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Abstract

We obtain large deviation results for a two time-scale model of jump-diffusion processes. The processes
on the two time scales are fully inter-dependent, the slow process has small perturbative noise and the fast
process is ergodic. Our results extend previous large deviation results for diffusions. We provide concrete
examples in their applications to finance and biology, with an explicit calculation of the large deviation rate
function.
© 2016 Elsevier B.V. All rights reserved.
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1. Introduction

For a number of processes in finance and biology the appropriate stochastic modeling is done
in terms of multi-scale Markov processes with fully dependent slow and fast fluctuating variables.
The most common examples of such multi-scale processes (random evolutions, diffusions, state
dependent Markov chains) are all particular cases of jump-diffusions. The law of large numbers
limit, central limit theorem, and the corresponding large deviations behavior of these models are
all of interest in applications.
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One case of their use in finance is in multi-factor stochastic volatility models, which are used
to capture the smiles and skews of implied volatility. The separation of time scales is helpful
for calibration, since it allows one to reduce the number of group parameters. The rate function
from the large deviation principle for the stock price process can be used to obtain the price of
short maturity options, as well as the limit of the at-the-money implied volatility. These have
been explicitly calculated for models in which the logarithm of the stock price and the stochastic
volatility are driven by diffusions [18,17]. However, much of the empirical evidence [6,26] sug-
gests that mean-reverting jump-diffusions would be a more appropriate model for the problem.

In biology one case of their use is in models of intracellular biochemical reactions. Due to
low copy numbers of various key molecular types and varying strengths in chemical bonds,
normalized copy numbers of different types of molecules are processes on multiple time-scales
(see [2,24] for references to the biology literature). Changes in molecular compositions are
modeled by state-dependent Markov chains, and on the slower time scale are well approximated
by diffusions with small noise or piecewise deterministic Markov chains [25]. The rate function
from the large deviation principle for slowly fluctuating molecular species is used to calculate
the propensity for switching in a network that has multiple stable equilibria. Since intracellular
processes are also subject to other sources of ‘extrinsic’ noise, multiple time-scale diffusions
may include jumps from additional sources. For example, there can be errors during cell division
[22,21]; a stochastic model combining both reactions and cell division was analyzed in [27].

Large deviation results for multi-scale diffusions have been studied by Freidlin (see [20]
Chapter 7), Veretennikov [30], Dupuis et al. [14], and Puhalskii [28]. For the multi-scale Markov
chains where the slow process is a piecewise deterministic Markov processes and the fast process
is a Markov chain on a finite state space explicit results were obtained by Faggionato et al.
[16,15]. For jump-diffusions there are very few large deviation results. On a single time scale,
there are results by Imkeller et al. [23] for first exit times for SDEs driven by symmetric stable
and exponentially light-tail symmetric Lévy processes. An approach based on control theory and
the variational representation was developed by Budhiraja et al. in [7] and extended to infinite
dimensional versions [8] (that is, SPDEs rather than SDEs driven by a Poisson random measure).
It is not easy to see how to use these results in a multi-scale model of jump-diffusions. A special
case of a multi-scale process where the slow process is a diffusion and the fast process is a mean-
reverting process driven by a Levy process was studied by Bardi et al. [4], and the authors use
PDE methods to prove asymptotics of an optimal control problem.

A general method for Markov processes based on non-linear semigroups and viscosity
methods was developed by Feng and Kurtz in [19]. However, verifying the abstract conditions
needed to apply this method to multi-scale jump-diffusions is a non-trivial task. In this paper we
give a proof of large deviations for two time-scale jump-diffusions, using a technique developed
by Feng et al. in [18]. The advantage of this method is that it is constructive and, with some
effort, can be tailored to different multi-scale processes. Our proof follows the steps of [18],
extending it to processes with jumps and full dependence of the slow and fast components. It is
based on viscosity solutions to the Cauchy problem for a sequence of partial integro-differential
equations and uses a construction of the sub- and super-solutions to related Cauchy problems as

n [18]. Our results hold for slow and fast jump-diffusions which are fully inter-dependent, and
where the fast processes are ergodic but not necessarily symmetric. In case the evolution of both
processes is spatially homogeneous in the slow variables, we can also provide a more explicit
(than a solution to a variational problem) formula for the rate function.
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2. Two time-scale jump-diffusion

Consider the following system of stochastic differential equations:

1
dX ey =bXei, Yo, )dt + ebo(Xes—, Yo, )dt + Jeo (Xe s, Ye,)dW "

te / k(Xeyr Yeso. )NeD(dz, dn), (1a)
1 1
dYe, = —by(Xe s, Yes)dt + —=01(Xey— Yei) (de}“ 41— pde;”)
€ NG
+ / ki (X, Yey— )N €@ (dz, dn), (1b)

Xe,0 =x0, Ye0 = Yo,
1 1 . . . . .
where Ne-(D (.. .y, Ne@ (., ) are independent Poisson random measures with intensity measures

v1(dz) X édt, v (dz) X %dt; the Lévy measures v| and v; satisfy fR(l A z2)1(dz) < oo and
fR(l A 292 (dz) < oo; the centered versions are defined as

i 1

Ne D@y = NeD ) — vy (d2) x —dt,
€

i 1

Ne®(, ) = NeO(, ) —vy(dz) x —dt
€

1 1
and WO, w® are independent Brownian motions independent of N E'(l)(-, ), N E'(z)(-, ).
To ensure existence and uniqueness of solutions to the system (1) we assume

Assumption 2.1 (Lipschitz Condition). There exists K1 > 0 such that V(x1, y1), (x2, y2) € R2

b(x2, y2) — b(x1, yDI* + 1bo(x2, y2) — bo(x1, y1)|* + b1 (x2, y2) — b1 (x1, y1)I?
+ 1o (x2, y2) — o (x1, yD)I*> + |1 (x2, y2) — o1 (x1, y)I?

+ / |k(x2, ¥2, 2) — k(x1, 1, 2)*v1 (2)dz

+ / k1 (x2, y2, 2) — k1 (x1, y1, 2)[*12(2)dz

< Ki(lx2 = x11* + Iy2 — y11%). 2)

Assumption 2.2 (Growth Condition). There exists K» > 0 such that V(x, y) € R?
1b(x, )% + 1bo(x, )I* + b1 (x, VI* + lo (x, »)I* + o1 (x, y)I?
+/|k1<x,y,z>|2vz(z>dz+/|k<x,y,z>|2v1(z)dz < Ka(1 + 2% +y?). 3)

Define

1 ,
Vyix,p) = bx.y)p + 507 3)p + f (ke —1 = pk(x, v, 9)) vi(2dz. ()
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For each x and p in R there exists Ky , > —oo such that
V(y;x,p) > Kyp VyeR Q)
If existence and uniqueness of solutions to (1a) + (1b) can be established by other means, we
will only assume the growth condition i.e. Assumption 2.2, that the coefficients are continuous,
and the lower bound (5) on V.
The infinitesimal generator of (X, Y¢) is for f € Cg(R x R) defined by
Lef(x,y) =b(x,y)dc f(x,y) + po(x, y)oi(x, y)d7, f(x, y)
€
+ebo(x, )0 f(x, ¥) + 502 (6, )L F (. 3)
1
o [l ekl .20 = Pl ) = ekl 3,20, fr ) @)z
1 1, 2
=B 8 £ 3 + 500 103, £, )
€ 2

+ / (f(xa y +kl(-xv Y, Z)) - f(-x’ )’) - kl(xa Vs Z)ayf(xv y)) UZ(Z)dZ:I- (6)

Fix x € R and let Y* denote the process satistying the SDE
dY, = by(x, Y,_)dt + o1 (x, Y,_) <pdw,(” +4/1— p2dw,<2))

+ /kl(x, Yi—, 2)NP(dz, dr), Y] = y. (7

This is the SDE (1b) where € is set equal to 1 and X, is set equal to x. Let £ denote the
generator of Y*, then, for f € C}(R),

1
L1 () = b1, )y f () + 50706 035, ()

+/(f<y+k1<x,y,z>>—f<y> ki 3. 28y £(x, ) va(2)dz. ®

For fixed p € R define the perturbed £]"” generator for f € CZ(R?) by
1
L7 () = [po (6, 9)a1 (6, Y)p + b1, NI f () + 507 (6, 1), f(7)

+ / (fO+kix, y,2) = fF) = kix, y, 28y f(x, ¥)) 12(2)dz, ©))

and let Y*? be the process corresponding to the generator E)f’p . For each x, p € R we assume
the following about Y*-7.

Assumption 2.3 (Ergodicity Condition). The process Y*? is Feller continuous with transition
probability p;"” (yo, dy), which at t = 1 has a positive density p)f’p (y0, ¥) with respect to some
reference measure a(dy).

Assumption 2.4 (Lyapunov Condition). There exists a positive function ¢ (-) € C2(RR), such that
¢ has compact finite level sets, and for each compact set I' C R, 8 € (0, 1] and ! € R, there
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exists a compact set A; g C R such that

[y eR: =075 L7 e (y) — (V(yix, p)l + lbo(x, Y)pl + 02 (x, ) <1} C Agg r,
Vpel, Vx e R. (10)

Remark 2.1. In the case where the domain of Y is compact, we can define { = 0 which will
satisfy Assumption 2.4.

Remark 2.2. Some arguments are simpler in the special case Y*'? in addition has a unique
invariant probability measure 7 ”(x,-) with respect to which pf’p (yo, ¥) is symmetric and
P (x, -) is reversible, that is

/ LYY fOP(x, y)dy =0, YfeCPR)
yeR
and

/f(y)ﬁf’pg(y)n”(x,y)dy = /g(y)ﬁf”’f(y)np(x,y)dm Vf. g € C*(R).

2.1. Examples

We give some examples of Y that satisfy Assumption 2.3 as well as a multiplicative ergodicity
condition of the form

e LYl (y) < —L(y) +d

for £ with compact level sets and some constant d > 0. One needs to know the coefficients of
the process X to know whether these examples also satisfy Assumption 2.4. Define VP(x, y) =
V(y; x, p) + |bo(x, ¥)| + o%(x, y). If VP(-,-) is a bounded function for bounded p, then the
multiplicative ergodicity condition is sufficient for Assumption 2.4 to hold. If V?(x, y) is an
unbounded function but has compact level sets, and if the V-multiplicative ergodicity condition
of the form

e_zﬁf’peg(y) < —cVP(x,y)+d, orsomec>1,d>0

is met for ¢ with compact finite level sets, then it may be possible to use this condition in place
of Assumption 2.4 and obtain all the same results (see Example 4.1 and Remark 4.1).

o1 (x)

Example 2.1. Let p = 0, bi(x, y) = =b1(x)y, 01(x, y) = o1(x) and ki (x, y, 2) = o=z,
where by (x), o1(x) > 0 are continuous. Let v»(z) = exp{—z>}. Since the intensity measure v;
is a bounded measure, we use N® instead of the compensated Poisson process N®. For each
x € R, the solution to

o1(x)

~b1(x)
b1 (x)

2 .
has unique invariant probability distribution 7 (x, dy) = e, exp{—%}dy and Y* is
1 1
— b 2
- 2012(x)y ’

dYF = —b (x)Y dt 4 01 (x)dW® + / ( - th> N®(dz, dt)
R—{0}

symmetric with respect to it. Geometric ergodicity is satisfied by Z (y) :
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Example 2.2. Take p = Oandlet o € (1, 2). Let Z; be a 1-dimensional symmetric Levy process
whose Levy measure is v2(z)dz = Izl_(1+"‘)1| z|>1dz. Its infinitesimal generator is the truncated

fractional Laplacian —(—A)‘i/l2 defined as

a 1
—= A f(y) = /| 04D~ 0D gz, for f € C2GB)

Let o1(x, y) := a(x)o1(y) where a(-), o1(-) > 0 are such that a(-) is continuous and o (-) is
locally 1/a-Holder continuous and lim infjy|— "ile) > 0. Let

dyy} =o1(x, Y )dZ,.

Then from Theorem 1.7(i) in [9], w(x,dy) = % is the unique invariant probability
measure for the Y* process and Y* is m(x, -)-reversible. From Lemma 3.2 in [9], we get
Z(y) == In(1 + |y|?) for 6 € (0, 1) satisfies the geometric ergodicity condition. The special

case of this example with o1 = 1 is also considered in [4].

Example 2.3. Let ¢(z, z') be a non-symmetric function such that 0 < ¢y < ¢(z,7") < c1,
c(z,7) = c(z, —7z)) and |c(z, 2) — c(z, 2")| < c2]z — Z'|P for some B € (0, 1). Let o € (0, 2),
and Z; be a 1-dimensional non-symmetric process whose infinitesimal generator is defined by

c(y,y+2)

it dz, for f € C2(R).

LEf(y) = Jim (fO+2=fO)

—0Jz]>8

Let
dY, = =Y, dt +dZ;.
Heat kernel estimates from [10] imply this non-symmetric jump diffusion is Feller continuous

with a positive transition density p;(yo, y), V¢t > 0.

Example 2.4. Let Y* be a birth—death Markov chain with birth rate r1 (y) = A(x) and death rate
r—(y) = u(x)y, satisfying A(x), u(x) > 0. Since its state space is countable its transition density
is positive, with a unique reversible invariant distribution 7(x,y) = e &/ “(X)W,
ye{0,1,...}.

3. Large deviation principle

We prove a large deviation principle for {X¢ }e~0 as € — 0 using the viscosity solution
approach to verify convergence of a sequence of exponential generators. Define

h /l(Xe,t)
u (t,x,y) =elnE|le « |[Xeo=x,Ye0=Y]|, (11)

where 1 € Cp(R), the space of bounded uniformly continuous functions on R. It can be shown
(see [19]) that for each i € Cp(R), ué’ is a viscosity solution of the Cauchy problem:

atl/l
u(0,x,y)

Hou in(0,T] xR x R,
h(x), for(x,y) € R xR,

(12)
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where the non-linear operator is the exponential generator:
Heu(x,y) = ee /< L.e"/¢

1
= b(x, )u(x, y) + po (x, )1 (¥, )A,u(x, y) + 507 (6, ) Beulx, y)?

1
4+ € [bo(x, y)oxu(x, y) + Eaz(x, y)afxu(x, y):|

[ (S Lk bt ) m @z

l_
+; po (x, y)or(x, y)oyu(x, y)oyu(x, y) + bi(x, y)oyu(x, y)
+ o2 o2 e )]

2 1 ay yy ay

.y (Y, ) —ulry) ki(x,y,z
+ / <e - —1- %ayu(x, y)> v (z)dz

1 2 2
+ 5301 (6 N @yulx ) (13)

In systems with averaging under the law of large number scaling we can identify the limiting
non-linear operator H( as the solution to an eigenvalue problem for the driving process Y*
obtained from Y, with X, = x and € = 1.

We first identify ug, the limit of u as € — 0, using heuristic arguments. Assume

ue(t,x,y) = uo(t,x) +eui(t,x,y) + ezuz(t, X, y)+ - (14)

Using the € expansion of uc, (14), in Eq. (12), and collecting terms of O (1), we get

1
duo(t, x) = b(x, y)duo(t, x) + 502<x, ¥)(Bxuo(t, x))?
- / <eaxu0(t’x)k(x’y’z) = 1=k, y, z)Bxuo(t,x)) vi(2)dz
+ po(x, y)or(x, y)ocuo(t, x)dyui(t, x, y) + by (x, y)oyui(t, x, y)
+102(x a2 ui(t, x, y)
2 1 Y yy 1, x,y

+ / (eul(t,x,}v+kl(ny,Z))*ul(f,x,)r) — 1 —ki(x, y, 2)dyu; (¢, x, y)) v (2)dz

L TG 2 15
2 1 » Y ( y“l(f»xy)’)) . ( )

Please note that as this is merely a formal derivation, we have ignored some technical details
(such as justifying interchanging the limit and integral to get the second line in the above
equation). The rigorous proof that follows shows that this formal derivation is indeed correct.
Denote d,ug(t, x) by p and d,uq(t, x) by A. Fix ¢, x and hence p and XA. Using the perturbed £
generator (9), Eq. (15) can be written as an eigenvalue problem:

(L77 + V(y; x, p)) "t = re"!, (16)
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where V' is as defined in (4). Note that the eigenvalue A depends on x and p, and that if we write
Ho(x, p) := A then ug satisfies

duo(t, x) = Ho(x, dyuo(t, x)).

In the rigorous proof that follows, we identify the limiting operator Hy to be as defined in (18)
which is shown in [12] to be the principal eigenvalue A in (16). By the expansion (14), it is clear
that 1o (0, x) = h(x).

The approach of [19] for obtaining the large deviation principle is to prove convergence
of nonlinear semigroups associated with the nonlinear operators Hc. In [19] the first step is
identifying the limit operator H . Existence and uniqueness of the limiting semigroup is obtained
by verifying the ‘range condition’ for the limit operator. This amounts to showing existence
of solutions to the equation (I — aHg)f = h for small enough « > 0 and sufficiently
large class of functions 4. Since the range condition is difficult to verify, a viscosity method
approach is adopted and the range condition is replaced with a comparison principle condition for
(I —aHo) f = h.In the viscosity method, existence of the limiting semigroup is by construction,
while uniqueness is obtained via the comparison principle.

The approach in this paper uses convergence of viscosity solutions to the Cauchy problem
for PIDEs (12), and to show existence and uniqueness of the limit one then needs to verify the
comparison principle for the Cauchy problem d;u¢(t, x) = Ho(x, d,uo(t, x)), with ug(0, x) =
h(x).

In the proof of the comparison principle we will also use a Donsker—Varadhan variational
representation [12] for H as follows. Let 7(IR) denote the space of probability measures on R.
Define the rate function J (-; x, p) : P(R) = R U {400} by

‘cxyp

. 1 8

Juix.p)=— inf / du. (17)
geDtH(LTMJR &

where DT (Ef’p ) C Cp(R) denotes the domain of E)lc’p with functions that are strictly bounded
below by a positive constant. Then [12] implies that the principal eigenvalue Ho(x, p) = A in
(16) is also given by

Ho(x,p) = sup (fV(y;x,p)du(y)—f(u;x,p)>, (18)
neP(R)

where V(y; x, p) = b(x, y)p + 102(x, ) p? + [ (eP**¥D — 1) vy (2)dz.

Remark 3.1. In the special case Y*'? also has a reversible invariant measure 77 (x, -), we can
use the Dirichlet form representation for J. Define the Dirichlet form associated with Y*? by

EVP(f,g) = —/f(y)ﬁf’pg(y)dn”(x,dy).

Then, Theorem 7.44 in Stroock [29] implies that

X, dp du _— _
Juxpy=1© p(\/dnp(x,')’\/dnl’(x,-)> 0 <l (19)
400 if u(-) L 7P (x, ).
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The variational formula (18) then reduces to the classical Rayleigh—Ritz formula

Ho(x, p) = sup (/ V(y; x, p) f2(y)dr? (x, y)dy + (L7 f, f)) : (20)

feL(xp),|fI*=1
To sum up, we will prove that:

Lemma 1. Let H( be as defined in (18), and suppose the comparison principle holds for the
nonlinear Cauchy problem:

drug(t, x) = ﬁo(x, oxuo(t,x)), for(t,x)e (0,T] xR,

21
uo(0, x) = h(x). @D

Under Assumptions 2.1-2.4, the sequence of functions {M/:}e>() defined in (11) converges
uniformly over compact subsets of [0, T] x R x R as € — 0 to the unique continuous viscosity
solution ug of (21).

Lemma 2. The sequence of processes {X¢ ;}e=0 is exponentially tight.

Theorem 3. Let X, = xo, and suppose all the assumptions from Lemma 1 hold. Then,
{Xe.r}e>0 satisfies a large deviation principle with speed 1 /e and good rate function

I(x,x0,0) = sup {h(x) —uf(t, x0)}. (22)
heCp(R)

Proof. By Bryc’s theorem (Theorem 4.4.2 in [11]), Lemmas 1 and 2 give us a large deviation
principle for {X¢ ;}¢~0 as € — 0 with speed 1/¢ and good rate function / given by (22). O

One of the key conditions for Lemma 1 requires one to check that the comparison principle
holds for Hy. This condition cannot be established using only the general Assumptions 2.1—
2.4, and needs to be verified on a case by case basis. However, standard theory of comparison
principles for viscosity solutions (Theorem 3.7 and Remark 3.8 in Chapter II of [3]) implies that it
does hold for (21) as soon as H is uniformly continuous in x, p on compact sets (see Lemma 10
of the Appendix). In some cases Hy can be explicitly calculated (see Example 4.2) and continuity
directly verified. In other cases one may need to resort to proving that the expression as on the
right-hand side of (A.37) is non-positive, using the specifics for the case at hand.

Corollary 4. Any of the following separate sets of conditions are sufficient for the comparison
principle for the non-linear Cauchy problem (21) to hold:

(i) Ho is uniformly continuous in x, p on compact sets;

(i) the coefficients by(x,y),o1(x,y),k1(x,y,z) are independent of x, the coefficients
b(x,-),o(x,-) are bounded (bounded functions of y) for each x, and p = 0 i.e. the
correlation between the Brownian motions driving X and Y is 0.

Proof. For (i) see Lemma 10 of the Appendix which is based on Theorem 3.7 and Remark 3.8
in Chapter II of [3].

For (ii) we can directly verify that under these conditions Holx, p), givenin (18), is uniformly
continuous on compact sets of x and p. For this, first observe that under the conditions in (ii)
the rate function J in (18) will be independent of x and p. Additionally, f V(y; x, p)du(y)
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is uniformly Lipschitz in x and p (uniform over all © € P(R)), over compact sets of x and
p. Finally, since the supremum of uniformly Lipschitz functions is uniformly continuous over
compact sets, we have the result. [

Note that in Corollary 4, condition (i) is a more general condition and (ii) is a sufficient condition
(on the coefficients of the model) under which condition (i) holds.
In very special cases, we can further simplify the expression for the rate function:

Corollary 5. If the coefficients in the SDE (1) are independent of x, then Ho(x, p) becomes
Ho(p) and by Lemma D.1 in [18], we get

I(x,:%0.1) = Lo (xot_x), (23)

where Lo(-) is the Legendpre transform of Ho(").
The proof of Lemma 1 takes up the bulk of the paper, and consists of the following steps.

(Sec 3.1) e By taking appropriate limits of solutions ué’ to the Cauchy problem (12) we construct
upper-semicontinuous and lower-semicontinuous functions %" and u”, respectively;
e Using an indexing set « € A, we construct a family of operators Hy(-; o) and
Hi(-; @), in such a way that the upper-semicontinuous function @" is a subsolution
to the Cauchy problem for the operator inf,c{Ho(-; )}, and the lower-
semicontinuous function u is a supersolution to the Cauchy problem for the
operator sup,c 4 {H1(-; a)}.
(Sec 3.2) e We prove a comparison principle between subsolutions of inf,c 4 {Ho(-; &)} and
supersolutions sup, 4{H1(: ; @)} above;
e We show that this comparison principle implies convergence of solutions ué’ to the
Cauchy problem (12) for H, to solutions ug to the Cauchy problem (21) for Ho.

The proof of Lemma 2 uses the estimates obtained in the proof of Lemma | (Section 3.3).
3.1. Convergence of viscosity solutions of PIDEs

In Lemma 1 we use notions of viscosity solutions, subsolutions and supersolutions. For the
standard meaning of these terms, as well as for the definition of the comparison principle, we
refer the reader to Definition 4.1 in [18]. Their extension to partial integro-differential equations
(PIDEs) was obtained already in [1] and can be found in [5].

The proof of convergence of ué’ to ug follows the same steps as Lemma 4.1 in [18] which
carries over directly to viscosity solutions of PIDEs. Because we will need to verify that the
conditions there are met, we restate Lemma 4.1 from [18] for viscosity solutions of PIDEs.

Let {H¢}c~0 denote a family of integro-differential operators defined on the domain of
functions Dy U D_ where

D.={f:fe C2(R2),r1_i)rgo|i‘nf f(z) = +o0}
D_:={—f:feC*R?, Jim ‘ilnf f(2) = +00}.

Define domains D, D_ analogously replacing R? by R. Consider a class of compact sets in
R x R defined by

Q ={K x K: compact K, K cc R}.
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Let u’g be the viscosity solution of the Cauchy problem d,u = H.u for the above operator He,
with initial value &, and define

Definition 3.1.

u’;(t,x) = sup{lim (S)lj_p Ul (te, Xe, ye) Fte, xe, ye) € [0, T1 x K x K,
€—

(te,x0) = (1,x), K x K € Q},

(2, x) = inf{lim infug (tc, xc, ye) :3(te, e, yo) € [0, T1 x K x K,
(tév-xé) - (t, x)v K X [E' € Q}
Define @” to be the upper semicontinuous regularization of u? ,and u” the lower semicontinuous
regularization of u/i

Finally, define the limiting operators (which will be first-order differential operators) Hy, H;
on domains Dy and D_ respectively, as follows. Let A be some indexing set, and

Hx,p;a) i RxR—>R, aed i=0,1.
Define Hy f (x) := Ho(x, 0y f(x)), for f € Dy and Hy f(x) := Hi(x, 0y f(x)), for f € D_,
where
Hy(x, p) == inf Ho(x, p; @),
ac/

Hy(x, p) == sup Hi(x, p; a).

ae/
Henceforth, with slight abuse of notation, we will refer to H; (-, -) as operators.
Suppose the following conditions hold:
Condition 3.1 (Limsup Convergence of Operators). For each fy € Dy and o € A, there exists
fo.e € Dy (which may depend on o) such that
1. for each ¢ > 0, there exists K x KeQ satisfying
{0, 3)  He fo.e(roy) = =e} N {(x, )« foelx,y) <¢} C K x K;
2. for each K x KeQ,

lim  sup  [fo.e(x,y) — fo(x)| =0; (24)
€0 (x,y)erk

3. whenever (x¢, ye) € K x KeQ satisfies xc — x,
lim sup He fo,e(xe, ye) < Ho(x, V fo(x); ). (25)

e—>0

Condition 3.2 (Liminf Convergence of Operators). For each fi € D_ and o € A, there exists
f1.e € D_ (which may depend on o) such that

1. for each ¢ > 0, there exists K X KeQ satisfying
(0, 9)  He fre(x, y) < e} N {0, 3) © fiel@,y) 2 —c} C K x K;
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2. for each K x K €O,

lim sup |fi(x) — fie(x, y)| =0;
€0 (x,y)eK xK

3. whenever (x¢, ye) € K x K € Q and Xe —> X,

]i?lj(l)]fHéfl,é(-xév Ye) = Hi(x, V fi1(x); ).

In this case the following convergence results for ué’ as € — 0 hold.

Lemma 6. Suppose the viscosity solutions ui’ to the partial integro-differential equation
ou = Heu, u(0,x) =h(x)
are uniformly bounded, sup, . ||u’e’ | < oo. Then, under Condition 3.1, @" is a subsolution of
ou(t, x) < Ho(x, Vu(t, x)) (26)
and, under Condition 3.2, gh is a supersolution of
oru(t,x) > Hi(x, Vu(t, x)) 27
with the same initial conditions.

As the proof is the same as the proof of Lemma 4.1 in [18] we omit it here. We do need to check
Conditions 3.1 and 3.2 hold for our problem. This involves identifying the right indexing set A,
the family of operators Hy(-; o) and H;(-; ), and the appropriate test functions fy and f] e,
for each given fy and fi, respectively.

Verifying Condition 3.1: As in [18], we let

A:={(0):£€CXR),0<0 <1}
and we define the sequence of operators H as in (13) on the domain
Dy ={f € C*(R): f(x) = ¢(x) + y log(1 + x*); ¢ € CZ(R), y > 0}.
Define the family of operators Hy(x, p; &, 6) for (£, 6) € A by

Hy(x, p; §,0)
1 ,
= sup {b(x, Np+ ot x, y)pt+ / (epk“w —1— pk(x, y, z)) v (2)dz
yeR 2
+ (1= 0)e Ly Pef (y) +0e E L7 Pet (y)} ) (28)

For any f € Dy and (&, 6) € A define a sequence of functions

Jfoe(x,y) == f(x) +eg(y), whereg(y) = 1-60)§&()+06¢(y),

and ¢ is the Lyapunov function on R satisfying Assumption 2.4. Then,
1
He fo.c(x, ) = bx, )3 f () + 50706, )@ f (1))

1
+e <bo(x, Y)ox f(x) + Eoz(x, y)afxf(X)>
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d [ (M ka0 00) mds
+ e_g[,)l(’aXf(x)eg(y)
1
< b(x, y)d f(x) + Eoz(x, Y) (B f(x))?

1
+e (bo(x, )y f(x) + Eoz(x, y)afxf(x)>

n / (e — 1 —k(x,y,z)axf(x)) V1 (2)dz

+ (1= 0)e L7 Db (y) + 07 L7 W et () (29)
so, for any sequence (x¢, y¢) such that xo — x

limsup HefO,e(xE» Ye) < Ho(x, 0y f(x); &,6),

e—0

thus verifying Condition 3.1.3 holds.
By choice of D, f € D, has compact level sets in R. Also note that ||d, f|| + ||8f [l < oc.

X
Assumption 2.4 ensures that — H, fp < (x, -) has compact level sets for all x in compact sets. This

proves Condition 3.1.1 holds. Condition 3.1.2 is obvious by choice of functions fy_c.
Verifying Condition 3.2: is exactly the same as verifying Condition 3.1, except that the
sequence of operators H, are now defined on the domain

D_:={f e C*(R): f(x) = ¢p(x) — ylog(1 + x*); ¢ € CZ(R), y > O};
the family of operators Hj(x, p; &, 6) for (£, 6) € A is defined by
Hi(x, p;§,0)

1 i
{b(x, p+ 502(36, »p? +/ (epk(x”’” —1— pk(x,y, z)) vi(z)dz

inf
yeR
+(1+0)e 5 L7PeE (y) — et L] P et (y)} : (30)

and for any f € D_ and &, 6 € A the sequence f] . is defined as

fre(x, y) = f(x) +eg(y), forg(y):=0+6)E() —0(y),

so that for any sequence (x¢, y¢) such that x. — x we now have
1i£n_)i(l;lfH€f1’e(X€, Ye) = Hi(x,0, f(x);&,0)

verifies Condition 3.2.3 holds. Conditions 3.2.1, 3.2.2 hold by the same arguments as above.
3.2. Comparison principle

The rest of the claim of Lemma | requires proving uniqueness of solutions to d,u = Hou,
with initial value 4. This can be verified using the comparison principle on the subsolutions and
supersolutions of the constructed limiting operators Hy and H1, and the variational representation
of Hy from (18). We use the following Lemma 4.2 from [18].
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Lemma 7. Let gh and " be defined as in Definition 3.1. If a comparison principle between
subsolutions of (26) and supersolutions of (27) holds, that is, if every subsolution v of (26) and
every supersolution vy of (27) satisfy v1 < vy, then gh =u" and u?(t, xX,y) —> ug (t, x), where

ug =u" =u", as € — 0, uniformly over compact subsets of [0, T] x R x R.

Proof. The comparison principle gives u”" < u”, while by construction we have u” < u". This

gives uniform convergence of u’g — ugy = u" = u" over compact subsets of [0, T]x RxR. [J

We next prove the comparison principle for subsolutions of (26) and supersolutions of (27),
that is every subsolution of

du(t,x) < Ho(x, p) = inf Hy(x, p; §,0),
0<0<1,£€C2(R)

where H is as defined in (28), is less than or equal to every super solution of

ou(t,x) > Hi(x, p) = sup Hi(x, p;§,0)
O<9<1,§€C§(R)

where H is as defined in (30). We follow the steps in Section 5.2 in [ 18] with some modifications.
The key step is proving
Operator inequality:

inf Ho(x, p;6,&) < Ho(x, p) < sup Hi(x, p;0,§), (€29
0<6<1,E€C2(R) 0<6<1,E€C2(R)

where H(x, p) is as defined in (18). B
Recall the definition of the rate function J from (17) and variational representation of H as

Ho(x,p) = sup (/V(y;x,p)du(y)—J(/L;x,p)>-
neP(R)

Following steps of Lemma 11.35 of [19] (which relies on Assumption 2.3) we get that

inf Ho(x, p:0,€) < Ho(x, p).
0<0<1,£€C2(R)

From the proof of Lemma B.10 in [19], we have

sup Hi(x,p:0,€)> inf 1iminfz—11nEﬂ[eféV(Yf’”"‘*P)dS].
0<6<1,6€C2(R) nePR) 1=00

Thus, we need to show that, irrespective of the initial distribution,

liminfs " In £ [efé V<Y5’"¢"v’”f‘$] > Ho(x, p).

t—00

The proof of this claim depends on Assumption 2.3. We define the occupation measures of the
Y*:P process:

1 t
W) = / Lyrr ()ds.
t Jo s

Recall that P(R) is a separable metric space under the Prokhorov metric and that weak
convergence of measures is equivalent to convergence in the Prokhorov metric. Let Q; y, denote
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the probability measure on P(R) induced by the occupation measure (i, of ¥ when Yy = yo. In
other words, for A € B(P(R)) (the borel sigma-algebra on P(R)),

Q1,y(A) = P(ui(-) € AlYo = yo).

Lemma 8. inf,cpe) liminf; oo 1~ In E# [0 V070045 ] > Fo(x, p).

Proof. Define ¢ : P(R) - Rby ¢ () = f V(y; x, p)u(dy). Take vi € P(R), and let B(vy, r)
denote the open ball in P(R) of radius r, centered at vi. Fix vi € P(R), then there exists a
compact set K in R such that vi(K) > 0. The key ingredient in the proof is the uniform LDP
lower bound for the occupation measures:

1
lim inf — log |: inf Q; y, (B(vy, r))i| > —J(y; x, p). (32)
t—oo t yoeK

This is obtained from Theorem 5.5 in [13] under Assumption 2.3. While the statement of
Theorem 5.5 in [13] is in terms of a process level LDP, by the contraction principle it ensures the
uniform LDP lower bound (32) for the occupation measures ;"

We now compute
1 g x,p. 1 bald
liminf — log EY [efor V(¥s l!x’p)ds] = liminf - log E} [e"p(“f ,)]
t—>o0 t t—o0 t
1 X,
> lim inf —log £} [e’d’(“f p)l{YoeK}]

1. T . 1
> liminf — log | inf EY (M’Wr ”>)] + lim inf — log vy (K)
t—o0 Lyoek t—o0 t

-
= liminf - log | inf / PRADNTe) ,(u)]
t—o00 t g_yoeK ueP(R) 1Yo

1
> liminf — log | inf / efq’W)dQ,,yo(u)]
neB(.r)

t—o0 f _}’OGK

1
> inf + liminf - log | inf B, r
> MeB(W)Mu) im inf - g[yoeK Q1.yo (B(V ))]

> inf () = J(i;x, p)
neB(L.r)

by (32). By Lemma 9 (see Appendix), ¢ is a lower semi-continuous function, and so ¢ (v]) <
lim, _, ¢ inf, e g, ) #(1). Thus taking limit as » — 0 we get

1 %,
liminf  log £} [efé v "*X*l’)ds] > ¢ (1) — J (V)

(note that since V is bounded below, ¢ () > —o0, and so ¢ (v]) — J (V1; x, p) is well defined
and not —oo + 00). Since v is arbitrary, we get

1 t xX,p.
liminf — log EY [efo Vs ]’x’p)ds] > sup {¢p(V1) —J(Vy; x, p)}
f=oo 1 Vi €P(R)
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This holds for every v; € P(R) and so

1
inf_timinf - log B} [/t VY00 ] > sup {9 = J(i: x, p)).
v ePR) t—>o0 f v eP(R)

This concludes the proof of the Operator Inequality (31). [

Remark 3.2. In the special case Y*'? also has a reversible invariant measure 7 ” (x, -) we could
also follow the arguments for Lemma 5.4 in [18] using the Dirichlet form representation of J
(19).

Proof of Lemma 1. By Lemma 6 and Operator Inequality (31), it follows that " is a subsolution
and u” a supersolution of the Cauchy problem (21): d;u(t, x) = Ho(x, dyu(t, x)) with u(0, x) =
h(x). If the comparison principle holds for the Cauchy problem (21), then Lemma 7 gives us
u”" =" and that ui’ —> Uy = u” = w" uniformly over compact subsets of [0, T] x R x R. O
3.3. Exponential tightness

Proof of Lemma 2. We prove exponential tightness using the convergence of H, and appealing
to supermartingale arguments (see Section 4.5 of [19]).

Let f(x) == In(1 + x?), so f(x) — oo as |x| — oo, and also || f'|| + || f”|| < oco. Define
fe(x,y) = f(x) + €¢(y) where ¢ is the positive Lyapunov function satisfying Assumption 2.4
(with & = 1). Then, for any ¢ > 0, there exists a compact K, C R such that f.(x,y) > c,
Vy e R, Vx ¢ K.

Observe that by (29) (with 6 = 1)

H, fo(x,y) = ee e/ Loelele
: 1
< b(x, y)oy f(x) + 552()(, V)@ f ()2 + € (bo(x, 3 F ) + Eaz(x, y)a)%xf(x)>

fetek(x,y,2),y)=f(x,y) _
+ /<e ST == pk(x, y, ) @dz 4 e LT el (),
By choice of f, growth conditions on the coefficients and Assumption 2.4, we get there exists
C > 0 such that

sup Hcfe(x,y) <C <oo, Ve>D0.
xeR,yeR

Since e(feXerYe)=fe(Xeo.Ye0))/e= [y He fe(Xe s, Yes)ds g o non-negative local martingale, by
optional stopping
P(Xc,; & Ko)e' ™ Jetxoy0)—10)/€

€ €

t
/ Hefe(Xe,s, Ye,s)ds}:| <1
0

Therefore for each ¢ > 0
elnP(Xe;: & Ke) <tC — fe(x0, yo) —c.

As C is fixed and independent of ¢ (which we can choose), {X¢ s }¢=0 is exponentially tight.

Remark 3.3. A similar argument can be used to verify the exponential compact containment
condition in Corollary 4.17 in [19], which would give us {X .}¢~0 is exponentially tight. O
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4. Examples
4.1. Model for stock price with stochastic volatility

We consider the stochastic volatility model for stock price suggested by Barndorff-Nielson
and Shephard [6]. Let X, denote the logarithm of stock price and Y; the stochastic volatility.

1
dXt = (r — EYt) dt —I—\/?,dW,

Y
dy, = —édl +dz}”°,

where W; is a standard Brownian motion and Z,1 s an independent non-Gaussian Lévy
process with intensity %v(dz); the parameter 0 < § « 1 denotes the mean-reversion time
scale in stochastic volatility. The process Z is often referred to as the background driving Lévy
process(BDLP). If we are interested in pricing options on the stock which are close to maturity,
we will only be interested in small-time asymptotics of the model. We thus scale time by a
parameter 0 < € < 1, to get

1
dXe,l‘ =€ <V - EYGJ> dt + \/E\/ YE,del‘

1/5

€ (33)
dYE,t = _E G,Idt —i—dZe, N

The multi scale structure comes from the fast mean reversion in stochastic volatility and the
small time to maturity. We are interested in the situation where time to maturity (¢) is small, but
large compared to mean-reversion time (§) of stochastic volatility. The interesting regime as seen
in [18] is when 8 = €2. The generator of (X, Y¢) is given by:
1 1
‘Céf(-xa )’) =€ ((r - E)’)axf(xa y) + zya)%xf(xa )’))

1
+ . (—yayf(x, y) + f (fG,y+2)— fx,¥) v(dz)> ,
for f € C}H(R?).

For this example, since the coefficients are x-independent, the perturbed operator E)f’p is the
same as L1, the generator of Y

Lif(y)= —Yf’(y)+/(f(y+2)—f(y))V(dZ), for f € C;(R).

We can obtain the limiting Hamiltonian Hy by solving the eigenvalue problem (16). Here
Viy;x,p)=V(y; p) = %ypz. H(p) is the eigenvalue X of the eigenvalue problem

1
YO+ / (O +2) = FON VD) + 3372 () = 1 ).

2 2
Note that f(y) = eV and rp) = [ (ep2Z - 1) v(dz) satisfy the eigenvalue problem. So

_ 2
Ho(p) =x(p) = [ (epzz — 1) v(dz). In this example, in the absence of a Lyapunov function
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¢ satisfying Assumption 2.4, we give a slightly altered proof as follows. The following proof
assumes ﬁo( p) is finite.

To verify Condition 3.1, for f € Dy and 0 < 6 < 1, we define fo = f(x) +
e((l —0)gx,y) + Gf(y)), where g(x, y) = %(f’(x))Qy (logarithm of the eigenfunction) and

Z(y) == C%y, C :=sup, | f'(x)|. Then we get
Hefoex, 1) = 3307 00 e ((r ~2) o+ %yf”(x)> + (1 =0y sL] Vet
+ Ge_gﬁ{/(x)eg
/ 2o Lo 2 2
=1 =0)r(f (x)+6 |:—y(C - z(f (x)%) + /(6 - 1)V(dZ)i|

1
+e((r=2)rm+ W),
2 2
Thus He fo.e satisfies Condition 3.1.1. Condition 3.1.2 is immediate and

lim sup He fo.c < o ilgf | |:(1 —OA(f (%))

e—>0

+ 6 sup (—y(c2 - %(f’(x))z) + / (% — 1)V(dz)>}
y

< lim sup|:(1 —OA(f(x))

6—0
1
+ 6 sup (—y<02 - §<f’(x>>2) + / (€7 — 1)V(dz)>:|
X

= A(f'(x)) = Ho(f'(x)).

Similarly, to verify Condition 3.2, define f1 = f(x) + €((1 +0)g(x,y) — 0z (y)). It is
unnecessary to verify any operator inequality as the limiting operators Ho and H; coincide and
equal Hy.

Remark 4.1. Recall the definition of V at the beginning of Section 2.1, VP (x, y) = V(y;
x, p) + |bo(x, y)| + o2(x, ). In general, in case we have a solution to the eigenvalue problem
defining the Hamiltonian Hy, then the exact same proof as above using Jo.e fx) +
e((1—=0)g(x,y) + 02 (y)), with g(x, y) the logarithm of the eigenfunction and ¢ satlsfymg the
V- -multiplicative ergodicity condition

e_ZET’pe‘:(y) < —cVP(x,y)+d, forc>1,d>0

is enough to conclude our large deviation results (provided V has compact finite level sets, as it
was above).

In Barndorff-Nielsen and Shephard [6], the BDLP, Z, is assumed to have only positive
increments. A simple example of such a Lévy process is a jump process taking finitely many
jumps that is the Lévy measure is v(z;) > 0 where z; > 0, i = 1,2,..., k. We can then
explicitly compute ‘Ho(p) and its Legendre transform L(p). Asseenin[18] (Lemma D.1in[18)]),
since H, o(p) is not state dependent, we get the rate function to be 7 (x, xg, t) = tL (x0 x) In
finance, a common example is where Z is a gamma process, in which case v(dz) = %e~%%dz,

Please cite this article in press as: R. Kumar, L. Popovic, Large deviations for multi-scale jump-diffusion processes,
Stochastic Processes and their Applications (2016), http://dx.doi.org/10.1016/j.spa.2016.07.016




R. Kumar, L. Popovic / Stochastic Processes and their Applications I (1111) 11111 19

a,b > 0. Then
P2
— aln l—i——) if —+/2b<p<+~2b
Ho(p) = ( 2b — p?
0 if p> > 2b,

xX0—X
t

—2a*> 2
—a—l—,/az—i—quz—aanb—i—aln(—; —i——i a2+2bq2> ifg >0
q q
L(g) =140 ifg=0

—2a%>  2a .
—a—yJa? +2bg* —aln2b+aln | —— — —/a* +2bg? | ifq <0.
q q

This rate function then gives the asymptotic behavior of a European Call option on the stock. Let
K denote the strike price and S¢ ; = eXei then for Sy = e < K (out-of-the-money call),

and the rate function is given by I (x; xo, t) = tL ( ), where

lim € log E [Se,, — K]+ = —I1(logK; xp, 1),
e—0

where maturity time 7 = et. This follows from Corollary 1.3 in [17].
4.2. Model for self-regulating protein production

The simplest model for translation of protein from DNA is the system below, with a gene
that is either in its “on” state G, or in its “off” state G, and in which the protein activates the
changes from “off” to “on” state:

G+ P
A.

K| K

(1) Go+P = Gi+P (3 G -
K_/ ’

@ Gi+P = Ge+P @ P 2
Suppose the amount of protein P is of order 1/, whose rate of production «} = 1/€ k2, while

its rate of degradation /cé = Kk3; where k7, k3 are of O(1). The amount of genes in the “on”- and
“off”-state is € {0, 1}, their total amount always equaling 1, and suppose the rates of changes of
the gene from the “on”-state to the “off”’-state and back are very rapid due to its regulation by
the large amounts of protein /ci = K1, K/_l = k_1, where k1, k_1 are of O(1). This system is
characteristic of eukaryotes, where the gene switching noise dominates over the transcriptional
and translational noise. We can represent the changes in the system using the process X, for the
count of protein molecules normalized by €, and Y, for the (unnormalized) count of “on”-gene
molecules. A diffusion process is a good approximation for the evolution of X, as long as the
count of proteins is not too small, that is, the unnormalized count is >> € and X, ~ O (1) ([25]
gives a rigorous justification of diffusion approximations for Markov chain models that apply in
stochastic reaction kinetics). This diffusion solves d X¢ ; = b(X¢ s, Ye 1)dt++/€0(Xe s, Yer)dW;
with drift b(x, y) = k2y —k3x (protein production has only two possible values: it will be 0 when
y = 0, or k2 when y = 1), with diffusion coefficient o2(x, y) = K2y + k3x, and initial value
Xeo0 = xo > 0. Changes in the amount of proteins due to other independent sources of noise,
such as errors after cell splitting, can be modeled by an additional jump term for X, where the
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jump measure v|(dx) can be as simple as vi(z) = %8_1(z) + %84_1 (z), producing

L]
dXe,t = (K2Ye,r - K3X€,t)dt + \/E(’QYs,t + K3Xe,t)th +€ / 1X5>6ZNg(dZa dt).

The amount of genes G in the “on”-state is a rapidly fluctuating two-state Markov chain ¥ on
{0, 1} with rates ro_ 1 (x) = %/qx and ri_o(x) = éx, 1x that depend on the normalized amount
of protein (note that the amount of genes G in the “off”’-state is 1 — Y). This chain is reversible,
and for each x > 0 it has a unique stationary distribution 7*(1) = 1 — 7*(0) = k1 /(k1 + k—1).

Signaling proteins such as morphogens have to be in the right range of concentrations to
avoid triggering the expression of genes at the wrong times. The probabilities of their amounts
being out of range are given by the Large Deviation Principle for X, as € — 0, for which we
need to obtain the solution to the eigenvalue problem for the operator V (y; x, p) + £ where
LF) = ros1 O (F G+ 1D = FO) =0 + risoG) (£ = 1) = F(3))1y=1.

In order to solve (V (y; x, p) + L¥)e*1 = re! for A, let 1D = g (x), 150 = g4(x),
for some ay, ap strictly positive functions. Then

(ke — ke3x) pay (x) + (k2 + k3x) p2a (x)
+ %(e” +e? —2)ar(x) + k_1x(ap(x) — ar(x)) = rai(x)
1
—K3xpag(x) + k3xpag(x) + 5(6” + e " —2)ag(x) + k1x (a1 (x) — ap(x)) = rap(x)

equivalently, with a(x) = aj(x)/ag(x),

1
(ko — k3X)p + (k2 + Kk3X) p* + ke_1x (% - 1) = —i3xp + K3xp* + K1x(a(x) — 1)

which, since a(x) has to be positive, gives

—B + /B2 —4AC
a(x) = ,
24
A=x1x, B=—kap —kap® + (k_y —k1)x, C = —K_1x

and consequently, using notation above,

_ 1
Ho(x, p) = —k3xp + k3xp* + k1x(a(x) — 1) + E(ep +e P —2).

Note that when k_; = «1 then

_ k2p(1 4 p) + Vlap(+ p)? + k1)
- 2K1X

a(x)

and

_ 1 1
For, p) = =3 p(1 = )+ Sk2p(1 4 p) + 5 Gap(1 4+ P2+ ki) = k1x
1
+ E(ep +e P —2).

Note that Hy(x, p) is both convex in p and continuous in x.
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If one were to use an approximation of the evolution of the normalized protein amount X by
a piecewise deterministic process then (without additional noise)

dXIPMP = (oY — k3X e )dt

while Y, is the same fast Markov chain on {0, 1}. In this case V (y; x, p) = (k2 — k3x) p and the
Hamiltonian (when x; = k_1) becomes

i 1 1
AEPPMP(x p) = —k3px + SKp + 3 (k2p)? + 2K1x)? — K1x

which is easy to compare to the Hamiltonian Hy of the diffusion process X, taking into account
the small perturbative noise arising from randomness in the timing of chemical reactions and
from randomness in the outcomes of cell splitting.
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Appendix

Lemma9. Fix x, p € R and let ¢ : P(R) — R be defined by ¢ (u) = f V(y; x, pu(dy).
Then, ¢ is a lower semi-continuous (L.s.c.) function on P (R).

Proof. For the rest of the proof, we will write V (y) for V(y; x, p). Let Vyy =V - ly<y + M -
ly>um, for M > inf, V(y). To show that ¢ () is Ls.c, it is sufficient to show that if u, — u
weakly, then ¢ (1) < liminf,_, o ¢ (1t,). Assume w, —> w weakly. Then

f Virdp = lim f Vardin,

by definition of weak convergence of measures, since Vj; is a bounded function. By the
monotone convergence theorem we get

6 (1) = / Vdu = tim [ Vydu
M—o0

= lim lim Vudu,

M—oon—0o0

< lim infsup/ Vudu,
M

n—oo

= liminf/ Vdu,

n—0o0

by Monotone convergence theorem

— liminf ¢ (1,). O
n—0o0
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Lemma 10. Let uy be a bounded, upper semicontinuous (u.s.c.), viscosity subsolution and uy a
bounded, lower semicontinuous (1.s.c.), viscosity supersolution of du(t, x) = Ho(x, dyu(t, x))
respectively. If u1(0, -) < u3(0, -), and I-_Io is uniformly continuous on compact sets, then u| < up
on[0,T] xR forany T > 0.

Proof. Suppose
sup {ui(t, x) —uz(t,x)} > A>68>0. (A.34)

t<T,x

Let g(¢, x) = In(1 4 x?) + 2. Define

x—y|2+|t—s|2)

1
w(t,x,s,y):ul(t,x)—uz(s,y)—§1n<l+ | .

— B (g(t,x)+ g(s,y)) — At.

Fix 8 > Oand let (%, X, 5S¢, y<) denote the point of maximum of v in ([0, T]xRx [0, T]1xR) for
€ > 0. Since uy, up are bounded, for fixed 8 > 0, there exists an Rg > 0 such that |x¢|, [ye| < Rg
for all € > 0.

Using
w(féa )Eéa fév ié) + Il/(ge’ yé’ Eés _)_)G) S ZW(féa iéa EG’ yé)v
we get

L (1 L Fe = Fel +ie —mz)
2 €

< A(Se — fe) + “l(fa Xe) — u1(Se, ye) + MZ(ZTGv Xe) — ua(Se, ye)
< 2AT + 2Juy |l 4 2lluz]| = C < oo,
which gives us

= =2 - =2 2C
|Xe — Yel” + |te — Se|” < €e™™.

Therefore |Xe — Ve, |S¢ — ] — 0 ase — 0.
Let

lx — Je|> + |t — 5% o
+ yfe ) + B (gt x) + gGe. 50)) + At

Bt x) = ur (e 5O + %m (1

and

Te = yIP +te —sP
€

o 1 | o _
$2(s, y) == ur(te, Xe) — 5 In <1 + ) -p (g(te» Xe) + g0, y)) — Ate.
Then (z, X.) is a point of maximum of u (¢, x) — ¢1(, x) and (¢, ) is a point of minimum of
uz(s, y) — ¢2(s, y). Since u; and u; are sub and super solutions respectively, by the definition of
sub and super solutions we get

—

Fe—Fe -
_ — [ 2Bx.
€ A+28f <H , € , A.35
1+ \xg—yazj\tg—iglz AT 2l = 0<x€ 1+w * 1+i3> (A-39)
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and
t_e—fe Xe—Ye S
s ) ) fe—Je 285
€ ) >H , € — . A.36
[+ B Prien Pre = Ho | ¥e |4 BeBPHE=sl T+ 3 (430

Subtracting (A.36) from (A.35), we get

A+2B( +5¢) < Ho (% S 2hxe
S Xes — =
€ = 0 € 1+ |x€_y5|2:'|t€_s€|2 1—|—x€2
Xe—Ye -
_Ho5e ———< 2P (A37)
1+ | Xe — Vel :‘|te_56| 1+ yEZ

Since H(-, -) is uniformly continuous over compact sets, and since |X¢ — y<| — O ase — 0
(for fixed B), the right-hand side of the above inequality goes to 0 as € — 0 and 8 — 0 (note
. 2% 25 - -
W, 32 and T332 are bounded and that |x¢|, yc| < Rg for each B).
Taking € — 0 and then 8 — 0, we get

A=<0,

that the terms

which contradicts (A.34). Therefore we must have

sup{u(t, x) —uax(t,x)} <0

t,x

which givesus u; <up. 0O
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