (ﬁ) — V3 Xq, mnax (E) — 0,

log log log

where the tensor product in the first row is taken over }N%lgoego M and Bpa stands for Bija* (}N%)

The right and left vertical arrows are isomorphisms by assumption. The snake lemma implies
that also the vertical arrow in the middle is an isomorphism as wanted. In particular, V5 satisfies

3.64(2).
We are left to show that the other conditions of 3.65 are satisfied. Let D; C Dlgcfgo’ms(vl)
and D3 C Dlgfg’cris(\/g) be the submodules as in loc. cit. We have just proven that Dlgfg’cris(\/g) is
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geo,cris geo,cris geo,cris . .o
e -modules DEF (V1) and D" (V3). In particular, it is

isomorphic to their direct sum. We view Dj := D, @ D3 C Dy (1) as a submodule. Note

an extension of the projective R

that Dy[t~'] = DY “I(Vj). The connection Vy, w) is compatible with the connections Vy, )

and Vy, wr) so that it preserves D; and sends Dj to (t_NDl ® D3)®w}§/w(k) for some N € N.

Set Dy := t~VD; @ Ds. Then, D, is a coherent E@oAlog—module, it is stable under Vy, wy,)
and Vy, wr)|p, is topologically nilpotent as Vv, w|p, and Vi, w|p, are. Thus conditions
3.65(a)&(b) hold. If we take n € N and h < n so that t"p satisfies condition 3.65(c) for D,
and D3, then t"¢ sends D; to Dy and D, to t™™D; @ Ds for some m € N. Then, t?"+2" D, is
contained in t"*"p(D,) so that condition 3.65(c) holds.

]

4 List of Symbols

Eg? classical Fontaine ring, §2.1.1
Aint (OF) classical Fontaine ring, §2.1.1
Acris, Bars classical Fontaine rings, §2.1.1
Ajog, Biog classical Fontaine rings, §2.1.1
Bii, Bir(O) classical Fontaine rings, §2.1.1
Deyis, Diog, Dar classical Fontaine functors, §2.1.1
Xy, Tx, Faltings’ site and respectively Faltings’ topos associated to X and L, §2.2.3
Ox, @x Fontaine sheaves, §2.3
Aj; 1, Fontaine sheaf, §2.3
AY.. Fontaine sheaf, §2.3
AY ., Fontaine sheaf, §2.3
Ay, Fontaine sheaf, §2.3.4

log,L»
By, Biog Fontaine sheaves §2.3.6

Evog,g, Eog’g Fontaine sheaves §2.3.7
Dy Fontaine functor §2.4.1

Djy, Fontaine functor §2.4.3

R,, R° rings, §3.1

E relative Fontaine ring, §3.1.2

R relative Fontaine ring §3.1.3

E{ relative Fontaine ring, §3.1.4
A% , relative Fontaine ring, §3.1.5

Aint(R/O) , Aine(R/R), Aing(R/ E) relative Fontaine rings, §3.2
B(ijn (R), deéfn (R), Bii.(R), Bir.n (R) relative Fontaine rings, §3.2
B¢tls Blax relative Fontaine rings, §3.4

log » “log
s,V is,V . . .
Alg " (R), AR, relative Fontaine rings, §3.4

Ryax ring, §83.4.4

i 1 . L
ATBY ATV polative Fontaine rings §3.4.4
R,max R°,max

ADseo ATV ATV (R) Ageo’criS(R), A®S_relative Fontaine rings, §3.5

Rycris’ ~ log,c0? **log » “*og log,00
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Dygr, f)dR relative de Rham functors, §3.3
Di7¥, Dis2* relative Fontaine functors, §3.6
Dlog,geo

cris

, Dlog:geo gaometric, relative Fontaine functors, §3.7
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