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ABSTRACT In this paper, given a smooth proper scheme X over a p-adic dvr and a
p-power torsion étale local system L on it, we study a family of sheaves associated
to the cohomology of local, relative (¢, I')-modules of L and their cohomology. As
applications we derive descriptions of the étale cohomology groups on the geometric
generic fiber of X with values in L, as well as of their classical (p,I')-modules, in
terms of cohomology of the above mentioned sheaves.

1 Introduction.

Let p be a prime integer, K a finite extension of Q, and V its ring of integers. In
[Fol, J.-M. Fontaine introduced the notion of (¢, I')-modules designed to classify p-adic
representations of the absolute Galois group Gy of K in terms of semi-linear data. More
precisely, if T" is a p-adic representation of Gy, i.e. T' is a finitely generated Z,-module
(respectively a Q,-vector space of finite dimension) with a continuous action of Gy, one
associates to it a (¢, I')-module, denoted Dy (7). This is a finitely generated module
over a local ring of dimension two Ay (respectively a finitely generated free module
over By (= Ay Rz, Q,) endowed with a semi-linear Frobenius endomorphism ¢ and
a commuting, continuous, semi-linear action of the group I'y := Gal(K (yp~)/K) such
that (Dy (T), ) is étale. This construction makes the group whose representations we
wish to study simpler with the drawback of making the coefficients more complicated.
It could be seen as a weak arithmetic analogue of the Riemann—Hilbert correspondence
between representations of the fundamental group of a complex manifold and vector
bundles with integrable connections. The main point of this construction is that one
may recover 1" with its Gy -action directly from Dy (T") and, therefore, all the invariants
which can be constructed from 7' can be described, more or less explicitly, in terms of
Dy (T). For example

(%) one can express in terms of Dy (T) the Galois cohomology groups H*(K,T) =
Hi(Gv, T) of T.

More precisely, let us choose a topological generator v of I'yy and consider the complex
C*(T) : Dy (T) —2 Dy(T) & Dy (T) —2 Dy (T)

where do(z) = ((1—)(2), (1 —7)(z)) and di(a,b) = (1—7)(a) — (1 —)(b). It is proven
in [He] that for each ¢ > 0 there is a natural, functorial isomorphism

HY(C*(T)) = H(Gy, T).
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Moreover, for ¢ = 1 this isomorphism was made explicit in [CC2]: let (x,y) be a 1-cocycle
for the complex C*(T') and choose b € A ®z, T such that (¢ — 1)(b) = x. Define the
map C, ) : Gy — A ®z, T by

Clay(o)= (0" =1)/(v = 1)y — (o — 1),

where ¢’ is the image of o in I'y. One can prove that the image of C, , is in fact
contained in T, that C(, , is a 1-cocycle whose cohomology class [C(, ] € H (Gy,T)
only depends on the cohomology class [(x,y)] € H(C*(T)). Moreover, the isomorphism
H'(C*(T)) = H'(Gy,T) above is then defined by [(z,y)] — [Ciz)]-

As a consequence of (x) we have explicit descriptions of the exponential map of Perrin-
Riou (or more precisely its “inverse” (see [Fo|, [Ch], [CC2]) and an explicit relationship
with the “other world” of Fontaine’s modules: Dgr(7"), Dst(T'), Deris(T) (see [CC1], [Be]).
Despite being a very useful tool, in fact the only one which allows the general classi-
fication of integral and torsion p-adic representations of Gy, the (¢, ')-modules have
an unpleasant limitation. Namely, Dy (7") could not so far be directly related to geom-
etry when T is the Gy -representation on a p-adic étale cohomology group (over K) of
some smooth proper algebraic variety defined over K. Here is a relevant passage from
the Introduction to [Fo]: “Il est claire que ces constructions sont des cas particuliers
de constructions beaucoup plus générales. On doit pouvoir remplacer les corps que 1’on
considere ici par des corps des fonctions de plusieurs variables ou certaines de leurs
completions. En particulier (i) la loi de réciprocité explicite énoncée au no. 2.4 doit
se généraliser et éclairer d’un jour nouveau les traveaux de Kato sur ce sujet; (ii) ces
constructions doivent se faisceautiser et peut étre donner une approche nouvelle des
théoremes de comparaison entre les cohomologies p-adiques;”

The first part of the program sketched above, i.e. the construction of relative (¢, I")—
modules was successfully carried out in [An] (at least in the good reduction case). The
main purpose of the present article is to continue Fontaine’s program. In particular
various relative analogues, local and global, of (%) are proven.

Let us first point out that in the relative situation, over a “small”’-V-algebra R (see
§2) there are several variants of (¢, ')-module functors, denoted ® g(—) (arithmetic),
Dgr(—) (geometric), D r(—) (tilde-arithmetic), Dr(—) (tilde-geometric) and their over-
convergent counterparts @E(—), DE( -), 5%(—) and f)%(—) For simplicity of exposition
let us explain our results in terms of D z(—) and D r(—).

I) Local results. This is carried on in §3 together with the appendices §7 and §8. Let
R be a “small” V-algebra and fix n a geometric generic point of Spf(R). Let M be a
finitely generated Z,-module with continuous action of Gg = I (Spm(Rk,n)) and
let D =D r(M). Then D is a finitely generated A p-module endowed with commuting
actions of a semi-linear Frobenius ¢ and a linear action of the group I'r (see §2.) As in
the classical case, I'g is a much smaller group that Gg. It is the semidirect product of
I'y and of a group isomorphic to Zg where d is the relative dimension of R over V.
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Let C*(T'g, D) be the standard complex of continuous cochains computing the con-
tinuous I' g-cohomology of D and denote 73 (D) the mapping cone complex of the mor-
phism (p—1):C*(I'g,D) — C*(I'r, D). Then, Theorem 3.3 states that we have natural
isomorphisms, functorial in R and M,

H! ..(Gr, M) = H (73(D)) for all i > 0.

The maps are defined in §3 in an explicit way, following Colmez’s description in the
classical case. The input of Fontaine’s construction of the classical (¢, ')-modules was
to replace modules over perfect, non—noetherain rings with modules over smaller rings:
“C’est d’ailleurs [...] que j’ai compris l'intérét qu’il avait a ne pas remplacer k((7)) par sa
cloture radicielle” Indeed, “...]ceci permet d’introduire des techniques différentielles”.
Motivated by the same needs, in view of applications to comparison isomorphisms, we
show in appendix §7 that one can replace the module D R(Ml over the ring A Rr, which is

not noetherian, with the smaller (¢, I'g)—module ® (M) C D r(M) over the noetherian,
regular domain A of dimension d + 1. We show that the natural map

H,.,(Cr,Dp(M)) — H. (P, Dr(M)) foralli>0

cont

is an isomorphism. The proof follows and slightly generalizes Tate—Sen’s method in [Br].
In particular, one has a natural isomorphism

Hiont(gRa M) = HZ (TR.(QR(M)» fOI‘ all 7 Z 0,

where 73 (D (M)) is the mapping cone complex of the map (¢ —1):C*(I'r, Dr(M)) —
C*(T'r,Dgr(M)).

IT) Global results. This is carried on in §4, §5, §6. The setting for §4 and §5 is the
following. Let X be a smooth, proper, geometrically irreducible scheme of finite type
over V and let L denote a locally constant étale sheaf of Z/p*Z-modules (for some
s > 1) on the generic fiber X of X. Let X denote the formal completion of X along its
special fiber and let Xﬁg be the rigid analytic space attached to Xg. Fix a geometric
generic point 7 = Spm(Cy) and set L the fiber of L at 7.
To each U — X étale such that U is affine, U = Spf(Ry), with Ry, a small V-algebra and
a choice of local parameters (11, Ty, ..., Ty) of Ry (as in §2) we attach the relative (¢, I')—
module Dy (L) := D, (L). However, the association Y — Dy (L) is not functorial
because of the dependence of ZNDM(L) on the choice of the local parameters. In other
words the relative (¢, T')-module construction does not sheafify.

Nevertheless due to I) above, for every i > 0, the association U — Hi(’f'};u (L)) is
functorial and we denote by H’(L) the sheaf on Xy associated to it. In §4 we prove
Theorem 4.1: there is a spectral sequence

EY? = HY( Xy, H? (L)) = HPT9(Xf¢ o, L).
We view this result as a global analogue of (x): the étale cohomology of L is calculated
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in terms of local relative (¢, ')-modules attached to L.

The proof of Theorem 4.1 follows a roundabout path which was forced on us by lack of
enough knowledge on étale cohomology of rigid analytic spaces. More precisely, for an
algebraic, possibly infinite, extension M of K contained in K, Faltings defines in [Fa3]
a Grothendieck topology X on X (see also §4). The local system L. may be thought of
as a sheaf on Xj; and it follows from [Fa3|, see 4.5, that there is a natural isomorphism:

(#%) H'(Xp,L) 2 H (Xprer, L),

for all # > 0. The main tool for proving (k%) is the result: every point * € Xk has
a neighborhood W which is K(m,1). Such a result, although believed to be true, is
yet unproved in the rigid analytic setting. Therefore the proof of Theorem 4.1 goes as
follows. We define the analogue Grothendieck topology x M on X, prove that there is
a spectral sequence with E*? = H?(Xy, HP(L"9)) abutting to HP+4(X 7, 1L79), then
compare Hi(X,7,L) to H (X7, L") and H' (XK et, L) to H* (X;it, L") and in the end
use Faltings’s result (sx).

In §5 we introduce a certain family of continuous sheaves which we call Fontaine sheaves
and which we denote by O_, R(@_), At

+:(O_). There are algebraic and analytic variants

of these: the first are sheaves on X, and the second on X;;. We would like to remark
that the local sections of the Fontaine sheaves are very complicated and they are not
relative Fontaine rings. Continuous cohomology of continuous sheaves on X;; and x M
respectively is developed in §5. As an application a geometric interpretation of 35V(T i)
where T; = H <X?0t’
is given. More precisely, it is proven in §5 that there is a natural isomorphism of classical

]L), for L an étale local system of Z/p*Z-modules on Xk as above

(¢, I')-modules:

H (R L% @ 475,05, ) =Dy (B (Xg 1))

Finally, in §6 we relax our global assumptions. Now X" denotes a formal scheme topo-
logically of finite type over V, smooth and geometrically irreducible, not necessarily
algebrizable, and X;g denotes its generic fiber.

In §6 we set up the basic theory for comparison isomorphisms between the different
p-adic cohomology theories in this analytic setting. Our main result is that, if '8 is a
p-power torsion local system on X ;ég and Af°" is one of the analytic Fontaine sheaves
on Xy listed above, then the cohomology groups H%% ar, L8 @ AT can be calculated
as follows. Let us first recall that we fixed a geometric generic point 7 = Spm(Cy ), where
Cx is a complete, algebraically closed field which can be chosen as in 6.3. For each étale
morphism U — X such that U is affine, U = Spf(Ry) with Ry a small V-algebra, let
Ry, denote the union of all normal Ry-algebras contained in Cy which are finite and
étale over Ry, after inverting p. Let AF°"(R;;® K) denote the Fontaine ring constructed

starting with the pair (Ry, Ry) as in [Fo] and denote by L, as before, the fiber of L'
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at 7. One can show that the association U — Hi (739 (Uns, n), L @ AFo"(Ry @ K)) is
functorial and denote H¢, (L8 @ AF°") the sheaf on Xy associated to it.
Let us notice that, due to the generalized Tate-Sen’s method of §7, if AFont —

Ai‘;f (621\4), the inflation defines an isomorphism:

H’ (FRZ/H@RZ/[ (L)) = | (FRZ/I’@RM (L)) =5cs (W?lg(bh n),L® Ai_;f(}_zu ® K))

Hence, the sheaf HY, (L”g ® Aitlf (5@\4)) is defined locally in terms of I'-cohomology

of relative (¢, T')-modules.
It is proved (Theorem 6.1) that there exists a spectral sequence

(* * *) Eg,q — Hq(Xe‘m sz?w(Lrig ® AFont)) — Hp—l—q(%M’ Lrig ® .AFOM).

At this point we would like to remark that our results in §6 are distinct from those of
Faltings in [Fal], [Fa2], [Fa3]. Namely let us consider the following diagram of categories

. N
and functors: oN s

Sh(X) )N —XM7,  Sh(X)N

a | 0 Bl
Sh(X,) Tl AbGr

where if C is a Grothedieck topology then we denote by Sh(C) the category of sheaves
of abelian groups on C and by Sh(C)N the category of continuous sheaves on C (see §5).
We also denote o = lim Uy a7« and § = lim HO(Xet, -).

We analyze the spectral sequence attached to the composition of functors: HO(Xet, —)o
lim (v, M,*)N while it appears, although very little detail is given, that Faltings considers

the composition of the other two functors in the above diagram (in the algebraic setting).
We believe that our point of view is appropriate for the applications to relative (¢, I")—
modules that we have in mind.

The analysis in §6 and the spectral sequence (x * *) have already been used in order
to construct a p-adic, overconvergent, finite slope Eicher-Shimura isomorphism and to
give a new, cohomological construction of p-adic families of finite slope modular forms
in [IS].

In a sequel paper (“Global arithmetic applications of relative (p,I')-modules, I1I”) we
plan to first extend the constructions and results in §6 of the present paper to formal
schemes over V' with semi-stable special fiber and use them in order to prove compari-
son isomorphisms between the different p-adic cohomology theories involving Fontaine
sheaves in such analytic settings. We believe that we would be able to carry on this
project for spaces like: the p-adic symmetric domains, their étale covers (in the cases
where good formal models exist), the p-adic period domains of Rapoport-Zink, etc.
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I. Local Theory.

2 Preliminaries.

2.1 The basic rings. Let V be a complete discrete valuation ring, with perfect residue
field k of characteristic p and with fraction field K = Frac(V') of characteristic 0. Let v
be the valuation on V normalized so that v(p) = 1. Let K C K be an algebraic closure
of K with Galois group Gal(K/K) =: Gy and denote by V the normalization of V
in K. Define the tower

KOZKCKlzK(Cp)CCKn:K(Cpn)C

where (,» is a primitive p"—th root of unity and CII)’ i1 = Cpn for every n € N. Let V,
be the normalization of V in K,, and define K, := U, K,. Write I'y := Gal(K/K)
and Hy := Gal(K/K,,) so that I'y = Gy /Hy.

We also fix a field extension K., € M C K so that K € M is Galois with
group Gal(M/K). We let W be the normalization of V' in M. The two important
cases are M = Ko, with W =V, and M = K with W = V.

Let R be a V-algebra such that £k C R®y k is geometrically integral. Assume that R
is obtained from R = V {Tlil, e ,Tfl} iterating finitely many times the following
operations:

ét) the p—adic completion of an étale extension;
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loc) the p-adic completion of the localization with respect to a multiplicative system;
comp) the completion with respect to an ideal containing p.
Define )
R, :=R®V, T TP T } Roo = Up Ry,

Let R be the direct limit of a maximal chain of normal R-algebras, which are domains

and, after inverting p, are finite and étale extensions of R [%}

Let m € N and let S be a R,,,—algebra such that S is finite as R,,,—module and R,,, C S
is étale after inverting p. Define S,, as the normalization of S®pr R, in S®gr, R, [p_l}
for every n > m. Let Soo := Up>mSn.

Write S), for the normalization of S,, in S, ®y, M and S, for the normalization
of Soo in See ®y,, M. We put S’ := S/ .. Note that R = R®y W and R, = Roo Qv W

2.2 Proposition. There exist constants 0 < ¢ < 1 and N = N(S) € N, depending
on S, and there exists an element p® of Vi of valuation € such that Sﬁﬂ + p°Sp41 C
Sp 4+ p°Snt1 (as subrings of Sn41) and S),_ " 4+ p=S] ., C S), +p°S, ., (as subrings
of S} ) for every n > N.

Proof: The claim concerning 5,11 follows from [An, Cor. 3.7]. It follows from [An,
Prop. 3.6] that there exists a decreasing sequence of rational numbers {6,(S)} such
that p°»(%) annihilates the trace map Tr: S/ — Hompg/, (S{wR’ n). This implies that
p‘S"(S)S;LH C S/ ®ps,, R n+1; see loc. cit. This, and the fact that the proposition holds
for R’ by direct check, allows to conclude; see the proof of [An, Cor. 3.7] for details.

2.3 Definition. For every R-subalgebra S C R as in 2.1 such that S’_ is an integral
domain, viewed as a subring of R, define

(83 s[). romo (s [ s[2])

Hs :=Ker(Gs — I'g).

and

Analogously, let

Gs—Gal( H/S’[pD> ' Gal( H/R/u)

Hs := Ker (Gs — I'y) = Gal( H/R/u)

Note that by assumption Hg/Hg is the Galois group Gal(M/K) and that I'g is
isomorphic to the semidirect product of T'y and of T'g. The latter is a finite index
subgroup of I, = Zg. We let 41, ...,74 be topological generators of I',.

and
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2.4 RAE. Following Faltings [Fal, Def. 2.1] we say that an extension Ro, C Ss is
almost étale if it is finite and étale after inverting p and if, for every n € N, the element
ppL” €00 18 in the image of Soc ®r_. So. Here e, is the canonical idempotent of the étale
extension Ro [p'] C S [p7].

We say that such extension satisfies (RAE), for refined almost étaleness, if the fol-
lowing holds. For every n > m let ¢,, be the diagonal idempotent associated to the étale

extension R, [p_l} C Sy [p_l]. There exists £ € N, independent of m, such that there

exists an element pPL” of V,, of valuation pin and pPL” en, lies in the image of S, ®r,, Sy.

We assume that (RAE) holds for every extension R., C S arising as in 2.1.

2.5 Remark. It is proven in [An, Prop. 5.10 & Thm. 5.11] that (RAE) holds if R is of
Krull dimension < 2 or if the composite of the extensions V' [Tlil, e ,Tdﬂ} — R > R
is flat and has geometrically regular fibers. For example, this holds if R is obtained by
taking the completion with respect to an ideal containing p of the localization of an
étale extension of V[Tlil, e ,Tfl]; see [An, Prop. 5.12].

2.6 The rings Esm, Eg, Esgo and E'y. Let S be as in 2.1. Define
Ef =1m(Se/pSs),  Ef :=1lim(SL/p°SL.)

where the inverse limit is taken with respect to Frobenius. Using 2.2 define the gener-
alized ring of norms,

+ -t - Tt
E{fCE; , EjcEj
as the subring consisting of elements (ag,...,an,...) in Egm (resp. in E;f, ) such that

ap is in S, /p*S, (resp. S, /p°S)) for every n > N(S).

By construction ]7];500, Eg (resp. Ef, and E';’) are endowed with a Frobenius ho-
momorphism ¢ and a continuous action of I's (resp. I's). Denote by € the element
(L, Cpyeoy Gpny.en) € E‘J; and by 7 :=e—1. Put ES’OO = E;Téo [ﬁ_l}, Esm = E;foo [7_1},

5= E'SJr [ﬁ_l} and Eg := E;C [ﬁ_l}.
By abuse of notation for a € Q, we write m® for a = (ag,a1,...,ay,...) € ]T]J‘;OO, if it

exists, such that v(a;) = & for i > 0. For example, 7 = nd~"; see [AB, Prop. 4.3(d)].
1 1
For every 1 =1,...,d, let x; := (Ti,Ti”,Tip2 ,oo0) € EEO. The following hold,

1) there exists N(S) € N such that the map E:St/ﬂgnsEg — S, /p°S, and the map
Ej;oo/wg 6Eg:oo — Soo/P°Seo, sending (ag,...,0n,...) — ay, are isomorphisms for
every n > N(S) (see [An, Thm. 5.1]);

2) Eg is a normal ring, it is finite as ngmodule and it is an étale extension of E;,
after inverting 7, of degree equal to the generic degree of R,,, C S (see [An, Thm. 4.9
& Thm. 5.3]);



3) Egoo is normal and coincides with the m-adic completion of the perfect closure of E:q|r
(see [An, Cor. 5.4]);

4) there exists ¢ € N and maps ﬁeﬁg — Eg Rpt EJI_E — Eg which are isomor-
oo . R OC~ oo
phisms after inverting 7. In particular, E;COO 771 = EEOO gt ES[77'] (see [An,
Lem. 4.15]);
5) consider the ring

lim Sy := {(:c(o), AR CON .)|ac(m) € g;, (ac(m+1))p = x(m)} ,

oO—n

where §o\o is the p—adic completion of S, the transition maps are defined by raising
to the p—th power, the multiplicative structure is induced by the one on S, and the
additive structure is defined by

(oo™ )+ (g™ ) = (L dim (2 oy mEmye” D),

n—oo

The natural map limee_,, Sso — Egoo is a bijection (see [An, Lem. 4.10]).
It follows from (1), see [An, Cor. 4.7], that

1 1
+ ~ + ~ pt
EV :koo[[ﬂ—K]] and ERO :EV {JIl,...,I’d,x—l,...,x—d},

where ko is the residue field of Vo, and 7 = (..., Tn, Tnt1,...), with 7, € V; for i > 0,

yZ— +1 +1

is a system of uniformizers satisfying 7;} ; = 7; mod p°. The convergence in z7,...,z

is relative to the 7-adic topology on E‘J; Eventually EJI_f{ is obtained from EEO iterating
the operations
ét) the Tadic completion of an étale extension;

loc) the T—adic completion of the localization with respect to a multiplicative system;
comp) the completion with respect to an ideal containing a power of 7.

In particular, {7k, x1,...,24} is an absolute p—basis of EE.

2.7 Lemma. Let S be as in 2.1. The following hold:

1. the maps EJZO/WgnEEggO — S /p°S’, and EF /z2 °E}, — S/ /p°S!, given by
(@gy ..., Gn,...) — ay, are isomorphisms for n > N(S). In particular, EEQO coincides
with the T—adic completion of EE R+ E*V'V and EE, coincides with the T—adic

oo Voo
completion of EE ®E¢ E;/;
2. the extensions EE — EEN, EE — EE, and EE — E’g are faithfully flat. For

every finitely generated Eg—modu]e M, the base change of M via any of the above
extensions is T—adically complete and separated;

3. we have maps ﬁéEjg'éo — Eg: ®E‘£ E+£>o — Ej{,}o and #E'g' — E; ®E; E’g’ — E’S+
They are isomorphisms after inverting 7;
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Proof: Statements (1) and (3) follow from 2.4 arguing as in the proofs of [An, Thm. 5.1]
and [An, Lem. 4.15] respectively.

(2) By 2.6 we have E+/7r€p E} = R,/p°R, and Ef /ﬂ'op EJr = W/p*W. One de-
duces form (1) that E. /5P EH' (Rn/p°Ry) ®v, W and that E+/ Jmer” EE/ =
( OO/pER ) ®V W. By construction Ro, @y, W is a free R,, @y, W- module with ba-

sis {Tp Tp } form > n and 0 < a; < p™~". Hence, EE, (resp EJF, ) is the

I IIZ

7-adic completion EF Rk OB} E (resp. of U, (E} Dpy Ef )[:z:1 v, z5"]). The Ef-

algebra E% is the m—adic completion of finite, normal and generically separable exten-
sions of the dvr Ei;. Those are free as E{,-module. We may then apply [An, Lem. 8.7]
to conclude.

Given an R, —algebra S, finite and étale over R, [ }, there exists m € N and

1
p
1
p

there exists a R,,—algebra S, finite and étale over R,, [ ] such that S, defined as

in 2.1, is the normalization of S ®p, R

2.8 Theorem. The functor Soc — E;C defines an equivalence of categories from the cat-
egory Ro.-AED of R.,—algebras which are normal domains, finite and étale over R, [%]
to the category EE-AED of E};;algebras, which are normal domains, finite and étale

over Ep.

Proof: See [An, Thm. 6.3].

Let E% be UswE;C where the union is taken over all R..—subalgebras Soo C R
such that S [p_l} is finite étale over R, [p‘l]. Similarly, define E’g to be the union

Us_ E'g’ Let E‘% = lim (R/ pE}_%), where the inverse limit is taken with respect to Frobe-

nius. It coincides with the 7m-adic completion of Ug_ E;oo Denote Ef := E% [ﬁ_l},
|t [0 F_ .— |t [=1

E/E'_ EE [7‘(’ } and E := EE [7? }

2.9 Proposition. Let S be as in 2.3. Then,
~Hs ~Hg ———
a) R = =Soand R = = S!_ (here ~ denotes the p—adic completion);

b) we have
(E+)HS —_Et EHs — E (E+)HS — Rt EHs — RE
R S R S R Seo? & Soo

and N N N
()" =E5, (B =B}, (Bp)'" =Es;

c) the maps

ERO@ ®ES—>ESOO, EIR ®E5—>E/S, ER/ ®ES—>ES/
Egr Egr “ Egr e
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are isomorphisms. In particular, the maps Eg Qg,, EW — EY and ESO@ ®Ev EW —
Eséo are injective with dense image.

~H —
Proof: (a) The fact that R = Seo is proven in [An, Lem. 6.13].

(b) The equalities in the first displayed formula hold due to [An, Prop. 6.14]. Those
in the second displayed formula follow arguing as in loc. cit. In fact, E% (resp. EY, ) can
be written as in 2.6(5) as the limit lim R (resp. lim §(’;) To get the last two equalities

~Hs —
one is left to prove that R = S’_. This follows arguing as in [An, Lem. 6.13]. The

fact that the inclusion Ey C (E/E) s
via Eff — EE&D since the latter is faithfully flat by 2.7(2). But E D EE}C = Eg/_
+\H ™ e+ \Hs _ 5t
by 2.7(3) and (EY) " @+ B, C (E) ° =E§, .
(c) The first equality follows from 2.6(4). The others follow from 2.7(3). In the

case S = R the last statement follows from 2.7(1). The general case follows from this,
the equalities just proven and the fact that Er C Eg is finite étale by 2.8.

is an equality can be checked after base change

2.10 The rings As_, AL , Ag, AL, Ag, , AL, , Al and A, Define Ay := W (Eg).
It is endowed with the following topology, called
The weak topology. Consider on EE the topology having {ﬁ”ﬁ%}n as fundamental

system of neighborhoods of 0. On the truncated Witt vectors W,, (EE) we consider

~Y

the product topology via the isomorphism W,, (EE) = (Eﬁ)m given by the phantom
components. Eventually, the weak topology is defined as the projective limit topol-
ogy W(Eg) = lim W, (Eg).

Alternatively, let 7 := [¢] — 1 where [¢] is the Teichmiiller lift of . For every n
and h € N define U,, , := pngﬁ + Wh;’&%. The weak topology on KE has {Un.h}n,heN
as fundamental system of neighborhoods.

Define VE:EE — QU {0} by vg(z) = o0 if z = 0 and vg(z) = min{n € Q|7"z €
E%} For z =Y, [2]p" € ‘&E and N € N we put

v (2) == inf{vg(2)[0 <k < N}.

For every N € N we have

zy) = vg" () £ vg" (y);
z +y) = min(vg" (), vg (1))
7) =1 and VEN(ﬁx) = VEN(_
(p(x)) =pvi (@);

)

) = v () for every v € Gg.

with equality if V%N(.%) VEN(Q%

™)+ vy (2);

< <
AEIANFIAH]

z =z =z

—
—
—e . .
e N e N N N

The second claim in (iii) and property (v) follow since E% is by construction the 7

adic completion of Ug__ E;OO and each E;foo is normal by 2.6(3). Note that the topology
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on ;‘E/ pN +1;&§ induced from the weak topology on :&E coincides with the VEN topol-
ogy.
For every S as in 2.3 define

:&Soo = W(ESOO), ‘K:SL_OO = W(E:goc),

;&5;0 = W(Eséo) and ;&—is_, = W(Eg, )

They are subrings of W(EE) closed for the weak topology.

Overconvergent coefficients. For r € Q~( define :&%)’r] as the subring of elements

z= Y pFlzi] of A such that
k=0

lim rvg(zk) + k = +oc;

k—o0

see [AB, Prop. 4.3]. Write Al = U A7 For » = > Pz € A©T] ] put
r€Q>o0 keZ

o0 if z = 0;
wy(z) = éng (rug(zk) + k) otherwise.
€

Thanks to [AB, Prop. 4.3] one knows that the map w,: ALT L RU {oo} satisfies

(i) wy(z) = 400 < x = 0; ;

(i) wr(zy) = wr(2) + wr(y);

(iii) w,(z +y) > min(w,(z), w,(y));

(iV> wr(p) =1 and wr(px) = w7"<p) + wr(x>'
For every S, define KSZ} = :&goo N K%’T] and ATSO@ = :&goo N K% Similarly, define
Agoé:] = AS{X) ﬂ;‘;(ﬁo’r] and Agéo = 115{)0 ﬂ;‘;%. By [AB, Prop. 4.3] they are w,—adically

complete and separated subrings of ‘Kﬁ'

Noetherian coefficients. In [An, Appendix II] a ring Ag C W(ﬁgw) has been con-
structed, functorially in S, with the following properties:

i. it is complete and separated for the weak topology. In particular, it is p—adically
complete and separated.

ii. Agn (pW(EE)) = pAg;
iii. As/pAs = Eg. In particular, it is noetherian and regular.

iv. it is endowed with continuous commuting actions of I'g and of an operator ¢ lifting
those defined on Eg;

v. AR contains the Teichmiiller lifts of €, x1, ..., xg;

vi. Ag is the unique finite and étale Arg-algebra lifting the finite and étale exten-
sion Er C Eg.
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One also requires the existence of a subring A;C lifting Eg’, with suitable properties, so
that Ag is unique. We refer to [AB, Prop. 4.49] for details. Define AgO’T] =AgN A%)’r]
and Ag = AgN A%. Define A’y to be the closure of the image of Ag®a,, AW in AE

for the weak topology. Put A/ST = AL N A%.
Eventually, let A (resp. A/E) be the completion for the p—adic topology of Us__Ag

(resp. Us,, Ay), where the union is taken over all normal R..—subalgebras S C R such
that S [p‘l} is finite étale over R, [p‘l]. Write A% = A/E N ATE.

2.11 Proposition. The extensions ;&Em C KTSOO and AE C Ag are finite and étale.
Their reduction modulo p coincide with EROO C ESOO and Er C Eg respectively.

Proof: 1t is clear that Agm coincides with ESO@ modulo p since it contains ;&;COO and
pg&ﬁ N ;&gm = p;USOO. The fact that AEOO C ;igoo is finite and étale is proven in [AB,
Prop. 4.9]. See [AB, Prop. 4.34] for the statements regarding AE C ATS.

2.12 Lemma. The following hold:

a) Ag = A%S, 5= (A'E)HS, ./NXSOO = K%S, and KS;O = K%S. The iame~equalj-
ties hold considering overconvergent coefficients i. e., Ago,r] = (A%)’T]) o Ag)of] =

LOr\Hs K 0r] _ (x(0r]\Hs P (At Hs AT _ (at\Hs Xt _
(éﬁ H) c Ay = (A7) T and Ay = (AR)TT, Ay = (AR, Ay =
(AT)™.
R

b) The natural maps Ap,_ ®a, As — As., ARQar As — Ay and Ar,_®a, As —
A, are isomorphisms. Similarly, considering overconvergent coefficients, the maps
ATROO ®Ak ATS — ;&TS‘OO’ Ag ®A% AE — Ag and Akéo ®A; AL — ;&géo are isomor-
phisms.

c) We have AL/pAl = Ag/pAs = Eg, Ad/pA'd = Al /pAly = By and AL, /pAl, =
As, /pAs, =Eg,_.

d) The maps ;&goo ®Kv AW — ‘&Séo and Ag®Aa, KW — A’y are injective and have
dense image for the weak topology. The image of Ag)o’:] ® AE/?,’T] — Kg),’ﬂ is

A0.7]

dense for the w,—adic topology for every r € Q~g. =
Proof: (a)&(b) We have inclusions Ag C A%S, Ay C (A’E)HS, 11500 C A%S, AS{)O -
:&%S and maps :&Roo XAR Ag — ;&Sw, AE’% XAR Ag — A{S' and ;&Réo XAr Ag — ;&Séo'
The extension Arp — Ag is finite and étale and, hence, A g is projective as A p—module.
Since A R.., Az and A rr_ are p-adically complete and separated and p is a not a zero
divisor in these rings, KROO ®Ap As, AR ®a, As and jNXR/OO ®Ar Ag are p-adically
complete and separated and p is a non-zero divisor. The same holds for Ag, A%S,

ASOO, K%S, :A%S, A’y and Aséo' To check that all the inclusions and all the maps
above are isomorphisms it then suffices to show it modulo p. This follows from 2.9 if we
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prove that A'y/pA’y = Ef and A St /p:& s = ES’OO' Once this is established the other
statements in (a) and the first part of (b) follow.

(c) Since by construction Ag NpAg = pA T A:rq, ﬂpA— pAS, , A:rg NpAz = pAI;
and A5 NpAgz =pAs, Ay NpAyz = pAS/ Ag ﬂpAE = pAg the maps Ajrg/pATg —
As/pAs — B = By, Al /pAll — AL /pAY — — (E)" = Ef and Al /pAl, —
As;o/pAsgo — EES = Egéo are injective. It follows from [AB, §4.11(e)&Lem. 4.20]
that there exists Ang C A;foo {ﬁ—;} C Agog], for suitable a, 3 € N and r € Q-g,

so that A;C/pA;C = E;? and Ag? is complete for the weak topology. Here, K;ﬁm {g—;}

denotes the completion of 11:500 [g—;] with respect to the weak topology. In particular,

since m—adic convergence in ;&4' {ﬁ—;} implies convergence for the weak topology, A+

is m—adically complete. Note that A+ ® A} A;{, and A+ R~ At A+ map to the m—adic
completion of the image of A:qLoo Rx+ A?/_V {{;—‘;} in A% {ﬁ—ﬂ} and that the latter is
Voo

contained in K(O,’ﬂ. We conclude that A pAT , Al pA'T and AT, p;&T, contain the
s s 5 g s s
7—adic completion of the image of Eg, Eg: Rpt E;, and E;C Qi+ E;, respectively.
\% o Voo
Claim (c) follows then from 2.9.
(b) The fact that A}; @t Al =~ Ag follows from 2.11. Since AE C AE is fi-
oo R oo

nite and étale by 2.11 there is a unique idempotent eg/ g of AE ® Al Aif; such that for
every r € Ag @ pt ATS we have m(z) = Tr,+ /A (xeS/R). Here, m is the multipli-
R S R

cation map. Write eg/p = Zf;:l a; ®b; with a; and b; € Ag)’s] for some s € Qxo.

Then, eg/r is an idempotent of Ag ®A’1§ Ag and of ‘KTZ)O ® 112(,)0 By the first

AT,

oo

part of (b) the extensions A, C Al and KR&J C Asgo are finite and étale and
m(x) = Tras /AL (:I:eS/R) and m(z) = Tr (:I:es/R). We then get that for ev-

Ks{)o/KRgo
ery r € AT (resp. AT, ) we have x = m(z®1) = > 1 Trar/ar (za;)b; (resp. x =
m(z®1) = > L, Trx ey [An (za;)b;). Since Tra; /a;, and Try Auy /An send overcon-

vergent elements to overconvergent elements, we conclude that the maps in the second
part of (b) are surjective.

Since the extension AE C Ag is finite and étale, AL is projective as Aj%fmodule.
In particular, p is not a zero divisor in A; ® Al AE and in Al , ® Al Ag and those
rings are p—adically separated. Thus, to prove that the maps in the second part of (b)
are injective, and hence are isomorphisms, it suffices to prove that they are injective
modulo p. This follows from (c).

(d) Since the extensions AV C Av C AW are extensions of dvr’s, they are flat.
Since p is not a zero divisor in AS and Ag, it is not a zero divisor in A S ®~V AW

and Ag ®a,, Ayy. Thus, to check the injectivity in (d) we may reduce modulo p. The
density can be checked modulo p™ for every n € N and, using induction, it suffices in
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fact to prove it for n = 1. Then, the first claim of (d) follows from 2.11 and 2.9(c).
We prove the second claim of (d). Suppose that » = a/b with a and b € N and let

As_ (ap) (resp. Ag: (4p)) denote the p-adic completion of A;OO [ﬁ] (resp. of
N

o P

Lem. 4.20] one has

Ag, L_](ﬂ%)b} ), where [7] is the Teichmiiller lift of 7. Arguing as in the proof of [AB,

A (O,r 1
Agi(ab) € {x € Afs*og;”wr(ﬁ) > 0} C Asr_ (ab) [ﬁ} :
1

Since w,.([7]) > 0, we conclude that Ag:_ () [W} is dense in ;&g’r] for the w,—adic

topology. Since the [7]-adic completion of Ag__ (4.1 Q%+ A}, is contained in the w,—
Voo

]

adic closure of A(SO’T ®% (0.1 .&%,?/T] and its image in Ag/_ (4p) contains Tt Ag (a,b) DY 2.7,
oo Voo [oloR} R oo ! 2

the conclusion follows.

2.13 Corollary. The extensions ;&Rgo C fisgo, AE’W C _XT(,)C, A, C Al and Ag C Ag
are finite and étale. Their reduction modulo p coincide with Er, . C Eg/_ and E}, C E
respectively.

2.14 (¢, I')-modules and Galois representations. Let S be as in 2.3. Let Rep (QS) be
the abelian tensor category of finitely generated Z,-modules endowed with a continuous
action of Gg.

Let A be one of the rings ASOO, ALOO, Ag, Ag, AS;}O, Agéo’ A’y and A/SJr and let ' be
respectively I's or I'. Let (p,I") —Moda (resp. (¢,I's) —Mod%) be the tensor category
of finitely generated A-modules D endowed with

i. a semi-linear action of I';

ii. a semi-linear homomorphism ¢ commuting with I' (resp. so that p®1: D ®% A — D
is an isomorphism of A-modules).

Note that if A = Ag, then Ag is noetherian and (p,I's) — Moda, (resp. (p,I's) —
Mod% ) is an abelian category.

For any object M in Rep (gs), define

D(M) = (Aﬁga M)HS, D(M) :

p

(A’E 28; M> Hg

D(M) = (Aﬁgg M)HS, D(M) := (3@9 M)HS.

P

Note that D(M) (resp. D(M)) is an Ag-module (resp. Aswfmodule) endowed with
a semi-linear action of I'g. Analogously, D(M) (resp. D(M)) is a A’y-module (resp. a
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:&5{” -module) endowed with a semi-linear action of I'y. Analogously, define

Hs

o) i= () D00 = (afp )"

SH(M) = (A%% ), B - (;&%2@; u)"

Then, ©F(M) (resp. DT(M)) is an Ag—module (resp. ngfmodule) endowed with a
semi-linear action of I'g. Analogously, DT (M) (resp. DT (M)) is a Agfmodule (resp. a
Ag, —~module) endowed with a semi-linear action of I'.

The homomorphism ¢ on AE and :&% defines a semi-linear action of ¢ on all these
modules commuting with the action of I'g (resp. of I').

2.15 Theorem. The functor ® defines an equivalence of abelian tensor categories from
the category Rep (gs) to the category (¢,I's) — Mody o- Let M be a finitely generated
Z,-module endowed with a continuous action of Gg. The inverse is defined associating

to an étale (p,T's)-module D the Gr-module V(D) := (AE Ras D)( )
o

Proof: See [An, Thm. 7.11].

2.16 Lemma. Let M be a finitely generated Z,-module endowed with a continuous
action of Gg. Then,

(i) D(M) (resp. D(M), D(M), D(M)) is an étale (p,Tg)—module over Ag (resp. A%,
As., As_);
(i") @T(M)~(resp. DT (M), DT (M), DT (M)) is an étale (o, T g)-module over Ag (resp. Ag,
ATSooa AT@;”);
(i) D(M) = lim D(M/p"M), D(M) = lim D(M/p" M), DOM) = lim DM /" M),
D(M) = lim D(M/p"M) where the limits are inverse limits with respect to n €
N. More precisely, D(M)/p"®(M) = D(M/p"M), D(M)/p"D(M) = D(M/p" M),
D(M)/p"D (M) = D(M/p"M) and D(M)/p"D(M) = D(M/p"M) for every n € N.
(i") if M is torsion, then D'(M) = D(M), D'(M) = D(M), DI(M) = D(M) and
DY (M) = D(M);

(iii) the natural maps

and

are isomorphisms;

16



(iii’) the natural maps

O1(M) © AL —DI(M),  DT(M) © Al — Mo AL

AL AL Zyp
and N N _ _
of(M) @ A, —Df(M), D1(M) @ AL, — Df(M)

are isomorphisms;

(iv) the natural maps

(M) ® Ay — D(M), DI(M) @ Ay —— D(M)
Al

and
(M) © As. —— D(M), DI(M) ® Ag_ —— D(M)
Al At

are isomorphisms.

Proof: We refer the reader to [An, Thm. 7.11] and [AB, Thm 4.40] for the proofs
that © (M) and DT(M) are étale (¢,'s)-modules and that D(M) = DT (M) N Ag,
that D(M) ®a; Ag = M @z, Ay and DT (M) ® 4 AL > Mgz, AL Claims (i), (1)
and (iv) follow from this and the displayed isomorphisms. We prove the other state-
ments.

Due to 2.11, 2.12 and 2.13 to prove (ii’), (iii) and (iii’) one may pass to an extension

Sso C Ts in R finite, étale and Galois after inverting p. For example, (M ®z, AE) Hr _

(M ®z, A5)"™ @as Ar and (M ©®z, Ag)" " = (M ®z, Az)"" @a, Al by étale de-

scent. Hence, if (M ®z, AE)HT Qar Al — (M Rz, AE)HT is an isomorphism, tak-

ing the Hg—invariants, we get the claimed isomorphism (M ®z, AE)HS Rag Ay —
Hs

(M ®Zp AE) :

Suppose first that there exists N € N such that pY M = 0. Then, there exists an
extension S, C T, such that Hp C Hg acts trivially on M. Replacing So with T,
we may then assume that Hg acts trivially on M. By 2.12 we have AL /pN AL =
As/pN As, Al /I’JVNA’ST = AL/pVAS, AL /pNAL = Ag_/pNAg, and eventually
Ag, /pNAL, = Ag,_ /pV Ag/_. Furthermore, we have in this case D(M) = M @z, Ag,
D(M) = M ®z, Aly, D(M) = M ®z, As_, D(M) = M ®z, As,_ and similarly for the
overconvergent (¢, 'g)-modules. Then, the claims follow from 2.12.

Assume next that M is free of rank n. It follows from [AB, Thm. 4.40] that there

exists an extension Ro, C T, in R finite, étale and Galois after inverting p such
that DT(M) ® Al ATT is a free Ai,,fmodule of rank n. As we have seen above we may and
S

will replace So, with T, so that DT(M) (resp. D(M)) is a free ATSfmodule (resp. Ag—
module). Fix a basis {ey,...,e,} of DT(M). It is also a A g-basis of D(M). Hence, it
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is a basfivs over A% (resp. :&%, A4, :&E) of M ®z, ATE (resp. M ®z, :&%, M ®z, Az,
M ®z, A). Since Hg and Hg act trivially on {e1,...,es}, we get claims (iii) and (iii’).
For example, ® (M) = (M ®z, AE)HS —As 1@ BAg_e, =D(M)Ra, Ag_.

We are left to prove (ii). We may assume that M is torsion free, since the claim for
the torsion part is trivial. Note that ©(M), ®(M), D(M) and D(M) are submodules of
invariants of free modules over p—adically complete and separated rings. For example,
D(M) = (M ®z, AE) s o M ®z, Ag. Hence, they are themself p-adically complete
and separated. It suffices to show that for every n € N the map from their quotient
modulo p™ to @(M/p”M) (resp. ZN)(M/p"M), D(M/p”M), f)(M/p”M)) is an isomor-
phism. Due to (iii) it suffices to show it for ®(M) and in this case it follows from the
fact that ® is an exact functor by 2.15.

We state the following theorem relating the cohomology of the various (p, I')-modules
introduced above.

2.17 Theorem. The natural maps

H" (Ds, D(M)) — H" (I's, D(M)) — H" (QS’M%@ Kﬁ) /
H"(I's, D(M)) — H"(I's,D(M)) — H" (GS,M£® K§> )

n n ~ n NT
H"(T's,®1(M)) — H" (s, (M)) — H (QS,M%AE)
and
1 (. DY (41)) —— (£, B1() —— 1" (G M o AL )

are all isomorphisms.

Proof: See 7.16.

3 Galois cohomology and (¢, T')—modules.

In this section we show how, given a finitely generated Z,-module M with continuous
action of Gg, one can compute the cohomology groups H"(Gg, M) and H"(Gg, M) in
terms of the associated (¢, T's)-modules D (M), D(M), DT (M), DT (M), D(M), D(M),
DT(M) and D (M). We start with the following crucial:

3.1 Proposition. The map ¢ — 1 on AE? A%, A4, A% A/E and A% is surjective and
its kernel is Z,,. Furthermore, the exact sequence

0 Zp AE Lot AE—>O
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admits a continuous right splitting a:gﬁ — ‘&E (as sets) so that O'(AE) C Ay,
AT At T T al il
U(AE) C AL, o—(AE) C AL, a(A’F) C A% and a(Aﬁ) C AT

Proof: See 8.1.

3.2 Definition. Let D be a (¢,I's)-module over A g or —KSOO or Ajrg or ng (resp. over
A’y or ;&Séo or A'ST or ;&géo) Define C*(I's, D) (resp. C*(I'4,D)) to be the complex of
continuous cochains with values in D.

Let T*(D) (resp. 7'*(D)) be the mapping cone associated to ¢ — 1:C*(I's, D) —
C*(T's,D) (resp. to ¢ — 1:C*(I'y, D) — C* (I, D)).

3.3 Theorem. There are isomorphisms of §-functors from the category of Rep(Gs) to
the category of abelian groups:

pi H (T*(D(1)5H (Gs, ), piH(T"*(D()))=H(Gs, )
i H(T*(D())==H' (s, ), 7 H/(7'°(D(.))—~>H'(Gs, )
pLH(T*(D())SH (Gs, ), oy HZ(T"( () =H (Gs, ),
prH (T (D1())H'(Gs,-),  pH(T"*(D())))~~H'(Gs, )

The isomorphisms p;, p,, p;T and ﬁ;T are Gal(M /K )—equivariant.
Furthermore, all the maps in the square

H(T*(®1() — H(T*®()

H(T*(®()) — H(T*®()),

induced by the natural inclusions of (¢,I's)-modules DH(M) c D(M) ¢ D(M) and
DN (M) Cc DT (M) C D(M), for M € Rep(Gs), are isomorphisms and they are compati-
ble with the maps pz, 'pj, p; and p;. Similarly, all the maps in the square

HI(T"*(D'()) —— HI(T'*(D(.))

H(T*(D())) —— H(T*(D())

are isomorphisms and are compatible with the maps pg, ,BJZ-T, p; and p,

Proof: First of all we exhibit in 3.4 the maps p; and p} (with or without™ or }) so that
they are compatible with the displayed squares and p) they are compatible with the
residual action of Gy (if one exists). We then prove that they are isomorphisms in 3.5.
Eventually, we show that they are isomorphisms of é—functors in 3.6.

3.4 The maps. Let M be a Z,-representation of Gs. Let D(M) and A be (1) D(M)
and A, (2) ® and A, (3) DT(M) and AT or (4) DT(M) and AT. Since in each
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case D(M)®a4, Ax = M ®z, Az by 2.16 and due to 8.1 we have exact sequences of
Ggs—modules

0 —— M —— D(M) ® Az *—% D(M) ® Ay — 0 (3.4.1)
As As

Similarly, let D'(M) and A’ be (1) D(M) and A’, (2) D and A,, (3) DY(M) and A"t
r (4) DT(M) and Af. Tn each case D'(M) @ 4, A = M @7, AL by 2.16. Thanks to 8.1
we get exact sequences of Gg—modules

0 —— M —— D'(M) ® Al =L D'(M) @ A —— 0 (3.4.2).

S AS

The maps in both exact sequences are continuous for the weak topology by 2.16.
Let (a, 3) be an n-cochain of 7*(D(M)) i. e., in C" 1 (I's, D(M)) x C*(T's, D(M)).
Define
Cop =0+ (—1)"d(0(a)) € C"(Gs, M£® Ag),

where d is the differential operator on C"(I's, D(M)) and o is the left inverse of ¢ — 1
defined in 8.1 (for each of the four possibilities for A).

Recall that the derivation on 7*(D(M)) is given by d((c, 8)) = ((—1)"(¢ — 1)(8) +
da, df). Thus, (a, 3) is an n—cocycle if and only if and satisfies (—1)"(p —1)8+da =0
and dB = 0. In this case, dcj, 5 = 0 and (¢ — 1)}, 5 = (¢ — 1)B + (=1)"d(p — 1)y =
(¢ —1)B+ (=1)"da = 0. Thus, ¢, 5 is an n—cocycle in C" (gs, M) by (3.4.1).

Choose a different left inverse o’ of ¢ —1. Then, (¢ —1)(c’ —0) = 0 so that (o' —0) ()
lies in C"~1(Gg, M). Thus, 8+ (—1)"d(c’(a)) — B — (—1)"d(0 () = (—1)"d(c’ — 7)().

In particular, ¢ 5 depends on the choice of o up to a coboundary with values in M.

Let (o, 8) = ((=1)" "1 (p—1)b+da,db) € C" 1 (T's, D(M)) xC"(T's, D(M)) be an n-
coboundary in 7*(D(M)). Then, ¢ 5 = db+(—1)*"""d(co(p—1))(b)+(—1)"d(c(d(a))).
Note that (1 — (oo (¢ —1))b and o(d(a)) — d(o(a)) are annihilated by ¢ — 1. Hence,
Cp g 18 the image via the differential of (1 — (00 (p—1))(b) + (=1)" (o(d(a)) — d(o(a)))
lying in C"~1(Gg, M). In particular, it is a coboundary.

We thus get a map

rM. 0 (T*(D(M))) — H'(Gs, M).
By construction it is functorial in M. In case (1) we get the map p;, in case (2) we
get p;, in case (3) we get the map pg
are compatible with the first commutative displayed square appearing in 3.3.

and in case (4) we get ﬁ;r By construction they

Analogously, using (3.4.2), one gets the claimed map 7. In case (1) we get the map pf,
in case (2) we get pl, in case (3) we get the map p;T and in case (4) we get ﬁ?. They are
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compatible with the second commutative displayed square appearing in 3.3. Further-
more, we also have actions of Gy and we claim that r; is Gy—equivariant.

Indeed, let (o, B) be an n—cocycle in C"~(I'y, D'(M)) x C* (I, D'(M)). Let g € Gy.
Then, g((c, 8)) = (9(a), 9(8)) and Cot(apy = 9(B) + (=1)"d(c(g(a))). On the other
hand, g(cgﬁ) = g(B)+(—1)"g(d(c(a))). Note that god = dog and (¢—1)(cog—gos) =0
since ¢ is I'y—equivariant. Thus, Col(ap)) — g(cg’ﬁ) = (—1)”d((a og—go a)(a)) is a
coboundary in C™(Gg, M).

3.5 Proposition. The maps p;, p;, pj, ﬁg, Py Pl p;T and /34; are isomorphisms.

Proof: We use the notation of 3.4. Since 7°(D) and 7'*(D’) are mapping cones, we get
exact sequences

H"}(T's, D(M)) —2 H*(T*(D(M)) — H"(T's, D(M)) “2 = 1o (rg, o(0))
(3.5.1)

and

3, (=D"(p—1)

H" (T, D'(M)) —= H™(T"*(D'(M)) — H"(I's, D'(M)) H" (T's, D(M)).

(3.5.2)
They are compatible with respect to the natural inclusions ©1(M) ¢ D(M) C D(M)
and DT (M) c DT (M) c D(M) (resp. DT (M) € D(M) c D(M) and Dt (M) c DT(M)
D(M)). Thanks to 7.16 we deduce that the horizontal arrows in the two displayed
squares of 3.3 are isomorphisms. We are then left to prove that p;, ﬁj, p; and [);T are
isomorphisms.

From the exactness of (3.4.1) and (3.4.2) we get the exact sequences
n— 5n n n —1 n
H 1(gS,M£® Ag) == H"(Js, M) — H"(Gs, M ® Ap) S H (s, M © Ag)

(3.5.3)
and

H"(Gs, M © Ag) O {HM(Gg, M) — H™(Gg, M ® Ag) = H"(Gsg, M © Ag)

(3.5.4).
Thanks to 7.16 the inflation maps

Inf,,: H" (T, D(M)) —— H"(Gs, D(M) © Ag) = H"(Gs, M © Ap)

As

and
Inf,,: H" (T, D'(M)) —— H"(Gs, D(M) @ AL) = H"(Gs, M @ AL)
AY Zy
in cases (2) and (4) of 3.4 are isomorphisms. Take a cocycle 7 in C"~1(I's, D(M)).
One constructs 6, (Inf,,—1(7)) as d (¢(Inf,_1(7))). On the other hand, &,,(7) = (7,0) in
C" 1 (g, D(M))xC™"(Ls, D(M)) and ¢}y = (—1)"d(o(7)). Thus, ,0(=1)""'Inf,_; =
pM o (—1)8!,. If (o, B) is an n—cocycle in 7*(D(M)), its image in H™(I's, D(M)) is the
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class of 3. The image of ¢, 5 in H"(Gs, M ®z, Ag) is the class of 3+ (=1)"d(o(a)) i.e.,

M
n

and the inflation maps Inf,, and Inf,,_; i. e., the following diagram commutes (the rows

of 5. We conclude that the exact sequences (3.5.1) and (3.5.3) are compatible via r

continue on the left and on the right):

H''(Ts, D(M)) =% HANTH(D(M)) —  HYTs, D)) T

l(q)"—llnfn_l p%l llnfn

Hn*l(gS,M@)ZP AE) i) 1

H*(Gs, M) — H"(Gs,M®z,Az) .

An analogous argument implies that the exact sequences (3.5.2) and (3.5.4) are com-
patible via r/, and the inflation maps Inf,, and Inf, _;. The proposition follows.

3.6 Proposition. The functors p;, p;, pZT, ﬁz, 0y Phs p;T and ﬁ? are d—functors.

Proof: We use the notation of 3.4. We prove the proposition for r;. The proof for 7} is
similar. Let 0 — M; — Ms; — M3 — 0 an exact sequence of Gg-representations. We
need to prove that the diagram

H"(T*(D(Ms))) —— H""(T*(D(M))))

TM?’l l,,,Ml
Hi(Gg, M3) 2 HY(Gs, M),

where 0 and ¢’ are the connecting homomorphisms, commutes.

Let (, 3) be an n—cocycle in 7"(D(M3)) = C"1(T's, D(M3)) x C"(T's, D(M3)). Let
(a,b) € C"}(T's,D(M>)) x C"(T's, D(M>)) be a lifting of (,3). Then, 6((a,3)) is
represented by d(a,b) = ((—1)"(¢ — 1)b+ da,db) and

C:lL(—Z}b) =db+ (—1)2”+1d(0 o(p—1)(b)) + (—1)”+1d(a(da)).
On the other hand, ¢f;, 5 = 3 + (=1)"d(o(a)). Consider Clapy =0+ (=1)"d(o(a))
in C"(Gs, M2 ®z, Ag). Then, v := cf,, —o((p— 1)(0&76))) lies in C"(Ggs, M>). Further-

more, it lifts cf;, 5) since o((p— L)ct, ﬁ)) = 0 because («, (3) is a cocycle. Then, the class

of ¢ (c?a 5)) is dy. To compute it we may take the differential in C"(Ggs, M2 ®z, Ax)
i. e.,

del, ) — do((p = 1) (o)) = db—d(o o (o = 1)(b)) 4+ (=1)""'d(0(da)).

Here, we used do((p —1)(d(c(a)))) = d(o(da)). The conclusion follows.
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Global Theory.

4 Etale cohomology and relative (¢,I')-modules.

As in the Introduction, let X denote a smooth, geometrically irreducible and proper
scheme over Spec(V). Fix a field extension K C M C K. In this section we review
a Grothendieck topology on X, introduced by Faltings in [Fa3] and denoted Xjs, and
its relation to étale cohomology; see 5.8. We also define the analogue Grothendieck
topology, x m on the formal completion & of X along its special fiber. In this section
we study p-power torsion sheaves on these Grothendieck topologies and compare their
cohomology theories. The main result of this section is the following. Let I be an étale
local system of Z/p*Z-modules on X, for some s > 1. Fix a geometric generic point
n of X;ég and denote by L the fiber of L' (the corresponding étale local system on
the rigid space X;;g attached to Xg) at n. For every étale morphism &Y — X such
that U is affine, U = Spf(Ry), with Ry a small V-algebra (see §2) we let Dy (L),
Dy (L), f)u(L), ﬁu(L) denote the respective (¢, ')-modules over Ry. For each i > 0
the associations U — Hi(T*(Dy(L))), U — H(T*(Dy(L))), U — H{(T*(Dy(L))),
U —> HI(T*(Dy(L))) are functorial and we denote by H“(LL), H°(L), Htr (L)
and H**8°(IL) respectively the associated sheaves on X,;. We have

4.1 Theorem. There are spectral sequences

i) BB =R (X, P (L) ) = B (X, ).

i) ERY = (X, 1P (L) ) = B (X, L),

where * stands for () or t. Moreover, the spectral sequence i) is compatible with the
residual Gy -action on all of its terms.

The proof of theorem 4.1 will take the rest of this section.

4.2 Some Grothendieck topologies and associated sheaves. Following [Fa3, §4, p. 214]
we define the following site:

Let X be a scheme flat over V. We denote by X/« the small étale site of Xjps and
by Sh(Xj.et) the category of sheaves of abelian groups on X/ et.

The site X ;. The objects consists of pairs (U, W) where
(i) U — X is étale;
(iil) W — U ®y M is a finite étale cover.

The maps are compatible maps of pairs and the coverings of a pair (U, W) are fami-
lies {(Uq, Wa)}a over (U, W) such that 11,U, — U and II,W, — W are surjective.
It is easily checked that we get a Grothendieck topology in the sense of [Ar, 1.0.1].
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It is noetehrian if X is noetherian; see [Ar, I1.5.1]. Note that one has a final object,
namely (X, Xj). Let Sh(X)s) be the category of sheaves of abelian groups in X,;.

Let X be a formal scheme, flat over Spf(V') and with ideal of definition generated
by p. Denote by Xt the small étale site on X and by Sh(X.) the category of sheaves
of abelian groups on Xg.

The sites UMFt and Unrfer- Let U — X be an étale map of formal schemes. De-
fine UMt to be the category whose objects are pairs (W, L) where

(i) L is a finite extension of K contained in M,

(ii) W — U8 @ L is a finite étale cover of L-rigid analytic spaces; here "¢ denotes
the K-rigid analytic space associated to U.

Define Homy s set ((W’, L, (W, L)) to be empty if L ¢ L’ and to be the set of morphisms
gW — W L' of L'rigid analytic spaces if L C L’. The coverings of a pair (W, L)
in UMt are families of pairs {(Wha, La)}ta over W, L) such that II, W, — W is
surjective. Define the fiber product of two pairs (W', L") and (W",L"”) over a pair
(W, L) to be W' xy W" L") with L' equal to the composite of L' and L”. It is the
fiber product in the category Y fet

Let Us — Uy be a map of formal schemes over X. Assume that they are étle over X.

Z/{M,fet N u21\4,fet

We then have a morphism of Grothendieck topologies py, 14,: U given on

objects by sending (W, L) — (W Xy ris Qrig, L), It is clear how to define such a map for
1
morphisms and that it sends covering families to covering families.

Let Sy be the system of morphisms in UM%t of pairs (W', L') — (W, L) such that
g W' — W®p L' is an isomorphism. Then,

4.2.1 Lemma. The following hold:
i) the composite of two composable elements of Sy is in Sy;

ii) given a map Us — Uy of formal schemes étale over X, we have pu, v, (Suy) C Suy;

iii) the base change of an element of Sy via a morphism in UM-fet
of Su,'

iii) if f:(W1,L1) — W, L) and g: (Wha, Ls) — (W, L) are morphisms lying in Sy and
if h: (Wi, L) — (Wa, Ly) is a morphism in UMt such that f = go h, then h is

in Su,'

is again an element

Proof: Left to the reader.

Thanks to 4.2.1 the category UMt localized with respect to Sy exists and we denote
it by Uns tet- Note that the fiber product of two pairs over a given one exists in Uy et and
it coincides with the fiber product in ¢, The coverings of a pair (W, L) in U M fet are
families of pairs {Wa, La)}a over (W, L) such that II, W, — W is surjective. By 4.2.1
the category Uns et and the given families of covering define a Grothendieck topology. It
is a noetherian topology if the topological space X" is noetherian. By abuse of notation
we will simply write W for an object (W, L) of Uns et
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We recall that, given pairs (Wi, L1) and (W, La) in Ups fet, one defines the set of
homomorphisms

HomuM,fet ((Wl, Li), (W, Lg)) = (W’,L’)li—r>r(1W1,L1) Homy s tet ((W/, L/)’ (W, Lz)),
where the direct limit is taken over all morphisms (W', L") — (W4, L) in §y. Equiva-
lently, due to 4.2.1, it is the set of classes of morphisms (Wi, L1) < (W', L") — (W, L2),
where W', L') — (W, Ly) is in Sy, and two such diagrams (Wy, L) «— W', L") —
(Wha, La) and (Wh, Ly) «— (W', L") — (Wha, Ls) are equivalent if and only if there is
a third one Wy, L) «— W", L") — (W, Ly) mapping to the two. If (Wi, Ly) «—
W', L") — (Ws, Ly) and (Wh, Ly) — (W", L") — (W5, L3) are two homomorphisms,
the composite (Wy, L) «— W', L") — (Ws, L3) is defined by taking (W', L") to be
the fiber product of (W', L") and (W", L") over (W, Ls).

If Uy — U, is a map of formal schemes over X and they are étale over X, due
to 4.2.1 the map pyy, ,L,z:ulM fet Z/{QM e extends to the localized categories and defines
a map of Grothendieck topologies Mge}w — L{{e}w which, by abuse of notation, we write

) rig
W = W is U5,

The site .'/%M. Define .’%M to be the category of pairs (U, W) where Y — X is an étale map
of formal schemes and W is an object of Uy fer. A morphism of pairs (U', W') — (U, V)
is defined to be a morphism U’ — U as schemes over X and a map W — W Xyrie u'ris
in Ups gor- A family {(Ua, Wa, g, La,g)ta — (U, W, L) is a covering if {Uy }o is an étale
covering of U and, for every «, (Wa7ﬁ, Laﬁ)ﬁ is a covering of W Xy U5 in L{(ffh
Remark that the fiber product (U, W"") of two pairs (U',W') and (U, W") over a
pair (U, W) exists putting U"" := U’ xy U" and W' to be the fiber product in Ujj ;..
of W X g U M€ and W' x s U 718 over W xymis U 8. The pair (X, (X8, K)) is a
final object in x m- We let Sh(% M) be the category of sheaves of abelian groups on x M-

We remark that in all the categories Sh(_) introduced above AB3* and AB5 hold and
the representable objects provide families of generators. In particular, one has enough
injectives; see [Ar, Thm. I1.1.6 & § I1.1.8].

4.3 Morphisms of Grothendieck topologies. One has natural functors:
I uxa: Xy — (X @v M), with ux y(U,W) =W,

ILa vx,m: Xet — Xar given by vx v (U) := (U, U @y M);

ILb D s Xoy — Xz given by T (U) := (U, (U™E, K));

Assume that X is the formal scheme associated to X i. e., that it is the formal completion
of X along its special fiber. We then have:

I px a:Xym — %M given by ,uX7M(U, W) = (U,(W, L)) where U is the formal

scheme associated to U and if the cover W — U ®y, M is defined over a finite exten-
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sion K C L, contained in M, then W — U}® is the pull-back via U}¢ — U}® of the

associated finite and étale cover of rigid analytic spaces W& — U “g

IV vx: Xet — Xet given by vx (U) = U where U is the formal scheme associated to U.
Let K € M; C M5 C K be field extensions. Define

V.a Bt X — Xas, by By v (U, W) = (U W @, Ma).

V.b Banaty: Xar, — Xz, by By ar, ULW) = (U W).

Due to the definition of X M, the functors px pr and BMl, M, are well defined. More
precisely, given (U, W), the image px M(U W) does not depend on the subfield L C M
to which W descends. Analogously, given U € X, then 6 M, M, sends the rnultlphcatlve
system Sy, used to define X M, , to the multiplicative system & used to define x Moy-

It is clear that the above functors send covering families to covering families and
commute with fiber products. In particular, they are morphisms of topologies, see [Ar,
Def. 11.4.5]. Given any such functor, denote it by g, we let g, and g* be the induced
morphisms of the associated category of sheaves for the given topologies; see [Ar, p. 41—
42]. Note that the functors above preserve final objects and commute with finite fibred
products. Then, the induced functor g* on the categories of sheaves is exact by [Ar,
Thm. 11.4.14].

We work out an example. If F is a sheaf on %M, then px ar«(F) is the sheaf on Xy,
defined by (U, W) — F (ux,a (U, W)). If F is a sheaf on Xy, then p% 5/ (F) is the sheaf
associated to the separated presheaf defined by (U, W) — limy wy F(U',W') where
the limit is the direct limit taken over all pairs (U’, W) in X, and all maps (U, W) —
KX, M (U’, W’) in %M

Notation: If F is a sheaf on X or is in Sh(Xc)N (see section 5 for the definition),
we write F for v% (F), respectively for vi™ (F).

If L is a locally constant sheaf on X ¢, by abuse of notation we denote L its push
forward ux ar«(IL) € Sh(Xyy). It is a locally constant sheaf on X,,.

If F is a sheaf on X/ or is in Sh(Xy,)N, we denote by F"'® the pull-back p% 5, (F).
Note that if F € Sh(X)y) is locally constant, then F* is also a locally constant sheaf
on Xy.

4.4 Stalks [Fa3, p. 214]. Let K, be a finite field extension of K contained in K and
denote by V, its valuation ring.

Fix a map x:Spec(V,) — X of V-schemes and denote by z:Spec(V) — X the
composite of x with the natural map Spec(V) — Spec(V,). Let 03?,95 be the the direct
limit lim; R; taken over all pairs {(R;, f;)}; where Spec(R;) is étale over X and f;: R; —
V defines a point over Z. Let F be a sheaf in Sh(Xet). The stalk F, of F at x is defined
as F, = F(OR,) by which we mean the direct limit lim; F (Spec(R ).

Define Ox . ur as the direct limit lim; ; R} ; over the pairs {(R; ;, R} ; — V) }i ; where
(1) R}, is an integral R;—algebra and is normal as a ring, (2) R; ; ®v K is a finite and
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étale extension of R; ®y M, (3) the composite R; ®y M — Rg,j QK - Kisr®/l—
fi(r)- €. If F is a sheaf in Sh(%M), we then write F, or equivalently f(@x,%M Qv K)
for the direct limit lim; ; F(Spec(R;), Spec(R; ; ®v K)). We call it the stalk of F at z.

Let G4 a be the Galois group of @X,x,M Qv K over (93?71, ®vy M. Then, F, is endowed
with an action of G a.

~

Let 7:Spf(V~) — & be a map of V—formal schemes and let 7:Spf(V) — X be the
composite of T with Spf(V) — Spf(V%). Define Oi?; be the direct limit lim; S; over
all pairs {(S;,¢9i)}ier such that S; is p-adically complete and separated V-algebra,

Spf(S;) — X is an étale map of formal schemes and g;: S; — V defines a formal point
over Z. If F is a sheaf in Sh(Xet), the stalk F~ of F at 7 is defined to be the direct
limit f(OShA) = lim;ey f(Spf(Ri)).

Write OX . for the direct limit lim; ; Si ; over all triples {(S] ;,S; ; %, Lii)}ij
where (1) Lz,j is a finite extension of K Contained in M, (2) S;, is an integral ex-
tension of S; and is normal as a ring, (3) SZ{J- ®y K is a finite and étale S; ®yv L
algebra, (4) the composite S; @y L; ; — Si; @v K — K is a®l — gi(a)- L. Given
a sheaf F in Sh(%M), denote by F-, or equivalently ‘7:(6X?EM®V K), the direct
limit, lim; ; F (Spf(S;), (Spm(S] ; ®v K), L; ;)). We call it the stalk of F at 7.

Denote by Gg’ 4 the Galois group of @] x5 ®v K over Oi&g ®y M. Then, F~ is en-
dowed with an action of Ga A

4.4.1 Lemma. Let k(x) (resp. k) be the residue field of V, or of V- (resp. V) and
denote by xy:Spec(k(z)) — Xy (resp. Ty: Spec(k) — X} ) the points induced by x or
(resp. T or =) on the special fiber Xj, of X or of X. Then,

i (’)i?x coincides with the strict henselization of Ox ., and Oi& coincides with the
bl ,:B

strict formal henselization of Oy g, .

Assume that X is the formal scheme associated to X and that X is the map of formal
schemes defined by x. Then,
(OXx,( )) and ((’)3};? (p)) are noetherian henselian pairs and the natural map
(’)g?x — OSh is an isomorphism after taking p—adic completions;

,IIZ

iii. the base change functor from the category of finite extensions of (OS5 X.z» €tale after
inverting p, to the category of finite extensions of Oi?/\, étale after inverting p, is an
T

equivalence of categories;
iv. the maps Oi?}w/p(’)i?jm — (’)ilj’g/pOi"g and Ox 401 /POx o8 — 5X7§’M/p5X’g7M
are isomorphisms.
v. Frobenius on 6X§M/p6X§M is surjective with kernel p%@X ;M/p@X s
Proof: (i) The strict henselization of Ox 4, is defined as the direct limit lim; 7} over
all pairs {(7},t;)}; where Spec(T}) is étale over X and t;:T; — k is a point over Zj.
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In particular, we get a map O;‘gm = lim; R; — Og?’mk = lim; T} by associating to a
pair (Ri, fiiRi — V) the pair (Ri,Ri -V — E) To conclude that such a map is
an isomorphism it suffices to show that for any pair (7},¢;) there is a unique map of
V-algebras T} — V lifting t; and inducing the point Z. The base change of T} via
defines an étale V-algebra A; and t; induces a map of V-algebras A; — k. By étalness

of A; the latter lifts uniquely to a map of V-algebras A; — V which, since 7} is of finite
type over V', factors via V.

The strict formal henselization of Ox x, is defined as the direct limit lim; @; over all
pairs {Q;,q;}; where @); is a p-adically complete and separated V-algebra, Spf(Q;) —
X is an étale map of formal schemes and ¢;: Q; — k is a point over Zj. The proof
that OSh is the strict formal henselization of Ox x, is similar to the first part of the
proof and left to the reader.

(ii) It follows from (i) that OS¢ . (resp. (’)ShA) is a local ring with residue field k and

maximal ideal m, (resp. m~) generated by the maximal ideal of O X,z,- In particular,
the graded rings gr,, (’)X - and gry, OShA are noetherian so that (’)X , and (’)i& are

7 s L
noetherian.

We claim that ((’)ShA m~) is a henselian pair; see [El, §0.1]. This amounts to prove that

any étale map Oi?; — B, such that k = (’)Sh/\/ mAOShA — B/m,B is an isomorphism,

admits a section. Note that there exists and an etale extension S; — A such that B
is obtained by base change of A via S; — Oi?;. Via a: A/m,A — B/m,B = k the

pair (E, a), where A is the p-adic completion of A, appears in the inductive system
used to define the strict formal henselization of Oy ,, so that, thanks to (i), we get a

natural map A — (’)Sh and, hence base—changing, a map of (’)Sh falgebras B — (’)i?w

Analogously, one proves that (O > M) is a henselian pair.
Note that p is contained in m,, so that (O%',,(p)) and (Oi?;, (p)) are henselian

pairs. Let OS¢ SF, .o be the strict henselization of the local ring of X @y V/pV at x. By
construction we have natural injective maps O3 /pO3 Xo — OSh / pOShA — 0% F,on
We claim that such maps are isomorphisms. It suffices to show that the composite is
surjective. Using (i) this is equivalent to prove that the map from the strict henselization
of Ox 4, to the strict henselization of Ox g F,,«, 18 surjective. This amounts to show that
given an étale map f:Spec(R) — Ox gF,.«,, there exists an étale map g: Spec(S) —
Ox z, reducing to f modulo p. By the Jacobian criterion of étalness we have R =
Ox @F, w11, Tal/(h1, ..., ha) with det (9h;/0T;); ._, invertible in R. Then, S :=
Ox.an[Th, - Tal/(q1, -, qq) |det (Dq;/OT;) |, with g; lifting h;, is an étale Ox p, —
algebra and lifts R as wanted. Since p is not a zero divisor in (’)ﬁ?@ and in Oi?A, we

T
conclude that the graded rings grpog?l, and in grp(’)i?A are isomorphic, concluding the
) ,T

proof of (ii).
(iii) Let Og?w (resp. (’)Sh ) be the p—adic completion of C’)Xm (resp. O?;) Thanks
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to [El, Thm. 5] one knows that the category of finite extensions of OXm, étale after
inverting p (resp. the category of finite extensions of (’)i}:g, étale after inverting p), is

—

equivalent to the category of finite extensions of (’)i?w = O?A, étale after inverting p.
) , T

The claim follows from (ii).
(iv) The first claim follows from (ii). The second follows from the first and (iii).
(v) Note that p* € 6 a for every a € Qso. It follows from [Fa3, §3, Lemma 5]

that Frobenius is SUI‘JeCtIVG on (’)X M/pO‘OX M for every 0 < « < l.Letac O

Write a = bp—l—ppc with b and ¢ € (’)XxM. Write ¢ = dP + p'~ ve with e € O
a1 _

Then, a = (b + p»*d)” modulo pO, ~

XM

X,z M

P
Let a € (’)X’ M be such that a?P € p(’)X’ M Then, %p = (pi%) lies in (9 XEM
Since the latter is a normal ring, this implies that % 5 8 claimed.

’BI'—‘

p

4.4.2 Proposition. The notation is as above (in (2), (3) & (5) below we also assume
that X is the formal scheme associated to X).

1) Suppose that X (resp. X) is locally (topologically) of finite type over V and that
every closed point of X maps to the closed point of Spec(V'). Then, a sequence of
sheaves F — G — H on Xe (resp. Xy, resp. Xet, resp. X)ps) is exact if and only
if for every point x of X (resp. ¥ of X) as above the induced sequence of stalks
Fu — Gz — Hy (resp. F — G~ — H~) is exact;

2) let F be in Sh(Xet). Then, vy (F)~> = Fy;

3) if Fis in Sh(Xpr), then, ux o (F)> = Fu;

4) fix field extensions K C My C My C K. Then, Bar, ., (resp. B}kwl,z\/fg) of a flasque

sheaf is flasque. Furthermore, if F is in Sh(Xyy,) (resp. F is in Sh(.’%Ml)), then one
has natural identifications:

8) Bis, ot (Fla = Fo (resp. Big, ap, (F)y = Fo);
b) if My C Mo is Galois with group G, then HO(Xar,, F) = H® (Xas,, B3, 2, (F))©
~ ~ ~ G
(resp. HO(Rar,, F) = HO (Rar,, B ar, (7)) ).
Assume that K, is contained in M. Then,

5) we have a natural isomorphisms GA = Gy m and, if F is in Xy, the isomorphism
W (F)y = Fy is compatible with the actions of G, and G m

6) let F be a sheaf in Xps. Then, (Rvx ar«(F)), = HY (G%M,]-"x);
7) let F be a sheaf in Xpr. Then, (R%x a1 (F))> 2 HI (G | Fo).

Proof: (1) In each case it suffices to prove that a sheaf is trivial if and only if all its
stalks are.

We give a proof for a sheaf on X, and leave the other cases to the reader. Let F €
Sh(X)s) such that for every point z of X, defined over a finite extension of K, we
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have F,, = 0. Let (U, W) € Xj; and let a € F(U, W). Then, for every x:Spec(V,) — U
and every point y: Spec(K,) — W over z ®y K, which exists since W — Uy, is finite,
there exists (U, W,) € Xa and a map (U, W,) — (U, W) such that (1) z @y V factors
via Uy, (2) y®k K factors via W, and (3) the image of o in F(U,, W,) is 0.

Due to the assumption, the set of points z (resp. y) as above are dense in U (resp. W)
so that there exist points z; and y; such that II;(U,,,W,,) — (U, W) is a covering
of (U,W) in X . Since F is a sheaf, the homomorphism F(U, W) — [, F (Us,, Wy, ) is
injective. Hence, o = 0 to start with.

(2) Since any sheaf is the direct limit of representable sheaves and direct limits
commute with % and with taking stalks, we may assume that F is represented by an
étale X—scheme Y — X. In particular, v% (F) is represented by the formal scheme )
associated to Y. Let Y, (resp. )) be the pull back of Y (resp. V) to Spec(Ox )
(resp. Spec(O X;;)) We then have the following diagram

F v (F);
| |

Homop, , (OYQ,O%J) — Homp A<(’)y/\,(’)i?;) — Homk((’)ym Ry k,E).

X,z x

By 4.4.1(i) these maps are bijective as claimed.

(4) If F is in Sh(Xay, ), then B3, 1/, (F) is the sheaf in Xy, associated to the presheaf
6;411’]\/[2 (F) defined by (U, W) +— lim F(U’,W’) where the limit is taken over all the
pairs (U, W') in X);, and all the maps (U, W) — (U', W’ ®)s, Ms). This is equivalent
to take the direct limit over all pairs (U, W) in X, and over all map (U, W) — (U, W')
as Upr,—schemes. If My C M, is finite, there exists an initial pair, namely (U, W) it-
self, viewed in Xj;, via the finite and étale map W — U ®y My — U ®y M, so that
ﬁ;thz (F)(U,W) = F(U,W). In general, there exists a finite extension M; C L con-
tained in M and a pair (U, W) in X, such that W = W ® , M. Since any morphism of
pairs in X7, descends to a finite extension of M, we conclude that 5;4117 i (F)U,W) =
.?’:(U, Wi &L Mg), defined as the direct limit lim ]—'(U, Wi & L’) taken over all finite
extensions L C L’ contained in Ms, considering (U W ep L/ ) in Xy, via the finite and
étale map Wy ®p L' — U @y L — U ®y K. In any case, we conclude that ﬁ;thz (F) is
already a sheaf i. e., 5;4117 a, (F) = Bapy ar, (F). Furthermore, 83, ,, preserves flasque
objects and satisfies (a).

For (b), recall that X, and X,z have final objects so that global sections can be
computed using the final objects. Since Xjs, — Xy, is a limit of finite and étale covers
with Galois group G and F is a sheaf on Xy, one has F(X, Xy,) = F(X, Xa,)C.
Then, HO(Xy,, F) = F(X, Xu,) = F(X, Xp,)¢ = H° (%MQ,B}QMMZ(}"))G and (b)
follows.

A similar argument works for B}k\/ll M, Details are left to the reader.

(3)&(5) The first claim in (5) follows from 4.4.1(iii). To get the second claim and (3),
one argues as in (2) reducing to the case of a sheaf represented by a pair (U, W), so
that u (U, W) = (U, W, L), and using 4.4.1(iii).
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(6) Consider the functor Sh(Xy;) — (G — Modules), associating to a sheaf F its
stalk F,. It is an exact functor. Recall that F, = lim, ; }"(Spec(Ri), Spec(RQ’j Qv K))
Thus, the continuous Galois cohomology H* (Gx, M .7-}) is the direct limit over 7 and j
of the Chéch cohomology of F relative to the covering (Spec(R;), Spec(R; ; @y K)). In
particular, if F is injective, it is flasque and H? (Gx,M, Fm) =0 for ¢ > 1.

Both {(quXvM’*(f))m}q and {H? <GI’M’fI)}q are —functors from Sh(Xys) to the
category of abelian groups. Also (R%vx ar«(F)), is zero for ¢ > 1 and F injective.
For ¢ = 0 we have

(ROUX:M’*(]:))Q; = lizm}"(Spec(Ri), Spec(R; <§> K)) = F(@X,%M <§> K)G’”’M.

This proves the claim.
(7) The proof is similar to the proof of (6) and left to the reader.

4.4.3 Lemma. Assume that X is the formal scheme associated to X, that X is lo-
cally of finite type over V and that every closed point of X maps to the closed point
of Spec(V'). We then have the following equivalences of é—functors :

i. R4 (V}‘( o 'UX,M,*) = vy o R%vx m« and RY (6X7M7* o Mé{,M) = (Rq@\X’M’*) o /L;(,M;

ii. vy o quX7M,*L>(R%\X7M7*) O W ar-

Proof: (i) Since v and p% ,, are exact and vx . and Ux ar,« are left exact, the derived
functors of vy o vx ar and DV ar« © p 5y exist. By 4.4.2 we have

vy (Rx ar«(F))s = (Rvx ar s (ux m«(F))), = H (Go i, Fr)

and
Rx v (N;(,M('F));? = H? (GBZ,M’”},M(]:)QC) :

This implies that if F is injective, vy (R9vx ar,«(F)) = 0 and Ry ar« (1 00 (F)) =
0 for ¢ > 1. Hence, R?(vy o vx,m«) = Vi o RPux . (vesp. R (D arv © M;(,M) =
RIUx a0 px pr)- Indeed, they are both d—functors since vy (resp. p% /) is exact,
they are both erasable and they coincide for ¢ = 0.

(ii) We construct a map vr: vy (vx,m«(F)) — Vx, v v (/G(’M(]:)) functorial in F.
The sheaf v (vx ar«(F)) is the sheafification of the presheaf F; which associates to
an object U in Xg the direct limit lim F(U, Uk ) taken over all U € X4 and all maps
from U to the formal scheme associated to U. On the other hand, the presheaf Fo :=
Ox e (1 00 (F)) (1 ar (F) is taken as presheaf) associates to U € Xy the direct limit
lim F(U, W) over all (U, W) in X, and all maps from U to the formal scheme associated
to U and from U8 to the rigid analytic space defined by W' x .is U™ . We thus get
a morphism at the level of presheaves F; — F5. Passing to the associated sheaves we
get the claimed map.

The map v induces Riyz: R4 (v ovx ar,« ) (F) — R (Vx a0k pr) (F). Using (i),
we get a natural transformation of d—functors as claimed in (ii). We are left to prove that

31



it is an isomorphism. This can be checked on stalks and, as explained in the proof of (i), it

amounts to prove that for any sheaf F one has H? (G, ar, Fr) = H? (GQM’ u}vM(}")Q;).

The conclusion follows since u’ u(F )g = F, and Gy p = G, thanks to 4.4.2.

We next show that the sites introduced above are very useful in order to compute
étale cohomology:

4.5 Proposition. (Faltings) Assume that X is locally of finite type over V and that
every closed point of X maps to the closed point of Spec(V'). Let L. be a finite locally
constant étale sheaf on Xy, annihilated by p*. For every i the map H* (X, L) —
H' (X et, L), induced by ux ar, is an isomorphism.

Proof: [Fa3, Rmk. p. 242] Put Gy := Gal(K/M). We have a spectral sequence

B (G B (X L) = BP9 (X, L)

and, thanks to 4.4.2(4.b), a spectral sequence
HP (G, HY (X, L) = HPT9(Xy,L).

Hence, it suffices to prove the proposition for M = K. Let xR Xet — X?,et be the
map U — U ®y K. We can factor it via the maps UXE:Xet — X4 and Uy 7 Xz —
X% - This induces a spectral sequence RPvy % o Rluy % (L) = Rp+qzxf7*(1[‘,)
which provides with a map RFPvy (u X,?,*(L» — RPzy % . (L). As usual we write L
for uy % ,- One knows from [Fal, Cor. I1.2.2] that Spec (Oi?m ®v K) is K(m,1). Hence,
the stalk (RqZX,?,*GL))x is H? (GL?,IL@). By 4.4.2 also the stalk (RqUX,K*(L))x co-
incides with Hq(GxR,ILx). Hence, unX’R*(IL) o qux,?,*(ﬂ‘)' Using the spectral
sequences

P (Xo, Rz ¢, (1)) = B (X, L)

and
HP (Xoi, R7y . (1)) = B (X, L)

the proposition follows.

4.6 Comparison between algebraic cohomology and formal cohomology. Assume that X
is locally of finite type over V' and that every closed point of X maps to the closed point
of Spec(V). Let X be the associated formal scheme. Since v% is an exact functor, given
an injective resolution I*® of F, then 0 — v% (F) — vy ([°®) is exact so that given an
injective resolution J® of F™™ = p% (F) we can extend the identity map on F to a
morphism of complexes v% (I*) — J*. Since vy sends the final object X of X to the
final object X' of X, one has a natural map I*(X) — v (1°)(X). Then,

4.6.1 Definition. One has natural maps of 6—functors
pg{,X(F)i H4 (Xet, JT) — HY (Xe‘m f'form),
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p? (F):HY(Xp, F) HHq(iM,frig)

Ear,Xm
Note that one has spectral sequences
HY(Xet, RPvx 0,4 (F)) = HPT9(X, F), (4.6.1)
and
HY (Xog, Vi RP0x ar 0 (F)) = HI (Koo, RPOx a0 (F18)) = HPFI (X, FUI8). (4.6.2)

where the equality on the left hand side is due to 4.4.3.

4.6.2 Proposition. The following hold:

a. If F in Sh(Xe) is torsion, the map p% ,(F) is an isomorphism.

p+qA

b. the spectral sequences (4.6.1) and (4.6.2) are compatible via p% 5 and P’
’ M XM

Y

c. if F is a torsion sheaf on Xy, the map p? 7 (F) is an isomorphism.
M s A M

Proof: (a) Let X} := X ®y k and denote by t: Xt — Xp ot and 00 Xy — Xp e the
morphisms of topologies induced by the closed immersions X; C X and X, C X
respectively. In fact, 7 is an equivalence, since the étale sites of X and of X}, coincide,
and 7o vy = . For any sheaf F on X4 denote Fy, := *(F) or, equivalently, ©* (]—"form).
We then have HY (Xet7.7:) — H4 (Xet, ]—"form) >~ 49 (Xk,et, ]:k) where the first map is p%.
The composite is defined by restriction and is an isomorphism if F is a torsion sheaf
due to [Ga, Cor. 1] and the fact that X is proper over V. The conclusion follows.

(b) left to the reader.

(c) The left hand side of the spectral sequences (4.6.1) and (4.6.2) are isomorphic

by (a) since RPvx pr . sends a torsion sheaf to a torsion sheaf. The conclusion follows
from (b).

4.6.3 Corollary. Let L be a locally constant sheaf on X); annihilated by p®. Then,
the two sides of the Leray spectral sequences

HY (Xet, RiGx. 01 s (Lrig)) — Hit (%M, Lrig)

and
B (Xeu R'vx 0, (L)> = 0" (Xy,L),

obtained from the morphisms of topoi i)\X,M:-;{\M — Xt and vx v Xy — Xet, are
naturally isomorphic.

Proof: The statements follow from 4.6.2.
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4.7 The proof of Theorem 4.1. The proofs of i) and ii) are very similar therefore let
us prove i). It follows from 3.3 that H%k 8¢(L) is the sheaf associated to the functor:

U = Spf(Ry) — H? (wilg(u%g, n),L) where Y — X run through the étale maps such

that U = Spf(Ry) is affine and Ry, satisfies the assumptions of 2.1. here, W?lg stands for
the algebraic fundamental group. Therefore its stalk at a point Z of X’ can be described
as follows: '

(M *@W); = H (G g, (7)),
On the other hand for every U = Spf(Ry,) as above, we have a natural, functorial map

afg: H (n}" (U2, ), L) — ROy ¢, (L7) (W),

which induces a morphism of sheaves on Xy
ol HEHE(L) — RiDy 7, (L78).
For every point Z of X the map ak induced by «; on stalks is the canonical morphism
xX

] . izge ~J ; i o i
ab: (H2E)~ = H'(G; %, (L78)~) — (R'Ty ., (L78))~,
which by proposition .4.4.2(7) is an isomorphism. Therefore, o' induces an isomorphism
of sheaves on X: H%k #9(L) = R0, (L") and, thus, the Leray spectral sequence
produces the spectral sequence

ERY = HY (X, M5 (L) ) = HPH (g, L1%),

By 4.6.3
Hp+q(%?, Lrig) o Hp+q(%?, L)

and by 4.5
HPH(Xe, 1) 2 B (X L),

All these isomorphisms are equivariant for the residual action of Gy . This proves the
claim.

5 A geometric interpretation of classical (¢,I')-modules.

Let the notations be as in the previous section and fix as before M an algebraic ex-
tension of K contained in K. In this section we work with continuous sheaves on
all our topologies (see §4). We define families of continuous sheaves denoted Ox,,,
R(@xM), Al (5361\4) and call them algebraic Fontaine sheaves on X,; (respectively

656\1\4 , R (6%4)’ A;;f <@§M> called analytic Fontaine sheaves on x ) and study their
properties. In this section we compare the cohomology on X,; of an étale local system
L of Z/p®Z-modules on X tensored by one of the algebraic Fontaine sheaves with the

cohomology on X, of its analytic analogue. As a consequence we derive the following
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result.
Let us fix M = Ko, = K(up~) and consider the following sheaf F := L& @
45 (0 ) on Fe,

inf
5.1 Theorem. We have natural isomorphisms of classical (¢, 1"y )—modules
H(Rie, Foo) = Dy (H (Xg 1) ),
for all i > 0.
The proof of theorem 5.1 will take the rest of this section.

5.2 Categories of inverse systems. We review some of the results of [Ja] which will
be needed in the sequel. Let A be an abelian category. Denote by AN the category
of inverse systems indexed by the set of natural numbers. Objects are inverse systems

{Ap}n = ... — Apy1 — A, ... Ay — Aq, where the A;’s are objects of A4 and the
arrows denote morphisms in A. The morphisms in AN are commutative diagrams
— An_|_1 — An e AQ — A1
! | ! !
— Bp,y1 — B, ... By — Bj,

where the vertical arrows are morphisms in 4. Then, AN is an abelian category with
kernels and cokernels taken componentwise and if A has enough injectives, then AN
also has enough injectives; see [Ja, Prop. 1.1]. Furthermore, there is a fully faithful and
exact functor A — AN sending an object A of A to the inverse system {A}, = ... —
A — A... — A with transition maps given by the identity and a morphism f: A — B
of A to the map of inverse systems {A},, — {B},, defined by f on each component.
By [Ja, Prop. 1.1] such map preserves injective objects.

Let h: A — B be a left exact functor of abelian categories. It induces a left exact
functor hN: AN — BN which, by abuse of notation and if no confusion is possible, we
denote again by h. If A has enough injectives, one can derive the functor AN. It is proven
in [Ja, Prop. 1.2] that Ri (hN) = (R'h)".

If inverse limits over N exist in B, define the left exact functor liin h: AN — B as the

composite of AN and the inverse limit functor lim: BY — B. Assume that A and B have

enough injectives. For every A = {A,},, € AN one then has a spectral sequence

limPRIK(A,) = RPT(lim h(A)),

where lim™® is the p—th derived functor of lim in B. If in B infinite products exist and

are exact functors, then lim® = 0 for p > 1 and the above spectral sequence reduces

to the simpler exact sequence

— —

0 — limWR1A(A,) — R (limh)(A) — lim R°A(A,,) — O; (5.2.1)
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see [Ja, Prop. 1.6].

Note that via the map A — AN given above, if A € A then R'AN({4},) =
{R'h(A)}, and R*lim h ({A},) = R'h(A).

5.3 Example [Ja, §2]. Let G be a profinite group. Let A be the category of discrete
modules with continuous action of G' and let B be the category of abelian groups. For
every j let H7 (G, _):.AN — B be the j-th derived functor of limH%(G,_) on AN. By

loc. cit. for every inverse system T = {T} },, € AN we have an exact sequence

0 — lim"WH (G, 1,) — W(G,T) — limH (G, T,) — 0. (5.3.1)

Moreover given {(N,,,dn)}n € BN, one computes limY) N,, as the cokernel of the map

[ad-d,) HN —>HN (5.3.2)

For later use we remark the following. Assume that each N,, is a module over a ring C' and
that d,,: Nj,+1 — N, is a homomorphism of C-—modules. Suppose that for every n there
exists an element ¢, € C annihilating the cokernel of d,,. One then proves by induction
on m € N that the cokernel of [, (Id — dy):]] N, — ]

by ¢1 -« - ¢p,. In particular, if C' is a complete local domain and ¢,, = T e C for every n

nsm ! N,, is annihilated

n<m
for some ¢ in the maximal ideal of C' so that the product [, ¢, converges to ¢71 in C,
then ¢7 T annihilates hm( IN,,.

For every {(T,,d,)} € AN one defines H?_, (G hm T, > as the continuous coho-

mology defined by continuous cochains modulo Contlnuous coboundaries with values

in lim 7,, endowed with the inverse limit topology considering on each T, the dis-
oo—nN

crete topology. As explained in [Ja, Pf. of Thm. 2.2] there exists a canonical com-
plex D*(G,T,,) whose G—invariants define the continuous cochains C*(G,T,,) of G with
values in T}, and such that each D*(G,T,,) is G-acyclic. This resolution is functorial so
that we get a resolution

(T, dn) C (Dl(G,Tn),d}l) - (DQ(Tv Tn)vdi) -

The continuous cohomology H’_ . (G, lim Tn) is obtained by applying lim H°(G, ) to

this resolution and taking homology. Due to (5.3.1), since D*(G,T},) is G-acyclic, we

have
0 ife>2

H. o (G, (D(G, T,), db)) = ¢ im CI(G,T,)  fori=1 (5.3.3)
limeopn CV (G, T),) ifi=0.

In particular, if the system {7}, is Mittag-Leffler, then (D’(G,T,),d.) is acyclic for
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every j and we obtain
(G, lim T,,)-=H'(G,T).

Cont

Next, assume as before that there exists a complete local domain C' such that T, is a
C-module and d,, is a homomorphism of C—modules. Suppose also that there is ¢ in the
maximal ideal of C' such that ¢#® € C' and ¢ annihilates the cokernel of dn. Then,
¢ annihilates also the cokernel of (" (G, Thi1) — CYG, T ) so that ¢7 1 annihilates
H.,.. (G, (DI (G,T,),d}, )) This implies that if we invert ¢7-T we have an isomorphism

cont

Hign (G, lim T;,) (¢ 71 “5HY(G, T) [e 7). (5.3.4)

5.4 Fontaine sheaves on X,; and x m- We now come to the definition of a family of
sheaves on X); and X); which will play a crucial role in the sequel. See 5.8.

5.4.1 Definition. [Fa3, p. 219-221] The notation is as in 4.2. Let Ox,, be the sheaf of
rings on Xy defined requiring that for every object (U, W) in Xys the ring Ox,, (U, W)
consists of the normalization of F(U , OU) in F(W, OW).

Denote by R<53€M> the sheaf of rings in Sh(Xy;)N given by the inverse system
{63 v /PO% M} where the transition maps are given by Frobenius.

For every s € N define the sheaf of rings Amfs (Ox,) in Sh(Xp)N as the in-
verse system {W(Ox,, /pOx,,) }. Here, W(Ox,, /pOx,,) is the sheaf (Ox,, /p@ggM)S
with ring operations defined by Witt polynomials and the transition maps in the in-
verse system are defined by Frobenius. Define A+ (@%M) to be the inverse system
of sheaves {W,,(Ox,, /p(’)ggM)} where the transition maps are defined as the com-
posite of the projection W, 41 (O%M /pOx,,) — W, (0Ox,,/pOx,,) and Frobenius on

W, (Ox,, /pOx,, ).

Similarly, 5§M is the sheaf of rings on Z%M associating to an object (U, VW, L) in .’%M
the ring O(U, W) defined as the normalization of F(Z/{, Ou) in F(W, (’)W) ®rp M.

Let R (656\1\4) be the sheaf of rings in Sh(.’%M)N given by {(656\1\4 /p@EEM) }, where
the inverse system is taken using Frobenius as transition map.

For s € N define the sheaf of rings A <O§M> in Sh(i/%M)N as the inverse sys-

inf,s

tem {WS <@§M / p@gM)} with transition maps given by Frobenius. Eventually, let
At <O§M> in Sh(;%M)N be the sheaf {Wn (6/351\4 /p@gM)} where the transition maps
are defined as the composite

W, 41 (@%\M /p@ge\M) — W, (6/351\4 /p@gM) — W, (656\1\4 /p@gM ) ;

here, the first map is the natural projection and the second is Forbenius.

We denote by ¢ the Frobenius operator acting on the sheaves, or inverse systems of
sheaves, introduced above.
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5.4.2 Remark. Note thatif X =V and M = K, one has H (V. K),R(O%)) = E;,

cont
HO,,, ((V.K), ALy (Og) ) = W (BL) and B, ((V.K). A, (Ox)) = A%,
For later use, we recall that we denote by 7 the element [¢] — 1 of _&% where ¢ is the

element (1,¢p, (p2,---) € Ef and [¢] is its Teichmiiller lift.

5.4.3 Notation. If F is in Sh(X3)N (resp. Sh(Xy/)) write H . (Xar, F) (respectively
Hi (X, F)) for the i-th derived functor lim HY(X,,, ) (resp. lim H®(X,/, ) applied

cont
to F. Note that if F = {G},, with G € Sh(Xa;) (resp. in Sh(X1)), then Hi, (X4, F) =
HZ(%M7 g) (resp. Héont (%Ma ',F) =H' (%Ma g))

From now on we assume that X is locally of finite type over V and that every
closed point of X maps to the closed point of Spec(V). We let X be the formal scheme
associated to X.

5.4.4 Lemma. One has A;;f’* (@XM)rigLA.JF

inf,*

(636\1\4) where * = s € N or x = ().

Proof: Consider a pair (U, W) in X, with W defined over some finite extension K C
L contained in M. Recall from section 4 that pux p (U, W) := (U, W, L). We have a
natural map Ox,, (U, W) — ux ur.« <6§M> (U, W) from the normalization of I'(U, Oy )
in I'(W, Ow ) ®1, M to the normalization of I'(U, Oy ) in I'(W, Oyy) ®, M. This induces a
natural map Ox,, — fx M.« (@) and, hence, a map p y, (MX,M,* 5351\4)) — @/35 ,

M
coming from adjunction of ux a« and p 5, We then get a homomorphism

0 (A, (0x) ) = A (0,):

We claim that these maps are isomorphisms. It suffices to prove it componentwise and
by devissage it is enough to show that p% , (NX,M,* <(95€\M /p(’)iM)) — O§M /pOgM
is an isomorphism. Due to 4.4.2(3) this amounts to prove that, for every point x of X
as in 4.4, the natural map Ox ;. a/pPOx o — 52{21\/{/7)6)(521\/[ is an isomorphism.
This follows from 4.4.1(iv).

5.4.5 Lemma. We have the following equivalences of §—functors :
; *N N — oN N N Ny N *N
i Ry ovX u.) =vx o RPUX . and R(0F yp . 0 iy ) = (RIOX ars) © HX 00
.. N N ~ ~N *, N

’ q q )
i, vy o RIY jy —— (RIOX ar) © X 00

Proof: The result follows for lemma 4.4.3 and 5.2.

5.5 Comparison between algebraic and formal cohomology of continuous sheaves. Since
l/;k(’N is an exact functor, as in section 4.6, given an injective resolution I*® of a continuous
sheaf F, then 0 — 1% (F) — v (I*) is exact so that given an injective resolution .J*®
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of Florm — ;N(]—" ) we can extend the identity map on F to a morphism of com-
plexes V;(’ (I*) — J*. Since vx sends the final object X of X to the final object X
of X,, one has a natural map I*(X) — vy~ (I*)(X). Then,

5.5.1 Definition. One has natural maps of d—functors
pg?,n)?q(f) Hcont (Xet7 F) - Hcont (XEU ]:forrn)’
and

pcont,ﬂ (]:-) Hq

X, X cont

(X0, F) — HE (xM, Frie).

Note that one has spectral sequences
Hcont (Xet; R UX M *(f)) H?&%(%M’f% (551)
and

Hgont (X€t7 V}vaélg,M,*(‘/T)) = HCont (XetuR 'UX , M *(Frlg)) ch—)’;gz (% 7frig)7

(5.5.2)

where the equality on the left hand side is due to 5.4.5.
5.5.2 Proposition. The following hold:
a. If F is a torsion sheaf on Sh(X. )N, then pcont’q(}" ) is an isomorphism.
b. the spectral sequences (5.5.1) and (5.5.2) are compatible via pi'y? and p(;onti’ﬂ

’ MAM

c. if F is a torsion sheaf in Sh(X )N, the map pconté (F) is an isomorphism.
Ma M

Proof: (a) follows from 4.6.2 (a) and the exact sequence (5.2.1) noting that the inverse
limit of a torsion inverse system of sheaves is itself torsion; (b) is left to the reader; (c)
is proven similarly to 4.6.2 (c).

5.5.3 Corollary. Let L be a locally constant sheaf on X; annihilated by p°®. Then,
the two sides of the Leray spectral sequences

e (et RN . (L 0 47, (05, )) ) =
s (R L o A7 (05,))
and
W (Xt RN (L ® A (Ox,) ) ) = Hith (%00, L AL (Ox,))
are isomorphic.

Proof: The statements follow from 5.5.2 and 5.4.4.
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5.6 Proposition. (Faltings) Let L. be a finite locally constant étale sheaf on X+ an-
nihilated by p®. For every i the kernel and the cokernel of the induced map of W g (E;)f
modules

7 n+ 7
H (%?7 L) ® W (EV) — Heons ("{ L® Amf 8 (O}:E)>
are annihilated by the Teichmiiller lift of any element in the maximal ideal of E;
Proof: By devissage one reduces to the case s = 1. The statement follows then from [Fa3,

§3, Thm. 3.8].

5.7 Proposition. We have a commutative square
i [ ri -+ % ri %)
H (1{?7 L g) @ W (Ev) 7 Hcont <:{_ L™ ® Amf s (O,’{?))
Hl
lim. H (3??, Lrig) QWL (V/pV) —— lim_ I (5% Lris o W, <@5€_ /p@_)) :
K K
where the inverse limits are taken with respect to Frobenius. The kernel and the cokernel

of any two maps in the square are annihilated by the Teichmiiller lift of any element in
the maximal ideal of E; Furthermore, each map

H (:{?’ Lﬂg) Q@ W, (V/pV) - L H (%?7 L' @ W, (556\?/])5/35?)) , (5.7.1)
appearing in the inverse limits in the displayed square, has kernel and cokernel annihi-

lated by the Teichmiiller lift of any element in the maximal ideal of f}%

Proof: We first of all construct the maps in the square. The top horizontal map is defined
by the natural map L'€ — Lfg g Amf . ((9/35_). Similarly, the lower horizontal arrow
K

is induced by the map L& — L @ W, <6§_/ pag > Note that HY
K

Cont(%?, _) is the
composite of the functors lim HY (%E, _). This gives a spectral sequence in which the

derived functors lim( ) of hm on the category of abelian groups appear. Since hm( =0

for i > 2, see [Ja, §1] we get an exact sequence
1 O (50w, (0105, ) (25,)) —
— g (R L @ A7 (07 ) —
K
— lim H%\I (:/%?’ Lris ® W (6/35_/]7“73@55_)) — 0.
— K K

This provides the right vertical map in the square. Clearly the square commutes. The
fact that the top horizontal arrow has kernel and cokernel annihilated by the Teichmiiller
lift of any element in the maximal ideal of E; follows by 5.5.3 and 5.6. The equality

on the left hand side follows since H* (%E, Lrig) is a finite group being isomorphic
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to H' (Xgz ., L) by 4.6.3 and 4.5.

To conclude the proof, it suffices to show that the kernel and cokernel of (5.7.1) are
annihilated by the Teichmiiller lift of any element in the maximal ideal of E; We may

>m
reduce to the case s = 1. For any integer m > 1 let (OA /pOA ) be the inverse

system { O= /pO~ ¢ where the transition maps are the identity in degree > m and
X— X—
K K

—_ >m
are Frobenius in degree < m. Let 3,,: R (Og_) (OA /pOA ) be the map of
K —
inverse systems whose n—th component is "~ O§_/ pO~ . O+ /PO for n. > m
and is the identity for n < m. We claim that (,, is surjective. It suffices to check it
componentwise and, for each component, to check surjectivity of (p”:@g_/p@g_ —
K
@/35 /p@gg on stalks. This follows from 4.4.1(v). Consider ngR (@/35 ) with 7 =
K K K
1 m — 1 —
(p,p%,pp2 ,-++). Then, 7§ R <(’)§€\_) is the inverse system {p»"~™ O%\_/p(’)%_}n with
K K K

transition map given by Frobenius. We claim that Ker(3,,) = wng (6/35_). This also

can be checked component—wise, for each component it can be checked onKstalks and it
follows from 4.4.1(v). Note that

Heone (%Mv (O /p@ >>m) ~ H' (:/%M,E/%\?/pﬁ/x\g) .

Indeed, by [Ja, Prop. 1.1] an injective resolution of (@§_/p@§_)2m is given by an
K K

injective resolution of each component of this inverse system which is constant in de-

gree n > m. Take the long exact sequence of the groups H’_ <%F7 _> associated to the

short exact sequence

1® ﬂg "

K

. _ . __ . _ >m
0—L*%aR(0; ) L#aR (0f ) = (L#e0; ) —o.
K K

We get the exact sequence

Higw (X L% R (05_)) 2o Hipw (R L0 R (05 _)) —

H (36 L8005 /pOs_ ) O, gitL (3%?, L @R (655_))
K
“o HEL (R L e R (0 )
which we will compare with the exact sequence
H (XL @ FoRmIN Ty (R L) 0 BE — B (R, L) @ (V/pV) -
K 1% K 1% K
—— HH! <§?, Lrig) ® E%LHHJ (f%?, Lrig) ® E%
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via the maps f; : H (%g, Lrig) ®E§ — H . <%f7 L8 Q@R (6/35;)) defined in 5.6
forj=10rj=1+1.

Set 6_; = 0 and let us denote for the rest of the proof F := L& ®6§_/p(’)§_, g .=
K K

Lrie ®R(5§_) and E := E; Fix m > 1 and i > 0 and consider the diagram
K

Ry . —_— —_— . By . p . ~ .
H (X L) oV/pV -5 B (R L) eE “s B (R L) F

fill fiv1 | - fiv1 1

B (Be7) 2wk (3e0) T m (300)
Let us remark that the right square of the diagram is commutaive and that the rows
are exact. We claim that the image of §; is annihilated by every element of the maximal
ideal of E, i.e. that J; is “almost zero”. For every € € Q with € > 0 let us denote by 7§

any element r of E such that vg(r) = e. Let us fix any such € and let = € H?__, (.’%?, F )

Denote by y = §;(x) € Ker(wgm). As the cokernel of f;;1 is annihilated by any element of

the maximal ideal of E, 71'8/ y = fi41(t) for some ¢ € Hi+1 <%?, Lrig) ® E and therefore

0= ng(ﬂ8/2y) = 78" fiy1(t) = firr (w2 t). As the kernel of fi4; is also annihilated

by every element of the maximal ideal of E we have 0 = 7T6/ 2(7rgmt) = 2" (7‘(’8/ *t) and
because multiplication by 7§ is injective on the top row of the diagram, we deduce

7r8/2t = 0. Thus 7§d;(z) = 7T8/2(fi_|_1(t)) = fi+1(7r5/2t) = 0, which proves the claim.

Now we consider the diagram.

0—H (R L) 0B ™o H (R L%) 0B — B (R L) oV/pV -0
71' l o fil gi |
0

. By . By . By 62
N R N S
where for every i > 0 we denoted by M; the image of §; in H.HL <%§, g) and f; is the
composition of f; with the natural projection. It is clear that the diagram is commutaive
and the rows are exact. Moreover, the snake lemma and the fact that J; o g; = 0 give
the following exact sequence of E-modules.

Ker(f;) — Ker(g;) — Coker(f,;) — Coker(f;) — Coker(g;) — M,.

As Coker(f,) is a quotient of Coker( f;), we deduce that the modules Ker(f;), Coker(f,),
Coker(f;) and M; are annihilated by every element of the maximal ideal of E, and
therefore the same holds for Ker(g;) and Coker(g;). This finishes the proof of Proposition
5.7.

5.8 Theorem. Let L be a locally constant sheaf on Xj; annihilated by p®. We have a
first quadrant spectral sequence:
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H’ (Xeh RZAcont <Lr1g ® Alnf ,8 (O/%\M) )) = sz)_lzt ('%Ma L® Amf ,S (OXM )) .
If M = K, there is a map of W, (E )fmodules

n T+ n
H" (X 0 1) © W(BE) — Hiy (¥ Lo Af, (Ox))
which is an isomorphism after inverting .

Proof: The first spectral sequence abuts to H'H (% v, LM ® Amf s (O/iM)). The first

cont

statement follows then from 5.5.3. The second one is the content of 5.6.

5.9 Proof of theorem 5.1. The groups H7, (%K ]L“g®Amfs((’)§K )) [7~1], are

modules over W(EV)HV = W(EVOO) and have residual action of I'yy and ¢. By 4.4.2
the functor ﬁ*’N = Sh(f/% KOO)N — Sh(Z%E)N is exact, sends flasque objects to flasque

objects and Hcont(%Koo , F) is equal to lim H° (HV, HY (%— ﬂK K(}"))) for every F in

Sh(% Koo) . Here, HY (§?7 _) is the functor from Sh(%?) to the category of inverse
systems of Hy-modules mapping {G,}, — {H° (%E, Qn)} We then get a spectral
sequence

W (Hy Hiy (X L= w4 (05 )

L (5.9.1)
— i (R Lo A, (05, ).
Koo

Here, H/ (HV, _) stands for the j-th derived functor of lim H(Hy, ) on the category of
inverse systems of Hy—modules.
Put M := H <§ Lis @ A, . (Og_)). Then, M is the inverse system {M,},
K

with M,, = H* (%g, L' @ W, (Og_/p@g_)) and transition maps d,: M, 1 — M,
given by Frobenius. By 5.7 each dK has Cgkernel annihilated the Teichmiiller lift of
any element in the maximal ideal of E‘t for every n € N. Let C*(Hy,M,) be the
complex of continuous cochains with values in M,,. For every ¢ € N the transition maps
in {C*(Hy, M,)}, are given by Frobenius and their cokernels are also annihilated the
Teichmiiller lift of any element in the maximal ideal of E; for every n € N. We deduce
from (5.3.4) and the following discussion that we have a canonical isomorphism

g (Hy, Jim, M) )-8 (0, M) [,

where HCont (HV, lim Mn) is continuous cohomology. Eventually, we conclude from 5.8
that ~
B/ (Hy, M) [x71] 2 W (Hy B (X, L) @ W (Bp) )
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By 7.8 the latter is zero for j > 1 and is equal to the invariants under Hy for 5 = 0.
In particular, the spectral sequence (5.9.1) degenerates if we invert 7. If L is defined
on X i the isomorphism one gets is compatible with respect to the residual action of I'y
and the action of Frobenius. The Hy —invariants of H” (X— ]L) ® W(Ev) coincide by

K.et?
definition with Dy (H*(X% ,,L)).

6 The cohomology of Fontaine sheaves.

In this section X denotes a formal scheme topologically of finite type, smooth and
geometrically irreducible over V' and let X;(ig be its generic fiber. We study the co-
homology on X M of continuous sheaves satisfying certain assumptions (see 6.6.3). For
example, it follows from 6.7 that these sheaves F can be taken to be of the following
form:

1) If L is a p-power torsion étale local system on X;(ig we set F:=L® A, <6§M>.

2) If L is an étale sheaf on X;(ig such that . = limL,,, with each LL,, a locally constant

Z/p"Z-module and we set F := L®6§M'

Then the cohomology groups H* (% My F ) [71'_1} can be calculated as follows (here 7 is
[e] =1 € AL.(V) if F is of the first type and 7 is p if F is of the second).

Let us fix a geometric generic point 7 = Spm(Cy) as in §5 and for each small formal
scheme U = Spf(Ry) (see 6.6.1) with a map U — X which is étale, define Ry to be the
union of all finite, normal R;,-algebras contained in Cy, which are étale after inverting
p. Denote by F(Ry ® K) the inductive limit of the sections F (U, W), where W runs

over all objects of U, Then F(R®y K) is a continuous representation of ¢ Uy, 7).

Moreover (see 6.9.3) 6/351\4 (Ru@v K)[p~'] 2 Ry[p~'] and A, (5/@4) (Ry@v K)[r1]
is isomorphic to the relative Fontaine ring Af;f (in which 7 was inverted) constructed
using the pair (R, Ry). We make the following local assumption on X.

X admits a covering by small objects {U;}; for which Assumption (ii) of 6.6.3 holds.

Assumption (ii) in 6.6.3 is equivalent to requiring the existence of a basis of X by small

objects satisfying a technical compatibility condition. For any such & = Spf(Ry,), the

association U — H'(7{" (U, ), F(Ry @v K))[r~'] is functorial and we denote by
Galy, (F) the sheaf on Xy associated to it. Then the main result of this section is:

6.1 Theorem. Assume that the above assumption holds. Then, there exists a spectral
sequence
EY? = HY(Xet, Hg,, (F)) = HPYY (X0, F).

As mentioned in the Introduction, theorem 6.1 is the main technical tool needed to
prove comparison isomorphisms relating different p-adic cohomology theories on X'
The proof of theorem 6.1 will take the rest of the section.
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6.2 Zariski sites. Denote by Xz,, the Zariski topology on X.

The site X M,zar- Let the underlying category of X M,zar be the full subcategory of
the category of X, defined in 4.2 whose objects are pairs (U, W) with (U, W) € X
and U — X is a Zariski open formal subscheme. We define a family of maps in x M, Zar
to be a covering family if it is a covering family when considered in X . We let

L XM Zar — XM
be the natural functor. We also denote by
VM Xzar —— X1 zar

the map of Grothendieck topologies given by Tx p(U) := (U, (U8, K)). Since ¢ sends

covering families to covering families, it is clear that ¢,: Sh(%M) — Sh(%MZar) and
N Sh(.’% M)N

Stalks. Let z: Spf(V5) — & be a closed immersion of formal schemes with V' C V~(C
K) a finite extension of discrete valuation rings. Let O 15 be the local ring of Oy at 7.

— Sh(.’%MZar)N send flasque objects to flasque objects.

Define 5?2\’M to be the limit lim, ; S; ; over all quadruples (R;,S; ;,S:; — V, Li;)
where (1) Spf(R;) C X is a Zariski open neighborhood of z, (2) L;; is a finite ex-
tension of K contained in M, (3) R; C S, ; is an integral extension with .S; ; normal,
(4) S;; ®@v K is a finite and étale R; ®yv L; j—algebra, (5) the composite R; @y L; j; —
Sij Qv K — Kisa®/l+— 2*(a)- L. If Fis a sheaf on Z%M,Zar, define the stalk of F at ©
to be

—~Zar
fg = JT<OX,SE,M)

:= lim F (Spf(R;), (Spm(S;,; @ K),L;j;)).
0,
A sequence of sheaves on X M,Zar 1s exacts if and only if the induced sequence of stalks

is exact for every closed immersion 7:Spf(V5) — & as above. As in 4.4.2 one proves
—Zar

that (R90x a1« (F))s = HY(G= . Fr) where G= | := Gal(Oy 5 4,/0, 2 Qv K).

6.3 Pointed étale sites. Let K be a separable closure of the field of fractions of X ®y k.
Let Wi be a Cohen ring for K i. e., a complete dvr such that Wi /pWg = K. Let Cy be
the p-adic completion of an algebraic closure of the fraction field of Wi containing K.

The site X5 . Denote by X3 the following Grothendieck topology. As a category it
consists of pairs (U, s) where Y — X is an étale morphism of formal schemes and s is
a morphism Spf (WK QW (k) V) — U of V—formal schemes inducing a geometric generic
point of Uy. A map of pairs (U,s) — (U',s’) is a map of X—schemes U — U’ such
that the composite with s is s’. A covering IL;c;(U;, s;) — (U, s) is defined to a map of
pairs (U;, s;) — (U, s) for every i such that II;U; — U is an étale covering.

Fix 7: Spf(V;) — & as in 4.4 and choose a homomorphism 7~ Of\};g —Cx of O, ~
algebras. Given a sheaf F on X5 define F- to be F (Oi?;) as in 4.4. One then proves
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that a sequence of sheaves on X7, is exact if and only if the associated sequence of stalks
is exact for every z: Spf(V,) — X.

The site %;\4 Define %;\4 to be the following Grothendiegk topology. Its objects
are the pairs ((L{, s), W, L) where (U, W, L) is an object of X); and (U, s) is an ob-
ject of X%. A morphism ((U,s),W,L) — ((U',s'),W L) in %;\4 is a morphism
UMW, L) — U W',L") in %;V[ such that the induced map U — U’ arises from a
map (U,s) — (U',s') in X%. A covering Wier (Ui, s:), Wi, Li) — (U',s'),W', L") is
the datum of morphisms ((U;, s;), Ws, L;) — (U',s'),W',L’) for every i € I such
that I1;(U;, Wi, L;) — (U'W', L) is a covering in X

Fix Z:Spf(V;) — X as in 4.4 and choose a homomorphism 7+: O, ~, — Cx of

Oi?’;falgebras. Given a sheaf F on %j\/[ let F~ be F (6 xam OV K ), defined as in 4.4.

Then, a sequence of sheaves on .’%;\/[ is exact if and only if the associated sequence of
stalks is exact for every Z: Spf(V5) — X

We have functors
i) a: X% — X given by a(U, s) =U;
(ii) b: X%, — Xas given by b((U, s), W, L) = (U, W, L);
(iil) Tt XS — X%, given by Ty v (U, s) = (U, s),U"8, K).

As in 4.4.2(7) one proves that for every point z: Spf(V,) — X,

(Riax,M,*(f))g ~ T <G§;\,M7‘7:§:\) , G}\,M = Gal(@x,gg K/Oi?;(‘X/J M)

Then:

6.3.1 Lemma. The categories X5 and .’%;V_, admit final objects. Furthermore, a (resp. b,
resp. Ux,n ) send final object to final object and a (resp. b) are surjective.

Proof: Since X is formally smooth over Spf(V'), for every étale map U — X also U
is formally smooth over V. Thus, if U irreducible and if we fix a geometric generic
point 5y: Spec(K) — Uy, there exists a map sy Spf (WK QW (k) V) — X lifting 5.
This proves that a, and hence b, are surjective.

We claim that (X,sx) is a final object in X%. This implies that ((X,sx), X", K)
is a final object in %7\4 and that a, b and Vx ps preserve final objects. To prove the
claim it suffices to show that given two maps s, s’:Spf (WK Qw (k) V) — X as V-
formal schemes, inducing the generic point of Xj, there exists an automorphism p of
Wik ®@w ) V (as V-algebra) such that s’ = sop. Let R be the p-adic completion of the
localization of X" at its generic point. It is a dvr. Write Z for Wk ®w (%) V. Then s and s’
induce maps f and f’: R — Z such that, considering f or f’, the maximal ideal of Z is
generated by the maximal ideal of R and the residue field of Z is a separable closure of

the residue field of R. By uniqueness of étale extensions, there exists an automorphism
h of Z, as V—algebra, such that g =ho f.
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6.3.2 Corollary. Let F be a sheaf on Xe (resp. x M)A' We have a natural isomorphism
of 6—functors H* (X%, a.(F)) = H (Xey, F) (resp. H (X%,,b.(F)) 2 H (Xn, F)).

Analogously, if F € Sh(Xy)N (resp. Sh(%M)N). Then, we have a natural isomor-
phism of é—functors Hi, (X%, aX(F)) = Hi (Xet, F) (resp. Hi (X%, 0N (F)) =
H o (X 01, F)).

Proof: We have functors
a,:Sh(Xy) — Sh(XS),  b.:Sh(Xy) — Sh(X},),

which send flasque objects to flasque objects. Since a and b are surjective by 6.3.1, a. and
b, are also exact. Since H (X%, a.(F)) = HO(Xey, F) and HO (X3, b, (F)) = HO(Xp, F),
the lemma follows.

This allows us to work with pointed sites, better suited for Galois cohomology as we
will see.

6.4 The site Ups st Let U C X be a Zariski open formal subscheme or an object of A% .
Let Uy gt be the Grothendieck topology Uny ser introduced in 4.2. It is a full subcategory
of .’/a‘é]\/[,zar (resp. Xas). If U — U is a morphism in Xza, (resp. X3), we have a map of
Grothendieck topologies

P Uni tet —— Ung gor

letting pr (U, W) be the pair (U’, W) where W' := W X i U'Tie; see 4.2.

Assume that U = Spf(Ry) is affine. By 6.3.1 we have an inclusion Ryy C Cy (this way
we work with X% instead of Xy). Let Ry C Ry be the union of all finite and normal Ry
subalgebras of Cy, which are étale after inverting p. We then have an inclusion Ry, C
Cx. If U = IL;U;, with U; of the type above for every 4, define Ry := IL Eui.

Define 71 (Uns) to be Gal (Ry @y K/Ry @y M) and let Repg;e. (m1(Unr)) be the cat-
egory of abelian groups, with the discrete topology, endowed with a continuous action
of 1 (Z/[M)

6.4.1 Lemma. The category U tet Is equivalent, as Grothendieck topology, to the
category of finite sets with continuous action of m (Ups) := Gal (RM [H /Ry @y M>
In particular,

1) the functor

Sh (Z/{Mjfet) E—— Repdisc (m(L{M)), F— f(Ru (%?K),

with F(Ry ®v K) := limg ) F(U, W) where the direct limit is over all elements
of Ups set, defines an equivalence of categories;
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2) for F € Sh (Upstet) we have H' (UM7fet,F> = H' (7r1 (Unr), F(Ry @y K)), where the
latter is the derived functor of Repy;s. (m1 (Unr)) 2 A > A™1UM) (the Galois invariants
of A);

3) the functor

Sh (Uns )™ —— Repaiee (M Uan)) "™ {Fa} = {Fu(Ru @ K)}

is an equivalence of categories;

4) for every F € Sh (UMiet)N we have

Hf:ont(“M,fetaJT) = HZ(Wl(uM),f(RuQ‘?K)),

where the latter is the i—th derived functor of Repgq.(m (UM))N — ADbGr given by
{A,} — lim AT 1),

Proof: The first claim follows noting that Uy fet is the category of finite and étale covers
of Ry ®y M. By Grothendieck’s reformulation of Galois theory the latter is equivalent
to the category of finite sets with continuous action of m (Uns).

Claims (1) and (3) follow from this. For example for claim (1), an inverse of the
functor given in (1) is given as follows. Let G € Repg;e. (71 (Unr)). Let (U, LL;(W;, L;)) €
%M,Zar (resp. %7\4) with W; = Spm(S;) and S; ®, M a domain and fix an embedding
fi:Si®p, M — Ry @y K. Let H; := Gal(Ry @y K/S; @, M) C w1 (Upr) which is inde-
pendent of f;. Then, define Q(L{, IL; O, Ll)) =11, GHi. One verifies that G is a sheaf
and that the two functors are the inverse one of the other.

For claims (2) and (4) we note that the cohomology groups appearing are universal
d—functors coinciding for i = 0.

6.4.2 Definition. Let F be in Sh(f%MvZar) ( or in Sh(f%;w), or in Sh(%M,Zar)N, or
in Sh(%;w)N). We define F(Ry ®y K) as the image of F in Repys.(m (Unr)) (or
in Repdisc(m(UM))N) of F via the pull-back maps Sh(:%M,Zar) — Sh(Unrter) =
Repgis (m1(Unr)) (respectively via the pull-back Sh(%;w) — Repgiee (M (Un)) , ete.).

Convention: From now on we simply write X7 . for Xps zar or X4, and X, for Xz,,
or, respectively, X%.

6.5 The sheaf HéalM. Let U’ — U be a map in X, with U’ and U affine. We then get
an induced map

Hi(ﬂ'l(uM),./T(Eu %K)) E— Hi(wl(L{M),]:(ﬁul %K))

In particular, Y — H'(m (Unr), F(Ry @v K)) is a controvariant functor on the category
of affine objects of X,.
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6.5.1 Definition. For F € Sh(%My*) define H,,, (F) to be the sheaf on X, associated
to the controvariant functor given by U — H* (w1 (Unr ), F(Ry ®v K)) for U affine.

6.5.2 The standard resolution. Let G be a presheaf on %M’*. For i € N and for U =
Spf(Ry) an affine object of X, define

FE(G)y := Homg (z (71 (Unm) T, G(Ru ® K)> .

It is naturally endowed with an action of m (Uys) defining for every ~,go,...,9; €

71 (Unr) and every f € E*(G)y the action - f(go, - .., 9:) =7 (f (790, - - -,79:)). Denote
by C*(G)u C E*(G)y the subgroup of invariants for the action of 71 (Uy,). Consider the
map

di:Z [m(Z/{M)Hl] — 7 [Wl(UM)'L] . (90y---y9i) — Z(—l)j(go, ey Gj=15Gj4+15 - - > Gi)

=0

for i« > 1 and given by gg +— 1 for i = 0. We then get an exact sequence of w1 (Ups)—
modules
o — Z[m(Un)?] — Z[mUn)' ] — Z — 0.

Taking Hom (_, G(Ry ®v K)) we get an exact sequence of m; (Unps)-modules

0 — G(Ry @K) — E°GQ)y — EY(G)y — - (6.5.1)

which provides a resolution of G(Ry ®v K) by acyclic 7 (Uyr)-modules. Using 6.4.1 we
define the sheaf W + E*(G)(U, W) on the category U™ associated to E*(G)y. Fur-
thermore, (U, W) — E*(G)(U, W) is a controvariant functor defined on the subcategory
of .’%M* of pairs (U, W) with U affine.

6.5.3 Definition. Let F € Sh(%M’*). For every i € N define €' (F) to be the sheaf
on Xy . associated to the contravariant functor (U, W) — E'(F)(U, W) for (U, W)
affines. Define C Z'(]-" ) to be the sheaf on X, associated to the contravariant functor associ-

ating to an affine U the continuous i—th cochains of 1 (Uys) with values in F(Ry @y K)
i e, CH(F)U) = B (F)prH),

6.5.4 Proposition. The following hold:

i) the differentials d; of 6.5.2 define an exact sequence of sheaves on X M,
0 — F — ¢F) — eY(F) — &*(F) — - -;

ii) for every j > 1 and every i one has R/Ux s . € (F) = 0;

iii) for every i one has Ux p. € (F) = C(F).
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Proof: (i) let (U, (W, L)) € %M,* with ¢ affine. Suppose that W = Spm(S) with S @1 M
an integral domain. Write Galps (W) := Gal(Ry ®v K/S ®r, M). Then, E*(F)U, W) is
Ei(}")galM(W). In particular, using (6.5.1), it follows that the kernel of E°(F)(U, W) —
EYF)UW) is F(Ry @y K) ™) This coincides with F(U, W) since F is a sheaf
thanks to 6.4.1. In particular, the kernel of €°(F) — &!(F) is F. To check the exactness
of the sequence in (i) it is enough to pass to the stalks. Given Z:Spf(V5) — & as
in 6.2 or 6.3, the stalk & (F)~ is the direct limit lim E'(F)(U, W) over all (U, W)
with ¢ an affine neighborhood of Z and W = Spm(S) with S ®; M C Ry ®y K. Hence,
€' (F )~ = lim €'(F)y; where the limit is now taken over all affine open neighborhoods U
of Z. Since for any such (6.5.1) is exact, we conclude that the stalk at Z of the sequence
in (i) is exact as well.

(ii) The claim can be checked on stalks. As explained in 6.2 or 6.3, given Z: Spf(V>) —
X as before, one has (Rq@X7M7*(€i(F))); >~ HY (G;;’M, ¢ (F)>). But & (F)~ coincides

with the direct limit lim &*(F);, taken over all affine neighborhoods U of Z. Hence,

¢ (F)~ = lim ¢ (F)y = lim Hom (z [m1(Un)]  F(Ru @ K)) -
T Zeu Teu Vv

= Hom (IEnZ [Wl(z/{M)i-f—l} ,li_r)nf(ﬁugf()) = Hom <Z [(G/x\)i+1] 7]—“;) ,

where G~ is G%a& or G;’ 1 depending whether X M,x 1S x M, Zar OF —%;\4 In particular,
(R%x a1, (€(F)))~ = 0if ¢ > 1. Claim (ii) follows.

(iii) For every affine open U C X there exists a map from the group of i—th cochains
CH(m(Un), F(Ry @v K)) = (EZ,)m(UM) to Ux s« € (F)(U). This provides a natural
map C'(F) — Ux & (F). On the other hand, it follows from the discussion above
that (Dx,a,«(€'(F)))= is equal to the group of i-th cochains C*(GZ™ | F~) i. e., the

M’
stalk of C*(F). The claim follows.

6.5.5 Corollary. If F € Sh(Xy;.,), then R0y py.(F) = Gal,, (F) functorially in F.

6.6 The sheaf HEalM,cont' We wish to prove an analogue of 6.5.5 in the case of a

continuous sheaf F = {F,}, € Sh(% )N, We need some assumptions.

6.6.1 Definition. An object U of X, is called small if U := Spf(Ru) is affine and Ry,
satisfies the assumptions of 2.1 and (RAE) (see 2.4).

Define Ry w00 to be the normalization of Ry~ in the subring of Ry @y K gen-
erated by M and Ry o, where Ry ~ is defined as in 2.1. Denote by I'y ps the group
Gal(R%M,OO ®y K/ Ry Qv M) Let Hy amr be the kernel of the map m (L{M) — Ty
Let us remark that the definitions of Ry o0, Rus,M,00, Hu,m T, amr depend on a choice of
local parameters of Ry and so are not canonical.
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6.6.2 The site iAlM,*(oo) . Let U be a small object of X,. For every map U’ — U
with U’ := Spf(Ry) affine and Ry ®y K an integral domain, we let Hy pr be the
kernel of m (U};) — T'y. Note that such a map is surjective.

Let ﬁMv*(OO) be the following full subcategory of iAlM’*. Let (U, W) € iAlMy* and
assume that U’ = Ui/ with U/ connected. Then, W' lies in U ' which, via the
equivalence of 6.4.1, is equivalent to the category of finite sets with continuous ac-
tion of m1(Uy,) = []; m1(U; ). We then say that (U', V') lies in ﬁM,*(oo) if and only
if W lies in the subcategory of finite sets with continuous action of [], Iy (viewed
as a quotient of m1(U},)). We then have natural maps of Grothendieck topologies
ux i>i/,\lM7*(oo)—>iAlM7* giving rise to maps on the category of sheaves

Sh(fhar.) " Sh(flar,(c0)) ~2 Sh(U")
whose composite is V7,07, . As in 6.2 or 6.3 one has a notion of stalks in Sh(iAlM,*(oo)).

For 7:Spf(V~) — & a point as in 4.4, let H~ , be the kernel of the map G~, — T.
If F € Sh(ily) and JF~ is its stalk, one proves as in 4.4.2 that

RIB(F); = HI(H . 7).

Caveat: The site ﬁM(oo) depends on the choice of an extension Ry C Ry . In partic-
ular, if {U;}, is a covering of X by small objects, the sites ; yr(c0) do not necessarily
glue so that the site X/(00) is not defined in general.

6.6.3 Assumption. We suppose that
i) {Fn}nen is a sheaf of A", (Voo)—modules (resp. of {Veo/p" Vo }n—modules) on .’%M’*;
ii) X admits
a) a covering S := {W,}; in X, by small objects,
b) a choice Ry, C Ry, o asin 2.1,
c) for every i a basis 7; := {U; j}; of W; by small objects such that, putting Ry, ;
to be the normalization of Ry, ; ®r,, Rw, co, condition (RAE) holds for Ry, ; co-
Furthermore, for every 7, j and n € N, putting ¢ := U; ;, the following hold:
iii) the cokernel of F,1(Ry ®v K) — Fn(Ry @y K) is annihilated by any element of
the maximal ideal of W (V /pV) (resp. V);

iv) for every ¢ > 1 the group H? (H% My Fn (RM Qv K )) is annihilated by any element
of the maximal ideal of W (V /pV) (resp. V);

v) the cokernel of the transition maps F,+1(Ruy .00 v K) — Fp(Rum0o v K) is
annihilated by any element of the maximal ideal of W (Voo /pVio) (resp. Vio);

vi) for every covering Z — U by small obiects in X, and every ¢ > 1 the Chech co-
homology group HY (Z — U, Fn(Rz 00 Qv K )) is annihilated by any element of the
maximal ideal of W (Vi /pVao) (resp. Vio).
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As usual we write 7 for the element [e] — 1 in :&‘too We put m = p if {F,, }nen is a sheaf
of {Voo /P" Vo }n—modules. It follows from (iii) and 5.3 that we have an isomorphism

Hi (7Tl (Z/{M)7F(RU (‘% K)) [7.‘.—1] = Hz:zont (ﬂ-l (UM)7 oggln fn(ﬁu G‘? K)) |:7T_1} .

If ' — U is a map in X, with U’ and U small objects in 7;, we then get an induced
map

H' (71 (Uni ), F(Ru (%)K)) (771 —— H' (mUyy), F(Ru %_)K)) [x~1].

As in 6.5.1, we define

6.6.4 Definition. Assume that F satisfies the assumption above. Let Hg, - cone (F)
be the sheaf on X, associated to the controvariant functor sending an object U of X,
with U € U;T;, to H' (m1 (Unr), F(Ry @v K)) [771].

We want to prove the following:

6.6.5 Theorem. Let F € Sh(%My*)N be such that the conditions of 6.6.3 are fulfilled.
Then, RWx .« (F) [ 1] = HE,,,, (F). The isomorphism is functorial in F.

Proof: It suffices to prove that for every small object W; € S, we have an isomorphism
RDx a4 (F) [7 7wy = Higa,, (F)lw, functorially in W; and F. We construct the
isomorphism and leave it to the reader to check the functoriality in W; and F.

We may and will, till the end of this section, assume that X = W; is small. We
put 7 :=7; and we write I for I'}y,. Consider the maps on the category of sheaves

~ N ~ .
Sh(Xar )N 2 Sh(X . (00))N "= Sh(x,),

introduced in 6.6.2. The composite is lim Ux s .. Since o, and [, are left exact and j,

sends injective to injective, we have a spectral sequence

RP lim o, (RYBY (F)) = RPT (im By, ar,+ ) (F). (6.6.1)

6.6.6 Lemma. For every q > 1 the group R, (F) is annihilated by any element of
the maximal ideal of W (Voo /pVao) (resp. V).

Proof: Since R8N = (Rq ﬁ*)N as remarked in 5.2, it suffices to prove that for ev-
ery n € N and every ¢ > 1 the sheaf R?3,(F,,) is annihilated by any element of the
maximal ideal of W (Vs /pVs) (resp. Vao). It suffices to prove the vanishing on stalks.
But for z: Spf(z) — & a point as in 4.4, we have RIS, (F, ), = HY (H;\’M,f;) as ex-
plained in 6.6.2. The latter coincides with the direct limit lim H? (Hy, s, F (Ry ®v K))

taken over the small objects belonging to a basis of X, containing Z. The claim then
follows from 6.6.3(i)&(iv).
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Using 6.6.6 and (6.6.1) we conclude that

Rp lilnoz* (ﬂi\l(.}r)) [71'_1] = RPGILH@\X’M,*)(.?) [71'_1].

We are left to compute R? lim «,. For this we use the analogue of 6.5.2 on §M7*(oo).

Given U in 7T, write Ry a 0o @s the union U, Ry ., of finite Ry—algebras such
that Ry ®y K C Ry v ®y K is finite and étale. Then, for every covering U’ — U
with U’ € T, we have Ry 0o ®v K = U, Ry ®pr, Ru mn @v K by construction.
Let U — U’ xyu U’ be a covering with U in 7. Then, we also have Ry p,00 Qv K &
Un Ry @Ry Bu,mn @v K. Since F, is a sheaf, we conclude that the sequence

O—>fn(RZ/I,M,oo (‘%K) E— fn(RZ/I’,M,oo %K) E— fn<RL{”,M,oo (‘%K)

is exact 1. e., U — F,(Ru,m,00 @v K) satisfies the sheaf property with respect to cover-
ings U' — U with U' and U small and lying in 7. Then, the following makes sense:

6.6.7 Definition. For every small object U — X lying in T and every i, n € N
define E*(T', F,,)u to be Homgz (Z [I'"] , 7, (Ry,m,00 @v K)). Define ¢/(I', F,) to be
the sheaf on X M.« (00) characterized by the property that, for every small object U € T,
its restriction to Uy get (see 6.4) is E*(T', F,,)u as representation of I'y. Let € (T, F) :=
{eT, 7))}, |

Let C*(T', F)u € E* (I, F)u be the subgroup of invariants for the action of T'i. e.,
the group of i—th cochains of T' with values in F,,( Ry r.00 ®v K). Denote by C*(T, Fy,)
the unique sheaf on X, whose value for every small object U is C*(T', F,, ). Eventually,
let C'(T, F) := {C'(T, Fp) }, -

6.6.8 Proposition. Assume that F satisfies 6.6.3. Then:
i) we have an exact sequence in Sh(%M,*(oo))N
ii) R?lim o, (¢ (I, F))[r~'] =0 for every ¢ > 1 and every i;
iii) lim o, (in(F, F)) [w_l] is the sheaf associated to the controvariant functor sending a

small object U to lim C° (F,fn(Ru,M,oo ®K)) [w‘l].
%

In particular, R?lim . (8N (F)) [71'_1} is the g—th cohomology of the complex

lim C°(T, F,)[r '] — lim CY(I, Fp)[n '] — lim C*(T, Fp)[r '] — -+,

oco—n oo—n oc0—n
proving 6.6.5.
Proof: Claim (i) can be checked componentwise and then it follows as in the proof

of 6.5.4(i).
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(ii)—(iii) We use the spectral sequence
lim® (Réa. (€/(T, Fy))) = RP+lim v, (€(T, F))

given in 5.2. Since each F, is a sheaf we have (T, F,,)(Ry pm.00 ®v K) = EY(T, Fp)u-
Hence, HY(T', €/(T, F,,) (Ruy,m,00 @v K)) is 0 for every ¢ > 1 and it coincides with the
cochains CY(T', F,) (Ry m.00 @v K) = CY(T, Fy, )y for ¢ = 0.

Arguing as in 6.5.4(ii) we conclude that R%a, (8, (€*(I', F,))) = 0 for ¢ > 1. We are
left to compute lim® a, (¢, F,)) = lim® CH(T, F,).

Due to 6.6.3(vi), for every small object Y € 7 and every n the Chech cohomology
group H? (Z — U, F,(Rz,0 ®v K)), relative to every covering Z — U by small ob-
jects lying in 7, is annihilated by any element of the maximal ideal of W (Vi /pV)
(resp. Vo). But we have
C'(D, Fu(R_oo ® K)) = lim C'(I/p"T, Fu(R_c ® K)) = lim ( I 7R K)).

T/pmT

(6.6.2)
As both inductive limit and finite products are exact functors we deduce that the Chech
cohomology group H¢ (Z —U,C! (F, Fn(Rz,00 Qv K))) relative to every covering Z —
U with Z and Y € T is annihilated by any element of the maximal ideal of W (Vi /pVc)
(resp. Vi ). Hence, the restriction of C* (F, Fn(R_ o @y K) tol is flasque, see [Ar, 11.4.2],
up to multiplication by any element of the maximal ideal of W(VOO /PVso) (resp. Vo).
In particular, H? (U,Ci(F,fn)) is almost zero for every ¢ > 1; see [Ar, I1.4.4]. Due
to 6.6.3(v) the projective system {F,(Ry 00 ®v K)},, is almost Mittag-Lefler and
using once again (6.6.2) we also have that the projective system {Ci (F, fn)}n is almost
Mittag-Leffler. Hence, lim™" C#(T, F,,) is almost zero.

By [Ja, Lemma 3.12] the sheaf lim? Ci(I, F,,) is the sheaf associated to the presheaf
U — H? (Z/l, (Ci(F,fn))n). We have, for each ¢ > 1, exact sequences

0 — LmMWHIY (U, CU(D, F,)) — HI(U, (1D, F,)),) — lim HI(U,CY(T,F,)) — 0.

0N

For ¢ > 2, using the fact proved above that H® (U,Ci(F,fn)) is almost zero for s > 1,
we deduce that H? (U, (C'(T', F,,)),,) is almost zero. We conclude that lim? Ci(T, F,,) is
annihilated by every element of the maximal ideal W (Vi /pVio) (resp. Vao) for ¢ > 2.
Thus,
RPlim o, (¢/(T, F)) [x~1] =0
for p> 1 and all j > 0, and
lim o, & (0, F)[7 1] 2 lim C*(I, F,)[7'].

The conclusion follows.
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6.7 Theorem. Let X be formally smooth, topologically of finite type and geometrically
irreducible over V' for which assumption ii) of 6.6.3 is satisfied. Let L. = (L,),, be a
projective system of sheaves such that L,, & L, 1/p"L, 1 for every n. Let F € Sh(X,)N
is a sheaf of one of the following types:

A) FisLis @ At (6§M> = (Ln OW, (05 /p@gM))n;

B) F:= (]Ln ®(@§M /p”@%\M))n where 656\1\4 /an@/aEM — 5§M /p”@gM is the natural
projection for each n € N.

Then, the assumptions in 6.6.3 hold.

6.8 Remark. Concerning assumption ii) of 6.6.3, we note that the existence of a basis
by affine subschemes satisfying the assumptions of 2.1 follows from the fact that X is
formally smooth and topologically of finite type over V. The content of ii) is (RAE).
See 2.5 for examples when it holds.

In case (A), assume further that L is a p-power torsion i. e., annihilated by p°
for some s. Then, one can compute the sheaf Hé}alM,cont(:F ) introduced in 6.6.4 via
relative (o, I')-modules. Indeed, assume that U = Spf(Ry) is small and that (RAE)
holds for Ry -

For M = K we have m (Upr) = Gg,, and by 7.16 the inflation

H! (T ,,,®(L)) — H' (11 (Us), L @ Az ) = H (m(Uk), F(Ru ® K))[r]

is an isomorphism.

Analogously, for M = K we have 71 (Uys) = Gg,, so that

H' (', D#(L)) —~=H' (11 (Us), L %9 Aﬁu) ~ H' (71 (Uz), F(Ru @Va K))[=].

Here, D=(L) is the (¢, I';)-module associated to L and the field K as in §2.

For M = K, the group m (Ups) is the subgroup of Gg,, generated by Gg,, and Hy .
In this case

HY (I, D (L) —~SH (m1 (Us, ), L ® Aﬁu) ~ H' (71 (Uk.. ), F(Ru @K)) [771]

P

where Dg__ (L) is the (¢, I';)-module defined in §2 using the field K.

6.9 Proof of 6.7. We start with some preliminary results.

6.9.1 Lemma. Let R be as in 2.1. Let S C T,, be integral extensions of R, such
that Seo v K = T ®y K and R, C S Is almost étale (see 2.4). Then, the cokernel
of So C T is annihilated by any element of the maximal ideal of V.
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Proof: Let ¢4, be the canonical idempotent of the étale extension R, [p‘l} C S [p‘l} =
T [p_l] . Since R, C S is assume to be almost étale, for every a € Q< we may write
P¥eos as a finite sum ), a; ® b; with a; and b; in S. Let m: S [p‘l} R, oo [p‘l} —
Soo [pfl} be the multiplication map and let Tr: S [pfl] — Ry [pil} be the trace map.
Then, e, is characterized by the property that m(z ®y) = (Tr®1d)((z®y) - ex). In
particular, for every € T, we have p®z = m(p*z®1) = 3, Tr(a;z)b;. But Tr(a;z) €
R since x and a; are integral over R,, and R, is integrally closed. Hence, p®x =
> Tr(a;x)b; lies in S as claimed.

6.9.2 Lemma. Let U = Spf(Ry) be an affine small object of X, and let U’ — U be a
covering with U’ affine. Then, Ry ar.0o = Ry M.co @Ry, Rur-

Proof: Write the composite of M and K, (in K) as the union U,, M,, where My = K C

-C M, C---and K C M, is a finite extension for every n. Let W,, be the ring of

integers of M,, and let F,, be its residue filed. Let T},...,T; € Ry be parameters as
1 1

in 2.1. Since Ry ®v k is a smooth k— algebra then Ry, [T_n, e ,Td”_n] ®y F,, is a smooth

k—algebra. Hence, Ry ®v W, [ T” ] is a regular ring modulo the maximal ideal
of W, and, hence, it is a regular ring 1tse1f In particular, it is normal. This implies
that Ry, 00 = Un Ry @y W, [T TP .

Since U — U is formally étale, then Ry ®@v k is a smooth k: algebra. Reasoning as
above we conclude that Ry ar.00 = U Ry @y W, [T 1 o } The lemma follows.

TL

Let U = Spf(Ry) be an affine small object of X,. Let A be the union of some
collection of almost étale, integral Ry pr,.o—subalgebras of Ry, Write

(03, /P07 )(A @ K) :=1lim(03 /pOz )U,(W.L))

where the direct limit is taken over all (U, (W, L)) € X with W = Spm(Syy) such
that Sy ©, M C Aoy K.

6.9.3 Proposition. Assume that Ry, is small over V. Then, the natural map
A/pA — (O/X\M/pO/X\M)(A(‘X/)K)

has kernel and cokernel annihilated by any element of the maximal ideal of V.

Proof: The presheaf 5§M/p6§M is separated i. e., if (U' W', L") — (U,W,L) is a
covering map, the natural map

Oz UW,L)/pOz (UW,L) — Oz U' W, L)/pOz U W', L)
is injective. This implies that we have an injective map

A/pA :6§M(A(‘X/>K)/p6/x\M(A(§JK) — (@/X\M/p@/%\M)(A(‘X/)K)
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We also get that the sheaf associated to the presheaf associating to a triple (U, W, L)
the ring Oz (U, W,L)/pO%z (U, W,L) is defined by taking (O /pOz (U, W, L)
to be the direct limit, over all coverings (U', W', L") of (U, W, L) with U’ affine, of the
elements b in the group @A (Z/l’ W' L") /p@A (U, W', L") such that the image of b
in (’)A (U” w", L”)/pOAM (L[” W' L") is 0 Where U, W" L") is the fiber product
of (U’ W, L ) with itself over (U, W, L). Hence,

(O%\M /pOgM (A %) K)= 151%1 Kerg

where the notation is as follows. The direct limit is taken over all normal Ry pr,o00—
subalgebras S of A, finite and étale after inverting p over Ry 00, all covers U — U
and all normal extensions Ry pr.00 ® g, S — T, finite, étale and Galois after inverting p.
Eventually, we put U” := Spf(Ry ) to be the fiber product of U’ with itself over U i. e.,
Ry = Ry (§R\u Ry We let

Kerg r := Ker <T/pT:f3/pf5> ,

where Tg is the normalization of the base change to Ry of T'® Ryt it oo @ gy agoo S) T.
For every S and T as above, write GST = Gal(T@v K/S @Ry 11.0c Bur Moo @ K)
Then, Ts is the product [] 9€Gs.r T ®r,, Ruu where tilde stands for the normalization

(of T® Ry, Ry ) and we view Ry as Ryp—algebra choosing the left action. Hence,

T @y, Fur

Kergr = Ker | T/pT— U
geGs,T pT ®Rw Ry

The two maps in the display are a — (a,---,a) and a +— (g(a))geGs’T.

For the rest of this proof we make the following notations: if B is a Ry ar,-0-algebra
we denote by B = B®RM7M700 RZ/I’,M,oo = B®Ru Ry, by B" = B®Ru/,M,oo RZ/I”,M,oo =
B®g,, Ry (the second equalities above follow form 6.9.2) and by B the normalization
of Bin B [pfl]. We then get a commutative diagram

0 — S/pS —— S§'/ps — S |pS”

| "‘l lﬁ (6.9.1)

0 — Kersy — T/pT — Tvg/pfg:ngGsyT(Tv”/pTv”).

The top row is exact by étale descent and the bottom row is exact by construction. We

claim that the kernel and cokernel of the map S/pS — Kerg r are annihilated by any
element of the maximal ideal of V.. To do this we analyze the maps « and (.

Analysis of Ker(a)) and Ker(3). Note that he extension Ry ar.0o C S is integral and
almost étale by 2.5. Hence, the extensions Ry pr00 C S" and Ry ar.00 C S” are integral
and almost étale as well. Since the extension Ry — Ry (resp. Ry — Ryr) is faithfully
flat, the rings S’ and S” have no non—trivial p—torsion. In particular, S’ (resp. S”)
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injects into its normalization S’ (resp. §”) which is 7¢s.7. Thanks to Lemma 6.9.1 the
cokernel of §' — §' = TCsr (resp. S” — §”) is annihilated by any element of the
maximal ideal of V.

Consider the following. If 0 — B — C — D — 0 is an exact sequence of abelian
groups then the kernel of the induced map B/pB — C/pC is the image in B/pB of
the group of p-torsion elements of D. In particular if B, C, D are V-modules and D is
annihilated by an element a € V, then Ker(B/pB — C/pC) is also annihilated by a.
It follows from this obvious fact that the kernel of the map S’'/pS" — S’ / pS’ and the
kernel of the map S”/pS” — S”/pS" are annihilated by any element of the maximal
ideal of V

The map S’/pS’ — T/pT (vesp. 8" /pS" — Ts/pTs) is injective since S — T
(resp. S TS) is an integral extension of normal rings. Hence, the kernel of a and the
kernel of 3 are annihilated by any element of the maximal ideal of V.

Analysis of the image of Coker(S/pS — Kerg ) in Coker(c). Define Z as Z :=
Coker(S'/pS" — (T/pT)%sT) C Coker(c). Since Kergr is Gg r-invariant (by defi-
nition), the image of Coker(S/pS — Kergr) in Coker(a) is contained in Z. Put

= Coker(S'/pS’ — S/ /pg' ). Let us remark that we have an exact sequence of
groups:

0 — Y — Z — Coker (5" /pS") — (T/pT)%s7) — 0.

We know that Y is annihilated by any element of the maximal ideal of V., so let us
examine the last term of the sequence. This is the same as Coker (TGS’T [pTCst —s
(T'/pT)%s7). Consider the exact sequence

0 O T s (TT) T B (G ).

Since Ry ar0o — T is almost étale, the group H! (GS,T,T) is annihilated by any el-
ement of the maximal ideal of Vi.; see [Fal, Thm. 1.2.4(ii)]. Hence, the cokernel of
TCsr [pTCsr — (T/pT) “S7T s annihilated by any element of the maximal ideal
of V5. We deduce that the same is true for the module Z above.

Now using the snake lemma applied to the commutaive diagram (6.9.1), we get that
the kernel and cokernel of the map S/pS — Kerg r are annihilated by any element of
the maximal ideal of V,, as claimed.

This concludes the proof in the case that A is the union of almost étale, integral and
normal Ry v .o—subalgebras of Ry In the general case, assume that Q is an almost étale,
integral Iy v 0o—subalgebra of A and let S be its normalization. Then, the cokernel of
() — S annihilated by any element of the maximal ideal of V,, by Lemma 6.9.1. The
same then applies to the kernel and the cokernel of @Q/pQ — S/pS. The conclusion
follows.

6.9.4 End of proof of 6.7. Assumption (i) clearly holds. We let {W,}; = S be a covering
of X and let 7; := {U,;}; be a basis of W; as in 6.6.3(ii). Let U € 7; for some i.
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(iii) The group L,,(Ry ®v K) is constant on the connected components of U and does
not depend on U itself. It then suffices to verify assumption (iii) for L,, the constant
sheaf i. e, L,, = Z/p°Z for some s in case (A) or L,, = (Z/p™Z) in case (B). In this case
(iii) follows from 6.9.3 with A = Ry,.

(iv) Due to 6.9.3 it suffices to prove that HY (Hu,Ln(Eu ®y K) ®Wn(}_%u/p}_§fu))
(resp. H?(Hy, L, (Ry ®v K) ®(@5€\M / p”@gM )) is annihilated by any power of the max-
imal ideal of W, (Vo /pVo) (resp. Vi) for every ¢ > 1. In both cases, one reduces by
devissage to the case n = 1. The claim then follows from 7.8 and 7.5.

(v) Given n € N, let Ryy ®y K C B be a finite and étale extension such that L, 1
and L, are constant on the étale site of By;. We may assume that B is defined over
a finite extension K C L contained in M and that Ry ®y M C B®p M is a Galois
extension of integral domains. Define A;; as the normalization of R, in the subring
of Ry @y M generated by Ry v and B. Let G be the Galois group of Ay ®@y K
over Ry oo @v K.

Then, assumption (v), with Ay in place of Ry 00, holds due to 6.9.3 since we
may reduce to the that L is trivial. Let D, be the kernel of F,11(Ay ®y K) —
Fn(Ay @y K). Let E, be the tensor product of the kernel of L, +1(B) — L, (B) with
W, 11 (5§M/p@§M)(AM ®y K) (resp. 5§M /p”@gM)(AM ®y K)). Let F,, be the ten-

sor product of L, 1 (B) with the kernel of Frobenius on W,, (656\1\4 / p5§M> (Ay ®@v K)

i. e, W, (@%\M /p%@%\) (Ay ®y K), in case (A). In case (B) define Fj, as the tensor
product of L,,4+1(B) with the kernel of the projection from (6%4 / p”+15§M)(Au Ry K)
to (O3 /p"0z N(Au®y K) i e, (O3 /pOz )(Ay@v K).

Then, D, is generated by the images of F,, and F,, in F,1(Ay @y K). It follows
from 7.8 and 7.5 that HY(Hy, E,) and HY(Hy, F,,) are annihilated by any element
of the maximal ideal of VV(VOO /PVo) (resp. Vi) for ¢ > 1. Thus, the same applies
to HY(Hy, D,,) and, hence, to the cokernel of the map from F,,1(Ay @y K)"« =
For1(Rys.oo @y K) to Fp(Ay @y K)" = F.(Ry 0o @y K). This concludes the
proof of (v).

(vi) For every covering Z — U in X, with Z € T; define H%: (Z — U) as the Chech
cohomology group

H} (2 - U):=HY(Z - U,L,(B) @ W, (Ay & Rz/pRz))

respectively

H% (2 = U) = HY(Z — U,L,(B) ®(Au§> Rz/p"Rz)).
U

See the proof of (v) for the notation. For every ¢ > 1 the group H% (Z — U) is 0 since
the sheaves considered are quasi—coherent.
Due to 6.9.3 we conclude that assumption (vi) holds using Ay ®g,, Rz ®y K instead
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of Rz p,00. Consider the spectral sequence

HP (G, HY(Z — U, F,,(Au e (Rz ® K)) = H""(Z - U, F,(Rz, ® K)).

Then, up to multiplication by any element of the maximal ideal of VV(VOO /PVso) (resp. of
Vo), the group HP (Z — U, Fr(Rz 00 Qv K)) is isomorphic to the group H? (G, HY (Z —
U, Frn(Au g, (Rz Qv K))) i. e., HP (G, Fn(Ay @y K)) Let C be the kernel of the
surjective map Hy; — G. Consider the spectral sequence

H?(G,H%(C,L,(B) ® Ry/pRu) = H"*(Hy,L,(B) ® Ry /pRuy).

Note that H?(C,L,(B) ® Ry/pRu) and H9(Hy, L, (B) ® Ry/pRy) are annihilated by
multiplication by any element of the maximal ideal of W (Vi /pVao) (resp. Vi) for g >
1 due to 7.8 and 7.5. Hence, the same must hold for HY(G,L,(B) ® Ay /pAu). By
devissage and 6.9.3 one concludes that the same must hold for HY(G, F,,(Ay ®v K)).
Thus, (vi) holds.

6.10 Proof of theorem 6.1. By theorem 6.6.5 if F is a sheaf of Sh(.’%M,*)N such that
the assumptions 6.6.3 are satisfied then R'0x ar.(F)[7~ 1] = HE,  (F). Using this
isomorphism the Leray spectral sequence for the composition of functors H?(X,, —) o
Ux,Mm,« becomes

EYY = HY(X,, HD,, (F)) = HPTU Xy ., F).

In particular, we obtain a spectral sequence for * = . Now theorem 6.1 follows as the
functors H*(X%,—) and H(X., —) are canonically isomorphic, same as the functors
HY (X%, —) and H (X7, —); see 6.3.2.

7 Appendix I: Galois cohomology via Tate—-Sen’s method.
The goal of this section is to prove Proposition 7.8 stating that, if M is a Zip-

representation of Gg, then the groups H'(Hg, D(M) ®a, Ag), H (Hs, (M) %, Az),
H(Hg, D(M) ®ay, A%) and H(Hg, D(M) ®% Kﬁ) are trivial for ¢ > 1. This is the
S

key tool to compute the Galois cohomology of M in terms of the associated (p,I's)—
modules.

To treat all the cases above, we follow the axiomatic approach started by Colmez in
[Co, §3.2&3.3] and developed in [AB, §2].

7.1 The Axioms. Let G be a profinite group and H a closed normal subgroup of G
such that I' = G/'H is endowed with a continuous homomorphism x:I" — Z with open
1= ¢gXxO) for every g € Ker(y)
and every v € I'. Let G C G be a closed normal subgroup, put H := G N"H and assume
that IV := G/H is Ker(x).

image and kernel isomorphic to Zg. Suppose that ygvy~
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Let A be Z,-algebra which is an integral domain and is endowed with a map v: A —
R U {+o0} such that:
) =400 x=0;
2y) = (@) + v(y):
7 +y) = min(o(r), v(y)):;
) > 0 and v(pz) = v(p) + v(z).
We endow A with the (separated) topology induced by v. We assume that A s
complete for this topology and that it is endowed with a continuous action of G such
that v(g(z)) = v(z) for z € A and for g € G.

We introduce the following axioms & la Tate-Sen:

(
(
(
(p

—~~
e
=
=
\_/\_/\_/
4

(TS1) there exists ¢; € R such that for every open normal subgroups H; C Hy of H
(resp. of H), there exists o € At such that v(a) > —c; and Y.  7(a) = 1;
TEHy/H;
Write Ker() as a subgroup of &%_; Z,y; so that there is mo € N with p™ ©% | Z,v; C
Ker(x) and let 7 € I' be such that Im(x) = Z,x(v0) ® F with F a finite group. Let H' C
H be an open normal subgroup. Assume that there exists an integer mg 1 > mo and
a lifting p™on' =Mo" C G/H’ as a normal subgroup centralizing H/H’' and that for

every i € {0,...,d} one has an increasing sequence (A;?H,> N of closed subrings
m2>mg g

such that:

m

of A" stable under G/H’ and maps (7‘ A ASBH/) .
m>mg 4

(TS2) for every i and j € {0,...,d} and every m > mg 3y:

(a) Tg?H, is A( ) 4p-linear and T;)H/( y=xzifx e Aff%)’H,;

b) there exists c2 3/ € Rso such that for every x € /NXH/, one has v (79, >
m,H

()

v(x) — co.9 and hm T 1 () = T

(c) &)H, commutes Wlth 7'( ,)H, and with the action of G/H’;
(d) for every open normal subgroup H” C H’' we have Al )H, C Agn)H,,, as subrings

of A, and the following diagram commutes

( )
/N\H’ T, A(i)

—_—
m,H’'

l (&) l 3

KH// Tm,‘H” A(i)H”
(TS3) let Xfng, = (1 - 7'7% H,> (AH> Then, 1 — yfm is invertible on XS?H, and there

my —1
exists ¢33 € Rso such that for every z € X,(n)H,, one has v ((1 — P > (9:)) >

v(x) — c3 9. Furthermore, there exists c4 5 € Rsg such that for every ¢ € {1,...,d}
and every x € Agn)H,, one has v ((’yfm — 1) (x)) > v(x) + can-

(TS4) Let H C H be an open normal subgroup. Assume that there exists an integer mg g >
mo and a lifting p™o.w =™ C G/H’ as a normal subgroup centralizing H/H" and
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that for every i € {1,...,d} one has an increasing sequence (ASI)H,> . of closed
mz2mg g/

subrings of AH' stable under G/H’ and maps (t%{H,: AR ASL)’H,> N such that
MMM g/
the analogues of (TS2) and (TS3) hold.

We followed closely [AB, §2] with the differences that we added (TS4) and that we
require (TS2) and (TS3) to hold not only for H as in loc. cit., but for every open
normal subgroup of ‘H as well.

7.2 Notation. Let W be a free A-—module of finite rank a i. e, W .= A%. We consider it
as a topological module with respect to the (separated) topology defined as the product
topology considering on A the v—adic topology. Note that such topology is independent
of the choice of A—basis of W. For every positive n € Q write /N\Zn for the subgroup
of A consisting of elements z such that v(z) > n. They are a fundamental system of
neighborhoods for the topology on A for n — oo. Let W, be the image of K‘;n in W;
they form a fundamental system of neighborhoods for the given topology on W. Assume
that W is endowed with a continuous action of G. We consider continuous cohomology
of a closed subgroup H' of G with values in W. If f € C" (H ! ,W) is a continuous
cochain, with » > 0 and with the profinite topology on H’, write v(f) := min{n €
N|f(g1,---,97) € W>,Vg1,...,9, € H'}. We write 0:C"(H',W) — C""'(H',W) for
the boundary map.

7.3 Lemma. [Ta, §3.2] Let Hy be an open subgroup of H (resp. of H) and let f be
an r—cochain of Hy with values in W for r > 1.

(1) Assume that there exists an open normal subgroup Hy C H such that f factors via
an r—cochain of Hy/Hy. Then, there exists an r — 1—cochain h of Hy/H, with values
in W such that v(f — 0h) > v(df) — ¢1 and v(h) > v(f) — c1.

(2) There exists a sequence of open normal subgroups H,, C Hy and continuous cochains
fn € C"(Ho/H,,W) for n € N such that f = f,, modulo W, for n — oc.

Proof: We work out the case of Hy C H. For Hy C 'H the argument is analogous and
the details are left to the reader.

(1) Let o € A1 be an element satisfying (TS1). Define the r — 1-cochain « U f
of Hy/H; with values in W by

(@Uf) (g1 grm1) = (1" > gre-groat(a) - fgr,- . gro1st).

teHy/H
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One computes that

|
—

T

AU F)(gr,---9r) = ((@U g2,y 00)) + > (1) (@Uf)(.-.,9jgj41,-- )+

I
—

J
+(—1)T(04Uf)(g17-..,gr 1)
=(=1)" > gi-gt(@) - g1f(g2,-- 90 t)+

teHy/H,

r—1
'Y N (W gt (@) F(grs 959541, 1)+

j:1 tEHQ/Hl

+ Z g1 Gr— lt ) f(glw--;gr—l;t)

teHy/H;

and

(@Uf) (g1, vg0) = (1" > gi-got(@) - 0f (91, grit) =

t€Ho/H,
= (=)™ " giget(@) - g1 £ (g2, g )+
teHo/H,
r—1
1)T+1 Z glth(Oé) 'Z(_l)]f(gh'"7gjgj+1agrat)+
teHy/H: j=1
Z gi- f(gla,grt)+
teHo/H,
+ > g ) flg1s-- 5 90)
teHo/Hl

Since ZteHo/Hl t(a) = 1, we have (¢ Udf) = f —d(aU f). Put h = aU f. Then,
v(h) >v(f) —c1 and v(f — Oh) =v(aUDf) > v(a) + v(8f).

(2) Since f is continuous there exists an open normal subgroup H,, such that the
composite f,: Hy — W — W/W>, factors via (HO/H ) Let f, be the composite
of f, with a splitting W/W>,, — W (as sets). Then, f, is a continuous cochain and

’U(f - fn) > n.

7.4 Proposition. [Ta, Prop. 10] We have H" (H, W) =0 forr > 1 and H" (H, W) =0
for r > 1. In particular, H" (G,W) = H"(I', W#) and H" (G, W) = H" (I", W™).

Proof: The last statement follows from the first one and from the spectral sequences
HI(T,H7 (H,.)) = H™(G,_) and H/(I",HI(H, .)) = H*"(G, ). Let Hy := H or H.
Let f be an r—th cochain of Hy, for » > 1, with values in W. Let {H,, f,}, be as
in 7.3(2) and, for each n, write h,, for the continuous r — 1-cochain satisfying 7.3(1)
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i.e., v(fn — 8hn) > v(0fn) — c1 and v(hy,) > v(f,) — c1. Then, {h,} is Cauchy so that
it converges to a continuous r — 1-cochain h. Furthermore, v(f, — 0h,) > n — ¢y for
every n so that dh,, — f for n — co. We conclude that f = Oh as claimed.

Let K>n be the subset of A consisting of elements b such that v(b) > n. Then, K>0
is a ring and A>n is an ideal for every n > 0 due to the properties of v. We write A,
for the quotient A>0 / A>n Assume that the following strengthening of (T'S1) holds:

(TS1’) for every ¢ € R~ and for every open normal subgroups H; C Hs of H (resp. of H),
there exists a € KI;% such that v < > 7'(04)) <g
- TGHQ/Hl
One then has the following variant of 7.4:

7.5 Proposition. Let W be a free A,,—module of finite rank a endowed with a contin-
uous action of G. Then, for every ¢ € R~ and every integer r > 1 there exists an ele-
ment . € A?o of valuation v(7y.) < ¢ such that ~.-H" (H, W) = 0and ~.-H" (H, W) =0.

7.6 Decompletion. The notation is as in 7.2. Write D(W) := W and D(W) := WH.
They are closed subgroups of W endowed with the topology induced from W.

It is proven in [AB, Cor. 2.3] that (TS1) implies that there exists an open normal sub-
group Hyw C H and a A-basis e1,...,eq of W such that WHw =~ AMwe, @@ AHwe,.
For every ¢ = 0,...,d and every m 2 mw = mo,x, define the map 7t )H cWhHw
WHw by S Biei — >0y Tg?HW (B:)ei. Due to (TS2)(c)&(d) such map is indepen-
dent of Hy and the basis e1,...,e, and it descends to a map on D(W) = W, Due

o (TS2)(Db) it is continuous for the topology on W" induced from W. We then drop
the index Hyy and we write simply

7 QW) — D(W) fori=0,...,d, m>my.

m

Using (T'S4) and repeating the construction above, we get similarly continuous maps
tD:DW) — D(W) fori=1,...,d, m>my.
For every m > mys due to (TS2) we have a decomposition
(W) = Dm(W) @D (W) & & D) (W),

where @%)(W) = (1- ﬂsf))(@(W)), @ﬁff‘”(W) = (1- 7'75;1_1)) (g(W)Tfr‘f):l)’ e

QW) = (1-7) (@(W)ﬂ(f):l ..... T$>:1> and D, (W) = D(W),_,
are closed I'-submodules of ® (). We endow them with the induced topology. By (TS2)
the decomposition above is an isomorphism of topological I'-modules. Similarly, we have

T,(,ED:l' They

.....

an isomorphism of topological I''~modules
D(W) := Dy (W) & D) (W) & -+ & D) (W),
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whete DY () = (1= #50) (@(W), ..., DR (W) = (1= 15)) (DOV) 0, o)
and D, (W) = D(W)tﬁ,‘f):l ..... [y are closed I"—submodules of D(W).
7.7 Proposition. There exists an integer N > my such that for every n > N,
ify? €T themap~? —1 is bijective with continuous inverse on @%)(W) fori =0,...,d
(resp. DS,ZL)(W) fori=1,...,d).

Then, the maps of continuous cohomology groups H’ (T',D,,(W)) — H’ (T',D(W))
and H7 (I, D, (W)) — H (I",D(W)) are isomorphisms.
Proof: We deduce from the first statement that H/ (Zpyf’ ,@%?(W)) = 0 and that
HJ (pryf ”,DS;)(W)) = 0 for every 7 > 0. We get from the Hochschild—Serre spectral
sequence that HY (F,@@(W}) =0 and H’ (I",D%(W}) =0 for ¢ > 1. For i = 0 the
first statement implies that 'ygn — 1 is bijective with continuous inverse on the group
19 (I, 09 (W). By Hochschild-Serre H/ (r, z);?(W)) — 0 for i = 0 as well. The second
statement gollows )

Since 77 —1 = (¥ -1)(>F, Tlap J) for t > s,if ¥ —1 is bijective with continuous
inverse on D (W) (resp. NG (W)) also *yfs —1is. Hence, it suffices to prove that ’yfm -1

is invertible with continuous inverse.

We prove the statement for DY (W). The proof for DY )(W) is similar and the de-
tails are left to the reader. Write WHw = AHWel @ - @AHWea as in 7.6 and write

HW’(l) (1 7'7(,?) <W7'(‘1W1) - T(l):1>' Due to the assumptions in 7.1 we have a lift-
ing p™oHw =T C G/Hw so that p™o7w ~"°T" and H/Hw commute. Since @,(f@)(W) =
(WHW’(”)H by (TS2)(c) it then suffices to prove that yfm — 1 is invertible with contin-
uous in Wt (@),
verse on

Extend v on Ae; ®---Ae, by U(ZJ 1ziej) = inf{v(z;)[j = 1,...,a}. It defines

the weak topology on Aey @ -+ - Aeg. Since the action of G /Hw on WHW is continuous,
N
there exists an integer N > mq 3¢, such that 47 acts trivially on WHw / W;{CV:H b1 =
AHW / AT

Sen gy 41657 Take m > N. Following [CC1, Prop. I1.6.4] define

fis Wtw @ —— ), Z% =3 (=) T (3
7j=1

It is well defined, continuous, bijective and with continuous inverse (for the weak topol-

ogy) due to (TS3). Then, z — fi((1 = 77")(2) = =fi (L5127 () (1 =477 )(e))).
Write

Gi o WHw O Wwhw. () g () =y — f; ((1 —"") (y) - Z) :

Then, v(fi(2)) = v(2) — a1, by (TS3) and v(gs,0(y)) = v(y) +inf{v (17" )(e))li =
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.,a} — ¢33, > 1. Hence, v(g;-(y1) — 6i,2(y2)) = v(gi0(y1 — y2) > v(yn — y2) + 1.
This implies that g; . is a contracting operator for the v-adic topology so that there
exists a unique fixed point y.. Since f; is bijective we get that y, is the only solution
of (1— yfm)(y) = z. We deduce that 1 — ’yf is bijective on WHW’( ). Furthermore,

since y, is the limit of the sequence g}',(2) and g; .(z) — 2z = fi(% (z)) we have v(y, —
z) > v(gi,-(2) —2) > v(yfm(z)) — 3,1, - Hence, (1 —7fm)_1 is continuous on W, @,

We are ready to apply the considerations above in the cases of interest to us. Let S
be as in 2.3. Let M be a Z,-representation of Gg. Let M = Z7 ®°_, Z,/pZ,. For A =

Rey K, A+, A%, :&E or :&%, then M @z, A = A° ®l_, (A/pCiA). We consider M ®z, A
as topological module for the product topology considering on A the topology induced

from the p-adic topology on R ®y K or form the weak topology on A+ and considering
on each A/p“ A the quotient topology.

7.8 Proposition. We have:
1) the ring A := }%@VK with v(b) = min{a € Q\p% € }2{} satisfies (TS1). Further-
more, the following holds
(TS1’) for every c € R>0 and every open normal subgroups Hy C Hy of H (resp. of H),
there exists « € R such that Y 7(a) is an element of V of valuation < c;
TEHy/H,
2) for every r € Qs the ring A := A(0 "} with v = w, satisfies (TS1);

3) for every N € N the ring A := A= /pN“A— with v = VE satisfies ('T'S1);
H' (Hs, M ®z, (R®V K)) =0 for every i > 1;

5) (a) B (Hs, M ©z, Ag) = 0, (b) H (Hs, M @7, AL) =0 for every i > 1;

)
)
4)
)

6) (a) H'(Hg, M ®z, A%) =0, (b) H <H57M®zp 11%) =0 for every i > 1.

Proof: For open normal subgroups H; C Hs of H claim (1) follows from [AB, Prop 3.4
& Rmk. 3.5] and claim (2) follows from [AB, Prop. 4.6].

Let H; C Hs be normal subgroups of H. They correspond to extensions R, C Séo2 C
S(’)o1 which are finite and Galois over R/ [p_l] of degree d; and ds respectively. In par-
ticular, there exists an extension V., C Vooh, finite and Galois after inverting p, such that
they arise by taking the normalization of the base change of extensions of R Qv Voo
finite and Galois after inverting p of degree d; and ds respectively. This is equivalent to
require that there exist open normal subgroups of H; C Hs of H such that H;NH = Hy,
H2 N H = Hy and Hy/Hy = H;y/Ho. Then, (TS1) (resp. (TS1)) for Hy C Hs implies
(TS1) (resp. (TS1’)) for H; C Ho. Hence, (1) and (2) follow.

(3) Let Hy C Hy be open normal subgroups of H (resp. H) and let o, be an element
of K%)’T] satisfying (TS1). If we write . := >, p¥[zx] with 25, € EE’ since wy (o) =
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inf{rve(zr) + k} > —c1, we get that vg(zr) > _C;_k. Hence, for every N € N we have

VEN(QT) > # In particular, the claim follows.

(4) It follows from 7.4.
(5)—(6) Since A%/pNJrlA% = Az /pN 1A%, claims (5) and (6) follow from 7.4 for M

a Gg-representation which is free as Z,,/pY *1Z,~module. In particular, (5) and (6) hold

for torsion representations.
We may then assume that M is torsion free. Let A := A4 or A% and let H = Hg
or Hg. Let f be an i-th cocycle of H with values in M ®z, A, continuous for the weak

topology. If A = ;i%, then ;&% = UTA.(EP,T] and ;&(ﬁo’r] is open in ;&F for the weak
topology since it contains K% In particular, since H is compact in this case f takes

values in M ®z ;&%J’T] for some 7.
Since f is continuous, for every n € N there exists an open normal subgroup H,
of H such that the composite fn: H* — M ®z, A — M @z, (A/(UnJrl fertny,, 0 A))

factors via (HO/Hn)Z; see 2.10 for the notation U, ;. Here, for u € Q we write [u]
for the smallest positive integer bigger or equal to u. Let f,, be the composite of f,
with a splitting M ®z, (A/(Un+1’[$]+n NA)) — M®z, A (as sets). Then, f, is
a continuous i—cochain and we also have f, = f, if viewed as cochains with values
in M ®zp (A/(Un—l—l,[ﬂ]—l—n
i — 1-cochain defined as in the proof of 7.3(1). The computations in loc. cit. show that
fn—=0h, = aUJf, =0 and hpp1 = hy in M ®z, (A/(Un+1,n N A)) Then, {h,}
is Cauchy for the weak topology and {0h,}, converges to f for the weak topology.
In particular, h, converges to a continuous ¢ — 1-cochain h with values in M ®z, ‘&E
and Oh = f.

If A= AR, this concludes the proof. If A = ;i%, since p”gﬁ N A(ﬁo’r] = pn:&(_(),r]

R
and since wy(p) = 1 and wy(m) = 25 by [AB, Prop. 4.3(d)], we conclude that {h,}
]

is Cauchy for the w,—adic topology as well. Since :&%)’r
the w,—adic topology by [AB, Prop. 4.3(c)], we conclude that % in fact takes values
in M ®z, A%)’r]. The conclusion follows.

N A)) For every n let h, := «, U f, be the continuous

is complete and separated for

7.9 Sen’s theory for E[pil]. Before passing to the (¢, I')-modules, we first show that

our theory applies in the case of E[pfl}—representations. These results are due to Sen
[Se], in the classical case of a dvr with perfect residue field, and are due to [Br] for a dvr
with imperfect residue field. The key point is of course to show that 7.7 applies. This
follows essentially from results proven in [AB]. We review some of the basic definitions
and properties from loc. cit.

d
Let S be a R-algebra as in 2.1. Fix mg s € N such that p"°5 @ Z,~; C I's. Then, for
i=1
every m > moq_ s, the ring S,,11[p~'] is a free S,,[p~1]-module of rank p?*! (resp. Sy, 41 -
W(p~1] is a free S,, - W[p~!]-module of rank p?). For every i € {1,...,d} and every
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n € N, define

and

1

For ¢+ = 0, one puts Sff* = S[ T } Eventually, let S((X,)* = U ST(LZ* and
neN

OE,”* = U S . For every i € {0,...,d} and m € N, one defines

neN

T i
SOOmK: ) -1 ifiedll,....d
(S90S ) P71 itie{L,....ah

where the hat stands for p—adic completion. Similarly, for i € {1,...,d} and m € N,
put

S e = (59.5,) )

Note that S( ) m.x C Seo[p™Y] for every i € {0,...,d} and m € N and that §;Ef)mK C
Sgo[ ~1. For n > m > mg and = € S, [p~!], one puts
1 e
() = § 7 sy, () 1HE=0,
m p,%mTrSn/S?(j?*.sm(x) if i € {1,...,d}.
For n >m > mg and x € S/ [p~!] and every i = 1,...,d define

1
Tr

(4) — ,o
tm (l‘) - pn_m S;’L/Sn(f*>~sm (l’)

Such maps do not depend on n for n > 0 so that they are defined on S, [p~!]
(resp. Si[p~1)).
(i) -

—linear map

7.9.1 Proposition. For every:=0,...,d and every m > mg the map 7y, is continu-

ous for the p—adic topology so that it extends to a unique S~ 5%

oco,m, K

708l —— S k.

(0

x —linear map

Analogously, for every i = 1,...,d and every m > mg the map is continuous for the

p—adic topology so that it extends to a unique Soo,)m,

9.5 [p) — 50

oco,m, K"

Proof: The claim for 7'751) follows from [AB, Lem. 3.8]. Since t&,) is obtained from Ty(n) by
base—change from V., to W, the claim for tgn) follows as well.

68



Hs _

Note that (R[p~1])" = S [p~'] and (R[p~])"* = S [p~] due to 2.9. Further-
more,

7.9.2 Proposition. The rings :S'\C(Qm i and the applications TT(,? satisty (TS2) and
(TS3). The rings §£) _x With the applications t$9) satisfy (TS4).

,mM

Proof: The fact that (TS2) and (TS3) hold is proven in [AB, Prop. 3.9] and in [AB,
Prop. 3.10]. Axiom (TS4) follows from this since t{) is obtained from 7\ by base—change
from V,, to W and taking p—adic completions.

7.9.3 Lemma. We have (J,, (ﬂl §£?7m’K> = Seo[p™!']. Analogously, we also have

Proof: The first claim follows from [AB, Lem. 3.11]. The second is proven as in loc. cit.

Let M be a Z, representation of Gg and let @ := M®zpﬁ[p_1}. Due to 7.8 we
know that the natural maps

Hn(F57QHs) — H" (g57Q) and Hn( {S’vQHS) — H" (G57Q)

are isomorphisms. Furthermore,

7.9.4 Theorem. There exists a finitely generated, projective Sy [p_l}fsubmodule
N C Qs stable under I's, such that N ®g__ Seo = Q™S and the natural map

Hn(FS7N) - Hn(P57QHS)

is an isomorphism. Furthermore, if N' := N ®g__ (Um 5/”7’;), then N’ ®, o §(’)\O =~ QHs

and the natural map "
() —— B (15, Q)

is an isomorphism.

Proof: Put N to be the base change of ©,,(Q), as defined in 7.6, via the natural
map [, SéﬁimK — Soo[p™!]. Similarly, put N’ to be the base change of D,,(Q) via
M S5k = Un S 7],

Due to [AB, Thm. 3.1] there exists an R[p~!|-basis e1,...,e, of M ®z, R[p~]
stable under an open subgroup Hq of Hg, normal in Gg. Let Soo[p™'] C Two[p™?] be

the corresponding Galois extension. Then 9,,(Q) (resp. D,,(Q)) is by construction

the set of Hg/Hg-invariants (resp. Hg/Hg—invariants) of the free ), fg)m —module
(resp. ), fog) xmodule) with basis ey, ..., eq. By [An, Cor. 3.11] we have T [p~1] =

M

Seo[p™!] ®s.. T so that the extension Se[p~t] C Too[p~!] is finite, étale and Galois
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with group Hs/H¢q. Similarly, one proves that T/ (= §{;[p_1] ®s.. Too so that the
extension S’ [p~1 C T ' [p~1] is also finite, étale and Galois with group Hs/Hg. Then,

the claims that N' = N ®g__ (Um §7’;) and that N and N’ satisfy the requirements of

the theorem follow as in the proof of 7.7 and étale descent.

7.10 Sen’s theory for K— and KT We recall some facts proven in [AB] needed in order

to prove that (T'S2) and (TS3) hold also for the rings A— and AT Let S be a R-algebra
as in 2.1. For every i = 0,...,d let

1
n

A (c0) := U, Ag [[Io}’%ﬂw-w [@i1] P, [wiga] ™" [2a] T ]

and let Ag)(oo) be the closure of Ag)(oo) in Ag_ for the weak topology. Here, we
write zg for the element € and we write [:1:2} for the Teichmiiller lift of x;. Then,

7.11 Proposition. For every m > 0 and every ¢ = 0,...,d there exists a homomor-
phism

1

) = () As. — AL (00) [[ai] 7],

m

called the generalized trace a la Tate, such that
(i) it is A(Si)(oo) [[mz] } linear and it is the identity on A )( ) [[mz]%],
(ii) it is continuous for the weak topology;

(iii) it commutes with the action of Gal (S /R) and Do D =7 o 2D form, n e N
and i, j € {0,...,d};
(@) (2)

(iv) for every n € Z such that m +n > 0 we have ¢" o7, = Tm 0 ¢";
(v) it is compatible for varying S i. e., given a map of R-algebras S — T as in 2.1 we

have that 7! )T restricted to AS co1nc1des with 7151)5;

(vi) there exists rs € Qs such that (TS2) and (TS3) hold for every 0 < r < rg with A :=

A%)’T} and v = w,, taking A\ form > 0 to be the closure ofgfgoof] ﬂAg)(oo) [[wl] »rr
in ;i%)’ "l and taking Tg @ ) for m > 0 to be the restriction of the maps defined in (i);

(vii) for every N € N (TS2) and (TS3) hold for A := Az/pN Tt AL and v = VEN,
taking A\ for m > 0 to be A ( )/pNHA( )( ) [[ml]r%’"} and taking Tézzn for m >
0 to be the reduction modulo p™V ! of the maps defined in (i);

(viil) there exists mg € N such that for m > mg the map ¥ " _ 1 is an isomorphism
(1 PG )) (ASOO) with continuous inverse (for the weak topology);

Proof: Claims (i)—(v) follow from [AB, Prop. 4.15]. The verification of (TS2) (resp. of
(TS3)) in (vi) follows from [AB, Prop. 4.24] (resp. [AB, Prop. 4.30&Prop. 4.32]). The
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fact that (TS2) holds in (vii) follows from (ii) and the fact that the weak topology
on A/ pN T A is the VEN—adic topology.

Since (1 — 7'( )) (As ) is p-adically complete and separated, the fact that 7 |
is bijective can be verified modulo p and follows from [AB Prop. 4.30&Prop. 4.32]. In
particular, (’yf — 1)~ is bijective on p™V 1 (1 (Z)) (AS ) and, consequently, on (1 —

(i)) (Ks /pNH;&S ) for every N € N. Note that for every h € N the group Whggoo is
contained in the subgroup of elements z € A(O "} such that w, (z) > hw,(m). By (TS3)

for A(EO "l there exist constants c3,s and c4 g such that for every element z in 7rh(1 —

)AL (resp. AY(00) [[wi]77 | N 7" A ) one has

rve(z) SV (1=97") 7 2) 2w (1 =") (=) = N > we(2) —ess — N
and, respectively,
rve(z) SV (1= 27")(2) > w, (1 =77 )(2)) = N > w,(2) + a5 — N.

Since wr( ) EN(z) we conclude that VE(zk)<N((1—’yfm)_1(z)) > VEN(z)—M
(1-—

> rv
and vg(ze) SV (1 =47 )(2)) > vl (2) + (J“ST Hence, (vii) and (viii) follow.

Similarly, given a R-algebra S as in 2.1, for every i = 1,...,d let A'S(i)(oo) =

UpAly “331] oL, [%’—1} ”L”, |:CL',L'+1] P, [:L’d} pL"} and let Afg(i)(oo) be the closure of

A’S(i) (0c0) in ;&Séo for the weak topology. Note thatlsince i > 1 the ring Ag) (00) contains
the closure for the weak topology of U, Ay “:CO] p_"} which is Ay_ by [AB, Cor. 4.13].

Then, A(')( ) %, Aw maps to A’ (Z)( ) and the image is dense for the weak topol-
ogy. Recall that As ®~ AW injects and is dense in As/ and Ag ®a,, AW injects
(4)

and is dense in A’y by 2.12. Hence, for every ¢ = 1,...,d we may base—change 7g,,

via ®3, ;&W and complete with respect to the weak topology. We obtain a map

10 =10, Ag. — ALY (00) [[ei]7 ]

7.12 Proposition. The analogues of the statements (i)—(viii) of 7.11 hold for :&5(/)0,

the rings Afg(i)(oo) [[mz]p;m} and the maps t.).

Proof: The proposition follovx@ from 7.11,~from the construction of t%) and density

arguments. For (vi) note that Ago,r] Q7 (0.7] A%,?,’T] maps to Ag (7] and has dense image
oo VOC oo

for the w,—adic topology by 2.12(d).
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T I R N

~ (1) _ (d) _
7.13 Lemma. We have Ag Q = Ag and (AS;O)tO =1,...ty" =1

= A%.
o1 24
Proof: By [AB, Cor. 4.13] the monomials {[xo] P [xd} ?" }o<a;<pr form an Ag—

a E ~
basis of p™"(Ag) = Ag [[a:o] .., [xd] P"} and U,p~"(Ag) is dense in Ag_ for the
. Oy (D)4 ~r =1 D=1

weak topology. In particular, U, o~ " (Ag)70 ~To ~lisdensein Ag o 0
“(As ®a, Aw)lo

the fact that Té )([xz] ) =0 for 0 < o < p", we get that N¢_ OAg)(oo) = Ag is dense
Oy (@ w_
in A;OOc Lo =1 and As®a, AW is dense in (AS/ )t !

conclusion follows from 2.12.

and

L , =1 .
=L, o =1 is dense in (AS/ respectlvely. From

! respectively. The

7.14 The operators Tm 70 and t{) on (¢, I')—modules. Let S be as in 2.3. Let M be a Z,—
representation of Gg. If M = Z¢ &7_, Z,,/p®Z,, then M ®z, Ay = %@é’:l As/p“ Ay
and on the latter we have the product topology considering on Az the weak topology.
Recall that we have defined ® (M) = (M @z, A—) * and D(M) := (M &z, AE)HS

We then define the weak topology on D (M) and D(M) to be the topology induced from
the inclusions D (M) € D(M) M ®z, A—.

Assume first that M = (Z/pN*t1Z)". Since A := Ax/pN*t!'A+ satisfies (TS1)-

(TSAA}) due to 7.11&57.12(\711) we may apply 7.6 and define the operators T, ) (resp. 4 ))
on ®(M) and on D(M) and we get decompositions

D(M) =D (M)BDO(M)®--- DD (M)
and
D(M) := D, (M) ®DM (M) & --- & DD (M).

By devissage we get the operators 7 o (resp. ¢ ) on (M) and on D(M) and the
decomposition above for any torsion QS representation M.

If M is torsion free, D(M) = lim ®(M/p"M) and D(M) := lim f)(M/p”M)
by 2.16. Using the construction for to}?é_ tnorsion case and passing to theofi(r_xl?t, we get the
operators 7, (resp. t(z)) on (M) and on D(M) and the decomposition above.

7.15 Proposition. Let S be as in 2.3 and let M be a Z,-representation of Gs. Then,
1) Do(M) =D (M) and 150<M> = D(M);
2) the operators R (resp. £ ) on D(M) (resp. D(M)) are continuous for the weak
topology;
3) the operators T, ® (resp. o )preserve D1(M) (resp. DT(M)). In particular, we have

o (M) := D}, (M) DO (M) & & D@ (M)
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and
DY(M) := D}, (M) & DM (M) & - - & D} (M),

where the modules on the right hand side are defined as in 7.6;

4) if 47" € T'y (resp. I') then ~*" — 1 is bijective on D) (M) (resp. DS (M)) with
continuous inverse (for the weak topology);

5) if 'yfn € I's (resp. I'y) then fyfn — 1 is bijective on 55171(1)(M) (resp. f)jn(z)(M)) with
continuous inverse (for the weak topology);

6) D, (M) = D,,(M)NDT(M), DL (M) = D) (M) DT (M), DEY (M) = DY) (M) n
Di(M) and D}, (M) = D, (M) n DI(M). In particular, D} (M) = D(M) and
D} (M) = Dt (M).

Proof: Since ¥ 1= (oF —1)( =0 1 ~? ]) for t > s, it suffices to prove the bijectivity

and the existence of a continuous inverse in (4) and (5) for n > 0. Assuming (3), we

have D5 (M) = D5 (M) N Dt (M) and DY (M) = DE (M) N D (M). Then, (4) and
the bijectivity in (5) imply the existence of a continuous inverse in (5). Claim (6) follows
from the others. For every m and n € N the maps

@”@1:5(M)§9 As5D(M), o"@1:DT(M) ‘%? AL—=5DT (M)
S AS

and

@ 1:D(M) B AsD(M), @ 1:DI M) B ALLDH ()

Ai? Ag

are isomorphisms by 2.16(i). It follows from 7.11 and 7.12(iv) that (¢"®1) o AR

m—|—n

o (go”@ 1) and ((p ® 1) 7(,?+n = tg,? o (@”@1) and that ¢ ®1 defines an iso-
morphism from 35m+n(M ) @A " Ag (respectively from @ﬁn)m(M ) ®£ns A g, respectively
from Dy, (M) ®A, Ay, respectively from DY (M) ®As Ag) t0 D, (M) (respectively

m-+n
5%)(M), D, (M), D%)(M)) Hence, it suffices to prove claims (2), (4) and (5) for m > 0
to deduce it for every m € N. N N
Since ®(M ) := lim @(M/p”M) and D(M) := lim D(M/p"M) by 2.16 and the op-

erators T, (resp. t( )) are constructed on each D (M /p"M) (resp. D(M/p™M)) passing
to the limit, to prove (1), (2) and (4) one may assume that M is a torsion representation.
By devissage one may also assume that M is a free Z/pN*1Z-module for some N € N.
Note that 7'7(n) and t( ") commute with the Galois action and are compatible with exten-
sions Soo C Ty and S, C TZ by 7.11 and 7.12. Due to 2.11, 2.12 and 2.13 and étale
descent, it then suffices to prove (1), (2) and (4) passing to an extension S, C T in R
finite, étale and Galois after inverting p i. e., for (M ®z, AE) 1 instead of D (M) and

(M Rz, :&E) Hr nstead of f)(M ). We may then assume that Hr, and hence Hr, act triv-
ially on M. Claim (1) follows then from 7.13. Claim (2) follows from 7.11(ii) and 7.12(ii).
Claim (4) for m > 0 follows from 7.7 since A := A—/pN+1A— satisfies (TS1)—(TS4).
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This concludes the proof of (1), (2) and (4).

If M is a torsion representation, then (3) and the bijectivity in (5) follow from 2.16(ii’).
Assume that M is free of rank n. Thanks to 2.11, 2.12 and 2.13 and étale descent we may
pass to an extension So, C Th in R finite, étale and Galois after inverting p. By [AB,
Thm. 4.40] there exists such an extension S,, C Th so that DT(M) ®ATS A; is a free

A;—module of rank n. Fix a basis {e1,...,e,} and choose r € Q¢ such that these
elements lie in M ®z, K(ﬁo’r}. By 2.16(iii’) we have M ®z, ATE = K%el - K%en. For
every s < min{r,rr}, see 7.11(vi)&7.12, let W, := M ®z, A%)’s]. Define DO-s/(M) :=
WHr and DOs/(M) := WHT_ Then, D (M) = U,2©/(M) and DI (M) = U,DO-sI(M1).

Note that 11%)’5] satisfies (T'S1)—(TS4) by 7.11(vi)&7.12. Hence, the operators o

(resp. t,(f;b)) preserve ©(0:51(M) (resp. DOs1(M)) and we further have decompositions
DOsl(M) 1= DO (M) e DO O (M) @ - .. D0 (ar)

and
DOl (M) .= DO (M) o DOV (M) @ - - @ DO=HD (M)

by 7.6. This proves (3) in the overconvergent case. It follows from 7.7 that if 47 " ey
(resp. I''y) then %Pn — 1 is bijective on @52’5]’(")(1\4) (resp. N,(SL’S]’@(M) for m > 0. We
conclude that the bijectivity in (5) holds. Claim (5) follows.

We deduce from 7.7, 7.8 and 7.15 the following theorem which summarizes the results
proven so far:

7.16 Theorem. The natural maps

H"(T's,®(M)) — H" (05, D(M)) — H" (QS,M%@ Z&E) :

H" (T, D(M)) — H"(Ts,D(M)) — H" (GS,M ® A§> ,

ZP

H" (T, ®(M)) — H"(Ds,Df(M)) — H" (gs, M @ A’%)
and

H" (s, Df(M)) — H"(I'y,DF(M)) — H" (GS,M%;&%>
are all isomorphismes.

8 Appendix II: Artin—Schreier theory.

The aim of this section is to prove the following;:
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8.1 Proposition. The map ¢ — 1 on AE? :&%, A4, A% A/E and A% is surjective and
its kernel is Z,,. Furthermore, the exact sequence

0 Z, Az 2L Az —0 (8.1.1)

admits a continuous right splitting o AE — Kﬁ (as sets) so that so that O‘(Aﬁ) C Az,
AT AT T i T T
o(AL) C AL o(AL) C AL, 0(A%) C Az and 0(AT) C AT

Proof: Note that by [AB, Prop. 4.3] we have @(A%)’ﬂ) C A%)’T/p] and g0(~%”]) C
AL g0 that (p — 1)(AL) ¢ AL and (¢ — 1)(Al) ¢ AL We know from 2.10
and 2.12 that p is a regular element of A, A’_ and A— and that Az/pAz = Eg,

E/pAE = EE and that the image of Ex ®g,, EW — A5/pAx is dense for the T-adic
topology. In particular, to prove that ¢ — 1 on A , Az and A’— is surjective and its
kernel is Z,, it suffices to prove that the kernel of ¢ — 1 on E— 7 is F), and that ¢ — 1 is
surjective on E, on Ex and on the completion of Ex ®g,, Ey for the T-adic topology.
Since E is an integral domain by 2.6(5), the kernel of ¢ — 1 is Fj,. The other claim
follows from 8.1.1.

Since A% = Az N K%, to conclude that ¢ — 1 is surjective on A% and on K%, it
suffices to prove that for every = € K% the solutions y € :AE of (p—1)(y) = z lie in :A%
Since any such solutions differ by an element of Z, and the latter is contained in 1&%,
it suffices to show that ¢ — 1 is surjective on ;i% Let z € ATE and choose 7 € Q=g so
that z € :&(EO’T]. Write z = Y, [z,]p® with 2, € EE' Then, putting ¢ = min{—1, w,(z)},
we have rvg(zx) + k > c for every k € N i. e, vg(z) > C;k. By 8.1.1 there exists yi €
EE such that (¢ — 1)(yx) = 2zx and ve(yr) = ve(zx) if ve(zx) > 0 or vi(yx) =

ve(z . . A (0,pr
elas) > prk Hence, y := Y, p*lyx] lies in A(ﬁp ]

if vg(zx) < 0. In any case, Vg(yx) >

and (¢ —1)(y) =

8.1.1 Lemma. The map ¢ — 1 is surjective on E, E+ E— and EJr Furthermore,
given a and b € Eﬁ such that a”? —a = b we have

Y (a):{vE(b) if vg(b) > 0;
E ve(b)/p ifvg(b) <O0.

Proof: Recall that Ex := Us Eg (resp. E% = Ug_EZ) and the union is taken
over a maximal chain of finite normal extensions of Ex (resp. E}), étale after invert-
ing 7. Then, H., (EF Z/pZ) = 0 and H], (EJr Z/pZ) =0, HL, (gp_oo( Eg), Z/pZ) =0
and H}, (go_oo(E%),Z/pZ) 0. By Artin-Schreier theory Ex/(¢ — 1)Ex injects in
HY, (Ex,Z/pZ) and, hence, it is zero. Analogously, E%/(go - 1)E% = 0. This im-
plies that ¢ (Eg)/ (¢ — 1) (¢ (Ez)) = 0 and ¢~ =(E5) /(o — 1) (¢ =(EL) = 0.
By 2.6 the ring I:]% is the Tadic completion of cp_oo(E%) and EE = I:]%[ﬁ_l}. In
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particular, EE = ¢ ®(Eg) + ﬁﬁ% and we are left to prove that given a power se-
ries b = 32 b, 7" with {b,}, in QO*OO(E%), we can solve the equation (¢ — 1)(a) = b.
It suffices to find {a,}, in go_OO(E%) such that 7P~ Y7"e? — q, = b,. Indeed, if we
put a:=3 ", a,7", then (¢ —1)(a) = b. Given b,, € gp“x’(E%) there exists So and m
such that b, € =™ (E;C) But Eg and go_m(E;’) are m—adically complete and sep-
arated, the equation 7P~ V" XP — X = b, in the variable X has 1 as derivative and
admits b, as solution modulo 7. By Hensel’s lemma it admits a unique solution a,
in ™™ (E;) The first part of the lemma follows.

Assume that a? — a = b. Then, the properties of vél recalled in 2.10 imply that if
vi(a) < 0 we have vg(aP) = pvg(a) < vg(a) and vg(b) = vg(aP —a) = pvg(a). On the
other hand, if vg(a) > 0 we have vg(a?) = pvg(a) > vg(a) and vg(b) = ve(a? —a) =
vE(a). The second claim follows.

8.1.2 Lemma. For every m and n € N we have (¢ — 1)([%]”W(E%) +me(E%)) =
[7T]" W, (E%) + me(ﬁ%) where [7] is the Teichmiiller lift of 7. In particular, the map
p—1: ;&E — AE is open for the weak topology.

Proof: By construction {[7]"W,, (E%) + p""W (iiv%)}m,n is a fundamental system of
neighborhoods for the weak topology on A __ . Since ¢—1 is linear, th~e first claim implies
the second. Since (¢ — 1)(p™a) = p™ (¢ — 1)(a) for every a € W(E%), since ¢ — 1 is
surjective on W(E%) by 8.1.1 and since W, (E%) = W(E%) /me(E%), it is enough
to prove that for every n we have (o — 1) ([7]"W,, (]7]%)) = [7|"W,, (E%) Indeed, (¢ —
1) ([@]"W,, (E%)) C ([@"W,, (E%)) remarking that (¢ —1)([7|"a) = [7])P"a? — [T]"a =
7" ([7]®~Y"aP — a). On the other hand, [7]"W,, (E%) C (p—1)([F"W,, (E%)) since
for every b € W,, (ﬁ%) the equation [7]P~"XP — X = b admits a solution modulo p
(cf. proof of 8.1.1) and, hence, in W, (E%) by Hensel’s lemma. The lemma follows.

8.1.3 Lemma. There exists a left inverse p as Z,—modules of the inclusion v: Z,, — AE
of (8.1.1), which is continuous for the weak topology.

Proof: Let R* be the p—adic completion of the localization of R at the generic point
of R®y k. We then have a map AE — A/ﬁ, which is continuous for the weak topology,
so that it suffices to construct p for R*. We may then assume that R = R* is a complete
discrete valuation ring with residue field L. In particular, Ep is a discrete valuation field
with valuation ring EE and A g is a complete discrete valuation ring with uniformizer p
and residue field Eg.

Recall that E is the union UsEg over all finite normal extensions R C S C R, étale
after inverting p. Let R C S be any such. Since R is a complete discrete valuation ring,

also S is a complete discrete valuation ring. Then, E;C is a complete discrete valuation
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ring. For S C T C R finite normal extensions, étale after inverting p of degree ngr,
we get that E}' is a finite and torsion free as E;C—module, of rank ngr; see 2.6. By
loc. cit. the choice of a E{—basis of E7. determines a ¢~ ™(E{)-basis of ¢~™(E;) for
every m € N and maps

TR EL e m(EL) © BL o (BL)"T - B
B e:19)
where {1 is a constant depending on S C 7. We thus get an isomorphism EgiT —
ETW as topological groups (for the 7—adic topology). Since E:qL is integrally closed
in EFfF, we may assume that the given EJLbasis of EFfF contains 1. Suppose furthermore
that s 57 < 1. We then get a splitting of the inclusion ES C ETM as ﬁgw—modules
such that WE}; is mapped to E;’w. Consider the set F of pairs (A, t) where A is a normal
sub-E R, —algebra of USESOO and : A — E R, is a splitting of the inclusion E r., CA
as B Rr.,—modules such that ¢ (A N (ﬁ . U5E§W)> C EEO@' It is an ordered set in which
every chain has a maximal element. Zorn’s lemma implies that F has a maximal element

which, by the discussion above, must coincide with USES We conclude that there
exists a left inverse & as E r..,—modules of the inclusion E R, C USES such that ﬁE;roo

is mapped to EEOO for every S. Since EE (resp. Ei) is the Tadic completion of USES
(resp. U5E+ ) and since ER (resp. E+ ) is madically complete and separated, §
extends to a left inverse ( as E r.,—modules of the inclusion E r. C E— mapping 7TE+

to EJRFOO. In particular, ¢ is continuous for the Tadic topology.

On the other hand, recall from 2.6 that EE = L®j koo|[mk] and that EEO@ is the

1 1 1

completion of UHEE (7‘(‘;7{_” yxlt ,a:c’l’_n) for the topology defined by the fundamental

ERVAEE 1
system of neighborhoods {w}”’} (UnL @k ES[mr" ] <:c1" N )) } . Define

1 1 1

5:UnL<§k‘oo((7rK)) (WK ,xl_n,...,xfl'_”) —>L<§kzoo

as the L-linear map sending 7TK$1 ~~-xéld to 0 for every (ig,i1,...,iq) € Q%! such
that (i,...,4q) is not equal to 0 in (Q/Z)%. It is well defined since {mx,x1,..., 24} is
an absolute p—basis of E;g. Furthermore, § is continuous for the mx—topology and, hence,
it extends to a continuous left inverse v as L-modules of the inclusion L ® koo C E Ro.
considering the T-adic topology on E r.. and the discrete topology on L. Finally, choose
a left splitting 7 as F—vector spaces of F, C L ®j, koo

Let ¢: ;&E — Z,, be the map sending a Witt vector (ag, ..., an,...) of :&E = W(EE)
to (Toyog(ao), ...,Tovol(ay),.. ) It is a left inverse of the inclusion Z, C ;&E and it
is continuous for the weak topolog}i on ;&E and on Z,. Note that the topology induced
on Z, from the weak topology on Ay is the p-adic topology. The lemma follows.
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End of the proof 8.1. With the notations of 8.1.3, let e := 10 p: ‘Z‘E — AE' It is a

continuous homomorphism of Z,~modules and e? = e. Thus, if M := Ker(e) = Im(e—1),
we have that M is closed in ;&E and ;&E =Z,® M. Then, (¢ — 1)|p: M — ;iﬁ is
bijective. It is open thanks to 8.1.2. Hence, its inverse is a continuous homomorphism of
Z,~modules. We let o be the composite of ((¢ — 1)|M)_1 and the inclusion M C AE'
It satisfies the requirements of 8.1.

[AM]
[An
AB
Be
BC)
[Br]
Ch

[cCl]

[CC2
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