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1 Introduction

Let K be a finite extension of Q, and X an algebraic variety over K. As Illusie remarked
in Cohomologie de de Rham et cohomologie étale p-adique [I], “le groupe Hjn(X/K) se
trouve muni d’une structure plus riche qu’il n’y parait de prime abord.” This “hidden
structure” has been discussed by many people including Berthelot and Ogus [BO|] when
X is proper with good reduction and more generally by Hyodo and Kato [HK]. In this
paper, we expose it in the relative situation over a curve with semi-stable reduction using
residues and p-adic integration. More precisely we study de Rham cohomology of a semi-
stable curve with coefficients in the relative cohomology of a smooth proper family over
that curve. The information on crystalline and de Rham cohomology of a curve with
semi-stable reduction supplied by this article is similar to that of the theory of vanishing
cycles for /-adic cohomology.

Suppose K has residue field k and ring of integers V. Let W := W (k) denote the
ring of Witt-vectors with coefficients in &k, K its fraction field and we denote by o the
Frobenius automorphism of Kj. Let Ckx be a smooth projective curve over K with a
semi-stable model C' over V. By this we mean that locally C' is smooth over Spec(V)
or étale over Spec (V[X,Y]/(XY — 7)), where 7 is a uniformizer of V. Denote by C :=
C Xsgpec(v) Spec(k), its special fiber and by Sing, the singular sub-scheme of C.

Then the vector space Hjp(Ck) has enough hidden structure so that one can recover
the corresponding representation of Gy = Gal(K/K) on the étale cohomology of C,
a la Fontaine. l.e. besides the Hodge filtration it has a Kj-lattice (the log-crystalline
cohomology of C with Q,-coefficients) with linear monodromy and o-semi-linear Frobenius



operators. One can use this to describe the representation. This is true much more
generally (see for example [Fad] and [Ts].)

Let g: Z — C be a flat proper morphism. Suppose P is a sub-scheme of C| finite and
étale over V' whose reduction is disjoint from Sing. Let C'* be the log formal scheme over
V' associated to the pair (C, P) (i.e. the formal completion of C' along its special fiber
together with the log-structure associated to P). Denote g~'(P) by Dp and let Z* be
the log formal scheme over V' associated to the pair (Z, Dp). We'll abuse notation and
also let g: Z* — (' denote the morphism of log formal schemes induced by g. Then
Dp is a divisor of Z and we will suppose from now on that Dp U Z is a reduced divisor
with normal crossings. Here Z is the special fiber of Z. Suppose that the restriction of
g induces a smooth proper map (Z\Dp) — (C\P). Then, under all of the assumptions
above g: Z* — C* is log smooth.

For example, if C = X(N,p) = Xi(N) xx@) Xo(p) where (N,p) = 1 and N > 4,
Z = E(N,p), the universal generalized elliptic curve over C' with level structure and
f: Z — (' is the natural map, then if one takes P to be the divisor of cusps on C, the
quadruple (C, Z, f, P) satisfies the above conditions.

If h,i,j >0, S"(Z/C, P) will denote the h-th hypercohomology group of the complex

of sheaves, Sym’G*(Z/C, P) S}ED Sym’G*(Z/C, P) ® QEK/K(log(PK)), where

G'(Z/C,P) = K ®y R'g.Q%x jox = K ®y Hyp(Z2*/C*)
and D is the Gauss-Manin connection.

The group S"%(Z/C, P) naturally has a Hodge filtration which we call F"#3*(Z/C, P).
After choosing a branch of the p-adic logarithm on K>, we will use the rigid geometry
of Z/C and p-adic integration to produce a Ky-lattice S/ (Z/C, P) in S"i(Z/C, P), a

linear operator Ni™ on this lattice and make a o-semi-linear operator ®"* on S"*J(Z/C, P)
such that NMt@int = p@int yint,

A four-tuple (M, F, N, F*) where M is a finite dimensional vector space over Ky, F' and
N are o-semi-linear and respectively linear operators on M such that NF' = pF'N and
F* is a decreasing exhaustive filtration of My := M ®g, K by K-vector subspaces is
called a filtered, Frobenius, monodromy (FFM) module over K (see [Fo]). The category
of FFM-modules is an additive, tensor category with kernels, cokernels and a notion
of short exact sequences but it is not abelian. Its subcategory of weakly admissible
modules (which are now known to be admissible by [CF]) is abelian, see also [Fo]. To a
Q,-representation of G'i, Fontaine associated an FFM-module and if this representation
“comes from geometry” one can recover it from the FFM-module.

In particular, if g: Z — C' is as above then

M (Z/C, P) == (Ski?(Z/C, P), &, N, F'i3#(C, P))

wnt int

is an FFM-module over K.



We will prove,

Theorem 1.1. The FFM-module M.’ (Z/C, P) is the one associated to

int
V'I(Z/C,P) == Hy((C — P)g, Sym? (R'g..4Qp))
via Fontaine theory. In particular,

Vi(Z/C, P) = (By® (ML (Z/C, P

int

)))@:Id,N:O A (BdR K Mh’i’j(Z/C, P)K).

int
We obtain our theorem from results of Faltings [Fa3], which we now describe.

Let us denote by C” the scheme C with the inverse image log structure from C*. Suppose
£ is a filtered logarithmic F-isocrystal on C”. Such an ob ject associates to the “enlarge-
ments” (thickenings) of C~ (see [O] for the non-logarithmic case and [Fa2], [Sh1],[Sh2]
in general) coherent sheaves in a compatible way. We will recall the precise definitions
in sections 3.3 and 6. The notion of an F-isocrystal and it’s initial development is due
to Berthelot and Ogus [BO1], [O]. The notion of a filtered logarithmic F-isocrystal was
defined by Faltings in [Fa2] and developed by Shiho in [Sh1] and [Sh2]. In particular, one
gets from £ a coherent sheaf Eox on Cf with an integrable connection D with logarith-
mic singularities at P. Therefore, if g, Z, C and P are as above, there is a filtered log-F
isocrystal 5?/'0 on C " which associates to the enlargement C*, Sym’G¢(Z/C, P).

In [Fa3], Faltings associated étale local systems on C, IL(€) to certain (very special) filtered
log-F isocrystals, £, and made families of FFM-modules, (H? (&), @ffg, N,feg,]:h") (see

deg deg
section 2.1 for more details). Let us very briefly describe H},,(£). It is the log crystalline

cohomology on C, with a certain log structure 6”, with values in £. As C' is a reduced
divisor with normal crossings in C, let C** be C' with the log-structure induced by
CUP. Let C*” be C with the pull back log structure. Similarly, let Spec(V)* be
Spec(V) with the log structure given by the closed point, let Spec(k)* be Spec(k) with
the pull-back log structure and let Spec(W)* be Spec(W') with the Teichmdiler lift of the
log structure on Spec(k)*. Then & is a filtered log F-isocrystal on C " over Spec(W)*

and we set H},,(£) := Hh (C /Spec(W)*, €) for h > 0. It is proved in [Fa3] that the
étale cohomology H! ((C'— P)#%,L(£)) and these FFM-modules are associated to each

other via Fontaine’s theory. In the case, £ = 5;;0, HiW(E) ©k, K = S"(Z/C, P),

F* is the Hodge filtration and H((C' — P)z,L(E)) = V'i(Z/C, P). In this paper,

deg
we will extend the definitions in [C1] of FFM-modules H!,(£) to regular (see section 6)

int

logarithmic F-isocrystals € on C over Spec(W) and prove
Heo(€) = Hy (€)

for all A > 0, when all the irreducible components of C' are absolutely irreducible.

We have several applications of our theorem. We first point out that our descriptions
of the operators @ N are more explicit than those of the corresponding operators
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defined by Hyodo-Kato in ([HK]) and Faltings in ([Fa3]). If C = X (N, p), with (N,p) =1
and N > 4 (see the notations above) and & = Sym’G'(E/C, P) then we prove that
the rank of N on HL, (C™ /Spec(W)* )P~ is exactly half the dimension over

K, of this vector space (see corollary 7.4.) As a consequence we derive that if f is a
p-new cuspidal eigenform of weight k = j + 2 on X (N, p) and V; denotes the p-adic Gk-
representation attached to f, then V; is semi-stable but not crystalline (corollary 7.5).
This was proved in [S] in a very indirect way, using the local Langlands correspondence
and results of Carayol on the rank of the monodromy operator on the f-adic (¢ # p)

Weil-Deligne representation attached to f.

Our main result is also used in [IS] in order to give an explicit description of the image of
the p-adic Abel-Jacobi map applied to Heegner cycles on certain Shimura curves in terms
of extension classes in the category of FFM-modules. In particular a p-adic Gross-Zagier
formula for higher weight modular forms is proved in that paper.

Finally, another application of our results is to get an explicit description of the Mazur-
Tate-Teitelbaum L-invariants which we now describe.

Suppose now that & > 0 is an integer and (M, F, N, F*) is a FFM-module over K such that
F'M is My for i < k and it is 0 for ¢ > k+2. Suppose H is a commutative Z,-algebra free
of finite rank which acts on M such that F**'M is a rank 1 Ho, := H ® Qp-submodule,

Mg =F" M @ (N ® 1) Mg

and N @ 1gc: F*'M — (N ® 1g)Mf is a non-zero Hg,-isomorphism. Then, if v € M
is an eigenvector for F' such that (N ® 1x)Mg = Hg, - Nv, the L-invariant £(M) of
(M, F,N,F(D)*) is the unique element in Hg, such that

v— L(M)Nv e FFiy.

The general definition of an L-invariant becomes arithmetically significant when we attach
it to a cuspidal newform on X (N, p) of weight k + 2 (as above), with k > 0 even, which
is split multiplicative at p. This means precisely that a, = p*/? (see [M].) The quest
for an L-invariant which is intimately connected to the relationship between complex
and p-adic L-functions was initiated by Mazur-Tate-Teitelbaum (86) in [MTT]. There,
a definition in the weight 2 case was offered. Its relationship with values of L-functions
was established by Greenberg and Stevens using Hida theory (91) in [GS]. Teitelbaum
proposed the first definition in the higher weight case under some restrictions on the level
using the uniformization of Shimura curves by the p-adic upper half plane (90) in [T] (his
definition does not involve a FFM-module but see [IS]), the first author of the present
paper offered a definition using the FFM-module M}" (E(N,p)/X (N, p), Cusps) and H
is the Hecke-algebra acting on X (N, p), in [C1]. Finally, Fontaine-Mazur defined an £-
invariant associated to a cusp form as above using the FFM-module Dy (V'), where V is
the local Galois representation attached to the cusp form and Dy, is Fontaine’s functor
(see [Fo]) in [M]. The algebra H is again the Hecke algebra acting on X (N, p). K. Kato,
M. Kurihara and T. Tsuji established the connection between the L-invariant of Fontaine

5



and Mazur and special values of the complex and p-adic L-functions while G. Stevens
has established the connection between the L-invariant defined in [C1] and special values
of the complex and p-adic L-functions using p-adic families of modular forms, see [St].
The result of Kato, Kurihara and Tsuji has not yet been published. The present paper
together with the results in [IS] establishes the equality of all the L-invariants (whenever
they are defined). Of course, the results of Kato-Kurihara-Tsuji and Stevens togeher also
imply (indirectly) the equality of the L-invariants defined in [C1] and the corresponding
Fontaine-Mazur L-invariants.

We mention that P. Colmez also proved (in [Cz]) a formula giving the L-invariant of
Fontaine-Mazur as derivative of a family of eigenvalues of Frobenius. Together with the
result of Stevens mentioned above involving the L-invariant defined in [C1], this gives
another local proof of the equality of the two L-invariants we consider.

In [G-K] Grosse-Klonne extended the Hyodo-Kato theory and showed that there are
natural Frobenius and monodromy operators on the de Rham cohomology of a quite
general rigid space. He has been able to explicitly compute these when the space is a
quotient of a p-adic symmetric domain.

Writing this paper we had two options, namely to present the definitions, statements
and proofs in the most general case (the logarithmic case), which would have made the
notations very complicated and would have obscured the ideas of the proofs or, to first
present some of the definitions, statements and proofs in the non-logarithmic case, then to
give the definitions and make the precise statements in general and leave it to the reader
to check that the same proofs go through with the obvious adjustments. We choose to do
the latter.
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grateful to its author for his/her help.

Some of the re-writing of the paper was done while the second author was a visitor of the
Ecole Politechnique, Paris and of Université Paris 13, Paris. He is very grateful to these
institutions and to his hosts Pierre Colmez and Jacques Tilouine for their kind hospitality
and encouragements.

We thank Christophe Breuil and the editors of Asterisque for gracefully extending sub-
mission deadlines.



2 Definitions of the operators

Let K,V,k,W, Ky, Ck,C,P,C, P be as in section 1. Let us recall that we suppose that
the reduction of P, P does not meet the singular divisor of C. We endow the formal
completion of C' along its special fiber with the natural log structure defined by the
divisor P and denote the resulting formal log scheme by C*. We let C” denote the
log scheme C' with the inverse image log structure. We also denote by C** the formal
completion of C' along its special fiber with log structure given by the divisor with normal
crossings P UC. We denote C™” the scheme C with the inverse image log structure. Let
£ be a filtered log F-isocrystal on C”. We fix a uniformizer 7 of K and fix the branch,
log, of the p-adic logarithm in K™ such that log(m) = 0. Then, if £ is regular (see below)
there are two ways to attach a family of FFM-modules to £, as we shall explain below.

2.1 The definition via degeneration

We first briefly review the definition given by G. Faltings in [Fa3]. We give more details
in later sections. By deformation theory, the pair (C, P) can be regarded as the fiber at
the point m of S := Spf(W/{[t]]) over W, of a pair (X, P) consisting of a family of curves X
defined over S and a smooth divisor P of X over S. Let X* denote the log formal scheme
X with the log structure given by the divisor P. Let f : X — & denote the structure
morphism. Let ) denote the fiber of this morphism at ¢ = 0. Then P and ) are disjoint
and Y is a divisor of X with normal crossings. We denote by X** the formal scheme X
with the log structure associated to the divisor P U Y. If we let X = X' S = S"8 and
Prie := Py denote the rigid analytic spaces over K associated to X, S and P respectively
and if f: X — S is the induced morphism then we have

i) X — Spec(Kj) is smooth

i) Y := f71(0) = Y& is a semi-stable curve over Kj

1i1) Py :=PxNY isdisjoint from the singular divisor of Y
iv) flx: X*=(X-Y)— 5" =(S—{0}) issmooth.

The evaluation of £ on X* is a coherent Ox-module Exx, with a relative, logarithmic,
integrable connection Dx/s. Let us denote by K3 /s the complex of sheaves on X

Dx/s

gxx — gxx ®OX Qﬁ(/s(log(Y U Px>>
The relative connection Dx/g is induced from the absolute connection:

Dx/k,

Exx — Exx Roy Q%{/Ko(log(PX))

by composing with the natural map: Q}(/KO (log(Px)) — Qﬁ(/s(log(Y U Px)).

See section 3.3 and section 6. We denote by H’ the i-th logarithmic relative de Rham

cohomology group of X/S with coefficients in Exx, i.e. the sheaf Rif*(KX/S) fori =0,1,2.
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For every 4, H' is a free Og-module with an integrable, regular-singular connection
Vi ' — H ®p, Qg/Ko(log 0).

Fix a parameter t on S, with ¢(0) = 0. The Frobenius on & together with the Frobenius
@ on S which sends ¢ to t¥ and acts on the coefficients as the absolute Frobenius on K,
endow H’ with a (p-semi-linear, horizontal (with respect to V;) Frobenius operator

®;: o*H' — H".

If s is a point of S, let HY denote the fiber of H at s. The i-th logarithmic de Rham
cohomology of Ck, with coefficients in Eqx, HQR(CK, gcx) is canonically isomorphic to
H:. (Recall, P is the fiber of Py at s = w.) We denote these groups by H(C, P,£). On
the other hand, H} is canonically isomorphic to the logarithmic de Rham cohomology of
Y with coefficients in £y, i.e. the i-th hypercohomology on Y of the complex of sheaves

Dy w 1
gyx — gyx ®Oy Q)JXX/Spf(W)X’

where J** is the formal scheme ) with the inverse image log structure from X**. We
denote this group by H (Y, Py, £).

Now let Hj,(€) denote the FFM-module (H(Y, Py, £), ®{5, N;®, F3

deg): Where the oper-
ators are defined as follows

the monodromy operator: N % := Resy(V;): H\(Y, Py,E) — H'(Y, Py, E),

and

the Frobenius operator: P = @, Higyvpe): H'(Y, Py, &) — H' (Y, Py, E).
These operators satisfy N 8@ — s ydes,

We still have to define the filtration on (H},(€))x := H(Y, Py, £) @k, K. For this let us
recall from [C] (this was also proved in [Fa3]) that the triple (H', V;, ®;) is determined
by the triple (H (Y, Py, &), N &%), More precisely we have a natural, horizontal,
Frobenius-equivariant isomorphism of Og-modules

(Hi7vi7 ®7,) = (HZ<Y, Po,(c:) ®K0 OS7 (vi)l7(1)?eg ® g0),

where the connection (V;)" is defined by,
dt .
(Vi) (h®z) = N*%(h) @ v+ hdz, forall he H'(Y, Py, &),z section of Og.

Here a few comments are in order. For i = 0,2 the pair (H', V;) is very simple. Namely,
let i = 0. Then H° = (Exx (X))DX/S =: Fx/g and the connection Vj is the composition

D
Ex/s X% Ex/s ®o4 Qs — Ex/s ®04 Q5(10g(0)),

8



where Dy, g, is the absolute connection mentioned at the beginning of this section. There-
fore N{“ = Resy(V) = 0 and so applying the above we get that H® = HO(Y, Py, £)®,Os
and (Vy)' (therefore also Vj) is the trivial connection. The same happens for i = 2 by
Poincaré duality (see [Fa3]).

V1 is not trivial in general so let us define Hj,, = H' ®o, Og[((t)], where £(t) is a variable.
We endow Hj,, with the connection V(log) := Vi ® 1 +1® d where d : Ogll(t)] —

Os[l(t)] ®og QIS/KO(log(O)) is defined by d(¢(t)) =1 ® %

For all h € H\(Y, Py, £) the sections of H}

log
h@1— N¥8(h)® ()
are horizontal for V(log) hence the connection V;(log) is trivial.

Therefore, letting Hj,, = H' if i = 0,2 we have for i = 0,1,2 and every K-point s # 0 of
S natural identifications (by parallel transport, see [D])

(Héeg(g>>K = HZ(Yu POa 8) X Ko K= (Hfog)s

where by (Hj,,)s we denote the pull back of Hj,, by the map Og[l(t)] — K sending
t — s and {(t) — log(s), where let us recall that the branch of the logarithm chosen at
the beginning of this section is such that log(w) = 0. In particular, for s = © we have
(Hj,,)r = Hi = Hip(Ck, Ecx (log(P)) and we define the filtration on (H},(£)) . to be the
inverse image under this isomorphism of the Hodge filtration on H5(Ck, Eox (log(P)).

Remark 2.1. Actually Faltings does not mention the basis of horizontal sections defined
above in [Fa3] and it seems to us that he does not identify fibers of Hi,, (see also the
remark before lemma 2.1 in [Fa3)]).

2.2 The definition via p-adic integration

We generalize the definition given in [C1] when & is regular. As pointed out above,
the evaluation of £ on C* is a coherent O¢,-module with a regular singular (at P)
integrable connection D: Egx — Eox ®o,, Qe sk (log(P)). Recall that we have denoted
by H'(C, P,E) the K-vector spaces H'p(Cr,Ecox (log(P)), for i = 0,1,2.. The following
lemma will be proved in section 3.3

Lemma 2.2. The connection D has a basis of horizontal sections on every residue class

Of CK.

We'll assume that the components of C' are smooth, absolutely irreducible and there are
at least two of them. Also suppose that the singular points of the reduction are defined
over k.



For i = 0,2 we have the K-lattices in H(C, P,&), HE (€)== Hi . (C”, &) with the re-
spective Frobenii and zero monodromies. The filtrations on H*(C, P, £) are the respective

Hodge filtrations.

For ¢« = 1 the situation is more complicated. For an admissible covering D of a rigid space
let G := G(D) be the graph whose vertices v(G) are the elements of D and whose oriented
edges €(G) correspond to ordered triples e := (U, V,W) where U # V € D and A, := W
is a connected component of U N V. Also, if e is such an edge then its origin a(e) is U
and its end b(e) is V. We set 7(e) = (V,U,W). If v € v(G(D)) we will denote by U, the
element of D corresponding to it. We choose and fix a system of representatives e(G) of
the quotient set ¢(G)/7.

Consider B
C = {red™'Z: Z is a component of C'},

where red: Cx = C"8 — (' is the reduction map. Then C is an admissible open cover
of Cx by wide opens (see [C4]). Let G = G(C), v(G) be the vertices of G and ¢(G), the
edges of G. If v € v(G), C, will denote the corresponding component of C. We also set
CY=C, — Uwo Cw- In this situation, for each e € e(G), A is an oriented wide open
annulus. Given lemma 2.2, there is a natural residue map

Res.: Hip(Ae, Ecx) =2 HYp( A, Eax) = (Eox

).

Ae

We will sometimes abuse notation and allow Res, to denote the composition of Res, with
the natural map from H*(C, P,€) to Hjp(A., Eox).

Elements of H'(C, P, ) are represented by pairs of collections
({wv}va(G)a {fe}eGe(G))

where w, € (Ec ® Qy; )(log P,))(U,) and f. € £(A.) are such that

Ae — Dfe

for all e € e(G). We denote P N U, by P,. From the Mayer-Vietoris exact sequence
corresponding to the covering C we get a short exact sequence

Wa(e)| 4. — Wh(e)

0 = (Beee(e) Hip(Ae, Ecx)) / (@vevio) Hip(Un, Eox (log(P)))) — H'(C, P,€)

1
l> Ker(@vev(g)HéR(Uv, SCX (IOg(Pv))) — @€E€(G)H;R<Ae, 56‘><>> — 0. ( )

First, let us observe that the left and right terms in the exact sequence (1) have natural
Ky-lattices, with Frobenii. To see this, note that Hlp(A.,Eox) contains a natural K-
lattice, namely HY, (z.,&), where x, is the point of C' corresponding to the edge e,
and it has a natural Frobenius. Therefore we get a natural Ky-lattice with a Frobenius
on the left module of the exact sequence (1) which will be denoted H*'(C) and Fj cris
respectively. Moreover, for v € v(G), Hjp(U,, Eox (log(P,))) contains a natural Ky-lattice

with a Frobenius, namely the first log crystalline cohomology with coefficients in £ of

10



the component corresponding to the vertex v, C)* where the log structure is the one

induced by the log structure on C . See [Fa2]. Therefore, the right module of the exact
sequence (1) has a natural Ky-lattice, denoted H'?(C'), with a Frobenius denoted F cyis.
To define a Ky-lattice, H.,(€) of H'(C, P, £), together with a Frobenius operator ®"* and
a monodromy operator Ni™ we’ll first split the exact sequence (1) by defining a section s

of +. This can be done if the log F-isocrystal £ is regular.

Definition 2.3. We say that the log F-isocrystal € on C” isregular if for everyv € v(G)
and x closed point of C, — P the characteristic polynomials of Frobenius on HO. (z,E)
and HL, (CX*,E)) are relatively prime.

cris

Remark 2.4. [t will be proved in section 6 that the definition (2.3) is satisfied by all log
F-isocrystals on c” coming from a family of schemes Z — C' as in the section 1.

For the rest of the section we’ll assume that £ is regular. Let w € H'(C, P,Exx) be
represented by the hypercocycle ({wy}v, {fc}e) as above. If v € v(G) one can define a
p-adic integral of w,, A\,, on U, — P,, which depends on our choice of the logarithm and
is well defined up to a rigid horizontal section of Ecx |y, (see section 5.2). Then s(w) will
be represented by the cocycle ({ge}e), where

Ge = fe - (/\a(e)

Ae = Ab(e)]a.)-

it (&) to be the FFM-module, where
the underlying Ky-vector space is ¢«(H*'(C)) + u(H"Y(C)) and the Frobenius operator,
Pt (w), is

Let u be the corresponding section of v. Then define H}

L(F eris (8(w)) 4 w(Fy eris (7 (w)).

Moreover, the monodromy operator, Nt is defined to be the composition
L 0 Beee(a)Rese.
The operators satisfy the relation,
Nintgint — ppint pyint,

Finally the filtration on (¢(H"'(C)) + w(H'"Y(C))) ®k, K = H'(C, P,€) is the Hodge
filtration.

Remark 2.5. The same construction can be performed for every fiber X where s € §* =
S —{0}, i.e., we have residue maps Res®, monodromy operators N(i?ts) and Frobenii (Di(?ts),

fori=20,1,2.

The main result of this paper is
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Theorem 2.6. Suppose that £ is a reqular filtered log F-isocrystal on C”. Then the
isomorphism H (Y, Py, ) @k, K = (IHIng),r obtained by parallel transport yields an iso-
morphism of FFM-modules H},(£) = H{, ().

Remark 2.7. Actually reqularity is only needed in order to compare the Ky-lattices and
the Frobenii. We shall prove the equality of the monodromy operators (tensored with the
identity of K ) without any restriction.

Theorem 2.6 is an easy consequence of the definitions for ¢ = 0,2. The next sections of
the paper will be devoted to the proof of this theorem for ¢ = 1. We’ll first prove the
theorem (2.6) in the non-logarithmic case (i.e. P is the void set) and then we’ll provide
all the necessary definitions and results so that the reader should be able to fill in the
details of the proof in the logarithmic case.

3 F-Isocrystals

3.1 Formal schemes, rigid analytic spaces and weak completions

In this section we review some constructions and results on formal schemes, rigid analytic
spaces and weak completions which will be used later in the paper.

3.1.1 The functor rig.

We recall a standard construction in rigid analytic geometry, the functor “rig” (for more
details see section 02 of [B] or [dJ]). This is a functor from the category of locally
noetherian formal V-schemes (or formal W-schemes) to the category of rigid analytic
spaces over K (respectively Kj).

Let X be a locally noetherian formal scheme over Spf(V') (the case where V' is replaced
by W is treated in the same way) having the property that the scheme (X, Ox/Z)eq is
locally of finite type, where Z is an ideal of definition of X. To the formal scheme X we
attach a rigid analytic space X := X"8 over K as follows.

We first suppose that X is affine, X = Spf(A), let I = H°(X,Z) and fix fi, fo, ..., [ a set
of generators of the ideal I. For every n > 1 define the V-algebra

B, = A<T17T27 7TF7“>/(.]0}1 - 7TT17 f2n - 7TT27 st f;L - ﬂ-T?")?

where 7 is a uniformizer of V| and as usual, A(T},Ts, ..., T,) denotes the p-adic (or m-adic)
completion of the polynomial ring A[T},T5,...,T,]. The conditions on X imply that the
k-algebra

Bn/ﬂ-Bn = A/<7Ta f{bv f;7 ) ff)[le T27 ) Tr]

is of finite type which implies that B, itself is topologically of finite type. Therefore B, ®y
K is a Tate-algebra over K. For m > n > 1 we have canonical V-algebra homomorphisms
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B,, — B,, sending T; — f" "1, for all 1 < ¢ < r. The induced morphism of affinoids
Spm(B,, ® K) — Spm(B,, ® K) identifies the source with the affinoid sub-domain of the
target given by |f;| < |7|'/", 1 <i < r. We define X := X8 to be the inductive limit of
Spm(B, ® K), where these affinoids form, by definition, an admissible covering of X. In
fact one can prove that X" is independent of the ideal of definition Z and of the choice
of generators fi, fo, ..., f; and that it is functorial in X.

If the ideal of definition of X is 7Ox, i.e. X is a p-adic formal V-scheme topologically of
finite type, then X is the usual “generic fiber of X” & la Raynaud.

Let X, X" be as above. Then one can define a reduction (or specialization) map red :
X" — X as follows. For m > n > 1 the natural V-algebra homomorphisms A —
B,, — B,, induce the following commutative diagram:

Spm(B, ® K) =% Spf(B,,) — X

l l I

red

Spm(B, ® K) — Spf(B,) — X

Here the morphisms red : Spm(B, ® K) — Spf(B,,) are the usual reduction maps for p-
adic formal schemes and their generic fibers, i.e. defined as follows. Let z € Spm(B, ® K)
be a point and let m, be the respective maximal ideal. Then K(z) := (B, ® K)/m, is a
finite extension of K and we have V-algebra morphisms: B, — B, ® K — K(z). We
define red(x) to be the point of Spf(B,,) corresponding to the unique closed point of the
finite, local V-algebra which is the image of B, in K(x).

The morphism red : X8 — X is obtained by gluing the morphisms Spm(B, ® K) — X
in the above diagram.

For a general X, we obtain %r?g and the morphism red : X" — X by taking an affine
cover {U;}; of X and gluing U;"® and red, ..

Under the notations and hypothesis at the beginning of the section, let Z be a closed
sub-scheme of (X,0x/I). We denote by X,; the formal completion of X along Z. We
have canonical morphisms X,; — X and (X /Z)rig — X"&, The image of the latter
morphism is an admissible open subset of X8 which may be canonically identified with
red ! (Z) :=]Z[x (see Proposition 0.2.7 of [B]).

3.1.2 Formal models

Let X be a p-adic formal V-scheme (or W-scheme), separated and topologically of finite
type and let X := X" Assume that X is reduced and let U be an admissible affinoid
open of X.

Lemma 3.1. There is a canonical p-adic formal scheme 4 over V' (respectively over W ),
depending on X, with a morphism 4 — X whose generic fiber is the inclusion U C X.
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Proof. Let, as usual X; denote the special fiber of X and consider an affine open covering
of X1, {Vi}s. Let U; := red”(V;}) N U C U, the family {U;}; is an admissible covering
of U and let us denote by &l; := Spf(A;) where A; is the sub-ring of functions of Oy (U;)
bounded by 1 (we say that &; is "the canonical formal model” of U;). Let V; be the inverse
image of V; NV, under the map of special fibers (4f;); — X;. Then U; N U; = red; ' (Vy;),
where red; : U; — 4; is the reduction map and the canonical model of U; N U; is the
formal open sub-scheme of ; whose support is V;; Therefore, one can glue the formal
schemes {; along the canonical formal models of U; N U; and obtain the required formal
model of U. This is independent of the covering {V;};, as one may take the covering of
X consisting of all the affine open sub-schemes. O]

These formal models of affinoid opens of X have the following functorial property.

Let X, X’ be p-adic formal schemes, separated, topologically of finite type over V' (or W)
and let X = X" X’ = X™& and assume that X, X’ are reduced. Let U, U’ be admissible
affinoid opens of X respectively X’ and assume that we are given morphisms f : U’ — U
and g : (X'); — (X); such that the following diagram commutes.

U oc X (X'),
Il gl

red

U c x =% (x),

red
—_—

Then there exists a canonical morphism A : ' — U inducing f on generic fibers and
such that hy : (U'); — (L), is compatible with g.

3.1.2.1 Logarithmic structures

In this section we’d like to recall some basic notions in the theory of log schemes from
[Kal, [HK], sections 2.8, 2.9 and [Sh1].

Suppose A is a scheme (or a formal scheme or a rigid space). A morphism of sheaves
of monoids on the Zariski site of A, a: M — Oy4, will be called a pre log structure on
A. Call the pair (A, «) a pre log scheme (or formal pre log scheme) and denote it A*
and denote M, Myx. A pre log scheme (A, «) is called a log scheme if « induces an
isomorphism a~(0%) = O%. The sheaf of log one forms w4x on A associated to « is the
quasi-coherent sheaf Q) ® O4 ®o+ Max subject to the relations a(m) ® m = da(m), for
m € M,x. One has a natural derivation on the exterior algebra of wyx over Q4 such that
d(1®m) =0, for m € Myx.

If P is a divisor on A, Mp is the sheaf Mp(U) = OA(U)NO%(U—P) and ap: Mp — O, is
the inclusion, then AS =: (A, ap) is a log-scheme which is fine (“coherent” and “integral”).
If A is noetherian and reduced and if A is a variety w A% is naturally isomorphic to

QL(log P). If P =0, ap is called the a trivial log structure on A.

G. Faltings defines and uses a more restricted notion of log-structures in [Fa2] and [Fa3]
(see the appendix of [Ka] for the precise relationship between the two notions.)
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Henceforth, all log structures will be fine.

Let T be a formal log scheme. Let us denote by T the reduced sub-scheme of the closed
sub-scheme of T" corresponding to the ideal sheaf pOr. We have a closed immersion

v: Ty — T
and we’ll let T be the log scheme corresponding to the log structure on Ty
Lil(MTx) — Lil(OT) — OTO.

We use, as in [Ka] the notation :~! for the inverse image of a sheaf and +* for the inverse
image of a log structure.

Let now g: U* — T be a morphism of formal log schemes, g = (f,h) : (U, Myx) —
(T, M7~ ) . Here f: U — T is a morphism of formal W-schemes and we have a commu-
tative diagram

F M My v L
! ! and also /7 T
f_l(QT - OU Uo L T()

Therefore, we have a commutative diagram

fal(b_lMTx) = (L/)_lf_lMTx — (L/)_lMUx

! ! |
fH0r) = (O)70r — ()70
! |
f(;l(OT0> - OUO

which defines a morphism go: Uy — T§°.

Definition 3.2. Let X*, Y™ be schemes or formal schemes with fine log structures and let
M — Ox (respectively N — Oy ) denote the morphisms of monoids on X (respectively
on'Y') giving the log structures. Let f: X* — Y be a morphism.

i) We say that f is a closed immersion if the underlying morphism of schemes X — Y
is a closed immersion and the map f*N — M is surjective.

it) We say that f is an exact closed immersion if f is a closed immersion and the map
f*N — M is a bijection.

Definition 3.3. Let as above X* Y™ be schemes or formal schemes with fine log struc-
tures given by the sheaves of monoids M respectively N and let f : X* — Y™ be a
morphism. We say that f is smooth (respectively étale) if the underlying morphism of
schemes X — Y s locally of finite presentation and for any commutative diagram

T’>< i) XX
Lt L
T L) y X
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where ¢ is an exact closed immersion such that the ideal of T' in T is nilpotent, there exists
locally on T a morphism (respectively there exists a unique morphism) g : T* — X*
such that go = s and fg =1t.

See [HK] 2.9 for other equivalent formulations of definition 3.3.
Moreover we have the following result from [Ka] 4.10:

Lemma 3.4. If f : X* — Y 4s a closed immersion, then there exists locally on X a
factorization of f as: X* —= T L5 Y where T is a fine log scheme, ¢ is an exact
closed immersion and g is an étale morphism.

3.1.8 Fibrations and rigid analytic Poincaré lemmas

3.1.3.1 Let us first consider a smooth affine scheme Z of finite type over k and let ¢+ : Z —
T and ¢ : Z — T’ be closed immersions of Z into smooth p-adic formal affine schemes
over W. Let us assume that we have a smooth morphism of formal schemes u : 7/ — T
such that uod = ¢. Let T/’Z, 7,7 denote the formal completions of 7" respectively 7" along
Z and let T" := (7],)" and T := (7z)"®. Then locally on 7" we have integers d and

natural isomorphisms 7" = T x g, S¢, where let us recall that S is the open unit disk over
Ky, such that the following diagram is commutative

T — T Xg, S¢

ul !
T = T

In the above diagram the right vertical map is the natural projection. For a proof of the
result see [B] Theorem 1.3.2. An easy consequence of this result on "fibrations” is the
following

Lemma 3.5 (smooth Poincaré lemma). Let the notations be as at the beginning of
this section. Let £ denote an isocrystal on Z/W (see section 3.3) and let us consider the
de Rham complexes of sheaves on T" and T' denoted DR(T',E)* and DR(T,E)* obtained
by evaluating € at the enlargements T,z and T;z. The morphism u : T' — T induces a
morphism of complexes DR(T, E)* — u.DR(T',E)* which is a quasi-isomorphism.

We’d like to recall the similar result in the relative situation and with log structures from
[Sh1],[Sh2] and [Sh3].

Let us now recall that we have denoted S = Spf(W/{[t]]). Let us endow this formal scheme
with the fine log structure given by the divisor ¢ = 0 and denote this log formal scheme
by §*. The closed immersion Spec(k) — S given by t — 0 endows Spec(k) with the
pull-back log structure. Let Z* be a fine, smooth, affine log scheme over Spec(k)* and
let « : 2% — T* and (/ : Z* — T'* denote exact closed immersions over S§* into
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smooth, affine log formal schemes (we assume that 7,7 are endowed with the (¢, p)-
toplogy). Suppose that u : 7' — 7 is a morphism of log formal schemes over §*
such that wo ' = . Let 7/,,7)7 denote the completions of 7" respectively 7" along Z

and let | Z%[p:= (T/Z)rig,]ZX[T:: (T)z)"¢ denote the tubes of Z* relative to 7" and T
respectively.. We denote by w]lzx[T/ the sheaf on |Z* |7 given by: Q%T/, )% /sx @w Ko and
zZ

similarly for w]lzX[T. Then we have the following log Poincaré lemma.

Proposition 3.6 (Lemma 2.2.15, [Sh1]). Let £ be an isocrystal (without log structures)
on Z. If u s a smooth morphism of log formal schemes then the natural morphism of de
Rham complexes

DR(T,€)" = €1, ®o,,, Wiz, — Us (DR(T',&)* = &1, B0y, Whyxip)-

18 a quasi-isomorphism.

3.1. Weakly Complete Algebras

3.1.4.1 Weakly complete liftings

In this and the next sections we prove an important generalization of the “weak lifting
theorem” (theorem A.1 of [C2]) and give a geometric interpretation of it (in §3.1.5).

We start with some notations which will be used as such only in this section. Let R be
a complete local ring of characteristic (0, p) with maximal ideal p. If n is a non-negative
integer set R, := R(T1,T5,...,T,). Fix now k a non-negative integer. For an Rj-algebra
A, the weak completion A" of A is the smallest sub-algebra of the p-adic completion of
A which is p-adically saturated and contains the elements

. . 1 in
E Tit,in@q - Q7

for any a; € pA, 1 < j < nand r;__; € Ri. (When R is discretely valued this is
equivalent to the notion of weak completion of A over (R,p) in [MW], §1.) The algebra
A is weakly complete over Ry, if A = AT. Let A, := Alz1, 22, ..., 2] and Ry, = (Rp)l. A
quotient of Ry, for some n by a finitely generated ideal is a semi-dagger algebra over
Ry, [C3]. Such algebras are weakly complete. Denote A := A/pA. If f: A — Bisa
homomorphism of semi-dagger Rj-algebras, we say B is formally smooth over A if B is
smooth over A and
Anng(p) = Anny(p)B,

for all p € R.
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Theorem 3.7. Suppose A, B,C and D are flat semi-dagger algebras over Ry and we have
a commutative diagram

A — C
! !
B — D

Suppose, in addition, C — D 1is surjective, B is formally smooth over A and there exists
an Ry-algebra homomorphism 5 : B — C which commutes with the reduction of the
above diagram. Then there exists an Ry-algebra homomorphism s : B — C which lifts s
and commutes with this diagram.

Sketch of proof. The proof of the less general result Theorem A.1 of [C2] translates easily.
We first outline the proof.

There exists an integer n and Gy, ..., G,, € Al so that we can take B = Al /(G4, ..., Gy,).
Let g and V be the compositions Al — B — D and A, — B — C respectively.
Let I be the kernel of C — D. Let X := (z1,...,2,) € A and G = (G4, ...,G,,). First
one shows there exists an Rj-algebra homomorphism Vj : AIL — (' over Ry, which lifts
V such that V; = g( mod I). Now one shows there exists an n X m matrix N an m x m
matrix @ and an m-tuple of m x m matrices M with coefficients in Al such that

G(X + GN) = GMG' + GQ

where G is the transpose of GG and the coordinates of ) are in pA". Now for a non-negative
integer s set

Virr = Va(X) + G(VL(X))N(Vs(X)).

The V, converge to the required V' as s goes to infinity. The proof of which we now
explain:

Lemma 3.8. Suppose f: A — B is a surjective map of Ry-semi-dagger algebras. The
kernel of f is a finitely generated ideal.

Proof. Without loss of generality may suppose that A = Ry, and B = Ry;/J, where
J is a finitely generated ideal of Ry;. Let us denote by g : Ry, — B the natural
map (in particular J is the kernel of g) and call the "weak” variables in Ry, and Ry,
by 1, ...,z, and respectively yi,...,ys. Let h : Ry — Ry, so that f(h(z)) = g(x
h(y;) € fF~Hg(yi)),1 <4 <b. Let 2/i € g '(f(z;)). The kernel of f is generated by h(
and the finite set {x; — h(z})}iz1.4-

~—

Dk‘

In the notations of theorem 3.7, Recause B is formally smooth over A, we may write
B = Al /(Gy,...,G,,). Let g and V be the compositions Al — B — D and 4, —

B -2 C respectively. Let I be the kernel of the homomorphism ¢ — D and let
X = (z1,...,x,) € A,

Lemma 3.9. There exists Vy : Al — C over Ry, which lifts V such that Vo = g(mod I).

18



Proof. Let ¢’(X) be an element of C™ such that
¢(X) = g(X)mod I

and define a homomorphism V' : Al — (' in the natural way. Similarly there is a
homomorphism V’ : Al — C which lifts V/,

V' =g mod (p,I)C".

We can write

VI(X)—g(X)=a—b,
where a € pC™ and b € IC™. Let Vj : Al — C such that V5(X) = V/(X) — a. O

Let G = (Gy,...,Gy) and X = (x4, ..., z,,). Formal smoothness implies

Lemma 3.10. There exists a n x m matriz N an m X m matriz () and an m-tuple of
m x m-matrices M over Al such that

G(X +GN)=GMG"+GQ

where G* is the transpose of G and the coordinates of Q are in pAl. Here we think of
each G as a row vector of functions of X and by the notation G(X + GN) we mean the
composition of functions .

For an integer s > 0 set
Vit (X) = Va(X) 4 GIV,(X)N(V4(X).
Suppose @, Vo(G) = 0 mod g, for ¢ € pR. Then for s > 1,
Ve (X) = Vi(X) = (GMG' + GQ) (Vo1 (X)))N(V(X)) = 0 mod ¢+

This is enough to show that the sequence V; converges p-adically. We will now give some
idea about why it “weakly converges”.

Ifr € p% r > 1, let Ry,(r) denote the sub-ring of Ry, consisting of series which converge
on By[1] x By[r]. If f: Ry, — Ais asurjection and r > 1, let A(f,r) denote the subring
f(Rin(r)) and for F € A(f,r) set

g = max{[|G[, | G € Rpnlr), f(G) = F}.
Choose once and for all surjective homomorphisms
Rk;,a — A, and Rk,b — (.

Let Ry q4n — A;fl be the induced surjection. If e : Ry . — FE is one of these homomor-
phisms, let
E(r) = E(e,r) and [| [, =[] [e,-
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We can show there exist real numbers u > 1,d > 0, and L < 1 such that for 1 <t <u
the entries of N and G lie in Al (u) and

(1) Va(4L) c C@),

(i) [[Va(X) = Vo(X)||e < 1,

(iii) |G(Va(X)): < L7NIG(Vo(X)) ],
(iv) L = [[N(Va(XDING Vo (X)),
(v) Vi = Vo( mod I).

Now, (iii) and (iv) imply the sequences Vi 41 ,4) converge to continuous homomorphisms
Vi + Al (t9) — C(t), for 1 <t < u, compatible with decreasing t. Let V : Al — C be
thye direct limit of these V;. Condition (ii) implies that V' lifts V, (iii) implies G(V (X)) =
0, so V factors through a a morphism B — C which lifts B — C and finally (v) implies
this morphism commutes with the diagram.

Remark 3.11. A statement needed to prove (iv) which is analogous to a result used but
not stated explicitly in [C2] is, with notation as in the proof of lemma A-8 of [C2],

HACE) g < |1F g0

Corollary 3.12. Suppose R is discretely valued and B is a flat, formally smooth semi-
dagger algebra over Ry. Then B is very smooth over (Ry,pRy) in the sense of [MW],
definition 2.5.

Corollary 3.13. Suppose R is discretely valued and B and C are flat Ry semi-dagger
algebras, formally smooth over Ry, and there exists an Ry-algebra isomorphism s : B —
C. Then there exists an Ry-algebra isomorphism s : B — C' lifting s.

Proof. This follows from the previous corollary and the proof of theorem 3.3 of [MW]. [

3.1.4.2 Weak completions

Let the notations be as in §3.1.4.1. In this section, given a finitely generated Rj-algebra
A, we give a geometric interpretation of the ring AT ® K, which will be used later in the
article.

Suppose R is discretely valued.

Proposition 3.14. Let A be a finitely generated flat Ry-algebra. Set A= A/pA, A=
lim A/p"A, U = Spec(A), U = Spf(A) and U = Spec(A). Let g : U — X be an open

immersion of U into a scheme X proper and flat over Ry. Let X be the formal completion
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of X along its special fiber and Uy =]U[;. Then A" @p K = hII‘} A(V), where V' ranges

over all affinoid strict neighbourhoods of Uk in Xx and A(V') denotes the affinoid algebra
of V.

Proof. Let Z be the complement of U in X with the reduced closed sub-scheme structure
and let Z be its reduction modulo p. Let 7 be a uniformizer of R. Suppose {W;}; is
an affine cover of X and suppose that fir, ..., fi, € Og, (JWi]) are such that f,, ..., fi,.
generate the ideal in Oy, defining Z N W;. For A € p¥, ])\| > |r|, let V) be the union over
all 7 of

{x €]W;[ | there exists j,1 < j < n; such that |f;(x)] > A}.

As in [B] §1.2, the V)’s are independent of the choices and form a co-final system of
strict neighbourhoods of Uy in X}, Then we see that Vj is contained in Upg(C X5e).
This implies that the inductive hmlt we consider does not depend on the ch01ce of the
embedding U — X. Choose a presentation A = Ry[T1,...,T,]/I, which gives a closed
immersion U — A% and let X be the closure of U in P, . Then we see that A(V)) is
isomorphic to (Ri(T1,...,Tn)r/I) ®r K, where Ry (T}, ...,T,), denotes the ring of power
series over Ry, converging on the closed disk {(y, x) € K | |yl <1,|z| <1/A}. Hence
its inductive limit coincides with (Ry[T1, ..., T]T/I) ®r K = AT @ K. O

Remark 3.15. [t is possible to improve this result. If Z C X are affinoids, set |g|l; =
sup{lg(z)| : =z €Z} and

Az(X) ={fe€e AX) :[flz<1}
Then we can show, in the above notation, AT = hn‘}A (V), where as before V' ranges
over all strict affinoid neighbourhoods of Uk in Xg if A, A are normal, X is reduced and
U is irreducible.

3.2 The geometry of the family

Let us resume the notations of the introduction. We’ll briefly recall from [Fa3] how the
family of curves X — S in section 2 is constructed. In this section we assume that P is
empty.

As C is regular, C is a reduced divisor with simple normal crossings and each singular
point is k-rational we may find a deformation of C;, X — S := Spf(W][t]]) with the
following properties

e X is defined over W
e the curve C is the base change of X by the map W{[t]] — V sending ¢ to 7.

e Zariski locally X is smooth over W{[t]] or isomorphic to W{[t]|(z, z)/(xz — t).
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Let X := X" — § := 8" as defined in section 3.1. In this particular case the general
construction gives the following. Let Ry := W][t]] and for each integer n > 1 let R,, :=
WIH(T)/(t" — pT); it turns out that R, is the p-adic completion of Wt, T]/(t" — pT)
and that we have natural maps

e R, — V defined by t —» 7, T — 7" /p for all n >[K : K|
and

e R,11 — R, over W][[t]] defined by T"— ¢T'. Denote by X,,, X, XSpfrg SpfR,,.

Let, for n > 1, X,, and S,, denote the generic fibers of the p-adic formal schemes X,, and
Spf(R,) and let
X :=limX, and S :=lim S,,

The rest of this section will be devoted to understanding the rigid analytic structure of
the family X/S. As S, := Spm(R, ® Kj) is defined by [t| < |p|*/™, it follows that S,, is
the affinoid disk centred at 0 of radius |p|/® and therefore S is isomorphic to the open
disk of radius 1 centred at 0.

In [C4] (see also [C5]) a one-dimensional wide open was defined to be a rigid space which is
isomorphic to the complement in a proper curve of a “discoid subdomain.” We now define
a wide open, in general, to be the rigid space associated to a complete, flat, topologically
finitely generated, semi-local ring over W (or over V') (see §7 of [dJ]). Residue classes
of affinoids are wide opens. One can show ([C6]) that such spaces have a finite number
of irreducible components. We suspect, when they are smooth, that they have finite
dimensional de Rham cohomology.

First, as X is a deformation of C, the ideal tOx + pOx of Oy is an ideal of definition for
this formal scheme and the closed sub-scheme of X defined by this ideal is isomorphic to
C as schemes over k. Therefore, by section 3.1 we have a reduction map red: X — C,
and we define the covering of X:

C := {red"'Z: Z is an irreducible component of C'}.

This is an admissible open cover of X. If v is an irreducible component of C, we denote
by U, € C the corresponding open and if e is a singular point of C' we let A, =red~!(e).
We’ll see in section 3.5 an interpretation of these notions in terms of graphs.

Moreover, if s € S*, then the restriction (i.e. base change) of C to the fiber X is an
admissible covering Cs of X described in section 2.2 for s = m. For every v irreducible
component of C' let us denote by

Z,=U, — U U,.
w:]év
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Then Z, is a rigid space over S such that all of its fibers are affinoids for all v. Let e be
a fixed singular point of C. Then we have

Lemma 3.16. There are functions x. and x.) on A. = Ay such that r.x.) = t,
|we(u)| — 1 as u approaches Zyy. Moreover, the map o — (xc(a),xr(e)(ar)) maps A.
isomorphically to the open unit ball in A%(O, 1.e. the rigid subspace of A%(O defined by

{(z,2): |z| <1 and |z] < 1}.

Proof. This follows easily from the fact that the singularities of X/S are given by local
equations of the form zz = t. n

Let us recall that Y is the fiber of X/S above 0 € S. Let L be a finite, non-trivial, totally
ramified extension of Ky and 7y a uniformizer of L. Let also B := Spf(O.(y)) denote
the formal scheme whose generic fiber is the closed disk centred at 0 of radius |7z|. If
n > [L : Ky we have a natural morphism ¢ : B — Spf(R,) — S induced by the
morphisms Ry — R, — Op(y) given by t — 7y and T' — (7} /p)y", whose generic
fiber induces B := By, C S. We denote by Xg := X, XSpf(R) B, which is independent of
n > [L: Ko]. Let us remark that by [dJ] 7.2.4, we have (X5)"® = X xg B which will be
denoted Xp.

Lemma 3.17. In the notations above there is a natural isomorphism
£, :C x A — (Xp)1 as schemes over A,

where let us recall, k is the residue field of K and if Z is a formal scheme over Op, Z
denotes the closed formal sub-scheme of Z of ideal m1;,Oy.

Proof. The special fiber of the map ¢ defined above, ¢1: By = Ay — S = Spf(k([[t]]) is
the constant map, induced by the map sending ¢ to 0. Then (X5); = (V)1 x A}, = C x A},
where let us recall ) is the fiber at 0 of X — S. O

Proposition 3.18. Let L, np, B, B be as in lemma 3.17. Then, for every vertex v
of G there is an admissible wide-open strict neighbourhood W, of Z, p = Z, Xg B in
Uvp :=U, xXg B, and for every s € B an isomorphism

Qs i =0Qrys: Wys X BEW, over B,

lifting the isomorphism
_O
£L : Cv X Allc = (Zv>1

given by lemma 3.17. We have denoted by W, the fiber of W, at s and by 62 the
complement of singular points of C' in the component C,, corresponding to v.
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Proof. Let Zp, denote the formal model of Zp, in Xz, which is the formal spectrum of
the ring of integral valued rigid functions on Zp,. As the special fiber of Z, g with respect
to the ideal generated by (¢,7) is the affine scheme 52 of finite type over k, Z, p is an
affinoid over B. By lemma 3.17 we have (Z25,); = 62 x Aj. We also have an isomorphism
Bus : (Zys x B)y = 62 x A}, where Z, ; is the fiber of Zz, at s € B. Now using theorem
3.7 the isomorphism between (Zg,); and (2, x B); lifts to an isomorphism over B of
Z}iv and (2, x B)'. From proposition 3.14 and Theorem 3.3 of [MW] we deduce S, ; lifts
to an isomorphism over B of strict affinoid neighbourhoods 7" of Zp, in Up, and Ts x B
of Z,s x Bin U, s x B, over B, where T, denotes as usual the fiber of 7" at s. By lemma
3.1, T; has a canonical, p-adic formal model 7; over Op (F' being the residue field of s)
with a morphism 7; — X, which induces the inclusion Ty C U, C X;. This morphism
induces a morphism between the special fiber T of 7; and C. (In fact this morphism
identifies T with a certain blow-up of the component C,, of C corresponding to v.) Let
T, denote the component of T isomorphic to C, under this morphism.

Now, let 7 := T,xBB, then 7"¢ = T, x B = T. We define W, to be the inverse image
under the reduction T =% T of the component T, of T, i.e. W, :=|T,[r. Similarly, let

W, s be the inverse image under the reduction Ty 4 T of T,,ie. W, :=|T,[r.. Then
both W, and W, ; x B are wide open spaces over B containing Z, p and contained in
T C U, p, respectively Ty x B C U, x B, which are isomorphic under the restriction of
the above isomorphism between 1" and T, X B. O

We have the following very easy consequence of the proof of proposition 3.18, which we
record for later use.

Lemma 3.19. There are canonical, isomorphic formal models W,, W, s x B of the wide
opens W,,, W, . x B in proposition 3.18, which are wide open enlargements of C, (and so
of C'). Moreover, there is a (non canonical) morphism of formal schemes W, — Xp over
B whose generic fiber is the inclusion W, C Xp and whose special fiber is the morphism

c,cC

Proof. Let us consider the formal scheme W, := 7,7 1e. the formal completion of the
formal scheme 7 defined in the proof of proposition 3.18 along the closed sub-scheme
T,. Then Wrie = 1}/ as rigid spaces over B. Let us remark that W, = W, s X B, where
Wys =T, /T, is the formal completion of 7, along T',. The composition T, = C,, — C
makes the formal schemes W, and W, ; wide open enlargements of C, and of C such that
W, 2 W, s x B as formal schemes over B. O

Remark 3.20. In the notations of proposition 3.18 where now s = 0, the following
diagram commutes

W, — Xp "% O xAl
gl !
Wy — ¥, ™2 T
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Proof. The commutativity of the diagram follows from the fact that if we denote by
Lo : Y, — Xp the map induced by the the embedding of Y into X as its fiber at 0, the
following diagram commutes

Xg — Ox A}C

1 !

YL —_— C

Remark 3.21. Let B be as in Proposition 3.18. Then we have,

Hp = H(%R(XB/Ba (53€X ’XB)(IOg Y))

3.3 Isocrystals

Our main references for F-isocrystals are [O], [Fa3], [Fa2], [B] and [Sh1]. Let us briefly
recall the definitions, in the cases in which we need them. Suppose that Z is a scheme
over k and fix L a finite, totally ramified (possibly trivial) extension of K and let O
denote its ring of integers. Let us recall that if L = Ky, Op = W and if L = K then
O,=V.

We begin by recalling the category of Op-enlargements of Z, on which the F-isocrystals
take their values. First if 7 is a p-adic formal scheme over O, we denote by 7, the reduced
closed sub-scheme of the closed sub-scheme of T' defined by the ideal pOr.

Definition 3.22. A Op-enlargement of Z is a pair (T, z7) consisting of a flat p-adic
formal Op-scheme T (i.e., each open affine is isomorphic to SpfR where R is a quotient
of Op(X1,...,X,) for some n) together with a Or-morphism zr: To — Z. A morphism
of Op-enlargements (T',zg1) — (T,27) is an Or-morphism g: T' — T such that
ZT © Q9o = Z77.

Let, more generally, 7 be a locally noethering formal scheme over Or. We denote by 7,
the reduced sub-scheme of the closed sub-scheme defined by an ideal of definition of 7.
Let as above Z be a scheme over k.

Definition 3.23. By a wide open Op-enlargement of Z, we mean a pair (T, z7)
where T is a formal scheme such that the affine open sets are isomorphic to SpfR where
R is a quotient of Or(Xy,..., Xm)[[V1,..., Vo]] for some m and n and zy : Ty — Z is
a morphism of Op-schemes. The morphism of wide open enlargements is defined as in
definition 3.22.

As in section 3.1 one can attach a rigid analytic space over L, 7", to a formal Op-scheme
as in the definition 3.23. It satisfies the following universal property: if 7 is an affine
formal scheme, say 7 = Spf R, there is a unique pair (17,7 ") which is the final element
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in the category of pairs (h, X) where X is rigid space over O, and h is a continuous Op-
homomorphism from R into H°(X,Ox). A morphism in this category (X, h) — (Y, g) is
a morphism f: X — Y such that h = f* o g. See Proposition 0.2.3 of [B] for a discussion
of this when n = 0. The tubes of Berthelot (see ibid.) are examples of these spaces.

Examples i) Let X, S, X,, be as in section 3.2. Fix n > 1. As t generates the nilradical of
R./PRn, we have that (X,,)o is the closed sub-scheme of X,, defined by the ideal generated
by p and t. As a consequence we have a natural W-morphism z,: (X,)o — C. Therefore
the pairs (X, 2,,) are W-enlargements of C' for all n > 1 and the morphisms X,,41 — X,
induce morphisms of W-enlargements of C'.

ii) On the other hand (S, zs) is a wide open enlargement of Spec(k), where z5 : Sy =
Spec(WI[t]]/tW [[¢]]) = Spec(k).

iii) As 7 generates the nilradical of V/pV', Cj is the closed sub-scheme of C' corresponding
to the ideal 7O¢. As a consequence we have a natural isomorphism z¢: Cp = €', which
makes (C, z¢) into a W-enlargement of C.

iv) We can make the fibered product of two wide open enlargements (S, s) and (7,t) of
Z, SXT. Tt equals (U, u) where U is the completion of S x 7 along (s,t)*A(Z) and u is
the composition

Up = (5,1)"A(Z2) — Sy x Ty = Sy — Z.

The existence of this fibered product is the main reason we consider wide open enlarge-
ments.

Definition 3.24. An isocrystal £ on Z/Oy, is the following set of data:

(1) For every Op-enlargement (T, z7) of Z a coherent sheaf of L ®o, Or-modules 1 .y .
In general and if there is no ambiguity this module will be denoted by Er.

(ii) For every Or-morphism of enlargements of Z, g: (T',zr/) — (T,27) an isomor-
phism of L ®@p, Or-modules: 0,: g*Er — Ep+. The collection of isomorphisms {0,} is
required to satisfy the cocycle condition.

A morphism of isocrystals a: &' — & is a collection of homomorphisms ar: £ — Er
compatible with the isomorphisms 0, for all g.

For example, there is a natural isocrystal on Z/W denoted O/, whose value on an en-
largement (7, z7) is Or @w K. We call a direct sum of such isocrystals a free isocrystal
on Z/W. Because every enlargement of Spec k factors through SpfiV, every isocrystal on
a point is free.

Because the rigid space attached to a wide open enlargement may be admissibly covered
by the rigid spaces attached to enlargements, the cocycle condition allows us to evaluate
an isocrystal on a wide open enlargements (7, z7) to get a coherent sheaf &7 ., on Tris,
(See Remark 2.3.4 of [B] for a discussion of this in the case of tubes.)
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We’ll now define F-isocrystals.

Definition 3.25. An F-isocrystal on Z/W is an isocrystal € on Z/W together with an
isomorphism of isocrystals F: F & — E.

Let us recall what F~ means (see [O]). First we will recall a familiar notation, if M —
Spf(WW) is a formal scheme and 7: W — W is an automorphism we define a(7): M™ —
M by the Cartesian diagram

Y= ¥/
l l
SpE(W) > Spt(W).

where we also use 7 to denote the corresponding endomorphism of SpecW. If f: M —
M’ is a morphism of formal schemes over Spf(IW) we also define f7: M7 — (M')" by
functoriality.

Let now o : W — W be the Frobenius automorphism and F : Z — Z° be the absolute
Frobenius. For every enlargement (7, z7) of Z, (T, F o zr) is an enlargement of Z7 and
(77", (Fozr)° ') is again an enlargement of Z. Then F (€) is the isocrystal on Z whose
value on (7, z7) is a(a)*S(TUa’(fozﬂg—l).

Remark 3.26. (a) Clearly the map of sections, a ® « — aa’, defines an F-isocrystal
structure on Oz, .

(b) If f: U — Z is a morphism of schemes over k and & is an F-isocrystal on Z /W,
there is a natural F-isocrystal on U/W, f*E, whose value on an enlargement (T, z7) is

E(T forr)-

(c) In [O] and [Fa3] the object defined in definition 5.4 is called “convergent isocrystal”
and the object defined in definition 3.25 is called “convergent F-isocrystal”.

(d) In section 2.1 we have used a filtered F-isocrystal € on Z. As we don’t need to prove
anything about the filtration in this paper we will not define this notion here. For the
appropriate definition see [Fa3] or [IS].

(e) Let € be an F-isocrystal on C/W. For each n > 0, Ex, can be seen as a sheaf on
the nilpotent site of X,, or what is the same thing, as a Ky @w Ox,-module with an
integrable, convergent connection D,,. The F-structure gives, for each open affine formal
sub-scheme W of X,, with a lift of Frobenius ¢y, a horizontal Frobenius ®,(¢py): ¢*D,, —
D,, on 478 Moreover the morphisms of W -enlargements (X411, 2nt1) — (Xn, 2n) induce
isomorphisms 0y (Ex,.,, Dnt1) = (En, Dy), therefore we obtain in the limit a coherent
sheaf of Ox-modules Ex, together with an integrable connection Dx/k,: Ex — 533®Q§(/K0,
which is compatible with Frobenii associated to local lifts of Frobenius. We will denote by
the same symbol the composition

DX/K(): SX E— 5%® Q_lX/Ko — gx@ Q}X/KO(IOgY)
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We also get a relative connection by composing

Dx/kq

Dx/s5: Ex — Ex® Qﬁ(/KO(logY) — Ex® Qﬁ(/s(logY).
If &£ = Oz/k,, we will denote Dx/i, and Dx/s by dx/k, and dx;s respectively.

(f) Ec, by the same arguments as above can be thought of as a coherent sheaf of Oc,. -
modules with a convergent, in the sense of [O], integrable connection D. Moreover, the
closed immersion g: C — X identifying C' with the fiber at m of X and which is a
morphism of enlargements, induces an isomorphism 0,: g*Ex = Ec. 2.2.)

Because every isocrystal on a point is free we have,

Proposition 3.27. Let £ be an isocrystal on 6._ Then (Ex, Dx/k,) has the property that
for every residue class M = red;l(:v), with x € C, of X, the Oy-module with connection
(Ex|ms Dx/k,) has a basis of horizontal sections.

Lemma 2.2 of section 2.2 follows.

3.4 Cohomology of an F-isocrystal

We will recall here some constructions from [B] and [Sh1],[Sh2] and [Sh3] which will be
used later.

3.4.1Let Z be a smooth, proper scheme of finite type over k and £ an isocrystal on Z/W.
We will recall the definition of H' (Z/W,&), for i > 0.

cris

We choose an affine open covering {U; }1<;<s of Z, and for each U; a closed immersion into
a smooth affine formal W-scheme T;. For each subset J of {1,2, ..., s} we denote by T'; the
completion of the fiber product of the T}’s for j € J along N;c;U;. For each J consider the
de Rham complex H(T58, &, @ Q;}ig / Ko) and connect them by the Cech differentials to

make a double complex. We define HZ . (Z/W,E) to be the i-th cohomology group of this
double complex. To show that this is independent of the choices of a covering {U;}; and
the formal schemes {7} };, we take another pair of such {U] }1<x<; and closed immersions of
the U}, into smooth, affine formal W-schemes T}. To compare the constructions for the two
choices consider the third, {U/’, := U; xz Uy }ip and T}, = T; x Ty 1f, say J C {1,2, ..., s}
and K C {1,2,...,t} we have smooth morphisms of formal W-schemes u : 77, ,, — T
and v : T, , — T}, and by the Poincaré lemma recorded in section 3.1, the pairs of
de Rham complexes of sheaves DR(T,€)* := &, ® iy e, » and ueDR(TY, -, E)* and
DR(Ty, &) == &py. ®QZTI’<)“g/Ko and VP8 DR(T", ,E)*® are quasi-isomorphic and so finally
the cohomology of the double complexes constructed from them are all quasi-isomorphic.

3.4.2 We will now recall the definition of log crystalline cohomology over a (certain) base.
Let §* denote the formal scheme Spf(WW[[t]]) with the log structure given by the smooth
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divisor ¢t = 0. Let Spec(k)* be the scheme Spec(k) with the inverse image log structure
under the map induced by the natural morphism W{[t]] — k sending t to 0. Let Z* be
a fine, log smooth, log proper scheme over Spec(k)*, which we’ll regard as a log smooth
scheme over §*. Let £ be an F-isocrystal on Z/W (without log structure). We'll recall
the definition of H!; (Z*/S*,&). It is a sheaf of Og-modules on S, where let us recall

S = 8" In fact H;,(Z* /Spec(k)*, ) is an F-isocrystal on Spec(k) and H'.(Z*/S8*,E)

cris
is its evaluation on the wide open enlargement S of Spec(k).

Let now {U; }1<i<s be an affine covering of Z such that U is a log smooth, fine, log affine
scheme over Spec(k)*, where the log-structures are the induced ones. For each 1 <i <
choose closed S$*-immersions U, — T; into log smooth, fine, log affine formal schemes
over §*. For each J C {1,2,...,s} let T denote the log-formal scheme which is the log-
completion along U; := N;c U of the fibered product over §* of the T;’s, j € J. For
every admissible affinoid B C S, let DR(T}¢ xg B,&)* denote the relative (to S*) log-de
Rham complex of sheaves on T;ig x g B with coefficients in &r,. We define the log rigid
(or analytic) cohomology H: . (Z* /8>, &) to be the sheaf on S associated to the pre-sheaf
B — H((Uy)zar, red, DR(TF® x5 B, E)°*).

It is shown in [Sh1] and [Sh2] (using proposition 3.6) that the definition is independent
of choices.

Let us now assume that Z* has a log smooth, exact global lifting X* over §* and we
write as usually X = X'e S = S8,

cris(ZX/SX75) =
Hig(X*/S* Ex). Here Ex is the evaluation of £ at the enlargement X of Z, seen as
a coherent sheaf on X := X" with an integrable connection.

Lemma 3.28. We have a natural isomorphism of sheaves on S, H!

Proof. Let {U;}1<i<s be an affine open covering of Z, let T; be the open log-formal sub-
schemes of X* whose underlying topological space is the same as U;. For each J C
{1,2,...,s} define U; and T; as above. We also define 7" to be the open log formal sub-
scheme of X* with underlying topological space U;. The diagonal induces a log-smooth
morphism A : T, — T; compatible with the embeddings of U; and for each admissible
affinoid open B C S, we get quasi-isomorphisms for the relative, log de Rham complexes

of sheaves _ _
red,DR(T}® xg B,E) — red, DR((T))"™® x5 B, ).

The Cech complex of the latter complex computes Hip (X */S*,Ex)(B), as Hig(X/S, Ex)
is a coherent sheaf and B is aflinoid. Therefore the association

B — H'((Us)zar, red DR(T}® x 3 B, E))

is already a coherent sheaf and we have an isomorphism Hig (X*/S*, Ex) & H. (27 /8%, E).
[l

3.4.3 In the assumptions of lemma 3.28 and for ¢ = 1 let us give an explicit description of
the inverse of the isomorphism « : HL; (2% /8*,E) & Hiz(X*/S*,Ex) in that lemma in
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terms of hyper-cocycles. Let, as in the proof of lemma 3.28, {U;}1<;<s be an affine cover
of Z and let B C S be an admissible affinoid open. An element x of H}(X*/S*,E)(B) is
then represented by a 1-hypercocycle (ws, fi;) where w; € HO((T})"8 x s B, &g ®Q%Ti,)rig /5%)
for 1 < i < sand f;; € H((T};)"® x5 B,Ex) for 1 <i < j < s such that V(w;) = 0
forall 1 < i < s, wi\(T{j)rig — (.L)j‘(Tl{j)rig = V(fi;) and for all 1 <i < j < k < s we have

Jisleprio + Jinlery,yrio = fiwlery,yrio = 0.

Let as in the proof of lemma 3.28, for every 1 <i < s, T; = T} and Tj; := (T} xsx Tj) /v,
i.e. Tj; is the formal completion of T} x gx T]’ along Us;.

We have a natural commutative diagram

A

(Tl) = Tl
Uy
(T)e = TF

and a similar one replacing ¢ by j. Here m; is induced by the natural projection 77 X gx
T} — T] = T; which factors naturally through the formal completion of T} xsx T} along
Ui;.

Lemma 3.29. In the notations above, for each 1 < i < j < s there is a unique h;; €
H(T}® x5 B,&r,) such that

and

b) mr (Wi‘(Tl{j)rig) - Wj(wik%)ng) = Vyj(hi;). Here Vyj is the connection on Er,;.

Proof. As A is log-smooth we may apply proposition 3.6. Namely, let n := W;‘(wi](Ti/j)ng) —
W;(CUA(TZ_/j)rig). Then V,j(n) = 0 and moreover the above commutative diagram implies

that A*(n) = 0. Therefore, locally on ng, there exist a;;’s sections of &7, such that
Viilai;) =n. As 0 = A*(Vy5(a;;)) = V(A*(as5)), aij can be chosen such that A*(a;;) = 0.
For example replace a;; by a;; — 7} (A*(a;;)). The conditions V;;(a;;) = n and A*(a;;) =0
determine the a;;’s uniquely, so they glue to give a section hy; of &r,; over Tirjig satisfying
the right properties. O

Now back to our original problem: to explicitly describe the isomorphism H s (X*/S*, Ex)
HL.(Z%/8*,E). We have started with an element z of the first group represented by the
1-hyper-cocycle (ws, fij)@,i<j). For each 1 <14 < j < s we determined the sections h;; as
in lemma 3.29. Let us remark that for each ¢ < j we have the following calculation:

i (wi) — 5 (wy) = m (wi) — 75 (Wil (i) + 705 (Wil oy ) — m5(ws) = Vi (hag) + 75 (V(fig).

Moveover, for 1 < i < j < k < s the section h;j; € Ho(ﬂ?,%,é'@jk) defined by h;j; =
75 (hij) + 75 (hyr) — 5. (hax) satisfies: A*(hij) = 0 and Vi (hi) = 0. Therefore hyj = 0

v
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and so finally (w;, hij+7;(fi;))4,i<j) is a 1-hyper-cocycle for the complex DR(T,, £)® whose
image in H.,,(Z27/8*,€) is a ().

3.4.4 In the notations and assumptions at §3.4.3 above let us assume that for each 1 <
1 < s we have a lifting of Frobenius on U;, F; : T; — T; compatible with the lifting
of Frobenius Fs : § — §. Fs is defined as the arithmetic Frobenius ¢ on W and by
Fs(t) = t?. Since T; is affine and log smooth such liftings F; always exist. Let us now
assume that £ is an F-isocrystal on Z/W. Then one defines a natural homomorphism,
Frobenius,

: FiH! (Z77/8*, &) — H!

t:ris(ZX/S>< ) g)?

which is independent of all the choices. Let ¢ = 1 and assume that Z* has a log-smooth
global lifting X*/S8*. We'll describe ® on Hz(X*/S*,E%) under the identification « :
HL(Z%)8*E) & Hig(X*/S*,Ex). Let B C S be the affinoid disk centered at 0 of
radius r and let B’ = Fs(B) C S be the affinoid of radius r?. x € Hjg(X*/S*, Ex)(B),
then we’d like to express ®(x) := a(®(a~(2))) € Hiz(X*/S*,Ex)(B). Suppose we fix
an affine cover {U;}1<i<s of Z and use all the notations at b) above. If x is represented
by the hypercocycle (ws, fij)(ii<j) corresponding to B’ let h;; be as in lemma 3.29. Then
®(x) is represented by the hypercocycle

((EE) (i), (%) (fig) + A" (F55) (hig)

corresponding to B.

3.4.5 Finally, let us recall the notations of section 3.2. We have the morphism of formal
schemes f : X — S and we denote by Y = X x s Spf(W), where the map Spf(W) — S
is induced by the W-algebra homomorphism W{[[t]] — W sending ¢ to 0. In other words
Y is the fiber of f at the point "0” of S. Given the description of f in section 3.2, ) is a
divisor of X with normal crossings (the irreducible components of ) are smooth and the
singular points defined over W). Let us fix on X the log structure corresponding to the
divisor ) and denote this log formal W-scheme X*. Let us endow ) with the pull-back
log structure and denote it Y*. Let us remark that C is a divisor with normal crossings
of C, endow C' with the log structure defined by this divisor and by C” the log scheme
C with the inverse image log structure.

Then: f is a log smooth morphism X* — &%, which is a log smooth lifting of C” over
S* as at 2) b) above. Finally V> is a log smooth lifting of C™ over Spf(W)* (this last log
structure is given by the smooth divisor p = 0). Therefore, 1) and 2) above imply that if
£ is an F-isocrystal on Z then we have natural isomorphisms

Hoi(Z7 [Spec(k)*, €) &= Hoy (Y*/SPE(W)*, €) = Hag (Y™ / Ko, £y).

cris

and

Heio(Z27 /S, €) = Hyp (X /5™, Ex) = Hyp(X/S, Ex(log(Y)).

Moreover if we give ourselves local filtings of Frobenius as in 2) ¢) above all the isomor-
phisms are compatible with the Frobenii.

31



3.5 Hypercocycles and Mayer-Vietoris exact sequences

In this section we collect a number of technical results showing how to relate Mayer-
Vietoris exact sequences and representatives of de Rham cohomology classes for different
admissible coverings.

3.5.1 Coverings and Graphs

Let T be a rigid analytic space over K and let D = {U, },c; be an admissible covering of
T. We will suppose that all our coverings satisfy the assumption:

(x) UsNUsgNU,isvoidforall a # f#~v#a el

We attach to D a graph G = G(D) whose vertices v(G) are the elements of D and whose
oriented edges €(G) correspond to triples e = (U, V, W) where U # V € D and A, := W
is a connected component of U N V. If v is a vertex of G we denote U, the element of D
corresponding to it and also if e = (U, V, W) is an edge then its origin a(e) is U and its
end b(e) is V. If U NV is connected we denote the edge e by [a(e), b(e)].

We denote 7 : €(G) — ¢(G) by T(e = (U, V,W)) = (V,U, W) and we choose once for all
a system of representatives e(G) of the quotient set €(G)/7.

Let G be a graph. A local system F' on G is the following collection of data:

a) for each vertex v € v(G), an abelian group F),

b) for each oriented edge e € e(G), an abelain group Fv,

c) if e € e(G), group homomorphisms @,y : Fye) — Fe and @ye) : Fyey — Fe.

To a local system F' on the graph G we associate the complex of abelian groups
C.(G> F) : CO(Ga F) = 69vEU(G)Fv i> Cl(Ga F) = EBeEe(G)F’ea

where (d(2v)ven@))e = Pa(e)(Ta(e) = Poe) () for e € e(G). Let Hp(G, F) =
HI(C*(G, F)) for i > 0,

Let us now suppose that the graph G is the graph associated to an admissible cover D of
the rigid space T and that (F, V) is a pair consisting of a coherent sheaf F of Op-modules
with an integrable connection V, then we have a natural family of local systems F; on G
and Betti cohomology groups H* (D, (F,V)), for i > 0,5 > 0, as follows:

a) for v € v(G) set Fj, == H)p(Uy, Flu,),
b) for e € e(G) set Fj, := H)p(Ae, Fla.),
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c) for e € e(G) Qa(e), Pr(e) are pull-backs induced by the open immersions A, C Uy and
A, C Ub(e)-

Then H“ (D, (F,V)) := Hji(G, F}).

Remark 3.30. We have the following variant of the definitions above. Suppose that
T* := (T, M) is a log formal scheme over Spf(V)* such that T"® = T as rigid spaces over
K. Suppose that (G, Vieg) is a pair consisting of a coherent sheaf G of Or-modules and a
logarithmic integrable connection Viog on it. Then one denotes F = G118,V = (Vo)"8 and
one has, for each v > 0 the local systems Fj 105 obtained by taking the logarithmic de Rham
cohomology with coefficients in (F,V) and the Betti cohomology groups H" (D,F) :=
H}ZBetti(G7 ]:i,10g>-

Remark 3.31. If the assumption (x) is not satisfied by the covering D but the covering
is finite (i.e. the index set I is finite) one may attach to it a finite dimensional simplez,
local systems on the simplex and the corresponding Betti cohomology groups.

3.5.2 Hypercocycles and Mayer-Vietoris exact sequences attached to a covering

Let T be a rigid analytic space over K and D := {U,}ae; an admissible covering of it
which satisfies the assumption (%) above. Let (F, V) be a pair consisting of a coherent
sheaf F of Opr-modules which is locally free and an integrable connection V on it.

Consider the diagram of rigid spaces and maps:
f
Toc) = Woew@)Us —— T <= Tyg) i= Lece(c)Ae-
We have then an exact sequence of sheaves on 7"
0 —F — fuf " F— g.gF — 0.

If for v € v(G) and e € e(G) we denote by F¥ := F|y, respectively F¢ := F|4, then the
exact sequence above becomes

0— F — fu(Doeoi@)F*) — gu(BeceyF<) — 0.

This induces an exact sequence of de Rham complexes and therefore an exact sequence
of cohomology groups (the Mayer-Vietoris exact sequence):

0— Hc(l)R(Ta -,F) — ®U€U(G)H3R(U07f) — EBeEe(G)HC(l)R(Amf) —

— HéR(T7 F) —_— @UEU(G)H;R<UUJ'¢) B EBeEe(G)“T—IcllR(14ea-¢.) —_— ...

Using the graph and Betti cohomology notations in §3.5.1 we can re-write the Mayer-
Vietoris exact sequence as the following short exact sequence

0 — H"(D,F) — Hyp(T,F) — H"'(D,F) — 0.
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Let us keep the notations T',D, (F,V) as at the beginning of this section. In order
to explicitly calculate the cohomology groups Hip(T,F) we use the following double
complex:
v 1 Y 2 v
@eee(G)fe — eBeee(G)-Fe ® QAe - EBeEe(G’)-T'-e ® QAE -
c** 10 To 10
\Y%

v v
69v€v(G)~7:v I ®UEU(G)FU ® Qlljv I ®U€U(G)‘Fv ® Q2Uv B
where F,, respectively F, denote H°(A,, F) respectively H(U,, F) for e € ¢(G) and v €

v(G). Moreover the Cech differentials & are defined by: 6((%,)vewn(@))e = Ta(e)
for e € e(G). The single complex

Ae — xb(e) |Ae7

K*(T,(F,V)): K* 2% k' 25 |2 22

attached to the double complex C** is defined by: K := Buvev(@)Fos K' = (@UEU(G)fU ®
Q) @ (BeceioyFe) and K2 := (Byevi)Fo @ Q) & (Beceio)Fe © Q) ete. and

DO((IlJ)’UE’U(G) = ((v(mv))UEU(G)a (xa(e)|Ae — Tp(e) |Ae>eee(G))
Dl ((wv)’UE’U(G)7 (fe)eEe(G)) = ((v(wv))vev(G)a (wa(e)|Ae — Wh(e)|Ae — v(fe))eée(G))
D2 ((%)uefu(G); (we)eEe(G)) = ((V(%))vev((}); (na(e) Ae 7 Tih(e)|Ae — v(we))eee(G))'

Then we have H'p(T, F) = Ker(D;) /ITm(D;_;), for i > 0, where we set K~' =0,D_; = 0.
In particular, cohomology classes in Hln(T,F) are represented by 1-hypercocycles, i.e.
families of elements ((wv)vev(g), (fe)e@((;)) where w, € FU®Q(1JU, fo € Fe, forv e v(G),e €
e(G), which satisfy V(w,) = 0 for all v and wq(e)|a. — Wa(e)|a. = V(fe) for all e.

Remark 3.32. With the notations above, let us assume that the open sets U, and A, are
acyclic for coherent sheaf cohomology. Then the maps f : HY°(D,F) — H}n(Z,F) and
g: Hin(Z,F) — H"Y(D,F) defining the Mayer-Vietoris sequence are given in terms of
hypercocycles as follows.

a) If the cocycle (Te)ece(c) € @ece(c)Hor(Ae, F) represents the cohomology class x €
HY(D, F), let us remark that by the assumptions above the x. € F, such that V(x.) = 0.
Therefore f(x) is the class of the 1-hypercocycle ((OU)UEU(G), (%)eee(G))-

b) If ((wo)vew): (fe)ece(@)) is a I-hypercocycle representing the class y in Hjp(Z,F)
then g(y) is the image of (wy)vew(c) in the group GvepeyHig(Uy, F), which is actually
in H%(D, F).

Remark 3.33. We have variants of these constructions for the logarithmic situation
described in remark 3.30. We need only replace the sheaves and modules of differentials
Qi QY by the sheaves and modules of logarithmic differentials.

3.5.8 Ezxzamples of coverings in our setting

3.5.8.1 First example
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Let us now recall our geometric situation from §3.2. Let red : X — C and for all
s € S— {0}, red,: Xy, = X xg5 — C denote the reduction maps. Let C (and for
every s € S — {0}, C;) denote the admissible covering of X (respectively of X) de-
fined by C := {red™'(Z) where Z is an irreducible component of C'} (respectively C, :=
{red;'(Z) where Z is an irreducible component of C}). Then we have G := G(C) =
G(Cy) for all s € S — {0}. We fix once for all a choice of a system of representatives
e(G) of €(G)/7, see §3.5.1. Let us also remark that as C is a semi-stable curve C and
Cs satisfy the condition (%) of section §3.5.1. We use the following notations: for all
v € v(G) we denote by U, C X the corresponding open set of C and for every s by
Ups = U, xg s =U, N X, C X, the respective open set of Cs. Similarly, if e € ¢(G) we
denote by A, = Uy(ey N Uy(e) and for every s € S — {0} we let A, := Ac xgs5s = A.NX, =
Ua(e),sNUp(e),s. We'd like to recall that these coverings have already been defined in section
3.2 and although the language of graphs was not used there, the definitions are the same.

3.5.8.2 Second example
We keep the notations of section §3.5.3.1. For each v € v(G) let as in section §3.2,
Z,=U,— | U

wWHV

Now, for each v € v(G) consider a strict neighbourhood T, of Z, in U, which is wide
open and such that T,,NT,, = ¢ if v # w. Let us recall that T, is a ”strict neighbourhood”
of Z, in U, means that the pair {T,,U, — Z,} is an admissible cover of U,,.

Such T7s exist and let C' := {7}, Ac}ve Where v ranges over v(G) and e over e(G). Then
C' is an admissible covering of X by wide open sets. This cover is a refinement of C and is
appropriate for computing de Rham cohomology as the open sets are acyclic for coherent
sheaf cohomology. We denote G(C') by G’ and let us remark that: v(G’") = v(G) I e(G)
and €(G') = ¢(G) Ll ¢(G). We choose e(G') = e(G) Il ¢(G) as follows. If e € e(G) then
(a(e),e) and (e,b(e)) belong to e(G").

Moreover, as in section §3.5.3.1if s € S (here s may be 0) we denote by C. := {7, 5, Ac s }uv.e
where T, s :=T, Xxg s =T, N X for all v € v(G). Then C. is an admissible covering of X,
and G(Cs) = G(C) = G".

3.5.3.83 Third example

Let L be a totally ramified, non-trivial extension of K, as in section §3.2 and let B = By, C
S denote the affinoid disk of centre 0 and radius |7z| as in lemma 3.17. By proposition
3.18, for every v € v(G) there exists a wide open neighbourhood W, of Z, p := Z, xg B
in U, g := U, Xg B and for all s € S an isomorphism over B:

oy s Wy, =W, s X B.

Set C} := {W,, Ac B}v.e, where v and e run over v(G) and e(G) respectively and A, g :=
A, xg B. Then C}, is an admissible covering of Xp and if s € S, C := {Wy 5, Acs}ve 18
an admissible covering of X. Then G(Cj) = G(C)) = G'.
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3.5.4 Changing coverings

Let us fix £ a W-isocrystal on C. Let us also fix a closed point s € S — {0} defined
over the finite extension F' of K. Then one can see s as a W-algebra homomorphism
W[t]] — Op. If we denote by X := X xgs and by X, := X XSpfw ) S then X, is the
generic fiber of X,. We denote by (&, D;) the evaluation of £ at the enlargement X, of
C, seen as a coherent sheaf & on X, with an integrable connection D,. Fix the coverings
Cs :={U,s}v as in section §3.5.3.1 and C. := {T,, 5, Ac s }ve as in section §3.5.3.2 of graphs
G and G’ respectively. To simplify, for the next lemma we omit s from the notation i.e.
we will use Uy, Ae, T, to denote U, 5, Ae 5, T}, 5. Fori > 0, let &;, £ denote the local systems
on G respectively G’ associated as in section §3.5.1 to (&, D). We define the maps of
abelian groups

i CUG. &) — CUGLE))

1 CNG.E) — CU(G.E)

Ae T T(e)

Ta(e) ye’Ta(e)ﬁAe ye‘Tb(e)ﬂAe
( ( )e’

0 o Ae 1
by fz (((wv)v) - ((xv TU)'U7 )e) and fz ((ye)e) 2 ’ 2

where everywhere v and e run over v(G) and respectively e(G).

Lemma 3.34. a) f?, f! define morphisms of complexes f?: C*(G, &) — C*(G',E)).

b) For i = 0,1 f induce isomorphisms H'(C,, &) = HY(C., &) and H™(Cy, E,) =
HYY(CL, E,) (the notations being as in section §3.5.1).

c) If ((wv)v, (fe)e) is a 1-hypercocycle for the complex & ®oy, Q% ,p corresponding to the

(Wa(e) Ae +wb(e)|Aﬁ)e’ (fe’Ta(e)ﬁAe fe’Tb(e)ﬂAe)e> i

)

covering Cs, then the co-chain ((wy|r, ),

a 1-hypercocycle for the same complex associated to the covering C., which represents the
same cohomology class in Hjp(Xs/F,Es).

d) The isomorphisms at b) make the following diagram of Mayer-Vietoris sequences com-
mute.

0 — HY(C&) — Hip(X,/F.&) — HY(C &) — 0

l I l
0 — HLO(C;ags) B HéR(XS/F,Ss) - HO’I(C;E’,S) — 0

Proof. We'll only sketch the prove of the fact that the morphism of complexes f; in-
duces an isomorphism f : H%'(C,, &) = H®'(C.,E). The main observation is that
as U,,T,,A. are wide opens, they are acyclic for coherent sheaf cohomology and so
Hin(Uy, Eslu,)s Hip(Ty, Edlr,), Hip(Ae, Es| 4.) can be calculated as hypercohomology of the
de Rham complex relative to the admissible covering {U,} respectively {7, }, respectively
{A.}. Moreover the first groups could also be calculated relative to the admissible covering

{Tv7 Uv - Tv = Heee(G),v:a(e),v:b(e)Ae} of Uv.

Let us show the injectivity of f. Suppose that (z,), € C°(G, &) = @ Hjn(Uy, Elu,) is
such that
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a) d((zv)) =0

and
b) f((xv)v) =01in CO(le 8{)

Let w, € H(U,,E ® Q,lju/F) be a representative of x, € Hjp(U,,&y,). Condition a)
implies that for all e € e(G) there is a section u. € H?(A.,&|a,) such that wee)|a, —
wy(e)|a, = D(u.). From condition b) we deduce there exist sections u, € H(T,, &), w, €
H(A., &) such that Dy(u,) = wy|r,, Ds(we) = wa(e)]a. + whie)|a,, for all v € v(G),e €
e(G). This implies that the hypercochain

(Ds(un), Ds((we +1e) /2), Ds((ue — we) /2), (wo| acrr, ., — (we +ue)/2)

AeNTy(e) )7

<ue o we)/2)|AEmTa(e) o u”|AemTa(e))BEe(G),e:a(e),e:b(e)

is a hypercocycle for the covering {75, lece()v=a(e),v=b(e)Ae } of U, representing the class
x,. Therefore x,, = 0 for all v € v(G).

For the surjectivity of f one makes similar calculations which we leave, together with the
rest of the proof, to the reader. O

Let us now fix L, B as in section §3.5.3.3. Let us also fix an isocrystal £ on C and denote
Ep its evaluation on the enlargement Xz (for notations see the section §3.2). Let us recall
(see ibid.) that we have an absolute connection, Dp and a relative one Dy, /B on Ep. For
i > 0 let us denote by E,_ (respectively E°) the local system on G’ defined by:

abs rel

a) if v € v(G) then Ej ., = Hip(W,/L,Eplw,(log(Y N W,))) and if e € e(G) then
Ez’

abs;e = HcilR<A€73/L7 gB Ae,B (log(y N Ae,B)))?

b) if e € e(G) then E;bs;a(e)’e = Hip(Waey N Aep/L, Ep(log(Y N Wy N Acp))) and
Eabs;e,b(e) = HZJIR(Wb(e) N Ae,B/L> SBOOg(Y N Wb(e) N Ae,B)))-

c¢) the maps are induced by the obvious restrictions.

We have similar definitions, using relative de Rham comology over B, for the local system
Eﬁel'

We denote the the cohomology groups H¥(C%, E,) == Hi,..(G', E?), for * € {abs, rel}
and remark that H"(C/, F,) are Og-modules.

Proposition 3.35. a) H"/(C%, F.a) are free Og-modules of finite rank for all0 < 1,7 <1,
i # j. Moreover if s € B then we have H"(C}, Er) = H" (C!,E,)®1,Op fori,j as above.

b) Let us denote by V" the natural connection over Ko of the modules H"(C}, Frel)
whose space of horizontal sections is HY(C{,E) for 0 < 4,5 < 1, i # j. Then for
every s € B — {0} we have parallel transport isomorphisms H" (C,,E;) = H™(C!, &) =
HY(CY, &) @K, Fs, where F, is the residue field of s and i,j are as above.
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c¢) The natural morphisms in the "relative Mayer-Vietoris” exact sequence
0 — H"(CE, Er) — Hip(Xp/B,Ep(log(Y))) — H"(Ch, Ere) — 0

are horizontal. Here the connection Vg on the Hg = H},(Xp/B,Ep(log(Y))) is the
Gauss-Manin connection.

Proof. a) Fix s € B. Let us recall from lemma 3.19 that the rigid spaces W,, W, s have
canonical formal models W,, W, s with an isomorphism W, = W, s x B and natural
morphisms

The first vertical maps are closed immersions and the last two vertical maps are the
natural inclusions into W, and Xp of their fibers at s. Thus W, and W, ; are wide
open enlargements of C. As & is a W-isocrystal on C, we may evaluate it at W, and
W,.s to obtain pairs (&,, D,) and (&, D;) consisting of coherent sheaves of Oy, -modules,
respectively Oy, ,-modules, with convergent integrable connections. From the diagram
above and its image under the functor "rig” we obtain: (&,,D,) = (£p, Dp)|w, and

(88; DS) = (gxsa st)

Wo,s*

Moreover, if we denote by § : W, — W, s the natural projection, the commutative
diagram in remark 3.20 implies that 8*(&s, Ds) = (€,, D,,). Thus for all connected affinoid
B' C B we have Hp(W,/B,E,)(B) = Hip(Wys,E) @1 Opr for i = 0,1. Since for all
e € e(G) A, g is contained in a residue class, &, := Ep| A. 5 has a basis of horizontal sections
for the absolute connection Dg. Hence similarly, for all connected affinoid B’ C B we
have H)p(Aep/B,E)(B') = Hlp(Acs, E) @ Oy, for it =0, 1. Finally as A. g N W) and
Ae 5N Wy are contained in A, g the same result holds for the cohomology of these spaces
with values in &. We deduce that H" (C}, Fre) = H"(C!, &) ® Op for 0 < 4,7 < 1,
1#£ .

b) is now clear and in order to prove c) let us first recall the definition of the Gauss-Manin
connection in our setting.

We have a natural exact sequence of de Rham complexes of sheaves on Xp
0— f*(Q}B/L(log 0)2Qx,/p(logY)* '@ — Q% p /1, (l0gY)©Ep — Q% p(logY)®Ep — 0

where we have denoted f : Xp — B the structure morphism. Then the Gauss-Manin
connection Vg : Hin(Xp/B,Ep(log(Y))) — Hin(Xp/B,Ep(log(Y))) ® QE/L(logO) is
the connecting homomorphism in the long exact sequence for hypercohomology.

Let us calculate the connection explicitly in terms of hypercocycles. For this let ¢ denote
a parameter of B at 0 and let x € H'(dR)(Xp/B,Ep(log(Y)))(B). Let us suppose that x
is represented by the following hypercocycle for the covering Cl: ((wv)v, (We)e, (fe, 76)8),
where v runs over v(G) and e over e(G). Here w, € H*(W,, Qw,/5(log W, ) ® Ep), w. €
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HO(AGVB, QA&B/B(lOg Ae,O) & SB), fe € HO(A@B N Wa(e), 53) and 76 € HO(A&B N Wb(e), SB)
satisfying the relations:

a) DXB/B(%) = DXB/B(We) =0 for all v, e.

b) wa(e) ’Wa(e)ﬂA&B _we|Wa(e)ﬂAe.B - DXB/B(fe) a’nd We ’Wb(e)mAe,B _wb(e) ’Wb(e)ﬂAe,B = DXB/B (Te)

for all e.

Now we choose lifts of w, and w, to absolute forms, i.e. we choose @&, € H°(W,, Q‘I,VU/KO (log Wiy 0)®
Ep) and respectively @, € H(A, p, Q}%/Ko (log(Ae0) ®Ep) which project to w, and respec-

tively w. and define the sections n, € H°(W,, Q%,VU/B(log Wo0)REB),n. € H*(A, p, QL&B/B(log Aco)®
Ep),ge € H'(Wyey N Ac 5, EB), 7, € H*(Wyey N Ac,s,Ep) by the relations.

i) Dp(©y) =1y ANdy/y, Dp(©0e) = n. A dy/y for all v, e. Here y is a parameter at 0 on B.
ii) ‘Da(e)|Wa<e>ﬂAe,B — ‘De|Wa<e>ﬂAe,B — Dg(f.) = gedy/y for all e.
ii1) Oe|wyynaes = Obe) [ Wyeynae s — Dg(f.) = g.dy/y for all e.

Then the hyper-cochain ((nv),,, (Me)e, (ge,ﬁe)e) is a hypercocycle and its cohomology class
®dy/y represents Vpg(x).

Using this the proof of ¢) is a simple calculation which we leave to the reader. O

We have the following easy consequence of proposition 3.35.

Lemma 3.36. Suppose we have two choices {Wy }oeo(ay and {W) }oeu(c) as in proposition
3.18. Let C := {W,,Acgtve and C' := {W], A, p}ve, where v,e run over v(G) and
respectively e(G), be the corresponding admissible covers of Xp. Then we have natural
tsomorphisms of Opg-modules:

Hi,j(c) Erel) = Hi’j(cl7 Erel) fOT 0 S Z7.] S ]-7Z ;é .]

Proof. Let 0 # s € B. Then we have natural isomorphisms of Og-modules.
Hi’j(ca Erel) = Hiyj(C& 53) & OB and Hi7j<c/’ Erel) = Hi’ﬂ‘(cgu Ss) & OB7
for 0<1d,j<1,i#j.

Therefore it is enough to compare the groups H™(C,, &) and H*(C.,&,) and we may
suppose that W, . C W, for all v (if not take the intersections).

For the rest of the proof, in order to ease the notations we’ll drop s from the notations ev-
erywhere, i.e. rename & = &, W, =W, W/ =W, A, = A.,,C =Cs,C' =C., D = D,

v,8)

etc. The natural inclusions W, C W, induce by pull-bacl maps H*(C,€) — H"(C',€)
which make the following diagram commutative.

0 — HY(CE — Hpp(X,,&) — HYCE) — 0

ol | Ly
0 — HY((C,E) — Hpp(X,&) — HY™C,E) — 0
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So it is enough to prove that « is an isomorphism. Let us remark that as W) is a strict
neighbourhood of 7, in U, (recall that we suppressed ”s” from the notation), the set
{W), Hy—a(e) v=b(e)Ae } is an admissible covering of U,. As W, is an admissible open of U,,
the set {W), Hy—a(e),v=b(e)Ae N Wy} is an admissible covering of W,. But £ has a basis of
horizontal sections on A, N W, for all e € e(G), therefore the restriction H°(W,, )P —
HO(W!, E)P is an isomorphism for all v € v(G). Tt follows that « is an isomorphism. [J

Let us fix a collection {W, }veu(g) as in proposition 3.18 and let s € B (s may be 0). We
consider again the admissible coverings C}; of Xp and C” and the respective Meier-Vietoris
exact sequences. Pull back by the closed immersion Xy — Xpg provide vertical maps in
the following diagram:

0 — H'W(CH/B,E) — Hip(Xp/B,Epllog(y))) — HOUCH/B.E) — 0

! ! |
0 —  HY(CE) — Hp(X,Eog(Y NX,) — HMNCE) — 0

If s # 0 the log structure on Xj is trivial.

Lemma 3.37. The above diagram of Mayer-Vietoris exact sequences is commutative.

Proof. The proof follows immediately from the definitions and we leave it to the reader.
O

4 The Monodromy Operators

4.1 The global residue

Let us fix the covering C' = {7, Ac}vev(c(x))cce(G(x)) @s in section §3.5.3.2, G’ denote
the graph of this cover and assume that £ is an isocrystal on C i.e we assume that
P and hence the log structure induced by it is trivial in this chapter (notations as in
section §1.) We denote (€x, Dx/k,) its evaluation on the wide open enlargement X and
by Dx/s the associated relative connection. Let us also recall that we defined on X the
log structure given by the normal crossing divisor ) := X;, on ) itself the inverse image
log structure defined by the closed immersion ) = X, — X, and on S the log structure
given by the divisor ¢ = 0. The log schemes thus defined are denoted X**, Y** §*.
We denote Q&XX/SX = (QZEXX/SX)“g = QlX/S(log(Y)) and Q%,XX/KO = (QS,XX/WX)“g =
Qlyxx/wx ®W K(), for ¢ Z 0.

Let us first fix e € ¢(G) and recall that the sheaf £x|4, has a basis of horizontal sections
for Dx/g. We denote such a basis by {€1,...,€,}. Then using lemma 3.16 every element
we HY (A, Ex® Qﬁ(/s(log(Y))) can be written
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«a
dX/SﬂUe
- (E € ® E aznmx ZET(e ’
—1 Te
1=

n,m>0

where a; ., € KO are such that the power series converge on A.. We recall that the
variables x., ¥, (), defined in lemma 3.16 satisfy z.x,) =t. Thus we define

Rese<we> ::( Z |Ta(e)ﬂA Zaznn 7_ Z |Tb(e)ﬂA Zaznn

n>0 n>0

€ Hyp((Tuey N Ae) /S, Ex) & Hyp((They N Ae)/S, Ex).

Therefore, for every e € e(G), Res, can be seen as an Og-linear homomorphism

HéR(AE/Sa Ex(log(Y))) — HgR((Ae N Ta(e))/sv Ex) @ HgR(Ae N Tb(e)/Sa Ex).

Similarly, let Cj = {730, Aeco} be the intersection of the covering ¢’ with Y. It is an
admissible cover of Y by acyclic wide opens. Let us fix e € e(G) and x, y be the restrictions
of . and z,) to A.o respectively. Denote by & the evaluation of £ at ) and let
w e HO(A670, 50 & Q%’XX/KO)' Then

W—ZE ® Zaanx dx Zﬁany dy

n>0 n>0

where {€)}1<q<s is a basis of horizontal sections of &y|a,,. As zy = 0 on A, dz/z =
—dy/y and we define

S S

Rese(w) = (% Z (aa 0 — ﬁa O) Ae,0MTa(e),00 % Z (O-/a 0 — ﬁa 0)

a=1 a=1

€ Hyp(Aco N Tuier0/ Ko, E0) & Hyp(Aeo N Toe) 0/ Kos £o)-

Thus we defined a Ky-linear homomorphism

Ae Ome(e),O) €

1:{@,86 . H;R(A;g/Ko, 50) e H(gR(Ae,O N Ta(e)/Ko,go) D HgR(A ,0 N Tb /Ko, 50)
for every e € e(G).

Now we define residue maps Res and respectively Res(® by the compositions:

H = Hjp(X/S. E(10g(Y))) — Seecicy (Hin(Ae/S, Ex(log(YNAL)) “BE HI(C! B),
and
H'(Y, ) i= Hip(Y™ [ Ky, €) — Gocoi Han(AXS /Ko, €0) “L5 H10(C), &),

In the above sequences, the first arrows are restrictions.
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Remark 4.1. Let L, B be as in section §3.2. Then we immediately obtain an Opg-linear
residue map Resp := Res ®pg Op : Hg — HY(C}, Fra).

Remark 4.2. Let

((@Wo)os (We)es (fes fe)e) (2)

be a hypercocycle for the complex of sheaves 5x®93(/5(10g(Y)) with respect to the covering
C', representing a cohomology class © € H. Here w, € Ex(T,) ® QlTU/S, we € Ex(Ae) ®
Qi‘e/s(log Y), fo € Ex(Tuey N Ae) and f. € Ex(Tye) N Ae) and they satisfy the cocycle
conditions.

We may express Res defined above explicitly in terms of cocycles as follows: Res(x) is the
image in H'°(C', Eva) of the cocycle (Res.(we))eee(c)-

Next we would like to describe the fibers of Res. Let s € S — {0} and C the covering
of the fiber X, obtained by intersecting the open sets of C' with X,. Let also C, be
the intersection of the covering C (defined in section 3.5.3.1) with X;. Both C.,C, are
admissible covers of X by acyclic wide open subsets and C. is a refinement of C,. Let us
consider the graphs associated to these covers, i.e., G' and G resepctively. We have (see
remark 2.5)

Lemma 4.3. Let s € S — {0}. Then under the identification between H™C(C,, &) and
HY(C,E,) in lemma 3.34 (Res)s = Res'®, where (Res), is the fiber of Res at s and for
the notation Res) see remark 2.5.

Proof. This follows from the definitions and the explicit description of the isomorphism
in lemma 3.34 and we leave the details to the reader. O

Now let us concentrate on describing the fiber (Res)q of Res at s = 0. Let us first remark
that from the definition of an isocrystal and the definitions of the log structures on X, ), S
we have natural isomorphisms

(gx ®OX Q?xxx/sx) ®(’)X OY = 80 ®OY Q%/'XX/KQ’
for i > 0. Let 7 : Y C X be the natural inclusion.

Lemma 4.4. (Res)o(z) = Res(j*z) for all z section of H.

j*
Proof. The inclusion j induces an isomorphism H/tH = H'(Y,£) therefore it is enough
to prove: if 2 € H then we have j*(Res(z)) = Res®¥(j*z). Let = be represented by a
hypercocycle as in formula (2) above. Then for each e € e(G) we have

[0}

d e
we=3" e (T alf), anam ) D)

Xz
i=1 n,m>0 €
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where {ege)} is a basis of horizontal sections of £x|4, for all e and az(izm € K, are

such that the power series converge on A.. With these notations we have Res.(w.) =

(% D it Gz(e) |Ta(e)ﬂAe ano Winnl", % i1 Gz(e) |Tb(e>ﬂAe ano Ainnl"). Now

7*(Res(w)) = Image(Rese(we))ece(c(x)) (mod tHYO(C', E,q))

~ GOo )

(e)
Ae,0MTy(e),0 ai,0,0)e'

e 1 - -k e
Ae,OmTa(e),OaZ(,[)),()’ i(z-] (E’E ))
=1

On the other hand, j*(z) is represented by the hypercocycle {(5*(wy))v, (5*(We))e, (5*(fe), 5%(fo)e}-
In particular, for every e € e(G) let us denote by ye, y-() the images j*(x.) and respec-
tively j*(2;()). With these notations y.y,.) = 0 and we have

% - % e e n m d €
) = €N @ @+ Y gy + 3 a9 ) W
=1

n>1 m>1 Ye
SO
%k 1 - Sk e e 1 . ok (& & 3
Rest® (5°(2)) = (52 56 acartuco oo 5 (O 5 (6 acontic, 00f50) = 7 (Rese (we)).
i=1 =1

]

Let us define by Ny: HY(Y, ) — H'(Y, ) the composition (Res)q o ¢y where
w: HY(CY, &) — H'(Y,E)
is the map induced from the Mayer-Vietoris exact sequence for Y and the covering Cj.

We have the following

Proposition 4.5. The Og-linear map Res is horizontal with respect to the connections,
i.e. Res: (H,V) — (H"(C', Eia)), V1) satisfies Reso VI'? = V o Res.

Proof. Let z € H be represented by a hypercocycle as in formula (2). We have V(z) =
y®@dlog(t), where y is represented by a hypercocycle ((m)v, (Me)es (Ges §e)5) as in the proof
of proposition 3.35. To calculate Res(y) we only need to look at the 7.’s. To start with,

we may write
(03

d Te
We = Z;Ei ® Ti(t)—x/iz ) + DX/S(Ge),
where {¢;},—1 .« is as before a basis of horizontal sections of Ex over A., r;(t) € Og(S) and
G. € Ex(A.). Then, let us denote by

a

d e
De: = Z € ® Tz-(t)X/K—O(x) + Dx ko (Ge).

T
i=1 e
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It is a lift of w, to “absolute differentials”, i.e., to Ex(4.) ® QY /i, (10gY). Then n. may
be chosen such that

o

d e
ne A dlog(t) = Dx/k,(@e) = Z € ® trg(t)X/K—O(x) A dlog(t),

T
i=1 €

therefore

ri( Z
a(e)

=1

tri(t)).

Rese 776 = %zl: e)

On the other hand

«

V(o Res(w)) = V[((0)s, (0c)e, (% Z €il 4ty @1i(t), % Z i

ATy @ ri(t»e)] -

i=1 i=1
1 ¢ 1
[((00)u (0c)e (5 > cilanr,, ®tri(h), 3 > alann,, ®tri(t)e)] © dlog(t).
1 i=1
This proves the proposition. O

Proposition 4.6. Under the parallel transport isomorphism of Theorem 2.6, Ny ® idy is
wdentified with Niy.

Proof. Let N : H — H be the composition H =% H'0 (C', Ee1) — H where the second
morphism is the one coming from the Mayer-Vietoris sequence (see section §3.5.2). Then
by proposition 4.5 N is horizonatal and hence it induces a homomorphism N : (Hjog)Y —
(Hiog)V. By lemma 4.3 and lemma 4.4 the following diagram is commutative

Hl(Y75> = <H10g>v - HI(CK787F)
N() l N l Nint l
Hl(Yv £) = (Hlog)v - Hl(CKagrr)

4.2 The proof of the equality of the monodromy operators

The main result of this section is

Theorem 4.7. Under the notations of section §4.1 we have Ny = Nyeg.

Proof. We will extend scalars to a finite, non-trivial, totally ramified extension L of K|
and let B = By, C S be the affinoid disk as in lemma 3.17. Recall proposition 3.18 i.e., for
all v € v(G) there is a wide open neighbourhood W, of Z, p in U, p and an isomorphism
over B

Oy = Qy - W, = B x Wv,Oa
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where W, o = W, NY. Let pr;, « = 1,2 be the i-th projection composed with a, i.e.,
pry: W, — B, pry: W, — Wy, 0. As a, is an isomorphism over B, pr; is the structure
morphism of W, over B. Let us now fix v and let U = a;; }(Uy x B) where Uy C W, NY
is any admissible open subset. We have

Lemma 4.8. a) The canonical isomorphism
O = priQpe . ® pr5Q, 10
where U* = U — Uy and B* = B — 0, induces an isomorphism of sheaves on U :
Q%J/L(log V) = PT’TQ}%/L(IOg 0) & pTSQIIJQ/L‘
b) The isomorphism at a) induces an isomorphism of sheaves:
Qpp(logY) = prsQyy i,

and an isomorphism of Op(B)-modules

Qyp(log Y)(U) = Op(B)&Qy, 1, (Us)

where ® denotes completed tensor product.

Proof. For a) it is enough to see that we have an isomorphism of ”pairs”

(U, Up) = (B,{0}) x (Uo, 9),

where ¢ is the void set, i.e., that U = B x U, and under the above isomorphism U, =
({0} x Up) U (B x ¢).
For b) let us notice that we have an isomorphism of sheaves on U:
Qpp(logY) = Qp)p (log Y) /priQp(log 0) = pryQu, i (log Y).
Now the lemma follows easily. O]

Let us recall from section §3.5.3.3 that the set C% := {W,,, AG,B}UEU(G)@E@(G) is an admissi-
ble cover of Xp := X xg B. From lemma 4.8 it follows that for all v € v(G) and U C W,
as above, the canonical projection:

Q. (log Y)(U) — Quy, /5 (log Y)(U)

has a natural section, call it s, with the property that its image is a submodule of
Qyy, /. (U). Therefore for every section w of Qy, 5(logY) we have a lift of it s,(w) to
absolute 1-forms, which is a regular absolute one-form by the remark above.

Moreover, if say e € e(G) then we also have a natural choice of a lift to absolute forms as
follows. Let us recall that we have Og(B) = L{y) with the restriction Og(S) — Op(B)
given by: t — mpy. Let ¢ :=|np| < 1.
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dX/S<=Te) +

Lemma 4.9. Let w € Q) 5/p108Y)(Acp), then we can write w = r(y)
e, xe

dx s(ue) where r(y) is a global section of Op and u. € Ox,(Ae).

Proof. For this proof let us denote U := A, g and A(U) := Ox,(U), v = z. and 2z = ().
By lemma 3.16, the natural functions z, z € A(U) satisfy xz = mpy and if f € A(U) then

f may be written
WSy
n=0 m=1

with ap,b,, € Op(B) and such that, for every r such that ¢ < r < 1 the sequences
|an|B7"n — 0 and |bn|B(C/7’)" —> 0 asn — oo.

Therefore w = fdys(x)/x = dy/s(g) + aody/s(x)/x, where

> a b
= "+ 2™ e AU).
g nz:ln:v ;mz

This proves the lemma.

A lift to absolute 1-forms of w as in lemma 4.9 is then defined by:

dx /o (Te)
Le

Oe: =71(y) + dx /K, (Ue).

Proof of Theorem 4.7. Let z € Hjp be represented by the hypercocycle ((wy )y, (e )e, (fe, f)e)
with respect to C%, (as in in formula 3.3.2). Let us recall that v runs over v(G) and e over
e(G). Then w, can be written as

o= e ® s X | () =~ S e ) DI L p(B),

i=1 Le i=1 Lr(e)

where {€;}1<i<o is a horizontal basis of £p|a, ,, £ € Ep(Aep) for all i and r.;(y) are
global sections of Op. The variables x. and z,.) have been defined in lemma 3.16 and
their restrictions to A, p satisfy x.2z,) = 7.

We want to calculate V(z) and its residue. V(z) is represented by the hypercocycle
((77’0)11) (ne)ea (ge7§e)e), Where

Dx ko (Sv(w)w) = ny Adlog(y) and  Dx/s(@e) = ne A dlog(y),

for v € v(G) and e € e(G). Also
Sa(e) (wa(e))‘A&BﬁWa(e) - CD@‘A&BHWQ(E) - DX/S(fe) = gedlog(y)a
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and
LD@’Ae’BﬁWb@) - Sb(e) (wb(e))|Ae’BﬂWb(e) - DX/S(fe) = gedlog(y)
Let us recall that s,(w,) is always a regular 1-form. Also,

dX/Ko (336)
Te

We Ae,BMWy(e) = T(y) + dX/Ko (ue)

is also regular as z. is invertible on A, g N Wy(). On the other hand we have

d o 3;‘6 d d 0 $T6
B g ) = ) 2L — iy Pl )
Te ) Tr(e)

J)e Ae,Bme(e) = T(y + dX/KO (ue)7

)C&/I;O—Ex;(eﬂ + dx /k, (Ue) is regular on Wyey N A, g because the function

Tr(e) is invertible on this open set.

and the form —r(y

Therefore we have: Res,—o(1,) = Resy—o(n.) = 0forallv € v(G), e € e(G), Resy—o(g.) =0
and Res,—0(9.) = D) Tei(0)€ila, snw,,, for e € e(G). Thus, we have that Res,—o(V(z))
is represented by the hypercocycle

(e

((Ov)m (Oe>e7 <Oe> Te,i<0)€i

=1

Ae,Bme(e) )e)

whose cohomology class in H'(Y,E) @k, L is the same as the class of

(0% 1 o
rei(0)€ila, s,y 5 D Tei(0)e

i=1 =1

Ae,BnWb(e) )e)

N —

((0,)0, (00)es (

which is

Res(xz) (mod yHp).

This proves that Nyes®r,idr, = No®k,idr. As Ngeg and Ny are both endomorphisms over
Ky of the finite dimensional K, vector space H*(Y,€), and as they become equal after
base change to the extension L of K, they are equal. This ends the proof of Theorem
4.7. m

5 The Frobenius Operators

5.1 Frobenius and Kj-structures on H"/(C,, &,)

In this section we supply a number of details needed in section §2.2. We continue to
assume that the horizontal log structures, i.e. that the divisor P and hence the log
structure induced by it are trivial. Namely let us resume the notations of section §3.2. Let
X — S8 be our family of curves, C = {U, },cu(c) be the admissible covering of X defined
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there. Fix s € S a point such that s # 0 and for an object M over S M, will be the fiber of
M over s. Let Cs := {Uy s bvewq) and if e = [u,v] € e(G) then Ay = Ac X g5 = Uy s NU, 4.
Let us also denote by 5 the image under red : S — S = Spf(W][[t]]) of the point s € S
and by X, := X ®s 5. In particular if s = 7, then X, = Cx and X, = C in section
§2.2. Let £ denote an F-isocrystal on C' and let & denote the evaluation of £ on the
enlargement X;.

We will define the canonical Ky-structures and Frobenii on H'°(C,, ;) and H'0(C,, &)
needed in section §2.2.

For the rest of this section we fix s and denote U, s, A, s simply by U, A..

Lemma 5.1. Suppose that the residue field of s is L. For every e € e(G) we have a
canonical isomorphism of L-vector spaces

ngis(e/vv’ 5) ®Ko L= H3R<A6788|Ae)7

where above e denotes the singular point of C' corresponding to the edge e.

Proof. As mentioned before, A, is a wide open enlargement of e € C, i.e. let us consider
the formal completion of X, along e, (X;) /. It is a formal scheme such that (%3)75 >~ A..

Therefore E[a, = Ex,),, and Hoy(e/W, E) @k, L = Hip(Ac, & a.).

cris

]

Let us remark that the isomorphism of lemma 5.1 endows HYp (A, E|4,) with a canonical
Ky-structure and a Frobenius, namely H2. (e/W, ) with its Frobenius, ¢°.

Let us fix v € v(G) and C, the component of C' corresponding to v. Let us denote by

6: * the log scheme C, with log structure given by the smooth divisor of the singular
points in C' belonging to C,.

Lemma 5.2. In this lemma s may be 0. For v = 0,1 we have natural tsomorphisms of
L-vector spaces
Hio(C,7 W, E€) @i, L 2 Hig (U, il ).

Proof. Let red : X, — C denote the reduction map and let 7, = redfl(ég), where 62
is the complement in C,, of the singular points in C. Then Z, is an underlying affinoid of
U, with good reduction (its reduction is 62). Let us denote by Sing, := C, — US. As O,
is a smooth proper curve over k, there exists a pair (C’, Q)) consisting of a smooth proper
curve C" over O, and an étale divisor ) on C’ such that the special fiber of (C’, Q) is

(C,,Sing,). Let us denote = C;é the formal completion of C” along its special fiber,

let C = (C")"# and red : C7 — C, be the reduction map. If we denote Z/ := red_l(ag)
then Z, = Z! and we’ll identify the two. We claim that we may choose the pair (C’, Q)
such that the isomorphism Z, = Z| extends to an open immersion U, — C}. This can
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be seen as follows: let us "add the affinoid disks to U, to close the holes”. We obtain
a smooth proper rigid curve with a smooth proper formal model whose special fiber is
C,. This formal model is algebrizable, i.e. it is the formal completion along reduction
of a smooth proper curve over O, which may be taken to be C’. In any case, the open
immersion U, — C has the property that its complement is a disjoint union of affinoid
disks, containing () and each contained in the residue class of the points e € Sing,.

We have the natural morphisms of formal schemes over Oy :
C—0C,—(C,

which make C" an enlargement of C. Let us denote by £ the evaluation of £ on this
enlargement. It is a coherent sheaf with connection on C7.

Claim 1 Ecv|y, is isomorphic to &y, as coherent sheaves with connections.

To see this let us first recall that we have open immersions U, — X, and U, — (7]

and X, C} have formal models X, C respectively. Moreover, by the description of the
embedding U, — (' given above the following diagram commutes

red -

v, — X, — C

| U
red

v, — C. =% C,
Let now V' C U, be an admissible open. By applying lemma 3.1 we obtain canonical
formal models V' — C” and V — X, and by the diagram above and section 3.1.2 we
obtain a natural morphism V' — V inducing the identity on generic fibers and such that
the following diagram of special fibers commutes

~

—

Ql— <
Ql+— <

v

Thus we obtain a diagram of enlargements

VYV oV) — Yo
L !
(Cy—C) (C — X,

which shows that £~ and & coincide on V. This proves the claim.

Let U: “ and C"** denote the scheme C,, respectively formal scheme C" with log struc-
tures given by the divisor Sing,, respectively by the divisor @). Now let us see that we
have natural morphisms

Hi W (C)7 W, E) @y L= H (C) " /O, E) = Hin(C, Ecr(log(Q)) — Hig(Us, &

cris

Uv)?

the first two being naturally isomorphisms.
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In order to prove the lemma let us remark that we have natural isomorphisms of L-vector
spaces Hjp(Cp — Q,Ecrlor—q) = Hip(C, Ecr(log(Q))) for i = 0, 1. We will prove

Claim 2 Restrictions induce isomorphisms between Hjj,(C7—Q, Ecr|cr —q) = Hijp(Uy, Elu,)
for all + > 0.

For ¢ = 0 the statement of the claim is clear. The proof of the claim for ¢ = 1 is by an
excision argument presented in theorem 4.2 of [C4] for the case of trivial £. The main
idea is for a rigid analytic space M to find good definitions of ”closed subsets” and their
”admissible open neighbourhoods” and to use the Gysin long exact sequence as in [G1].

We say that a subset Z of M is closed if it is the complement in M of an admissible open
subset. Given such a Z, we say that U is an admissible neighbourhood of Z if U is a
strict neighbourhood of Z in M. Let us recall that this means Z C U, U is an admissible
open of M and the family {U, M — Z} is an admissible covering of M.

Now if F is a sheaf of abelian groups on M we define Iz (M, F) to be the sections s € F(U)
supported in Z for any strict neighbourhood U of Z. The functor F — T'z(M, F) is left
exact and therefore if F* is a complex of sheaves on M we define the hypercohomology
groups with supports, H% (M, F*) to be the hyper-right derived functors of T'z(M, —).
By corollary 1.9 of [G1] if F* is a complex of sheaves on M we have a long exact sequence
(the Gysin sequence):

0 — HY(M,F*) — H' (M, F*) — H" (X — Z, F*) — H,(M,F*) — ...

Moreover, if U is a strict neighbourhood of Z in M we have excision, i.e. canonical
isomorphisms

HY, (M, F*) = H, (U, F*) for all i > 0.

Let us now apply this theory to: M = C} — Q, Z = (C}, — U,) — Q. Let us remark
that C', — U, is a disjoint union of closed disks contained each in the residue class of one
point of Sing, and containing exactly one point of (). So in fact Z = M — U, is closed in
M. Let us denote by (E, D) = (Ecr|ar, D|ar) the restriction to M of the coherent sheaf
with connection (Ecv, D) and let F* := E ®o0,, 2, /- The interesting part of the Gysin
sequence reads:

Hy (M, R ®o,, Q1) — Hap(Cp — Q, E) — Hap(Us, Ely,) — HZz(M, E ®0, Qyy1)-

Let us now explicitly calculate Hy (M, E' ®o,, Q},,)- Let U’ denote a disjoint union of
wide open disks in C} containing C'; — U, and contained in the union of the residue disks
of the points of Sing,. Then U’ — @ is a strict neighbourhood of Z in M and excision
implies

HYy (M, E ®o,, Q) = HL(U' = Q, Elw—q) ®0y, o, Lur—qyyr) for all i > 0.
The Gysin sequence for the pair (U’ — @, Z) and the restriction of F to U’ — @) which we
denote by E’ gives

0 — Hy(U' - Q E' ®@ Wy _gy) — Hip(U' = Q,E") — Hyp(U' — Z,E') —
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— Hy(U' - Q,E' @ Qo)1) — Hip(U' = Q,E') — Hyp(U' = Z,F')...

First let us remark that as U’ is contained in a union of residue classes, (E|y, D|y/) has a
basis of horizontal sections. Let us denote by EP := HI,(U’, Eyr). Second let is remark
that U’ — @ is a disjoint union of punctured disks containing the disjoint union of wide
open annuli U’ — Z. Therefore we have the following commutative diagram where the
horizontal arrows are induced by restrictions and the last vertical ones are residue maps.

Hip(U' = Q, ) — Hip(U' = 2, E)
1= 1=
Hiyp(U' = Q)@ EP —  Hjp(U' - Z) @, EP
l l

Hip(U' = Q.E)  =E’=  Hy(U' ~ 2.E)

As the residue maps for punctured disks and annuli are isomorphisms the first horizontal
arrow is an isomorphism and the Gysin sequence for (U’ — @, Z) above implies that
H (M, E ®o,, Q) = 0 for all i > 0. This proves the claim.

Claim 3 We claim that for ¢« = 0,1 the composed isomorphism

O /OL7 ) H;R(UU758|UU>

CrlS(
is independent of the choice of C” and the choice of embedding U, — C.

The proof of this claim is standard: suppose. (C", Q") is another such pair defined over
Oy, with an embedding U, — C7]. We let C1 to be the formal completion along C, of
the fiber product C" x C”. By the Poincaré lemma we have isomorphisms

Hap(C, Ecr10g(Q)) — Hap((C1)™, Ec, (log(Q U Q")) «— Hap(CL, £ (log(Q")),

compatible with the homomorphisms from H'p(U,,&|y,) induced by the immersions
U, — C%, U, — C% and the diagonal immersion U, < (C})"®.

]

As before the isomorphisms in lemma 5.2 endow the L-vector spaces Hin(U,, E|y,) with
natural Ky-structures with Frobenii, namely H' (Uv ,&) for i = 0,1 with their Frobenii.

cris

For e € e(@) let us denote by & :=
space Hin(Ae, E.). These spaces do not have an interpretation as crystalline cohomology
groups, nevertheless we have residue isomorphisms

Res, : Hjp(Ae, &) = HY(A., &),

and may define the Ky-structure of the domain to be the inverse image of the Ky-structure
of the target, i.e. to be Res™'(HY. (e/W, 5)) Moreover let us endow this Ky-structure
with a Frobenius ¢! defined by ¢! = pRes_' o ¢" o Res.. We have

o1



Lemma 5.3. Let e € e(G) and suppose the vertex v € v(G) is the origin or the end of
e. Then, fori = 0,1 the natural restriction maps: Hip(U,, Es|v,) — Hin(Ae, E) respect
the Ky-structures and the Frobenii.

Proof. For ¢ = 0 this follows from the commutativity of the diagram

HgR<vagS|Uu) - HgR(Aevge)
| |
ngis(UZX/VK 5) ®Ko L — ngis(e/VVa 5) ®Ko L

where the lower horizontal map is the restriction H%, (C. " /W,E) — HY. (e/W,E) ten-
sored with L over K.

For i = 1 we’ll use residues. First we have a natural residue map Res which makes the
following sequence exact:

0 — H!

L@/ W, E) — HL (T2 W, E) 2% Becsing, Houe/W, E)(1).

cris

Here the twist by 1 refers to a twist as filtered, Frobenius modules. Moreover, the following
diagram of L-vector spaces with exact rows is commutative

0 — Hclris(a’v/oln 5) - ngis(UZX/OL7 5) E} 69‘3€Siﬂgv[—[((:)ris(e/(9L7 5)
= = =
! / Res
0 —  Hjp(CL,&c) — Hip(Cp Ea(log(Q)) — ©req(&or)p
= lg l%

0 — HC}R(GU/OIN((:C,) - H(%R(UU7SS|UU) E @GESingch(l)R(A&gslAe)

where:

e The map Res : Hjp(Uy, Elu,) — Deesing, Hig(Ae, &) in that diagram is the composi-
tion of the restriction Hyg(Uy, Elv,) — Beesing, Hin(Ae, &) and the direct sum of the
residue maps Res, : Hjn(Ae, &) — HIp(Ae, Ee).

and

o If we denote by ¢°, ¢' the natural Frobenii on H2. (e/W, ) and H,

(C27 /W, E) respec-
tively and by Resg : (C &) — (e/W, &) then we have: Res.¢p™ = p €Se.
ively and by Res, : HL. (C." /W, & HO. (e/W,E) th have: Res.¢' = p¢’R

These facts prove the lemma for i = 1. O

5.2 Convergent F-isocrystals

Let us go back to our notations of section 5.1: X — S is our family of curves over the
wide open unit disk, s € S — {0} is a point defined over L, X; the fiber of X over s, X
the canonical formal model of X over Oy, (defined in section 5.1) and C' the special fiber
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of X,. For v € v(G) let C, denote the component of C corresponding to v and 52 the
complement in C, of the singular points of C.

Then the composition C,, — C — X, is a closed immersion of formal schemes over C’)'L
and 62 — C, is an affine open, therefore we denote U = U, = red”'(C,) = (X,) /a)ng

and Z = Z, = red’l(Ug). Then U is a one-dimensional wide open of X and Z C U is
an underlying affinoid with good reduction.

Let U — U Xgpm) U be the diagonal embedding. It is locally a closed immersion so
let us denote by Ay the formal neighbourhood of the diagonal i.e. the completion of
U Xgpm(1) U along the diagonal morphism. Let 71,75 : U Xgpm,) U — U denote the two
projections.

If M is a locally free, coherent sheaf of Op-modules on U with an integrable connection
D there is a unique horizontal isomorphism

Lk *
h: miM|a, — m5Ma,

which restricts to the identity on U. Locally on U we may assume that Qf; /L is a free
Op-module generated by dt, let 0 denote the derivation dual to dt and also by 0 = Dj :
M — M the induced morphism. Let us denote by u = 7;(t) — 7;(t) seen as a rigid
function on Ay. With these notations, A is given (locally) by formulae

* - u" % Qn
h(mim) = Z m%(a m),
n=0

for m (local) section of M.

Now let us look at the sequence of morphisms:
_ A —_ J—
CU - Cv X Spec(k) Cv — xz =X X Spf(Or) X.

The composition is a closed immersion so let us define
Ay =]Culxe= ((X2)2,)

Let us remark that &U is a tubular neighbourhood of the image under diagonal of U in
Xs X Spm(L) Xs-

Definition 5.4. We say the pair (M, D) is a convergent isocrystal on (U,Z) if h
extends to Ay (the extension is unique if it exists).

Remark 5.5. We would like o point out that our terminology convergent isocrystal in
definition 5.4 is different from the one in [BO], where the term overconvergent isocrys-
tal us used instead.
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Here are a few easy but very useful consequences of the definition. Suppose that (M, D)
is a convergent isocrystal on (U, Z). If f,g: T — U are two morphisms from a rigid space
T into U such that (f,g)(T x T) C Ay, let x4 = (f,9)*h: f*M — g*M. As h is an
isomorphism xy , is an isomorphism of sheaves.

Lemma 5.6. The restriction of (M, D) to any residue class of (W, X) is trivial.

Proof. Let A be a residue class of (W, X). If there exists a point P € A(K), let f,g: A —
W be the morphisms, the identity and = — P, respectively. Then f*M = M|4, g*M is
trivial and ), is an isomorphism.

In general, base change to a Galois extension L of K such that A(L) # (), proceed as
above for each irreducible component of A; and then take invariants.

O

Let us recall that 52 is a smooth affine curve over k£ contained in the smooth projective
curve C,; therefore there is a smooth affine scheme of finite type over Oy, Spec(A) lifting
62. The m-adic completion of A is isomorphic (non-canonically) to the ring of rigid
functions on Z bounded by 1. Fix such an isomorphism and identify the two. Via this
identification, proposition 3.14 (where Ry is been replaced by Op) gives

Spm(AT ®p, L) = lim H(T, Op)

where let us recall Spm denotes the maximal spectrum of a ring and 7" ranges over all
strict affinoid neighbourhoods of Z in U. We have natural restriction maps Oy (U) —
H°(T, Oy) which induce an Op-algebra homomorphism Oy (U) — AT ®@¢, L.

Therefore if (M, D) is a locally free coherent sheaf of Oy-modules on U with an integrable
connection we denote

M' = H(U,M) ®0, (AT ® L).

It is a projective A" ® L-module with an integrable connection

induced by D. We have a description of Q% as hI% H(T, Q} /1), where T' runs over

AtoL)/L
the strict affinoid neighbourhoods of Z in U (see [B], section §2.5.)

Let ug : 62 — 62 be a morphism of schemes over k, let A, A’ be smooth Op-algebras of
finite type such that Spec(A) and Spec(A’) lift 5?} and let u: A" — AT be a O -algebra
homomorphism lifting the k-algebra homomorphism corresponding to ug (see for example
theorem 3.7.)

Define the category Micig; to be the category of finitely generated projective AT ® L-
modules with integrable convergent connections. Then the Op-algebra morphism u defines
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a functor u* : Mic,rg; — Micytg, which is an equivalence of categories if ug is a
isomorphism.

In particular for ug = idzo, we see that all the categories Mic 1y, for varrious liftings A,
are canonically equivalent.

Also, let us first fix o : O — O an automorphism which lifts Frobenius of k. Let
f = [k : Fp] and denote by F = Frob! : C, — C,. Then F(@S) C US and let
¢: AT — AT be a lift of F over o.

Definition 5.7. A convergent F-isocrystal on (U, Z) is the following family of data
e A convergent isocrystal (M, D) on (U, Z)
and

e a horizontal isomorphism Fy : ¢*(M', DY) — (M, DY) for every morphism ¢ : AT —
AV which is a lifting of F.

In the above definition by ¢* (M, DT) we mean the pair: (¢*(M"), ¢*(D")), where ¢*(MT) :=
MT @4t 4 AT and ¢*(DT)(m @ a) = D'(m) ® a + m ® d(a), for m € M1, a € A'.

Let us remark that if ¢, ¢o are two liftings as in definition 5.7 we have Fy, = Fy, 0 X ¢, 4,

Let now & be an F-isocrystal on C. Let us recall that the formal completion of X, along
the closed sub-scheme C,, {, = (%) /. is a smooth formal scheme over Oy, such that
e = U, = U. Let us denote by (&, D,) the evaluation of £ on i, which is a wide open
enlargement of C. Here (&,, D,) is a pair consisting of a locally free, coherent Op-module
with integral convergent connection D, (convergence follows from [B] 2.2.2 and 2.3.4.)
Moreover by definition 3.4 it follows that if ¢, : 4, — 4, is a lifting of F then we have
an isomorphism Fy, : ¢5(Ey, Dy) — (€4, Dy).

We therefore clearly have

Lemma 5.8. The pair (£,, D,) is a convergent F-isocrystal on (U, Z).

In fact by [B] corollary 2.5.8 the data of the F-isocrystal (&,, D,) is equivalent to the
data: (M, D) where M is a finitely generated projective A" ® L-module, D : M —
M ® 4101, Q%AT®L)/L is an integrable connection such that if ¢ : AT — Al is a lifting of F,
there is a horizontal isomorphism ® : ¢*M —— M. The convergence of the connection is
a consequence of the existence of ®.

We need to consider one example of a relative convergent isocrystal. Let as above Z be
our affinoid over L and f € Oz(Z)*, |f| < 1. Let An be the rigid analytic space over L in
Z x B} whose C,-points are {(z,b): |f(z)| < |b] < 1}. This is a family of annuli over Z.
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Let T be the rigid function on An defined by T'(z,b) = b and AAn/Z be the neighbourhood
of the relative diagonal A4,z in An Xz An over Z whose points are

{(z,y) € An XZAn:|§(—x)—1| < 1}.

(y)

The diagonal morphism An — Anx z An is a closed immersion. We denote by A An/z the
formal completion of An x; An along its image. Let w1, denote the natural projection
from An xz An to An. Suppose M is a coherent sheaf of Oy4,-modules, D : M —
M®e,, 2 )z & (relative) integrable connection over Z and such that the formal horizontal
isomorphism h: 7f M| Rz M| Ronz which is the identity when restricted to A4,z

extends to A,z (i.e. (M, D) is a convergent isocrystal.)
Then we have

Lemma 5.9. Suppose that (M, D) is a locally free sheaf of Oa,-modules on An with a
relative, integrable convergent connection D as above. We use h to identify 73 M and
oM on Auyyz. Let w be a section of M ®p,, Qim/z- Then there is a unique section € of

(M) on AAn/Z such that
D) = mi@la,,, - T@)la, .

and such that €|a,,,, = 0.

Proof. For simplicity let us denote for this proof U := Ay, /z- We claim that we have a
natural isomorphism ¢ : U = An Xg,1,) S, as rigid spaces over Z, where let us recall Sy, is
the wide open unit disk over L. The isomorphism and its inverse 1) : An Xgyr) S — U
are defined as follows

¢((2,0), (2,0)) := ((2,0),0'b7") and ¥((2,b),a) = (2,b), (z, (1 + a)b).

This implies (see lemma 3.5 in section §3.1.3) that for any admissible affinoid open V' of
An the morphism of complexes

(M @ Q) (V) — (11(M) ® Q) (m (V) N V)
is a quasi isomorphism and hence pull-back by the diagonal immersion
A*: (m (M) @ Q) (n (V) N U) — (M ® Qyyy2)(V)

is a quasi-isomorphism. In degree 0,1 this implies that for any section n € (77(M) ®
QIU/Z)(Wfl(V) N U) such that D(n) = 0 and A*(n) = 0, there exists a unique section
e € (M) (77 (V) NU) such that D(e) = n and A*(¢) = 0. Now we apply this to the
case T, (V)NU = m, '(V)NU and n = 7} (w) — 75 (w) for a section w € (M ® an/z)(V).

]
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Remark 5.10. In the notations of lemma 5.9 M has a basis of horizontal sections on
An.

Proof. Let L' be a finite Galois extension of L such there exists a section s : Z;, — Anp,
of the structure morphism g : Any, — Z, (the subscript L’ denotes extension of scalars
to L’). For example, suppose there is a by € B} (L') such that |f| < |by| < 1. We may
define s by s(z) = (z, byg) and thus we have a morphism u =: (ida,, s) : An = Anx, 7 —
U. Then u*h gives a horizontal isomorphism of M, to the module with trivial relative
connection ¢*s*Mp,, defined over L'. Now take Gal(L’/L) invariants to get a basis of
horizontal sections of M. O

Let us also notice that remark 5.10 implies that in lemma 5.9 one could reduce to the
case where (M, D) is trivial and then prove the lemma by elementary calculations.

5.3 Lifts of Frobenius

Recall X — S is a family of curves over the wide open unit disk and & is an F-isocrystal
on C'. We have defined a Frobenius ¢ : S — S over the absolute Frobenius o on Spec(K)
in section 2.1 and &£ comes equipped with an isomorphism of isocrystals on C'

F:F (&) —E&
where F is the Frobenius on C over the absolute Frobenius ¢ on Spf(WW).

Using F' we have defined a Frobenius operator ®;: ¢*H! — H! in section 2.1. Let
f =k :TF,]. We will give an explicit description of the ”linearized Frobenius”, ® using
“local lifts of Frobenius” to X.

Recall, from section 3.2, the admissible cover of X, C' = {7}, Ac}veu(@),cce(c)- We intend
to construct local lifts of F', so we will need to refine this cover in two ways. First let L be
a finite, non-trivial, totally ramified extension of Ky and B! = B;, the affinoid disk around
0 of radius |7z|, where 7, is some uniformizer of L. Let B? be the affinoid disk around
0 of radius |7%'|, where f = [k : F]. Then ¢ = ¢/ ®,id;, maps B! to B2. Similarly, let
F,(€) denote the isocrystal on C' defined by: F, (€ )(Ty2r) = E 1. Frony)» Where let us recall
that Fj, = F’ is the Frobenius endomorphism over k of C, and by Fj, : (F)*() — &
the f-iterate of F.

For the rest of this chapter we use the following notations: for every v € v(G),7 = 1,2 let
ij = Zv Xg Bi, UBiﬂ) = Uv Xs Bi7 Aé = Ae Xg B

We have

Proposition 5.11. a) For every v € v(G) there exist wide open strict neighbourhoods
Ul C Ugi, of Z! over B' and a rigid morphism ¢, : Ul — U2 over ¢, i.e. such that the
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following diagram commutes

Ul ﬂ) U2
| !
B! L B2

b) The morphism ¢, at a) is a lift of Frobenius i.e. the following diagram commutes

Ul — x =7

=/
bu | ol
U3<—>Xid>6

Proof. For i = 1,2 let W} denote wide open strict neighbourhoods of Z! in Up:, such
that there exist isomorphisms of rigid spaces over B’ (see proposition 3.18)

ol Wi Wi x B

where W is the fiber at s = 0 € B* of W;. Then W}, is a wide open strict neighbourhood
of Z,oin Uyp. As Z, :]62 [x,, as in the discussion after the proof of lemma 5.6 let A be a

smooth Op-algebra of finite type such that Spec(A) is a lifting of 62. We identify AT with
a sub Op-algebra of the ring of rigid functions on Z, and let ®, : AT — AT be a lifting
of Ff : C, — C,. We may choose strict affinoid neighbourhoods 7" of Zyp in ij such
that @,(T") C T?. As in the proof of proposition 3.18 define wide open neighbourhoods
Uiy of Z, o in Wi, over B* such that ®,(U;,) C UZ,. For later use let us remark that
we may choose U such that U}, — Z, ¢ is a disjoint union of wide open annuli. Let now
U= (o) (U} x B') and ¢, : Uy — U the morphism ¢, = a2 o (®,,v) o (o). By

definition we have the commutative diagram

Ul ﬂ) U2
ap | L s
Ulyx B 2% 172« B2
compatible with the projections to B! respectively B2 The conclusion follows. O]

We now give a general definition of a "lifting of Frobenius” and some of its properties.

(1) For two admissible opens U* C Xpi, i = 1,2, we say that an L-morphism ¢ : U! — U?
is a lifting of Frobenius over v : B! — B? if the following two natural diagrams commute

Ul i) U?
| !
B! L B2
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and
Ul — Xp 24 (Xm) = CxAl
¢l FI|
U? — Xp 2% (Xg) = CxAl
Let us recall that in the second diagram B¢ denote the natural formal models of B¢ defined
in section §3.1.2 and (Xgi); the closed sub-schemes of Xz defined by the ideals 7, O%

for i = 1,2. F denotes the absolute Frobenius of C' x Af.

B’

The commutativity of the above two diagrams is equivalent to the commutativity of the

diagram:
red

vl - X = C
6| 7
o x =7

(2) For any lifting of Frobenius ¢ : U — U?, we have a canonical horizontal isomorphism
Fy: ¢"(Ex|vn) = Ex|p2. Here Ex denotes the evaluation of the F-isocrystal € on the (wide
open) enlargement X of C'.

Proof. First let us assume that U', U? are affinoids. Let U*,U? be the canonical formal
models of U!, U? constructed as in lemma 3.1 using the p-adic formal models Xg1, X5 over
Or. Moreover the commutative diagram in (1) above and the remarks after the proof of
lemma 3.1 provide a morphism ¢ : U — U? whose generic fiber is ¢ and which induces
7 in the special fiber. Now Ex|y1, ¢*(Ex|y2) are in fact isomorphic to the evaluations of

&, respectively of (Ff)*(é' ) on the enlargement U'. Now the definition of the F-isocrystal
& provides the Fj.

In general, choose an admissible affinoid covering of U? and an admissible affinoid covering
of U! which refines the inverse image under ¢ of the covering of U2. The functorially of
the construction in lemma 3.1 imply that the local F}’s glue. O

(3) If ¢,¢ : U' — U? are two liftings of Frobenius there is a canonical horizontal
isomorphism Y4 ¢ : ¢*(Ex|pz) — ¢ *(Ex|y2) compatible with Fj, F,y. For three liftings,
they satisfy the cocycle condition.

Proof. This follows from the fact that ¢*(Ex|y2) is canonically isomorphic to the evaluation

of (Ff)*(é’ ) on the enlargement U defined in the proof of (2) above and again from the
properties of F-isocrystals. O

Let Ui, i = 1,2, v € v(G) denote admissible open subsets of Xpg: over B? whose prop-
erties were proved in proposition 5.11. In fact we will choose the U’s as in the proof of
proposition 5.11 i.e. such that for every v € v(G), i = 1,2 there are isomorphisms of rigid
spaces over B": o : U} =2 U}, x B* where U] are the fibers of U} at s = 0 and they are
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wide open strict neighbourhoods of Z, ; in Wi ,. Moreover, U2, — Zy, is a disjoint union
of wide open annuli.

Let us note that C* = {U}, Aé}vev(g)7eee(g) where ¢ = 1,2 are admissible covers of Xpgi by

acyclic, admissible open subsets. For every e € e(G) we have morphisms ¢, : Al — A%
over 1 : BY — B? defined by ¢.(z.) = xﬁ’f and @e(Tr(e)) = x’T’Jge).

Let F,, F. denote the Frobenii provided by (2) above.
F,: ¢y(Exluz) — Ex|uy forall v

and respectively
Fei¢:(5x|Ag) —>8X|Aé for all e.

The description of the Frobenius @{: Y*Hp: — Hp

We can now give the description of the Frobenius operator. Let C* = {U, AL }oev(q) cce(c)
be the respective open covers of Xp:.

Recall, € is an F-isocrystal on C and let F,, F. be as above. Let
w € Hpe = Hip(Xp2/B? Ex(log(Y)))
be represented by the hypercocycle with respect to C?:

((wv)UEU(G)7 (we)eEe(G)7 (fe)eee(G’)a <7e)e€e(G)>-

Now we define a hypercocycle of the relative de Rham complex of £x with respect to C*
whose cohomology class in Hp: represents <I>{ (Y*w).

Let us remark that for e € e(G) we have (see the proof of proposition 5.11)
Uy NAZ = (U2 N A2,) x B? = {|a] <|zco| <1} x B?,

where x.q is the restriction of x, to A,y and a € L is such that |7r’]:f| < la] < 1. Thus
the rigid space An := Uf(e) N A? is a family of annuli over the affinoid Z = B? and
we may apply lemma 5.9 to the sheaf with relative connection (Ex[an, Dx_,/2). We let
A(U3(6>m a2y, denote the neighbourhood of the relative diagonal in An x g2 An defined in

that lemma. There exists a unique section e, € Ex(A 2 )mAg)/B2) such that

(

T Dx ,/p2(€e) = 7] (Wae) |AU2

( )mA%/BQ) — m3(Wa(e)l &,

(e)

and whose restriction to the diagonal vanishes.
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Let us define

vy = Fo(@p(wn)),  ve = Fe(dz(we)) he=A%(Fye) o ¢Z(e)7F€ o dc)(€e) + Fe(de(fe)),

he = A*(Fb(ez) © ¢Z(e)7 Feo QbZ)(Ee) + Fe(@ﬁ(fe))'

Then the collection ((Vv)yev(g), (Ve)ece(@)s (he)ece(c)s (Ee)eee(g)) is a hypercocycle for the
relative logarithmic de Rham complex of £x on X1 /B! with respect to the covering C'.
Its cohomology class depends only on w and is equal to ®J (w).

To see this let us recall the notations and results of section 3.4.3. Namely let us recall
that we denoted X** the formal scheme X with log structure given by the divisor ),
let §* denote the formal scheme & = Spf(W{[t]]) with log structure given by the divisor

t =0 and let C*” denote the scheme C with inverse image log structure from X**. If
for e € e(G) we denote also by e the singular point of C' corresponding to the edge e we

have ((%XX)/e)rig = A, and
(0 xox X)se) ™ x5 B* = Az nazy/pe-
Clearly, under the identification of
HC%R(X/S7 g.'f(log(Y» = Hclris(éxx/sxvg)a
in section 3.4.3, after restricting to B!, B? respectively, the image of the linearized crys-
talline Frobenius ®7 is exactly the one defined above in terms of hypercocycles.
Remark 5.12. Let us recall from section 2.1 that ® induces ®3 on HY(Y,E) and that
it 1s horizontal with respect to the connection, i.e. we have
(Poyp*)oV=Vod.

Here we have dropped the index (respectively upper index) 1 from the notation. Therefore

we also have
(® 0 ¢*) oV =Vod

5.4 Integration

The theory of p-adic integration of convergent F-isocrystals on curves is the generalization
of that developed by the first author in [C1] (see also [C4].) For the convenience of
the reader we will briefly review the theory in what follows and prove the necessary
generalizations.

Let us go back to the notations of section §5.2, i.e. let s € S, X, is the fiber of X
over s defined over L and let us fix v € v(G). Let us consider the pair (U, Z7), where
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U=U,s 2Z = Z,s. Let us recall that Z is an affinoid over L with good reduction and
U is a wide open neighbourhood of Z in X, such that U — Z is a disjoint union of wide
open annuli.

Let (M, D) be a convergent F-isocrystal on (U, Z). An admissible open subset T" of U will
be called a residue class of (U, Z) if T' is a residue class of Z or a connected component of
U—Z. Lemma 5.6 implies that the restriction of (M, D) to every residue class of (U, Z) is
trivial. We now define the sheaf M8 with connection D¢ on U, as follows: we choose
a branch log of the p-adic logarithm on L* and define for an admissible open V' of U

Mﬂog(V) = H M(Vr) Koy, OU(VTMlOg(f)]fEOU(VT)X

where T' runs over the residue classes of (U,Z) and Vp = V NT. Here, for every V
and T as above Oy (Vr)[log(f)]feo, (vr)x is the sub-ring of the ring of locally analytic
functions on Vr generated by Oy (Vr) and the functions log(f) for f € Opy(V)*. The
connection extends naturally to this sheaf. Let Qf(M°) be the naturally induced de
Rham complex of sheaves on U, where o = nothing or flog. Here we have denoted by
QL (M°) == Q) ®o, M° for i = 0,1. Let (M°)' denote the pullback of M° to ZT and
let H{(M®, D) := H(Q,((M°)T)). Suppose ¢ is a lifting of Frobenius to Z' as in section
5.2. Then as explained in [C1, §7] ¢ induces endomorphisms (¢")° of H*(M®°, D) (morally,
(81)° = Fy0.6).

Note that H!(Ms Do) = (. We have

Theorem 5.13. Let w € Q}(M)(U). We denote by |w] its image in H'(M, D). Suppose
that there is a polynomial G(t) with coefficients in L such that

(a) G(¢")([w]) = 0 and (b) G((¢°)1®) is an isomorphism.

Then there exists a section u of M8(U), unique up to a horizontal section of M on U
such that

i) D(u) =w

ii) G(Fy 0 ¢*)(ulxt) is overconvergent on X.

Moreover, u does not depend on the choice of ¢ or G(t).

The existence and uniqueness is, up to notation, Theorem 7.4 of [C1] (the notion of
regular singular annuli is subsumed by Lemma 5.1). The independence follows from the
fact that the map (¢°)° does not depend on the choice of ¢ and we may choose for G(t) the
minimal polynomial of ¢! acting on the finite dimensional space spanned by the classes
of the images of w, F, o ¢*w, (Fy 0 ¢*)*w, ... in H' (M, D).

5.5 The proof of the equality of the Frobenius operators

Definition 5.14. We say that the F-isocrystal € on C is regular if for every vertex

v € v(G) the characteristic polynomials of Frobenius on HY. (x,&) and HL. (C. " &) are
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relatively prime for all closed points iy : © — C,. We have denoted, as in section §5.1
by C., the irreducible component of C corresponding to v and by ij the log scheme C,
with log structures given by the divisor Sing,

We have

Lemma 5.15. Let C' be the curve over V' with semi-stable reduction introduced in section
§1, let g: T — C be a smooth proper morphism and let us consider the F'-isocrystal on
C, H' := Ry cris(O1). Then Sym? (H) is a reqular F-isocrystal fori,j > 0.

Proof. Let T denote the special fiber of 7 and let 7, be the pull back of T — C by
C,cC.

The Leray spectral sequence for log crystalline cohomology for the relative situation g, :
7, — O, with log structures on C, given by Sing, and on 7, given by the fiber above
Sing,, reads

E;J CI'IS(C R gV cris *(OT )) i HZ+] (TX 8 Qp)

Cris

Let us first remark that H) = RJ/gy s« (Oz,) is the pull back of H? by the inclusion
C,— C.

As C, is a smooth proper curve over k let us also remark that E;’ =0 unless 0 <7 < 2.
This implies that the differential dy : Ey? — E37" vanishes as well as the differential
ds whose target is E21’j for all 7 > 0. Therefore E%’j = E21’j for all 7 > 0 and the spectral
sequence collapses at Fs. Therefore, for n > 0 the Ky-vector space with Frobenius
H™ = H'(T>* Q,) has a filtration 0 C F' C F? C H"*! where F', F2 have the
property that F2/F' = E3™ By the comment above it follows that H., (C. ", H") is a
quotient, as Ky-vector space with Frobenius, of a subspace, F'? of H"t!.

By the main result of [L-T] H*}(Z,,Q,) = H"'(Z, — Sing,,Q,) and by [Ch] the

Cris rig
weights of Frobenius on the last K- Vector Space are larger or equal to (n+1)/2. It follows

that the weights of Frobenius on crls(C “ H™)) are also larger or equal to (n +1)/2.

On the other hand, for any point z of C,, using the Riemann hypothesis on the smooth
scheme Z, := g, (), the weights of Frobenius on H . (z,i*H") = (Zx,(@p) are all

equal to n/2. Thus the characteristic polynomials of Frobenius on HL. (C” ,H")) and
HY. (z,H") are relatively prime for all closed points = of C. The statement for Sym? (H?)

cris
follows by the same type of arguments. n

CrlS

For the rest of this chapter we assume & is regular. Let us now, as in the previous
section, extend scalars to a finite, non-trivial, totally ramified extension L of K and let
B = By C S be the affinoid disk of lemma 3.17. Let us recall proposition 3.18 which
asserts that for all v € v(G) there is a wide open neighbourhood W, of Z, p in U, p over
B and an isomorphism over B

o Wy — B x Wy,
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where W, ¢ is the fiber of W, at 0 € B. Let us denote by fp : Xp — B the restriction
of our family of curves to B. Let us now fix v and denote o := a0, Wy := W, . Let
B : W, — Wy bemoaand j: Wy — W, be defined by j(w) = o *(0,w). Let Ex
and &y, denote the evaluations of £ on X and ) respectively, where let us recall that
Y := X xg Spf(W) and the morphism Spf(W) — S is given by t — 0. x and &y are
coherent sheaves with connections on X = X" and respectively Y = V"8, Denote also by
(Ev, Dy), (&0, Do) the restrictions of the sheaves with connections (€x, Dx/s) and (Ey, Dy)
to W, and respectively W,. The isomorphism « induces the vertical isomorphisms in the
following commutative diagram

g’l} &) 81) ®OWU Qll/V»U/B
| |2

Do®id
E0®LOp 50 & ®oy, Ny

This implies
Lemma 5.16. a) The L-vector space Hin(Wo/L, &) is finitely generated.
b) We have a natural isomorphism of sheaves on B induced by a: Hjp(W,/B,&,) =

Proof. a) is a consequence of lemma 5.2 and b) follows from the above commutative
diagram. []

Let us fix wy, wy, ..., w, global sections of &®o,,, Qyy, /. whose cohomology classes [wi, ..., [wy]
form an L-basis of Hjp(Wy/L,&). Let now w be a global section of &, ®o,,, Oy, and
denote by [w] € Hjp(W,/B,&,)(B) its cohomology class. Then [w] = > a;{w;] for
a; € Op(B), i = 1,n and therefore we have

n

w = Zaiwi + D,(f) for some f € E,(W,).

i=1
Let us fix A, Mg, ..., Ay € ER8(Wy) p-adic integrals of wy, ..., w, (see section 5.4.)

We denote by A, := Y1 a;\; + f € (§°° ®,, Op)(W,) and call it a p-adic integral of w.
It is well defined up to an element of &,(W,)"".

We have the following,
Lemma 5.17. a) With the notations above, A, is a family of p-adic integrals of w, i.e.
i) Dy(Ao) = w

and
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i) for every s € B, A\,|w,, is a p-adic integral of wlw, ..
b) If @ is the natural lift of w to &, ®o,,, Q%VU/L(log(Wo)) defined in section 4.2, and n is
defined by the equality Dy, /(@) =n A dy, then

w — DWV/L(Aw) = )\ndy

Proof. a) is clear and for b) let us write

n

W= ai(y)wi + Du(f),

i=1

where a;(y) € Op(B), f € £,(W,) and the w;’s have been defined above. Then we have
@ =Y aiy)w; + Dw,/(f)
i=1

and therefore n = — > a}(y)w; and

i=1"

]

Let us choose now for the rest of this section the branch of the logarithm on CJ such that
log(mz,) = 0.

We will give a general definition: let Z be a rigid space over L and let a : M — Oy be
an integral log structure, where M is a sheaf of monoids.

Then if W C Z is an admissible open subspace which is Stein we define Oz (W), to be
the polynomial ring Oz (W)[€(m)]merrw), where £(m) are independent variables, divided
by the relations: ¢(mymsy) = €(my) + €(m2) and £(m) = log(a(m)) if a(m) € Oz(W)*.

The natural derivation d : Oz(W) — Q%,V/L extends canonically to a derivation d :
Oz(W)iog — gy, (log(M)) by defining d(£(m)) = d(a(m))/e(m) for m € M(W).

In particular, let us consider the log structure on B given by the divisor 0 € B and choose
a parameter y € Op(B) at 0. Then it is easy to see that Op(B)1s = Op(B)[{(y)] and we

have d(((y)) = dy/y.

Let e € ¢(G) and we denote in this section by A. := A.p and by Ay := Ao the fiber
of A, at 0 € B. If we consider on A, the log structure given by the divisor over B
with normal crossings Ay, we see that O4,(Ae)og = O, (Ae)[l(), £(27())] With unique
relation ¢(z.)+(x(c)) = €(y). Wehave da,/p(l(xe)) = da,/B(xe)/vc and da, /5(U(2+(c))) =
da/B(Tr()/Tr(e)-
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We also denote by (&, D.) the restriction of the sheaf with connection (€x, Dx/s) to A..
Let w be a global section of the sheaf & ®o, Q) sp(log Ag)) and denote by €1, ..., €q a
basis of horizontal sections of (&, D). Then using lemma 4.8 we can write

() w=Y aonp et

=1

+ De(“e)a

Te

where 7;(y) € Op(B) and u, € E.(A.).

We set

07

Z ; @ Tz Ie + Ue € ge Jog + ge(Ae) ®0A8(Ae) C)Ae (Ae)log

i=1
Lemma 5.18. We have:
a) With the notations above X\, is a family of p-adic integrals of w in the sense that
i) De(Ay) = w
and

i) A, is an element of Ee 105 well defined up to an element of of E(Ae)P*[l(y)] := E(Ae)P @0y (B)
Op(B)[((y)]-

b) Let w denote the lift of w to absolute one-forms as in section 4.2 and let n be defined
by the equality Da_ (@) =n Ady. Then @ — Da (M) = Aydy.

Proof. Part i) of a) is clear and for part ii) let us remark that (£ 10g)P° = E(Ac)Pe[((y)].
For b) let us notice that

«

N da, /(.
D@ = = e o i) Bdlie) gy,

i=1 ¢
and clearly

W — Da (A Zel®r U(ze))dy = \,dy.

=1

Now we will use the p-adic integration discussed above in order to describe the Frobenius
operator on Hp. Let us remark that the collection Cg = {W,, Ac}ucu(@)ece@) 15 an
admissible cover of Xz by admissible, acyclic, wide open subsets over B. We will define
an Op-linear map,

sp:Hp — HY(C}, E)og := H"'(CH, E) ®og ) O(B)[(y)]
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as follows: let w € Hp be represented by the hypercocycle with respect to the covering
ey

((wv)”L)E”L)(G)7 (we)eEe(G)7 (fe)eée(G)a (fe>e€e(G)>-
where let us recall: w, € (&, ®oy, Ny, 5) W), we € (& ®o,, Q4 p(log(Ao))(Ae),
fe € Ee(Wyey N Ae) and f. € Ec(Wiey N A) satisfying the usual cocycle conditions.

For every e € e(G), let sp(w). be the section:

fe - (Awa(e) ‘Wa(e)mAe - )\we Wa(e)mAe)7

and similarly let (Sg(w)). be the section

76 - (/\wb(e) |Wb(e)ﬂz4e - /\we|Wb(e)ﬂAe)'
Lemma 5.19. For every e € e(G) and w € Hp, (sp(w)e, (Sp(Ww))e) € EPe(Wye N
A)l(y)] & £ (Wie) N Ae)[E(y)]-

Proof. We will only prove that sp(w) € EP¢(Wy) N Ae)[l(y)], and leave the remaining
similar argument to the reader. The isomorphism o) induces an isomorphism

a: WeeyNAe = B x Uy,

where Up is the annulus Wyey 0 N Aep. Let m; for ¢ = 1,2 be the projections of B x Uy
composed with o and denote by xg := 73 (2c|w,,na.). Then zy is a parameter of Up (see
the beginning of section 4.) If we write w, as in formula (%) before lemma 5.18 and use
the isomorphism « above, we may integrate We’Wa(e)ﬂ A, by the recipe outlined in lemma
5.17. Let us denote this integral by A\. We have

SB(w)e - fe - <)\Wa(e) |Wa(e)ﬁAE - )\ + >\ - )\wg‘Wa(e)ﬂAe>‘
First let us first remark that xy € Oy, (Up)* therefore ¢(xy) = log(zy) and that

Ous[log(f)lreoy = Ouollog(xo)].

Indeed every element f € Oy, (Up)* can be written f = axjg, with a € L™, n € Z and
g € Oy, (Uy) is such that |g— 1| < 1. Therefore log(f) = log(a)+nlog(xy) +log(g), where
log<g) € OUO(UO)'

As W) N Ac is contained in the residue class A, of Xp, (&, D.) has a basis of horizontal
sections on Wy N A, and so we have

(56((Wa(e) A Ae))[bg(%)])De = E((Wage) N Ag))Pe.

This implies that f. — A

Wa(eyNAe +A€ gAe(Wa(e) N Ae)[f(y)].

“a(e)

Let us remark that zy = ux., where u € Oy, (Wye) N Ac)* such that log(u) is an analytic
function on Wy N Ac. Therefore lemma 5.18 shows that A — A, Wa(eNAe € Ec(Waey N
A)[l(y)]. Now the fact that D.(sp(w).) = 0 implies the lemma. O
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For every w € Hp denote by sp(w) the class of the cocycle (sp(w)e,55(W)e)ece(q) in
HY(C, E)1og and by sp : Hg — HY(C, €)1 the respective Op-linear homomorphism.
Composing sp with the inclusion H(C}, E)1og — Hpog Obtained from (2), we may
think of sp as an Opg-linear map from Hp to Hg .. We have,

Theorem 5.20. a) sp : Hp — H'(C}, E)1og is a section of the inclusion of H**(C, ) 1og
mto HB,log'-

b) For every u € B* = B—{0}, the fiber sp,, of sg at u coincides with the map s, defined
i section 2.2.

c) We have (sp ® 1) oV =V o sp.

d) Let B' and B? as in section 5.3. We have Of 0551 = 552 0 D,

Proof. a) Let x € H"(C}}, ) be represented by the cocycle ((fe), (76))666(0)‘ Then the

image of x in Hp is the class of the hypercocycle: ((Ov)vev(g), (0e)ece(@)s (fe)ece(@)s (fe)eee(g)>
and clearly the image of this class under sp is z.

For b) if u € B* we denote C;, = {W,4, A.,} the intersection of the cover C} with the
fiber X,,. Let C,, = {Uyu}oew(e) denote the wide open cover of X, described in section 2.2.
We denote by &, the restriction of £x to the fiber X,,. We have the following diagram

HL (X, E) 225 HWOC!E,)
I =
Hp(X, &) =% HY(C,,E.)

where the right vertical isomorphism is the one defined in section §3.5.4. Lemma 3.34
implies that the diagram is commutative and this proves b).

Let us now prove c). Let w € Hp and let

((w’v)UE’U(G)7 (we)eEe(G)a (fe)eée(G); (?e>e€e(G))

be a hypercocycle with respect to the covering C7% representing the class w. Let @, and

w, be the lifts of w, and w, respectively to absolute one-forms defined in section §4.2. Let
Dxpwy = My A dy, Dxyrwe = Ne A dY, Da(e)lw,ynae — Gelwyoyna. — Dxyn(fe) = gedy
and wb(e)|wb(e)me — Z}e|wb<e)_,45) — DXB/L(Te) = g.dy for n,, ne, g. and g, global sections
of & ® Q%/Vv/B(log Wo), E ® Qhe/B(log A0); Ea(e)Woonae Ebe)lwy,na. Tespectively. Then

(sp ® 1)(Vw), as an element of Hp o, ® dy, is represented by the hypercocycle

((OU)UEU(G)a (Oe)eEe(G)a (ge - (/\na(e)

(Ge — ()\nb(e) Wb(e)mAe))eee(G)) ® dy.
On the other hand V(sp(w)) is represented by the hypercocycle

((Ov)vév(G)a (Oe)eee(G)a (_DXB/L(fe> + DXB/L)\wa(e)

Wa(e)ﬂAe - )\775 Wa(e)mAe))eee(G)’

Wb(e) NAe — )\775

Wa(e)ﬂAe - DXB/L)\UJE Wa(e) NAe >6€€(G)7
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(—Dxp/n(fe) + Dxp/LAu., WaenAe Jece(@)) © Y.

A calculation using the lemmas 5.17 and 5.18 shows that the two hypercocycles are co-
homologous.

Wb(e)ﬂAe - DXB/L)\UJE

Now we prove d). For this let us recall the notations B, B? and the expression of ®/ at
the end of section 5.3. Let U!, i = 1,2 and v € v(G) denote admissible wide open subsets
of X p: satisfying the properties of proposition 5.10 and the additional property that there
are isomorphisms o, ; : U} =N ZO x Bi. As in section §5.3 we consider the admissible
covers C' = {U!, Al} of Xp:. Let the class w € Hp: be represented by the hypercocycle
for the covering C*

((WU)UEU(G)> (WE)eEe(G)7 (fe)eee (F )eee )
Then spg2(w) is represented by the hypercocycle

((OU>U€U(G)7 (06>666(G)7 (ge)eEe(G)7 (ge)eee(G))

mAg)-

UZ ﬂAg) and ge = 76 ( wp e)|U

where g, = f. — (Awa@ |U§(e)rmg — Aue © be)"!

Ub2(e)
Then ®/(sp2(w)) is represented by
((OU)UGU(G)7 (Oe)eEe(G)7 (Fe(¢: (ge)))eee(G)7 (Fe(¢: (ge)))BEe(G)>'
Let us recall from the end of the section §5.3 that ®/(w) is represented by the hypercocycle
((V”U)’UE’U(G)J (Ve)eEe(G)7 (he)EEE(G)J (Ee>e€e(G))
where vy, Ve, he, he are defined there.
Therefore, sp1(®/(w)) is represented by
((OU)UEU(G)a (Oe)eEe(G)a (:Ee)eEe(G)7 (fe)eee(G))

with (see the end of section §5.3)
Te = he — (A a(e)|U1 nAL — )‘ue|U;(E)mAé) =

a(e)

= A*(Fue0% 0y, Feode)(e0)HFul (o))~ (Fute) (@0 o Do, i~ Fel@3 )l st

Now we use the fact that e, = 77 (A, [u 2. )mAz) — 75 (Nu. 2 >ﬂAe) and obtain
Te = Fo(de(fe = Au, v, naz T Al )mAQ))
Similarly
Te =G = Qg lognar = Aelugnar) =
= Fe(¢:(76 - )‘wb(e) |Ub2(€)ﬂA§ + )\We b( )QA ))
This ends the proof of Theorem 5.20. m
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Now we can finish the proof of Theorem 2.6 i.e. we prove that ®d¢ and ® get
identified by parallel transport. We have exact sequences

0 — H"Y(C)®K, L — HY(C,E) @k L — H"'(C) @K, L — 0

and
0 — H"(Cf,&) — H'(Y, &) — H"'(C{, &) — 0.

Proposition 3.35 implies that under the parallel transport isomorphism H(Y, &) @, L =
HY(C, &)@k L, HYY(C) gets identified with H°(CJ/, &) and H*!(C) gets identified with
H%Y(CY, ). Moreover these last two isomorphisms commute with the respective Frobenii.
We'll first show that (®9¢8)/ corresponds to (®)/. Let us parallel transport (®4°)/ to
H'(C,€)®k, L and let us denote by ®7_, this endomorphism, i.e., if w € (Hog)V, we have

deg
seen that (®/(w))o = (®¢)/ (wo) and as ®(w) € (Hiog)Y we set OF, (wr) = (B (w))r. We
have to show that ®F,, = (®™)/ and so far we know that (®"*)/ and ®7,, coincide both

on the image of H°(C) and on the quotient H%!(C) and s, o (&™) = F({ms 0 8;. Using
Theorem 5.20 we have

Sy O @geg = (sp2 0 <I>f)7r = (<I>f 0 Spl)y = F({Cﬂs 0 S,.

This proves that ®F,, = (@), Moreover, since € is regular it follows that the char-
acteristic polynomials of Fj s on H*(C) and of Fy s on HY(C) are relatively prime.
Thus both exact sequences above have natural Frobenii equivariant splittings and as
DPleg = (®™mt)/, the splittings coincide under parallel transport. But the splitting pro-
duced by (®)/ is s, therefore we immediately deduce that H(C, &)y and HY(Y, &)
become identified by parallel transport and the same is true for ®™ and ®9°. This

completes the proof of Theorem 2.6.

6 Logarithmic F-isocrystals
We start by defining the main objects of this section, the log F-isocrystals.

Let C' be our semi-stable curve over V, let P be a finite set of smooth sections of C
and C* the corresponding log scheme. Let P be the special fiber of P. Then P is a
smooth divisor of C' and we denote, to the end of this section, by C” the corresponding
log scheme.

Definition 6.1. A logarithmic enlargement of@X is a pair (T, zr) consisting of a formal
log scheme T and a morphism of log schemes zp : Ty — c”. If (U, zy) and (T, 27) are
two log enlargements of C " then a morphism of log enlargements g - (U*, zy) — (T, 27)
is a morphism of formal log schemes g : U* — T such that zr o gy = zy.
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Definition 6.2. A log isocrystal £ on C” is the following set of data

i) for every log enlargement (T, zp) of C " a coherent Ko @w Op-module Erx zp) (SOME-
times in what follows we will use the shorthand notation Erx.)

it) for every morphism of enlargements g = (f, h) : (U™, zy) — (T, zr) an isomorphism
of Ko @y Ow-modules 8, : f~'Er — Ey. The collection {0,} is required to satisfy the
cocycle condition.

Remark 6.3. If £ is a log isocrystal on C” and (T*, zr) is a log enlargement ofUX such
that the formal scheme T is locally Noetherian then one may interpret Erx as a coherent
sheaf on T"&, the rigid analytic space associated to T. Moreover, applying the results in
86 of [Ka] one sees that Er is endowed with an integrable connection

DT : (C/'Tx — SXT ®OT wTX/WX7

where T* = (T, Mpx) and W* is the formal scheme Spf(W) with the trivial log structure.

Let now k* denote the scheme Spec(k) with trivial log-structure and let W* be the
formal log scheme Spf(1V) with trivial log structure. We denote by o be the absolute
Frobenius on £* and on W*, respectively. Let us recall that o is the absolute Frobenius
on the respective schemes and multiplication by p on the respective monoids. Let now
f: A — B* be a morphism of fine log schemes (or fine formal log schemes), where
B* is either £~ or W*. We'll denote by (A*)7 the fiber product in the category of log
schemes of the diagram
AX
|

B* % B*.
Let now B* be k*, then we denote by F' = F(4x x): A* — (A*)? the morphism induced
by the pair of maps: f: A* — k* and the map form A* to itself which is the identity
on the underlying topological space, is s — s” on O4 and is multiplication by p on M. If
now, (T, zr) is a log enlargement of C then (T, F o z7) is a log enlargement of (C)”
and ((TX)"_I, (Fo zT)”_l) is again a log enlargement of C* . IfEisa log isocrystal on o
then we will denote by F'E the log isocrystal on C” such that

F g(TX,zT) = 5((T><)a*17(FozT)"71)'

Definition 6.4. A log F-isocrystal on C"isa log isocrystal on UX, &, together with an
isomorphism of log isocrystals

F:T&—E&.

Let C be a curve over V as in section 2.1 and let P denote a finite collection of smooth
sections of C' over V', such that their image in C' is the collection P. By deformation
theory the pair (C, P) may be regarded as the fiber at the point 7 of the formal model of
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the open unit disk S over W, of a pair (X, P) consisting of a family of curves X — S as
in section 2.1 and a smooth divisor P of X. We have a natural morphism of log schemes
zx  (X5)o — (Cplo = C” so may regard (X*, zx) (and any of its fibers above points
of §) as a log enlargement of C”. Let now & be a log F-isocrystal on C”. Denote by
X = X"® the rigid analytic space attached to X and by Py the intersection of the divisor
P with X. Let us denote by Exx the evaluation of the log F-isocrystal £ on (%;;X, zx). It
is a coherent sheaf of Ox-modules with an integrable connection

D/, : Exx — Exx Doy Qx/x, (1og Px).
Composing Dx/g, with the natural projections
Exx Qo Vx /i, (l0g Px) — Exx ®o, N, (10g(Px UY)) — Exx ®o, Qi /5(log(Px UY))
we get a relative integrable connection over S
Dyx/s : Exx — Exx Qoy Qx/5(log(Px UY)).
Remark 6.5. Px UY s a divisor of X with normal crossings and Px NY 1is a finite set

of smooth points of Y.

Let us consider now, as in section 2.1, Hy = H'p(X/S, Exx (log(Px UY))), for i = 0,1,2
with its logarithmic connection

Vi HE, — HS @0, Q5(log0),

and its Frobenius ®@;: ¢*H% — HY. For every point s € S let us denote by Py the fiber
of Px above s and by & = Exx|x,. Then we have

a) if s € S — {0} then HY(Cy, P,, &) := Hl}s,s =~ H'p(Xs, E(log(Fy)))

b) if s = 0 then H (Y, Py, &) := Hpy = Hjp(Y**/Ko, &), where let us recall Y>* is
the log rigid space Y with inverse image log structure from the one on X induced by the
divisor Px UY.

Lemma 6.6. Let &€ be a log isocrystal on UX._ Then (Exx, Dx/K,) has the property that for
every residue class M = red ' (z), with x € C — P, of X, the Oyr-module with connection
(Exx|m, Dx/k,) has a basis of horizontal sections.

Definition 6.7. Let £ be a log F-isocrystal on UX, and P a smooth divisor on C. We

say € is regular outside of P if for every verter v € v(G) and for every closed point
z € C,—P the characteristic polynomials of Frobenii on Hg, (x,E) and HL (C" &) are
relatively prime. Here C, is the irreducible component of C' corresponding to v and the

log structure on 6:X is the one induced by the divisor (P N C,) U Sing, .

We have, similarly to lemma 5.15,
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Lemma 6.8. Let g : Z* — C* be a log smooth, flat and proper morphism, where the log
structure on Z* is given by the fibers of g at the points in P. If H' := R'Gs 10g—cris(Ozx),
the log F-isocrystal Sym’ (H?) is reqular outside of P, fori,j > 0.

Proof. The proof is very similar to the proof of lemma 5.15. O

6.1 Convergent log F-isocrystals

Fix a smooth divisor . P of C. Suppose from now on that the log F-isocrystal £ on c”
is regular outside of P. We define FFM-modules Hj,(€) via degeneration, as in section
2.1 and H{ (€) via integration as in section 2.2, for 7 = 0,1,2. We only need to explain

int

how the ”integration splitting” s : H'(C, P,£) — HY(C, P,£) is defined. Recall that

this splitting is defined in section 2.2 in the case P is the void set.

We first need the notion of a convergent log F-isocrystal on a pair (U, Z) consisting of a one
dimensional wide open rigid space and an underlying affinoid with good reduction. We fix
s € S — {0} with residue field L as in section §5.1 and 5.2, and let U = U, 5, Z = Z, 5 be
the admissible open subsets of X defined in those sections for some v € v(G). Let U*, Z*
denote the log rigid spaces with log structures induced by P;NU and respectively P,N Z.
Let us denote by Apyx = U™ Xgpmr,) U™ the product in the category of log spaces and let
7 Ayx — U, i = 1,2 be the natural projections. Let (M, D) be a pair consisting of a
coherent sheaf of Oy-modules M and an integrable connection D : M — M ®¢,, Qlljx nx

We say that (M, D) is a convergent log isocrystal on U* if the natural isomorphism
(M) = 73 (M) over the diagonal of U* extends to an isomorphism over a tube of the
diagonal of the reduction of U* in Apx (see definition 5.4 for the case when P is void.)

A convergent log F isocrystal on (U*,Z*) is a convergent log isocrystal (M, D) on
U* with the assignment of a horizontal isomorphism F : ¢*(M|z1) — M|z for every
morphism of log spaces ¢ : 2T — X1 which is a lift of Frobenius over k (see also
definition 5.6 for the case when P is void.) For two such lifts the respective isomorphisms
should satisfy the cocycle relation.

Lemma 6.9. Let v be a vertex of G and (U*,Z*) be the pair fized above. Then &y is
a convergent log F-isocrystal on (U*, Z*).

Proof. The proof is similar to the proof of lemma 5.8. O

Let us denote by R = red, ' (P) N U.

Lemma 6.10. Let the notations be as in lemma 6.9 and denote by (E, D) the convergent
log F-isocrystal on (U*, Z*) defined there. Then the restriction of (E, D) to (U—R,Z—R)
18 a convergent F-isocrystal in the usual sense.
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Proof. Let us first notice that U — R and Z — R are admissible open subsets of U and Z
respectively. Z — R is actually an affinoid. We may endow both Z — R and U — R with
the induced log structures from U* and denote by (Z — R)*, (U — R)* the respective log
spaces. Then we have

1) The restriction of (F, D) to (U — R)*,(Z — R)*) is a convergent log F-isocrystal Let
us remark that U — R is not a wide-open subset of X, but the pair (U — R,Z — R)
functions as a wide open and an underlying affinoid, i.e. (U — R) — (Z — R) is a disjoint
union of annuli, each contained in a residue class of X,. Therefore the definition of a

convergent log F-isocrystal given above can be extended to the notion of a convergent log
F-isocrystal on ((U — R)*,(Z — R)*).

2) The log structures on U — R and Z — R induced by U* are trivial.

3) A convergent log F-isocrystal on a pair (U*, Z*), where the log structures on U* and
Z* are trivial is a (usual) convergent F-isocrystal on (U, Z).

The combination of 1), 2) and 3) above proves the lemma. O

Let (E, D) be the convergent log F-isocrystal on the pair (U*, Z*) as in the lemma 6.10,
then the theorem 5.13 of section 5.4 applies to the convergent F-isocrystal (F, D) on
(U — R,Z — R) (here, as we have mentioned above, U — R is not a wide-open anymore
but the theorem works the same way.) More precisely, let w € ,(E)(U) and denote

by [w] its image in H'(FE, D). Using the notations of theorem 5.13 we have:

There exists a section o of E1°8(U — R), unique up to a global section of (E|y_x)?, such
that

i) D(a) = w

ii) G(¢)(a) € E(U — R).

Having said this let us go back to the splitting s : H(C, P,€) — H'(C, P,£) and let
us recall how it is defined: we take a cohomology class in H(C, P,£) and a hypercocycle
representing it ((wy )y, (fe)e) as in section 2.2. Then the image of this class under s is
obtained by integrating the differential forms w, on U, — R, for every v € v(G), and
taking differences on their restrictions to A.’s for e € e(G). Such integrals by the above
are defined a priori up to horizontal sections of &; on U, — R,, (recall that C' is the fiber
of the family X — S at the point s = 7 and & = Ecx = Exx|cy.) According to the
definiton in section 2.2 we need to show that such a section extends to a horizontal section
of £, on U,. In other words, we need

Proposition 6.11. Let & be a log F-isocrystal on gx and fiz a verter v € v(G). Then
the natural map (restriction) HS., (C,, E) — H2. (C, — P, &) is surjective.

cris

Proof. Now let again for this proof denote U = U, and Z = Z, and let (ET, DT) be the
overconvergent F-isocrystal on U — R defined by &:|y. Let (E,D) be the underlying
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convergent F-isocrystal. It follows that E? is finite dimensional and preserved by Fj for
any lifting ¢ of Frobenius. Let

M = (EP @, Oy_p,1®d) and Mt = (EP @, 0} _,,1®d).

Then MT has a natural structure of an overconvergent F-isocrystal on U — R and M is
its associated convergent F-isocrystal. It follows from the main theorem of [Ke3] that the
natural map Homg_i, (M1, ET) — Homp_i, (M, E) is a bijection. Therefore the natural
inclusion M — E extends uniquely to a morphism MT — Et ie. every section of E”
is overconvergent.

Suppose @ is an absolutely irreducible point of P. Let T be the corresponding residue
disk and =T N P. Then @ is a regular singular point for the connection D and is the
unique singular point for D in 7. In fact, the log-monodromy matrix for (E|r, D) at @ is
nilpotent. Moreover (E|r, D) has a Frobenius structure. Let ¢ be a parameter on 7" which
vanishes at (). The main result of [C] implies that (E|r, D) has a basis Br of horizontal
sections over Oy (T )i = Op(T)[€(t)] (for the notations see section §5.5, the discussion
after the proof of lemma 5.16.)

Lemma 6.12. Let W be any annulus in T centred at Q). As the restriction of t to W is a
unit of Oy (W), the restriction of €(t) to W is log(t|w). Then log(t|w) is transcendental
over Oy (W).

Proof. Let u = t|w. Suppose F(X) = Y ", a;(u)X" is a polynomial of minimal degree
over Oy (W) so that F(log(u)) = 0. We may suppose n > 0 and (ag, ay,...,a,) = 1. We
use the equation F'(log(u)) = 0 and

n

Za; ) log(u —i—ZzaZ Ylog(u)™!/u=0

=1 i=1n

and cancel the terms containing log(u)™. We must have
a;a, — (i + 1)ajy1a,/u — = 0.

It follows that a, is a unit which may be supposed to be 1. Thus a/, ; = —n/u which is

impossible. O

Lemma 6.13. Let W be any annulus in T centered at Q. Then if f(X) € Oy(W)[X],
f(log(tlw)) does not vanish on any non-empty open set of W unless f = 0.

Corollary 6.14. With notations as above (Br)|w is a basis for the horizontal sections of
(Elw, D) over Oy(W)iog-
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We can now finish the proof of proposition 6.11. Suppose g is a horizontal section of
(E, D) over U — R. We know that g is overconvergent i.e. it extends into U by the above.
Thus it restricts to a horizontal section of D on W for an annulus W in T close to the
boundary. By the above corollary it must be a linear combination of Br|y . Since it is
analytic on W the above lemma implies it extends to a horizontal section across 7. We
can base extend and assume that P is a union of such points and see that g extends across

U. ]

Now we need to compare the FFM-modules Hj,,(€) and H}, () for i = 0,1,2. Let us
remark that the same arguments as in section 2.1 show that V* is the trivial connection
on Hy, for i = 0,2. For i = 1, as Hb is a locally free coherent sheaf of Og-modules
(see [Fa2]), with a connection, whose only singularity (at 0) is regular, and a Frobenius
endomorphism (I)clleg, the main result of [C] referred to above applies. This, combined with
arguments similar to those used in section 2.1, implies that the connection V! extended

to (H}p)jog is trivial.

Theorem 6.15. Suppose the filtered, log F-isocrystal & on C” is reqular then the parallel
transport isomorphism between (H%)o @, K and (H%), yields an isomorphism of FFM-
modules

H'(E)deg = H'(E)int fori=0,1,2.

The proof follows using arguments similar to those in the proof of Theorem 2.6.

7 Applications

7.1 The proof of Theorem 1.1

We will apply the results of the previous sections to the following situation: Let K, V., k, m, Ko, W
be as in section 1. Let C be a proper curve over V' with smooth generic fiber Cx and
semi-stable special fiber C over k. Let g : Z — C be a flat proper morphism and P a
reduced flat sub-scheme of C of dimension 0 over V such that P N Sing = 0. Let C* be
the log formal scheme over V' associated to the pair (C, P) (i.e., the formal completion
of C' along the special fiber together with the log structure associated to P as in section
6.) Let C” be the log scheme over k which is the special fiber of C'* and denote by
Dp := g7 (P). Then Dp is a divisor of Z and we will suppose from now on that it is
a reduced divisor with simple normal crossings and that the restriction of g induces a
smooth proper map (Z — Dp) — (C' — P). Let Z* denote the log formal scheme over
V' associated to the pair (Z, Dp) and we’ll denote by g : Z* — C* the morphism of
log formal schemes induced by ¢ and also by 7 : 7" — O its special fiber. From the
assumptions made it follows that g and g are log smooth maps of fine formal log schemes
over V (with trivial log structure.)
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Some important examples to keep in mind are:

0) Z = C, g the identity and P = 0.

1) C is the complete modular curve classifying semi-stable elliptic curves with suitable
level structure as in section 1, P is the set of cusps, Z is the generalized universal elliptic
curve.

2) C is the Shimura curve classifying abelian surfaces with quaternionic multiplication
and full level structure, P is any finite set of sections which reduce to distinct, smooth
points of C' (P may be void), and Z is the universal abelian scheme.

We have the following,

Theorem 7.1. For i > 0 there exists a log F-isocrystal £ := Ko Quw Rigcris,*O

7></6>< on

O whose evaluation on (C™, Zean), b, s
K ®V Rig*Q.ZX/CX - HZlR(ZK/CKJ Q.ZK/CK(IOg DP))7

and the connection is the Gauss-Manin connection. Here Z.,, is the canonical morphism

(CX)O — 6X .
In case (0) above, £2x = Oc.

Proof. The log crystalline site on 6X, log crystals and the higher direct images of g, are
defined in [Kal, section 6. These objects satisfy enough of the formal properties of the
corresponding classical objects (i.e., without log structures) so that the proof follows the
proof in [O], section 3, formally. We will content ourselves to point out the main steps. In
order to simplify the notations for the rest of this proof we’ll drop the x from the symbols
denoting log schemes.

1) If T'is a log formal scheme over Spf(W) and let us denote by 7} the closed log sub-
schemes of T" of ideal pOr. Let 2/, : Ty — C' be a morphism of log schemes then we have
the following Cartesian diagram

7T1 — 7
gr | gl
7 I C

As Ty and C are log schemes in characteristic p and the ideal pOr has natural divided
powers, we define
gT = KO Qw fglgT,cris,*([)ZT1 /Ty
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2) Now we'll define Frobenius. Let F denote the absolute Frobenius of the log-scheme C
over the absolute Frobenius o of k, as in section 6. Consider the Cartesian diagram

A
gl gl
c o

and one can see that the evaluation of the pullback by Frobenius F &£ on (T, zl) is given
by
(F 5)(T72’T) = g(T,FCoz%) =Ko® E{I‘,cris,*oilTl/Tl'

The relative Frobenius Fy, : 7 — 7 induces an isomorphism

F?/Tl : (F*g)(T,ZlF) = KO Qw Rig’/T,cris,*OZ/Tl /T = KO w ARZ‘gT,cris,ﬁk(QZT1 = g(T,z})‘

3) Now we will use 1) and 2) above to define the evaluation of £ on log enlargements. Let
(T, zr) be a log enlargement of C, i.e., T is a log formal scheme and z7 : Ty — C, where
Ty is the closed reduced sub-scheme of T;. Let tp : Ty — T} be the canonical morphism.
For n >> 0 we have a natural morphism p(”) : 17 — Ty such that ¢ o p(”) = F7, and
p™ o1y = Fp. Then we define

E(TJJT) = E(T,zTop(”)) ’

where the right-hand side was defined at 1). If n’ > n, say n’ = n + d we have

_ d * ~Y
S(T,zTop(”l>) - ((Ff/Tl) 5)(T,zTop<")) - g(T,zTop(n))u
so the definition is independent of n.

4) Now, if we consider (C, zcn) as a log enlargement of Casg:Z — Cis alift of
g : Z — (), the evaluation of £ on it is the relative de Rham cohomology of Zx /Cy,
with its Gauss-Manin connection.

We will leave it to the reader to check the various compatibilities required in the definition
of a log F-isocrystal. O

Now, let j > 0 be an integer and let &£; :=Sym’ &, where € is the log-F-isocrystal defined
in the above mentioned theorem. Let L; := Sym’ (R'¢.Q,)(j + 1) be the p-adic étale local
system on C' — P associated by the theory in [Fa2] to &;.

Then theorem 3.2 of [Fa3] and theorem 6.15 of the present article imply:

Theorem 7.2. Let C, & be as at the beginning of the section. Then we have that the
FFM-modules Dy (H) ((C' — P)g,L;)) and HL,(C,E;) are naturally isomorphic.

int
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Applying this to example (0) above gives a new proof of the main result in [CI] and
applying it to the example in the introduction (i.e. C'= X (N, p) etc.) we get,

Corollary 7.3. If f is a weight j 4+ 2, where 7 > 0 is an even integer, cuspidal eigenform
for X(N,p) with (N,p) =1 (see section 1) which is split multiplicative at p then all the
L-invariants attached to f are equal whenever they are defined. (See section 1 for a brief
discussion of these L-invariants.)

Corollary 7.4. Let C = X(N,p), with (N,p) =1 and for every j > 0 let &; be the log F-
1socrystal on C™ as in the introduction. The the rank of Nfeg acting on ngis(éx,f,‘j)P—"ew

1 —
equals §d2.mKOH§riS(OX7€j)p—new‘

Proof. Tt is enough to calculate the rank over K of Ni" ® 1 on eris(éx,é'j)p_”ew and

this follows from the study of the residue map on Hj,(Ck,&;)P~ " in [C1]. O

As Hin(C,€&;) has an explicit description, theorem 7.2 gives an explicit description of
H. ((C — P)g,L;) as a Galois representation. In particular if C' is a modular curve or
Shimura curve, we get explicit descriptions of the restriction of the Galois representation
attached to a weight 7 + 2 eigenforms F' to a decomposition group at p. Corollary 7.4
implies

Corollary 7.5. If f is a cuspidal eigenform of weight j+2 > 2 on X (N, p) which is p-new,
the p-adic local Galois representation V; attached to it is semi-stable but not crystalline.

7.2 Gysin sequences

Finally, we have another application to our theory, namely the compatibility of the com-
parison maps with respect to the p-adic étale, respectively crystalline Gysin sequences.
More precisely, let the notations be as at the beginning of this section with the difference
that K = K, is unramified over QQ,. Moreover let I be an étale local system and £ a
regular filtered, F-isocrystal on C, which are associated as in [Fa2]. Then we have

Proposition 7.6. The comparison isomorphisms determine a commutative diagram of
FFM-modules with G -action

0 — Helt(cva) ® Bst - He}t((c - P)?a L) ® Bst I @IEPLT(_D ®@p Bst

| ! !
0 — Hl (8) ® Bst B Hl (P, 5) & Bst — EBxEPKSC,z[l] ®K Bst

int int
Proof. Let us first notice that we have an exact sequence of FFM-modules

0 — H!

int

(&) — HE(P,E) =8 @ p (1],
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where Resp is the residue map with respect to the points in Px (let us recall from the
section 2.2 that H (P, &) = Hjp(Cr, Ec(log(Prk)) as K-vector spaces.) This follows from

int
the fact that the following diagram commutes
HYY (G €) = HY (G €)
(0 vl
0 — Hip(Cx.&c) — Hip(Cx,Ec(log(Px)) =% @epcfoall]

where u, v are either the residues with respect to the family of annuli {A.}ccee) or the
integration splittings.

The proposition will follow from the following two facts:

a) We have a commutative diagram of FFM-modules with exact rows (notations as in
section 2)
0 — Héeg(g) - Héeg(Pvg) - @yePongy[l]
! ! l

0 — H'l (5) I ‘Hllnt(Pag) - @:EGPEC,Q:[]-]

int

and
b) We have a commutative diagram of FFM-modules with Gx-action

0 — HY(CgL)® By — HL((C—P)g,L)® By — Drerla(—1) ®q, By

! ! !
0 — H(}eg(g) ® Bst — Héeg(P7€) & Bst E— @yEP(JgY,y[l] QK Bst

To prove a) above let us recall the notations of section 2, i.e. let X be our family of curves
over S, Px the divisor corresponding to P and H', H} the respective cohomology sheaves.
Then we have a horizontal exact sequence of Og-modules which is Frobenius equivariant:

ResPX

(1) 0 I Hl - Hlp - E(PX7ann)[]‘]7

where let us recall zu, is the map identifying the reduction of Py with P. As (Px, Zean)
is a log-enlargement of P, the crystal EPx zean) 18 trivial. Therefore after adjoining £(t),
we get parallel isomorphisms between the fibers at 0 and 7 of the exact sequence (1) (let’s
recall that H' is free over Og) i.e. we get a).

For b) let us first notice that the left square is commutative as it arises from the embedding
U:=C— P CC. Let us prove that the right square is commutative (this is more or less
explicitly contained in Faltings’ papers [Fa3|, [Fa2|, [Fal]). U = C' — P is an affine curve
over V. Let us fix a geometric generic point 77 of C' and let G denote the quotient of the
Galois group of the maximal cover of C' étale over Uy, for which the inertia at the points in
P is p-adic. Let A C G denote the geometric Galois group. Then HY, (Ug, L) = H'(A, Ly)
and the Gysin map H) (Uw, L) — @®,epLz(—1) is the specialization map:

Hl(A,Lﬁ) — @IGPHl(Iz,Lf) = GBxGPLf(_l)?
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where I, = Z,(1) is the inertia at z. Now under the comparison map relating the étale
cohomology of Uy with values in L to the de Rham cohomology of Uk with values in &, the
specialization to inertia at the points in P corresponds to the residue of the logarithmic

differentials at the points with the same reduction in Py (see [Fal]). O

References

[A] Y. André, Filtrations de type Hasse-Arf et monodromie p-adique, Invent.Math.
148, 285-317, (2002).

[B] P. Berthelot, Cohomologie rigide et cohomologie rigide d support propre.
Premiére partie (http://www.maths.univ-rennesl.fr/ berthelo/)

[BO] P. Berthelot, A. Ogus, Notes on crystaline cohomology, Princeton University
Press, Princeton N.J., (1978).

[BO1]  P. Berthelot, A. Ogus, F-isocrystals and de Rham Cohomology I, Invent. Math.
72, No 2, 159-199, (1983).

[Ch] B. Chiarellotto, W@z’ghts i rigid cohomology applications to unipotent F'-
isocrystals, Ann.Sci.Ecole Norm.Sup.(4), 31, No 5, 683-715, 1998.

[C] G. Christol, Un théoréme de transfert pour les disques singuliers réquliers, As-
terisque, 119-120, 5, 151-168, (1984).

[C1] R. Coleman, A p-Adic Shimura Isomorphism and p-adic periods of modular
forms, p-Adic Monodromy and the Birch and Swinnerton-Dyer Conjecture,
Boston Mass., (1991)

[C2] R. Coleman, Torsion Points on Curves and p-Adic Abelian Integrals, Ann. of
Math. 121 (2), 111-168, (1985).

[C3] R. Coleman, Stable maps of curves, Documenta Math., Extra volume: Kazuya
Kato’s Fiftieth Birthday (2003), 217-225, (2009).

[C4] R. Coleman, Minnesota Notes, notes from a course on p-adic integration (1989).

[C4] R. Coleman, Reciprocity Law on Curves, Comp. Math.,72, 205-235, (1989).

[C5] R. Coleman, The monodromy pairing, Asian Math Jour., (4), 315-330, (2000).

[C6] R. Coleman, Variation of Hodge-Tate-Sen Weights, preprint.

[CI] R. Coleman, A.lovita, Frobenius and monodromy operators for curves and
abelian varieties Duke. Math. J.,97, Nol, 171-215, (1999).

[Cz] P. Colmez, Invariant L et dérivées de valeurs propres de Frobenius, this volume.

81



[Fal]

[Fa2]

[Fa3]

[Fad]

P. Colmez, J.-M. Fontaine, Construction des représentations p-adiques semi-
stables, Invent. Math. 140, No 1, 1-43, (2000).

R. Crew, Finiteness theorems for the cohomology of an overconvergent isocrystal
on a curve, Ann.Scient.Ec.Norm.Sup.,31, 717-763, (1998).

P. Deligne, FEquations differentiels a points singuliers réguliers, LNM 163,
Springer-Verlag, (1973).

G. Faltings, Crystalline Cohomology and p-Adic Galois representations, Alge-
braic Analysis, Geometry, and Number Theory, (J.I.Igusa ed.), John Hopkins
University Press, Baltimore, 25-80, (1989).

G. Faltings, Crystalline cohomology on open varieties — results and conjectures,
The Grothendieck Festschrift, volume II, Birkh&user, 219-248, (1990).

G. Faltings, Crystalline cohomology of semistable curve — the Q,-theory,
J.Algebraic Geometry 6, 1-18, (1997).

G. Faltings, Almost étale extensions, Cohomologies p-adiques et applications
arithmétiques II, Asterisque 279, 185-270, (2002).

J-M. Fontaine, Représentations p-adiques semi-stables, Asterisque 223, 113-185,
(1994).

A.Grothendieck, Groupes de Barsotti-Tate et crsitaux de Dieudonnée, Séminaire
de Mathématiques Supérieures, No 45, Les Presses de I’Université de Montreal,
Montreal, Quebec, (1970).

A. Grothendieck, Local cohomology, Lecture Notes in Mathematics 41, Springer
Verlang, (1067)

E. Grosse-Klonne, Cech filtration and monodromy in log crystalline cohomology,
Trans. Amer. Math. Soc. 359, No 6, 2007, (2945-2972)

R. Greenberg, G. Stevens, p-Adic L-functions and p-adic periods of modular
forms, Inv.Math., 111, 179-207, (1993).

R .Hartshorne, On the de Rham cohomology of algebraic varieties, Pub.Math.
IHES, 45, 5-99, (1976).

O. Hyodo, K. Kato, Semi-stable reduction and crystalline cohomology with log-
arithmic poles, Astérique 223, 221-268, (1994).

L. Hlusie, Cohomologie de de Rham et cohomologie étale p-adique, Sem. Bour-
baki, Vol. 1989/90, Astérisque 189-190, 325-374, (1990).

L. Hlusie, , Autour du théoréme de monodromie locale, Asterisque 223, 9-59,

(1994).

82



[S]

Sh1]

A. Tovita and M. Spiess, The p-adic Abel-Jacobi map of Heegner cycles, Invent.
Math. 154, No 2, 333-384, (2003).

J. de Jong, Crystalline Dieudonné module theory via formal and rigid geometry,
Inst. Hautes Etudes Sci. Publ. Math. No. 82, 5-96, (1995).

K. Kato, Logarithmic structures of Foantaine-Illusie, Jun-Ichi Igusa, editor,
Algebraic Analysis, Geometry, and Number Theory, John Hopkins University
Press, (1989).

N. Katz, Traveauzx de Dwork, Seminarire Bourbaki, No 409, 167-200, (1971/72).

K.S. Kedlaya, A p-adic local monodromy theorem, Ann. of Math., (2), 160, No
1, 93-184, (2004).

K. S. Kedlaya, Finiteness of rigid cohomology with coefficients, Duke Math. J.,
134, No 1, 15-97, (2006).

K. S. Kedlaya, Full faithfulness for overconvergent F-isocrystals, Geomteric As-
pects of Dwork theory, Vol LII, 819-835, (2004).

B. LeStum, F. Trihan, Log-cristauz et surconvergence, Ann.Inst.Fourier (Greno-
ble), 51, No 5, 1189-1207, (2001).

B. Mazur, On monodromy invariants occurring in global arithmetic, and
Fontaine’s theory, Contemporary Mathematics 165, (1991).

B. Magzur, J. Tate and J. Teitelbaum, On p-adic analogues of the conjectures of
Birch and Swinnerton-Dyer, Invent. Math., 84, 1-48, (1986).

Z. Mebkhout, Analogue p-adique du Théoréme de Turrittin et le Théoréme de
la monodromie p-adique, Invent. Math., 148, 319-351, (2002).

A. Mokrane, La suite spectrale des poids en cohomologie de Hyodo-Kato, Duke.
Math. J., 72, 301-337, (1993).

P. Monsky, G. Washnitzer, Formal cohomology I Annals of Math., 88, 181-217,
(1968).

A. Ogus, Convergent F-Isocrystals and de Rham cohomology Il — convergent
isocrystals, Duke Math.J., 51(4), 765-850, (1984).

T. Saito, Modular forms and p-adic Hodge theory, Invent. Math. 129, No 3,
607-620, (1997).

E. de Shalit, The p-Adic monodromy-weight conjecture for p-adically uniformized
varieties, Compos. Math. 141, No 1, 101-120, (2005).

A. Shiho, Crystalline Fundamental Group II - Log Convergent Cohomology and
Rigid Cohomology, J. Math. Sci. Univ. Tokyo, 1-163, (2002).

83



Sh2]
[Sh3]

A. Shiho, The relative case I, preprint 2007.
A. Shiho, The relative case II, preprint 2007.
G. Stevens, Coleman’s L-invariant and families of modular forms, this volume.

J. Teitelbaum, Values of p-adic L-functions and a p-adic Poisson kernel, Invent.
Math. 101, 395-410, (1990).

T. Tsuji, p-adic étale cohomology and crystalline cohomology in the semi-stable
reduction case, Invent.Math. 137, No 2, 233-411, (1999).

84



