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1. SHORT INTRODUCTION TO THE ABSOLUTE BAsics oF MATH LoOGIC

Logic is useful for everybody. For mathematicians it is the basic tool used in
their every professional activity. What is presented here is the very minimum of

mathematical logic every math student should know and enjoy using.

1.1. Elementary sentences and calculus of sentences. A "sentence” is a pri-
mary notion, i.e., something which is not defined but everybody knows what it is. It
is a notion like a point in geometry or a horse in an old Polish encyclopedia: ”Horse,
what it is, everybody knows”. For a sentence to be a mathematical sentence we need
to be able to say (at least in principle) whether it is true or false. Thus, ”The sky is
blue” is a mathematical sentence, while ”Let’s go to the movies” is not. It does not
matter if the sentence is false or true, as long as its "logical value” can be assigned it
is a mathematical sentence.

Other examples of mathematical sentences:

There is 23 students in this class.

It will be raining tomorrow.

I have 231456 hairs on my head.

Some English sentences are not mathematical sentences:

Is this blackboard white?

Why is it raining right now?

This sentence is a lie.

The last example ”This sentence is a lie” is particularly interesting. It seems that
it says something so it should be either true or false. If we assume that it is true,
then it is a lie, i.e., false and we obtain a contradiction. If we assume that it is false,
then it is not a lie, i.e., it is true and again we obtain a contradiction. Thus, it is not
true neither false, and for this reason it is not a mathematical sentence. Sentences
like this one are called self referencing sentences and often cause problems.

The sentences considered above were ”simple” sentences. Using them and logical

operators we can build more complex sentences. Most popular logical operators are:
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“and”, "or”, "not” and "implies”. There are many others, and everybody can define
her/his own new operators. Traditionally, we denote them by

and A ;

or V;

not —;

implies = .

Note, that they are similar to the set operation symbols: intersection N, union U
, set subtraction \ . The symbol for implication should be similar for the inclusion
symbol C but it is not.

We define logical operators by giving their value tables, i.e., for all possible logical
values of sentences o and [ we specify the value of the sentence coperator3. We will
denote value of "true” by 1 and value of "false” by 0. (Some computer languages use

opposite notation.) Here are the tables:

a B aANpf aVf —a a=pf
0 0 0 0 1 1
0 1 0 1 1 1
10 0 1 0 0
11 1 1 0 1

For example, for « = 1 and § = 1 we have (aV 3) = 1. This is slightly different from
everyday use of "or”. Also, for « = 0 and 5 = 1 we have (o = () = 1. This may
seem incorrect but we will understand it better later.

A sentence which is always true is called a theorem (or a tautology). The simplest
way to check if a given sentence is a theorem is just to check its logical value for all

possible combinations of arguments values. Let us consider a sentence

(1) (A f) = (naV2p).
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v <= ¢ means that v and ¢ have the same logical value, i.e., are equivalent. It is the

same as (7 = 0) A (6 = ) (You can prove this). We have

a f anNpf  —(anp) LHS -a -4 -aVv-pg RHS
0 0 0 1 1 1 1 1 1
0 1 0 1 1 1 0 1 1
1 0 0 1 1 0 1 1 1
1 1 1 0 0 0 0 0 0

Thus, the sentences on both sides of (1) are equivalent and sentence (1) is a theorem.

With its sibling
(2) —(aV () <= (maA-f),

they are called De Morgan’s laws, named after Augustus De Morgan (1806-71), British
mathematician.

Let us consider a sentence =(a = [3). By common sense it should be true only
when « is true and [ is false (Do you agree?). Let us check if the following sentence

is a theorem:

(3) (@ = B) <= (an-0).
a B a= 08 —(a= 3 LHS -8 aAr-3 RHS
0 0 1 0 0 1 0 0
0 1 1 0 0 0 0 0
1 0 0 1 1 1 1 1
11 1 0 0 0 0 0

Thus, the sentences on both sides of (3) are equivalent and sentence (3) is a theorem.
In particular, we can see that for « = 0 and § = 1 we have (a« = ) = 1, which in a
way justifies the definition of implication. (The definitions do not need justification,

but it is nicer to have them reasonable.)

1.2. Proofs by contraposition and by contradiction: The following sentences
are theorems, i.e., are true for all choices of sentences «, 3,7. You can prove this

using the truth tables.



This one is the pattern of the proof by contraposition:
(@)  (a=f) = (7f= ~a),
This one is the pattern of the proof by contradiction:

b)  [(arn=p)=(OA)]=(a=F)

Now we will use these patterns to prove the simple theorem: If n is divisible by 6,
then n is divisible by 2.

(a) First by contraposition: the theorem is written as an implication: If n is divisible
by 6, then n is divisible by 2. We can denote "n is divisible by 6” by a and "n is
divisible by 2” by . Then the theorem is « = (. Using pattern (a) we see that
instead we can prove =3 = —a. This means we need to prove "If n is not divisible
by 2, then n is not divisible by 6.

If n is not divisible by 2, then n = 2k + 1. Now, k is of one of the three forms:
k =3s, k=3s+1or k= 3s+2 (depending on the remainder when k is divided
by 3). Then, we have n =2-3s+1,n=2-3s4+2+1,orn=2-3s+4+ 1. In
other words n = 6s+ 1, n = 6s+ 3, or n = 6s + 5. Thus, n is not divisible by 6. We
proved = = —«. Using pattern (a) this implies a = (3. We proved the theorem by
contraposition.

(b) Now, by contradiction: we again see that the theorem is written as an implica-
tion and denote "n is divisible by 6” by « and "n is divisible by 2”7 by (. Then the
theorem is a@ = (3. Using pattern (b) we write the negation of the theorem o A =(3,
i.e., "n is divisible by 6 and n is not divisible by 2”.

Now, we will get a contradiction: since n is divisible by 6, we have n = 6k = 2(3k)

Y

and we see that n is divisible by 2. At the same time our assumption says ” and n is
not divisible by 2”. If we denote by = the sentence ”"n is divisible by 2”7, we proved
v A —y. According to pattern (b) this proves the theorem.

I understand that this was an unnecessary complication of the trivial proof of a

trivial theorem but we did this to present an example of how the patterns (a) and
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(b) are used. We will use them many times in the future for much more challenging

proofs.

1.3. Sentences and set operations. Again, we do not define the notion of a set. It
has to be understood. Let X denote out space, i.e., the set which contains all sets we
are going to consider. Considering sets "in general”, i.e., without deciding on some
space containing all of them, leads to contradictions. The basic operations on sets
are defined using sentences:

ANB={rxe X :(x € A) A (z € B)}, intersection of A and B;

AUB={ze€e X :(xr€ A)V (z € B)}, union of A and B;

A=X\A={re X :~(xre A}, complement of A.

We say that A C B (A is contained in B, or A is a subset of B) if and only if
(x € A) = (z € B).

We can use this correspondence to prove theorems about sets. For example De
Morgan’s laws for set operations are

(AN B)¢ = A°U B¢, corresponding to (1) and

(AU B)¢ = A°N B¢, corresponding to (2).

Other set identities also can be ”translated” into sentences equivalences and proved
this way. For example:

(AUB)\ C = (A\C)U(B\C) corresponds to

(aV B) A=y <= (aAN—y) V(6 A—y) and can be proved using a table of logical

values.

1.4. Quantifiers. Let P(x) be a sentence depending on variable z (say, 2% > 0),
which is true for all x in some domain X. Instead of saying: P(x;) and P(z3) and

P(z3) and ... we just say: for all x € X P(z), or symbolically
v zeX P('T) :

Quantifier V is called a general quantifier. For example, sentence V ,cr 2% > 0 is true

and the sentence V ,cr x > 3 is false.
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Similarly, the multiple (possibly infinite) or are expressed through existential quan-
tifier "there exists”, for example

EIQ;GRZU>3,

is a true sentence.
In some books "for all” is denoted by A and ”there exists” by \/ to highlight the
fact that they are generalizations of "and” and ”or”, respectively.

The negations of sentences with quantifiers are obtained using de Morgan’s Laws:
2V sex P(r) &= Jpex ~P(2),

- zex P(ZE)<:>V$€X —|P(I),

which seems to actually be in agreement with our common sense.

Example: below we write the definition of a continuous function f: R — R:
Viaer Vyer Veso Jos0 [y — 2l <e = |f(y) — f2)] <e.
To obtain a definition of the function which is not continuous we will negate the above
sentence and simplify it step by step using de Morgan’s laws:

_'[vweRvyeRve>OE|(5>0 ly—z| <e=|[fy) — f(2)] <e] =

EIxER_'[vyGRVE>OE|5>O ly—x| <e=|f(y

Elxe]RzlyelR_‘[v€>OE|6>0 ly—x| <e=|f(y

(y) — f(x)

(y) — f(x)
Jaer yer Feso 7 [T oo [y — 2| <e = [f(y) = f(2)] <] =

Jeer Jyer Jes0 Voo 7 [ly — 2| <e=[f(y) — f()

Jzer Jyer Jes0 Vsso [y — 2| <e A [f(y) — f(x)

We used the fact that =(a = ) <= a A - [.

Quantifiers correspond to generalized (possibly infinite) operations on sets: if
{As}ses are subsets of some space X, then we define their intersection and union

as follows:

mAs:{xeX:vsestAs}a

SES
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UAs:{xEX:HSGSxGAS}.
ses
The Morgan’s laws "translate” for set operations as

(ﬂ As>c = J“r,

ses ses
(U AS> = (A"
seS ses

2. REPRESENTATION OF NUMBERS IN DIFFERENT BASES

We usually use number written in decimal notation, which means that

2345678 =2-10° +3-10° +4-10* +5-10° 46 - 10> + 7- 10" +8-10°,

and
0.2345678 =2-107" +3-1072+4-107°+5-107* +6-10°+7-107°+8-107".

This notation allows to conveniently express arbitrarily large and arbitrarily small
numbers using 10 digits, 0,1,2,3,4,5,6,7,8 and 9. We say that the base of this system
is 10. Popularity of number ten comes probably from the fact that an average person
has ten fingers naturally used to count objects. Other civilizations used (or may
be using) different representations of numbers and/or different bases. You can view
examples following the link
(http://mypage.concordia.ca/mathstat/pgora/Number representations.html).

More generally, let us assume that our base is an integer n > 1. We use digits
0,1,2,...,n— 1. We have, for 0 < ay, ar_1,ar_2,...,a04,03,02,01,00 <N — 1,
_ k k—1 k—2 4 3 2 1 0
ApQp—10K—_2 . ..0A443020100 = AN +ap_1N" ~+ag_2n" “+- - -tagn +azn"+asn"+ain +agn
and
-1 -2 -3 —(k—2 —(k—1 —k
0.a1a9a53 ... ar_2ap_1ar = 1N~ +asn “+asn "+ -+ar_on ( )+ak,1n ( )—i—akn .

Examples: Base is denoted by the number in brackets at the bottom.

457y =4-824+5-8+7=11140) , 101019y =1-2* + 12>+ 1 = 21y
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01213 =1/34+2/9+1/27=16/27, 0.1001(2) = 1/2+1/16 = 7/16,
0.AF 16y = 10/16 4 15/256 = 175/256 .
The last example is in hexadecimal system (base 16) using A=10, B=11, C=12, D=13,
E=14 and F=15 as additional digits. This system finds a variety of computer related
uses (check at Wikipedia). As everybody knows (?) computers translate everything
into binary (base 2) representations to operate on them.

The formulas above show how to change numbers represented in other bases into
decimal numbers. How to perform an inverse operation, i.e., represent a decimal num-
ber in say base 37 First we have to think how we really make decimal representation
of numbers. (We are so used to it that we never think about this process.) We do it

performing consecutive division by 10 and writing down the remainders:
736 : 10 = 73 remainder 6

73 : 10 = 7 remainder 3

7 :10 = 0 remainder 7.
Similarly:
736 : 3 = 245 remainder 1

245 : 3 = 81 remainder 2
81 : 3 = 27 remainder 0
27 : 3 =9 remainder 0

9:3 =3 remainder 0
3:3 =1 remainder 0

1:3 =0 remainder 1,
and 73610y = 1000021 3. To check this we write 10000213y = 1-354+2:34+1 = 73610)-

We also have
736 : 16 = 46 remainder 0

46 : 16 = 2 remainder 14

2:16 = 0 remainder 2,

and 73610y = 2E03). To check this we write 2E0(6) = 2 - 1624+ 14-16 = 736(10)-



Now, we will try to represent a usual fraction

bases. First, in base 10:

13
3

= as a ”?decimal” fraction in different

~
O.42, 85 F4
Avd
=i
’bﬂoi?)o
-d?z'lb 1\..
-4
6:\0=60
-5
410=40
~35
%1030
_Y5
o=\

FI1GURE 1. Long division 3:7 in base 10
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The important fact we used is that each unit makes 10 units of the lower order. To

check correctness of our result we calculate

428571 1 3
0.428571428571 - - - = =2,
106 (1 —1 /106> 7

We used the formula for the sum of geometric series

1
1—|—q—|—q2_|_q3_|_...:1_1 for |q| < 1.
q

Similarly, we do this for base 2 and base 16, remembering that for these cases the

units make 2 and 16 units of lower order, correspondingly.

0©.044 t
3:1
3226
O
6.2 =1,
-+
5:.=10
-3
f—

FIGURE 2. Division 3:7 in base 2 and base 16

To check correctness we calculate:

1 1 1 3
0.011011011 .. .9y = Z_L+§ 1-1)~7
T8

and

~J

0.6(13)(11)6(13)(11)6(13)(11) . . .6 = (1% + 11_; n 11_612> <1_%) _3

Of course, we should have used D instead of (13) and B instead of (11).

An easy corollary of the presented algorithm is the theorem:

Theorem 1. A rational number (a usual fraction) has eventually periodic digital rep-
resentation in any base. An eventually periodic digital fraction represents a rational

number.
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Proof of the first claim uses the fact that in base n there is only n possible remain-
ders so the digital representation has to repeat after at most n steps. The second
follows from the calculation.

The last question in this section is changing a decimal fraction into digital fraction
in other base. First we will do a short geometric introduction into representation of
fractions in general. Let us consider base n = 4. We will use 4 digits 0, 1,2, 3. Let us

divide interval [0, 1) into 4 equal subintervals:

- p (1)

see Figure 3 a). The points in the first interval have first digit 0 (since they are
between 0 and 1/4), the points in the second interval have first digit 1 (since they
are between 1/4 and 2/4), the points in the third interval have first digit 2 (since
they are between 2/4 and 3/4) and the points in the fourth interval have first digit
3 (since they are between 3/4 and 4/4). To assign the second digit we perform the
same operation on each of the intervals of the first partition.

In Figure 3 b) we zoomed up the first interval corresponding to the the first digit 0.
We divided it into 4 equal subintervals and the digits of the points in these subintervals
are:

00 (since they are between 0 and 1/16),

01 (since they are between 1/16 and 2/16),

02 (since they are between 2/16 and 3/16),

03 (since they are between 3/16 and 4/16).

In Figure 3 ¢) we zoomed up the third interval of the second generation correspond-
ing to the the first digits 02. We divided it into 4 equal subintervals and the digits of
the points in these subintervals are:

020 (since they are between 0/4 +2/16 + 0/16% and 0/4 + 2/16 + 1/162),

021 (since they are between 0/4 +2/16 + 1/16% and 0/4 + 2/16 + 2/16%)

022 (since they are between 0/4 + 2/16 + 2/16% and 0/4 + 2/16 + 3/16%)

023 (since they are between 0/4 4+ 2/16 + 3/162 and 0/4 + 2/16 + 4/162).

Y

’
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/ 02 0
/ 022 023

C) | |

0210 0211 0212 0213

oy
~

D : : |
/02
0
€) | e L 2 B
021

FIGURE 3.

In Figure 3 d) we zoomed up the second interval of the the third generation corre-
sponding to the the first digits 021. We divided it into 4 equal subintervals and the
digits of the points in these subintervals are:

0210 (since they are between 0/4+2/16 +1/16*40/16* and 0/4 +2/16 +1/16% +
1/163),

0211 (since they are between 0/4+42/1641/16*+1/16% and 0/4+2/16 +1/16% +
2/16%),

0212 (since they are between 0/4+42/1641/16*+2/16% and 0/4+2/16 +1/16% +
3/16%),
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0213 (since they are between 0/4+2/16+1/16% +3/16> and 0/4+2/16 +1/16* +
4/16%).

These operations are repeated infinitely and every point receives it expansion in
base 4.

In Figure 3 e) we showed intervals corresponding to digits 02 and 021 without
zooming.

Now we will represent a decimal fraction x = 0.123457 as a fraction in base 4. We
want to represent x in the form d1 + + + —I— +.... How to get d;: it is integer
part of 4-z as4d-x = d; + + + —I— ... We have 4 - 0.123457 = 0.493828
so d; = 0. This shows that x is in the ﬁrst (” 0”) interval of the first generation in
geometric construction above.

To find dy we remove dy, i.e., consider x; = 4o—F(4z) = —|— —|— —I— 5+, .., where
E(t) denotes the integer part of t. Now, dy = E(4x,). We have 4-0.493828 = 1.975312
so do = 1. This locates z more precisely in [0,1). z is in the interval corresponding
to 01 in the partition of second generation. And so on:

xo = 4x1 — E(4x1) = 0.975312 and 4z, = 3.901248 so d3 = 3 and

x3 = 4xy — E(4x9) = 0.901248 and 4z3 = 3.604992 so dy = 3 and

xy = 43 — E(4x3) = 0.604992 and 4z4 = 2.419968 so d5; = 2 and so on. We have

0.123457(10) = 0.01332. . (4 .
To check we write
0.01332...4) = 0/4 + 1/4> 4+ 3/4° + 3/4* + 2/4° = 0.1230468750

which agrees with what we expected on the first three places. Precision in base 4 in
much worse than in base 10, i.e., one needs much more digits to represent a number

to the same precision.

3. CANTOR SET.

The Cantor set is a very popular source of examples and counterexamples in Anal-

ysis.
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Construction:

We start with the closed interval

Ay = [0,1].

On the step one we divide Ay into three subintervals of the equal lengths Ay =
By U By U By, where By and By are closed and By ; is open, and remove the

middle open interval By ;. We have
Al — BO,O U BO,Q'

Note that the length of the removed interval is m(By1) = 3. Removing By from [0, 1]

we removed all numbers x which have the first digit d; = 1 in the ternary expansion

[e.9]

dy,
T = Zﬁ, dp € {0,1,2}.

k=1

FIGURE 4. Sets Ag, Ay, A and Az in the construction of the Cantor set

Step two: We divide each of the remaining intervals By, By 2 into three subintervals
of equal lengths, side intervals closed and the middle one open,

By = Bo,,0U Booi1 U Bopa,

By = By2,oU Bo21 U Byao,
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and remove from each the middle subinterval. We have
Ay = Byoo U Byp2U ByaoU Bpaa.

On step two we removed 2 intervals each of the length % = 3% Removing By and
By, from [0,1] we removed all remaining numbers = which have the second digit
dy =1 in the ternary expansion of x.

Let us assume that after step n we have

An - U BO,dl,dz,...,dn7 d17 d27 s 7dn € {07 2}

L

5w each.  Each interval

A, is the union of 2" disjoint closed intervals of length
By d, ds,....d, consists of numbers  with the the beginning of the ternary expansion is

d1+d2+d3+ +d”+
3 32" 33 3n

Step n + 1: We divide each of the remaining intervals By 4, ... 4, into three subin-

tervals of equal lengths, side intervals closed and the middle one open,

Bo.ay dy....dn = Body.ds.....dn.0 Y Body ds....dnt YU Body do....dy2, di,da, ... d, € {0,2},

and remove all middle subintervals. We have

An+1 - U BO,dl,dQ,...,dn,dn+1a dla d?a s 7dna dn—i-l € {Oa Q}a

the union of 2" disjoint closed intervals of the length # each. On the n+1 step we
removed 2" disjoint intervals By 4, d,...d,1, d1,d2, ..., d, € {0,2}, of the length #
each. Removing these intervals we removed from [0, 1] remaining numbers = with the
n + 1 digit d,,.1 = 1 in the ternary expansion.

This describes the inductive procedure to construct the Cantor set. We define the

Cantor set

c= ﬂ A,.
n=0

Some properties of Cantor set:
(i) Cantor set ¢ is closed (as an intersection of closed sets). Actually, it is compact,

which is a stronger property.
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(ii) The “length” of Cantor set is m(c) = 0. On step n we removed 2"~ ! disjoint

intervals of length 3% each. Thus, the construction removes intervals of total length

=l TR 2\ 1/3
nzl 3n 257;(5) BT

Thus, no “length 7 is left.
(iii) Every point of ¢ is the limit of other points of ¢. The easiest way to see is to
see that the endpoints of the removed open intervals are dense c.

(iv) Cantor set is the set

9] dk
¢ ={z€0,1] :xzzﬁ, dy € {0,2},
k=1
i.e., set of numbers in [0, 1] without the digit 1 in their ternary expansions. This
shows that the Cantor set is of cardinality continuum, Card(c) = c.
(v) The function
o oo
dy, 1 dy

()i

k=1 k=1
transforms Cantor set onto the interval [0, 1]. It can be proven that f is a continuous

function.

4. SUPREMUM, INFIMUM, INDUCTION

4.1. Supremum, Infimum.

Definition 4.1. Let A be a non-empty subset of real lineR. We say that o is an
upper bound for A <= for any a € A we have a < o. We say that « is a supremum
of A, a =sup A, <= « is an upper bound for A and for any upper bound vy for A

we have a < 7y, i.e., a is the least upper bound for A.

Definition 4.2. We say that § is a lower bound for A <= for any a € Awe have
0 < a. We say that 5 is an infimum of A, f =inf A <= [ is a lower bound for A
and for any lower bound v for A we have v < (3, i.e., (B is the greatest lower bound
for A.
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Theorem 2. Let A be a non-empty bounded subset of R. Then, (i) « = sup A <
a 1s an upper bound for A and ¥V .~¢ 3 4ea Such that « —e < a. (i) f =inf A <
G is a lower bound for A andV .~ 3 4ea such that a < 3+ €.

Proof. We prove (i). Part (ii) is proven similarly.

To prove equivalence we need to prove two implications:

(1) a =sup A = «is an upper bound for A and V .~ 3 4e4 such that a —e < a.

Let us assume that o = sup A and negation of V .~ 3 4c4 such that a — ¢ < a.,
ie., 350 Vecaa —e > a. The last statement means that o — ¢ < « is an upper
bound for A, so « is not the sup A. Contradiction.

(2) a =sup A <= «is an upper bound for A and V .~ 3 4e4 such that a —e < a.
Let us assume the RHS statement and that « is not the least upper bound for A.
Then, there exists v < a such that a < 7 for all @ € A. Let ¢ = (o — 7)/2. Then,
v < a—¢ and we cannot find a € A with o —e < a. Contradiction with the assumed

RHS statement.

O
Example 1: Let A = {a; = ii’; ck=1,2,3,...}. Find sup A and inf A.
First, we list a few first elements of A: a; = 3/2, ay = 5/5 = 1, ag = 7/10,

ay = 9/17, etc.
(i) sup A: We see that the largest element of A is a; = 3/2. We will prove that for

k > 2 we have a;r, < 1. We have
1+ 2k
14 k2
so our claim is proven. Since if A has the largest element then this element is the

<lel+2k<l+ke2k<ke2<Ek,

supremum of A, we obtain sup A = 3/2.
(ii) inf A: We see that for all £ > 1 we have 0 < ay, so 0 is a lower bound for A.
Let us assume that there exists a larger lower bound, ¢ > 0. We will find a k such

that }ﬁ’; < e. We have

1+2k<k+2k<%_37
14+k2 = 1+Kk2 — k2 k
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so it is enough to find k such that 3/k < e. Assume that for all & > 1 we have
3/k > . Then, 3/¢ > k for all £ > 1 which is impossible. Thus, there exists a k > 1

such that }iilj < e and € > 0 is not a lower bound for the set A. Thus, inf A = 0.

Example 4.1. Example 2: Let

int
A:{ Sme :tE(0,+oo)}.
Find sup A and inf A.
b
1
t
a
t
1
FIGURE 5.

In the Figure 1 we see a part of the unit disk corresponding to the central angle
t (in radians). Then, the length of the corresponding arc is also t. We also have

a = sint and b = tant. From the picture we see that
(x)sint <t < tant.

We have 0 < ‘S‘tﬂ| for all t and ‘%} = 0 so inf A = 0. From the first inequality

we have ‘S‘tﬂ| < 1 forall £ # 0 so 1 is an upper bound for A. We will show that

1 = sup A. The second part of inequality (x) gives

sint

|cost| < , t € (0,400).
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Take an € > 0. We can find a t such that 1 —e < |cost| < 1. Then, we also have

l—e< “tﬂ| < 1. This proves that sup A = 1.

Some inequalities for Suprema and Infima:

Let A and B be non-empty bounded subsets of R.

(i) sup{a+b:a€ Abe B} =sup A+ supB.

Proof: For any a € A, b € B we have a +b < sup A + sup B, so it is an upper
bound for A+ B = {a+0b:a € Ab € B}. Let us take ¢ > 0. Then, we can
find an element a € A such that sup A — /2 < @ and an element b € B such that
supB —¢/2 < b.

Then, we have sup A + sup B — € < a + b which proves that sup A + sup B is the
supremum of A + B.

Is the equality inf{a +b:a € A,b € B} = inf A + inf B, always true?

Is the inequality sup{a-b:a € A,b € B} < supA -sup B, always true? Add a

condition ensuring that it holds.

(ii) sup{—a:a € A} = —inf A.
Proof: For any a € A we have —a < —inf A, so it is an upper bound for —A =
{—a:a € A}. Let us take € > 0. Then, we can find an element a € A such that a <
inf A+e. Then, —a > —inf A — ¢ which shows that —inf A is the supremum of —A.

Completeness Axiom (Axiom # 8):

Let A C R be a non-empty subset of R. If A is bounded above, then the real
number o = sup A exists. If A is bounded below, then the real number § = inf A

exists.

The real number /3 exists by the Completeness Axiom.
We will show that v/3, the number a with property a? = 3 exists. We know it

cannot be a rational number.
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Let us consider the set A = {x € R : 22 < 3}. A is not empty (1 € A) and
bounded above for example by 2. The completeness Axiom says that o = sup A is
areal number. We will show that o? = 3.

(i) Assume o? < 3. Take 0 < & < 1. Then €% < e. Also, we have o < 2. Then, we
have (o +¢)? = a? + 2ae + &2 < a® + 5e. We see that as long as 5e < 3 — a? we have
(a + €)% < 3. This contradicts the assumption that o = sup A.

(i) Assume a? > 3. Since a = sup A for any ¢ > 0 there exists a € A with
a —¢ < a. Then, a*> > (o —€)* = a® — 2ae + &% > a® — 2ae > o? — 4e. As long

as 4¢ < a* — 3 we have (o — €)? > 3 so we found a € A with a® > 3, which is a

contradiction.
Since (i) and (ii) are both impossible, we have a? = 3. QED
Arithmetic-Geometric Means Inequality:
Lemma: Assume that ai,as,...,a, > 0. If a; -as---a, > 1, then

ay+ag+---+a, >n.

Proof: We will prove this by induction. For n = 1 we have statement: If a; > 0
and a; > 1 then a; > 1 which is obviously true. To make the further proof more
understandable we will do case n = 2 which in principle is not necessary.

Let n = 2. a;,a2 > 0 and a1 -as > 1. We want to show a; +ay > 2. If both a; and
ap are greater than 1, there is nothing to show. We assume a; < 1 and ay > 1. We

have
a1+ag Z a1+a2+1—a1-a2+1—1 = 2+a1—1—a2(a1—1) = 2—}-(@1-1)(1-@2) Z 2,

since (a1 — 1)(1 —ag) > 0.

We assume that the Lemma holds for n. We will prove it for n + 1. Let 0 < a; <
as < - < ap, < apyy and ay - ag---ay - apyy > 1. We want to prove a; + as +
oo+ ay + aps1 > n+ 1. If ap > 1 there is nothing to prove. We assume a; < 1
and a,1 > 1. We also have ag - ag---ay - (a1 - ap11) > 1 so by induction assumption

as+as+ -+ a, + (a1 - apnyq) > n.
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This implies ay + as + az + -+ + ap + apy1 > n+ ay + ape1 — (aq - apiy). Now,

n+aj+a,i1—(a1:ap11) = ntapi(1—ay)+a1—141 = n+14+(ayp1—1)(1—aq) > n+1.

QED

Corollary 1: Arithmetic-Geometric Mean Inequality. Let zi,2,,..., 2, >

0, Then
Ty +To+ -+ Ty
Z YTy Ty Ty
n
Proof: Set
L .
a; = , 1=1,...n.

nl’l-xz..-xn

Then, a; - as---a, = 1 so by the Lemma a; + as + ...a, > n.

Corollary 2: For any n > 1 we have

o () ()
o (D)7 ()"

1 n
a, = (1 + —) , 1s increasing,
n

This means, that

and

1 n+1
b, = (1 + —) , is decreasing.
n

Proof: By Arithmetic-Geometric Mean Inequality, we have

a1 1\" 1 1 1 1 1 1 1
14+ — < 1+41+—-4+14+—-+---4+14+—-) =1+ n-—| =1+ )
n n+1 n n n n+1 n n-+1

which is equivalent to our claim (1).

The proof of (2) is similar, although not obviously similar.

“e” - the base of the natural logarithms:
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If we set a,, = (1 + %)n and b, = (1 + %)nﬂ, then the intervals I,, = [a,, b,] form

a nested sequence. Since a,, < by = 4 we have

1 1\" 4
bn—an:—<1+—> <——0, asn — +o0.
n n n

Thus, the intersection () ,,>1/, is one point, the number called “e”, the base of the

natural logarithms. It has many beautiful properties, the most known probably is
(*) =e".
We will prove this property much later.

Proposition 4.1. We constructed the number e and we have the two-sided bound for

w 1 n 1 n+1
(1+—) §e§(1—|——) . n> 1.
n n

These are not very good approximations, for n = 1000 we obtain

2.716923932 < e < 2.719640856.

4.2. Principle of Mathematical Induction: The principle of Mathematical Induc-
tion gives a very useful method of proving theorems which hold for natural numbers.

Principle of Mathematical Induction: Let P be a statement depending on
natural numbers n € N.

If

(i) P(1) is true, and

(ii) the implication P(n) = P(n + 1) is true,

then P(n) holds for all n € N.

Example 1: Show that 6|(n® + 5n) (n® + 5n is divisible by 6) for any n € N.

Proof: We check P(1) : 6|6 - true.

Now, we assume P(n), i.e., 6/(n® + 5n). We will prove P(n + 1), i.e., 6|((n+ 1) +
5(n+1)).

We have (n+1)3+5(n+1) =n®>+3n>+3n+1+5n+5 = (n®+5n)+3(n®+n) +6.

The first summand n® + 5n divides by 6 by Inductive assumption, the last one is 6
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and also divides by 6. Now, 3(n? + n) = 3n(n + 1). It divides by 3 and one of the
numbers n,n + 1 is even so divides by 2. The sum of expressions divisible by 6 is
divisible by 6 and we proved P(n + 1). By the Principle of Mathematical Induction
we proved 6|(n® + 5n) for any n € N.

Example 1: Show that

(%) 1+ > /n,

1 1
=t =+
AR AR
for any n € N.
Proof: We check P(1) : 1 > 1 - true. Now, we assume P(n), i.e., the inequality

(x). We will prove P(n+ 1), i.e

1 1 1
bt =t — > /n
V2 V3 Vi \/n +
We start with assumed inequality (*) and add \/7 to both sides. Now, it is enough
to show that

Vn +

1
>vn+ 1.
vn+1

It is equivalent to

vnn+1)+1>n+1 < /nn+1)>n

Squaring both sides (they are positive), we obtain n(n + 1) > n?, which is true. We
proved P(n+1) and by the Principle of Mathematical Induction we proved inequality
(%) for any n € N.

Example 3: Theorem SM : Every non-empty subset of N has the smallest
element. This property is often formulated differently: The set N is well ordered ( for
every element we can point out the next element in the sense of the relation <).

Proof: First, we will prove Theorem SM for finite subsets of N. We use Mathe-
matical Induction over the number of elements in the subset. We check P(1): The
set with 1 element has the smallest element. True.

Now, we assume P(n): Any subset of N with n elements has the smallest element.
Consider a subset A with n+1 elements. Let ng € A. Then, A\ {no} has n elements,

so it has the smallest element, say ny. If n; < ng then n; is the smallest element of A.
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If ng < my then ng is the smallest element of A. We proved P(n + 1). This completes
the proof for finite subsets of N.

Let B be a non-empty subset of N. Since B is nonempty, it contains an element,
say ng. The set BN {1,2,3,....,.ng — 1,n0} is a finite non-empty subset of N so it
contains the smallest element, say ny. Then, ny is the smallest element of B.

We proved Theorem SM. QED

Now, we will prove that Theorem SM implies the Principle of Mathematical Induc-
tion. We will use a proof by contradiction. We assume Theorem SM and that PMI
does not hold, i.e., there exists a theorem P such that P(1) is true, P(n) = P(n+1)
is true and there exists ng € N such that P(ng) is false. Let A = {n € N :
P(n) is false }. A is non-empty (no € A), by Theorem SM A has the smallest el-
ement, say ny. Since P(1) is true, n; > 1. Consider P(n; — 1).

If it is true, then P(n;) is also true since we know P(n) = P(n + 1) is true.
Thus, P(n; — 1) cannot be true.

If it is false, then n; — 1 € A which contradicts n; being the smallest element of A.

We obtained a contradiction, which proves our claim. QED

Example 4: Pigeon Hole Principle : If there are n+1 pigeons in n holes, there
is a hole with at least two pigeons. Or more "scientifically”: If n € N, there is no
injection of the set with n + 1 elements into a set with n elements.

A function f : X — Y is called an injection <= if x1 # x5 then f(z1) # f(x2)
or equivalently if f(z1) = f(x2) then x; = z.

We will prove PHP by induction: Below by A, we denote a set with n elements.

We check P(1): There is no injection from As = a,b into A; =c. If f: Ay — Ay,
then f(a) = c and f(b) = ¢, so f is not an injection.

We assume P(n): there is no injection from A, into A,. We will prove P(n + 1)
by contrapositive. Assume that P(n + 1) is not true, i.e., there is an injection f :
Apio — Apyq. Take an element ag € A, 5. Since f is an injection, the only point

which goes onto f(ag) is ag. This means that f : A, \ {ao} — Ani1 \ {f(ao)} is
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also an injection. A, 4o\ {ag} has n+ 1 elements and A, 1 \ {f(ao)} has n elements,

so this shows that P(n) does not hold. This contradiction completes the proof.

Now, we will prove that the PHP implies the PMI. We use the proof by contra-
positive. Let us assume PHP and assume that PMI does not hold, i.e., there exists
a theorem P such that P(1) is true, P(n) = P(n + 1) is true and there exists
no € N such that P(ng) is false. Let A = {n € N : P(n) is true } and consider the
set B =AN{1,2,3,....,m9 — 1,n9}. Assume B has n elements. It is non-empty as
1 € B. We will define injection f : B — B\ {1}. Let f(n) =n+1, for n € B. We
have f(n) € B since if n € Bthenn+ 1 € B and ng ¢ B. f is injective. Element 1
is not a value of f. We showed that PHP does not hold. This completes the proof of
our claim. QED

5. CARDINALITY

5.1. Relations: If X and Y are non-empty sets then their Cartesian product is the

set of pairs
XxY ={(z,y):ze X,y Y}

Remember that (z1,y1) = (22,y2) <= x1 = x5 and y; = ¥s, i.e., the order in the
pair counts. A relation is a subset R C X x Y. We write x ~g y, = is in relation
with y, if and only is (z,y) € R.

A relation R C X x X is called:

(1) Reflexive <= = ~gpx, V ,cx;

(2) Symmetric <= 2 ~py = y~r T, YV 4yex;

(3) Transitive <= x~pyandy~rz < T~p2, ¥ ex.

For example, relation < on R is transitive but it is neither reflexive nor symmetric.

A relation R on X which is transitive, reflexive and symmetric is called an equiv-
alence relation. It divides the set X into disjoint ”equivalence classes”, subsets A,

such that z,y € A, if and only if x ~p y. If v € A,, and y € A,, with ay # as,
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then = %r y. The equivalence class containing an element x is denoted by [z]. In
particular, z ~py <= [z] = [y].

Example: Let X = N, n ~p m <= there exists an integer k£ such that both
n/2% and m /2% are odd numbers. For example 6 ~p 14 (k=1) and 6 £ 9. It is easy
to see that this relation is an equivalence relation. It divides the set N into disjoint
equivalence classes. We have

[1] = odd numbers (k = 0);

[2] = 2-odd numbers (k = 1);

[2%] = 2F.0dd numbers (k = k).

We have N = [ ;2 {[2"]} and N/R = {2 : k = 0,1,2,...}. The last one is called
a factor space obtained by dividing N by the equivalence relation R.

5.2. Functions: A function f : X — Y is a relation on X x Y with special prop-
erties. We write f(z) = y instead of z ~ y. We assume

(1) for any x € X there exists an y € Y such that f(z) = y;

(2) if f(x) =y and f(x) = yo then y; = y, (the value f(z) is uniquely determined).

A function f: X — Y is called injection <= if x; # x5 then f(z1) # f(x2), or
equivalently if f(x1) = f(z2) then z; = xs.

A function f: X — Y is called surjection or "onto function” <= for any y € Y
there exists € X with f(z) = y.

A function f : X — Y is called bijection or ”one-to-one function” <= f is both
an injection and a surjection.

Examples: Function f : [0,= oc0) — R, f(z) = 2% is an injection, but not a
surjection. Function f: R — [0, +00), f(x) = x? is a surjection, but not an injection.
Function f : (—7/2,7/2) — R, f(x) = tanz is a bijection.

If f: X — Y is a bijection z N y, then the inverse function is f~!:Y — X,

—1

y — x. For any # € X we have f~!(f(z)) = x and for every y € Y we have

f(f~ W) =v.
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5.3. Cardinality: Cardinality of a set is a notion generalizing the number of elements
in a set. For finite sets the cardinality equals the number of elements.

There are two basic ways to compare the number of elements in two sets. For
example, consider acrowd of students in front of a classroom and the set of chairs
inside. We do not know if we have enough chairs for all the students. How to check?

(1) We can count the number of students, the number of chairs and compare. This
works well for practical, finite cases.

(2) We can let the students inside and ask them to sit on the chairs. This creates a
function from the set of students to the set of chairs. If this function is an injection,
the number of students is less than or equal to the number of students. If it is a
bijection the numbers are equal. If there is not enough chairs we cannot create a
proper function.

To define cardinality of general sets we use the second method.

We say that the sets A and B are equivalent (in the sense of cardinality), A ~¢ B, or
have the same cardinality, Card(A) = Card(B), <= the exist a bijection f : A — B.
It is easy to see that relation ~¢ is an equivalence relation (identity is bijection,
inverse of a bijection is a bijection, composition of two bijections is a bijection).
The equivalence classes of this relation are cardinal numbers. For example: 5
corresponds to the class of all sets equivalent to {1,2,3,4,5}, all sets equivalent to N
have cardinality Ro (Hebrew letter aleph), all sets equivalent to R have cardinality ¢
(Gothic small ¢ for Georg Cantor, who introduced cardinality). There infinitely many
different infinite cardinal numbers. We will prove this later.

We can define addition and multiplication of cardinal numbers.

Let a; and ay be cardinal numbers. If A; and A, are disjoint and Card(A;) = oy
and Card(Ay) = ag, then ay + ay is defined as a cardinality of the set A; U Ay, g - g
is defined as a cardinality of the set A; x As, the Cartesian product.

If there is an injection f : A — B, then we have Card(A) < Card(B). If there is a
surjection f: A — B, then we have Card(B) < Card(A).

The following theorem is often useful
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Theorem 3. Cantor-Bernstein-Schréder Theorem: If Card(A) < Card(B)
and Card(B) < Card(A), then Card(A) = Card(B). In other words: If there is an
injection f : A — B and an injection g : B — A, then there exists a bijection

h:A— B.

Proof from Larsen’s book:

Let us assume that f is not a bijection.

Let By = B\ f(A). If By C B is defined for some k € N, let Ay, = g(By) and
Bii1 = f(Ag). This inductively defines Ay, and By for all & € N. Use these sets to
define A = Uis1 Ak and h: A — B as

hz) = {g—wx), ved;
f(z), v €A\ A
It must be shown that h is well-defined, injective and surjective. To show h is well-
defined, let z € A. If z € A\ A, then it is clear h(z) = f(z) is well defined. On
the other hand, if z € A, then © € Ay for some k. Since x € A, = g(By), we see
h(x)g~'(z) is well defined. Therefore, h is well-defined.

To show h is injective, let x,y € A with x # y. If both x,y € Aor z,y € A\ A,
then the assumptions that f and g are injective, respectively, imply h(x) # h(y).

The remaining case is when 2 € A and y € A\ A. Suppose z € A, and h(x) = h(y).
If kK =1, then h(z) = ¢g7'(x) € By and h(y) = f(y) € f(A)\ By. This is clearly
incompatible with the assumption that h(x) = h(y). Now, suppose k > 1. Then
there is an x; € By such that

x=gofogofogo---ofog(w).
k-1 f’s‘arndkg’s

This implies

h(z) = g (&) = fogo fogo---ofogla) = f(y).

—~
k-1 f’s and k-1 g’s

so that

y:\gofogofogo~~~ofogj(x1)GAk_lCA.
k-2 f’s;gd k-1 g’s
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This contradiction shows thath(z) # h(y). We conclude h is injective.

To show h is surjective, let y € B. If y € By, for some k, then h(Ay) = g~ '(Ax) = By
shows y € h(A). If y ¢ By for any k, y € f(A) because B; = B\ f(A), and g(y) ¢ A,
so y = h(z) = f(x) for some z € A. This shows h is surjective.

QED

As we said before Card(N) = Y. Any set A with Card(A) < Ny is called a
countable set. Another way to say that Card(A) = Vg is to say that the elements
of A can be ordered in a sequence.

Consider {0} UN. The function f(n) =n+ 1 is a bijection f: {0} UN — N. This
shows that Card({0} UN) = Card(N) or

(4) Ry + 1 =R,

As we see, the arithmetic of cardinal numbers is somewhat surprising. Equality (4)

implies, by induction
(5) Ng+n =N, neN.

The equations (4) and (5) are often presented as an anegdote about “Hilbert’s hotel”.
Hotel “Hilbert” is an unusual one. It has Ry rooms numbered H1, H2, H3,.... One
night all rooms are taken. The weather is awful. Around midnight one more guest
comes and asks for a room. “No problem” says the night receptionist. He moves the
guest from room H1 to room H2, the guest from room H2 to room H3, the guest from
room H3 to room H4, etc., leaving room H1 free for a new guest.

If instead of one guest a group of n guests arrives and asks for n rooms he proceeds
similarly: H1 — H(n+1), H2 — H(n+2), H3 — H(n+3),etc, leaving n first rooms
free.

Now, a more serious trouble arises: a whole bus full of extra guests in need of sepa-
rate rooms comes. And the bus itself has infinite number of seats: B1, B2, B3, B4, .. ..

The receptionist is still undefeated: he moves the old and new guests as follows:

Hlw— H1, H2 — H3, H3— H5,..., Hn— H(2n—1),n=1,2,3,....
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Bl— H2 B2+ H4, B3— HG6,..., Bn— H(2n),n=1,2,3,....
This way old and new guest have their own separate rooms.
The last example proves
Np + Ry = No.
This, by induction, implies that any finite sum of Ny’s is again Ny, or that the finite

sum of countable sets is countable. We can write it as
n'NOINo, n € N.

In particular it proves that for the set of integers Z = N U —N U {0} we have
Card(Z) = N,.

Now, we will show that

Np - Ng = Np.
We need to show that Card(N x N) = Ng. The set N x N can identified with Q" =
{Z:n,m e N}.

Fast proof: Obviously N C Q so Card(NxN) > ®y. Now, the function f() = 2"3™
is an injection of Q into N. Thus, Card(Q) < X,. Using Cantor-Bernstein-Schroder
Theorem we obtain Card(Q) = .

We present a direct proof constructing a bijection from N x N to N. In Figure 6
we show the set N x N in the form of doubly infinite matrix. The red arrows show
how we can order all elements of the set into a sequence, defining the bijection from

N x N to N. Thus, without invoking any theorems, Card(N x N) = 8,, and
(6) N() : NO - No.
This proof is called a “snake proof” for the shape of the red arrows path. By induction

we obtain Ny = Ny, for any n € N.

Corollary 5.1. Fquality 6 implies that a countable union of countable sets is count-

able.



Example 5.1.

35

ol
-1
o0
Ol

i 2 ,3 .4 &5 &6 7 &8 0O~

VIS

323 3 33 33 3 3

1,2 .3 4 5 & 7 & 9
/ //

4~ 4 3" 4 4 4 4 4 4

1 2 3 .4 5 &6 7 &8 9

\/ /)

555 55 5 5 5 b

1 2 43 4 5 &6 7 &8 9
YAV,

6" 6 64 6 6 6 6 6 6

1 2 3 4 5 & 7 &8 0O

v/ /

A Y (Y (R (R (R

i 2 3 4 5 &6 7 8 0O

FIGURE 6. Bijection from N x N to N

Consider a set J of all solutions of the equations sinxz = r, where r is a rational

number. In other words J is the set of all z € R such that sin x is a rational number.

Show that

Is J dense in R?

CardJ =N, .

Consider the graph of function sin(z) for x € [—7/2,7/2].

The function sin is a bijection sin : [—7/2,7/2] — [—1,1] and it inverse function
arcsin : [—1,1] — [—7/2,7/2] is also a bijection. We have arcsin(Q N [—1,1]) =
J N [=m/2,7/2], so the set J N [—7/2,7/2] is countable. At the same time we see
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FIGURE 7. Graph of sin(x), z € [-7/2,7/2]

that arcsin(Q N [—1,1]) is dense in [—7/2,7/2], since Q N [—1,1] is dense in [—1, 1]
and arcsin is a continuous function. In the same way we can show that each set
Jo = JN([-7/2,7/2) +n-7), n = 0,£1,£2,43,... is countable and dense in
[—7/2,7/2] +n- 7. Since a countable union of countable sets is countable we obtain

that J is countable. We also proved that .J is dense in R = | J,,.,([-7/2,7/2] +n 7).
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Since Q@ C R we have Ry < Card(R). We will prove that R is not countable, so
Card(R) = ¢ > 8. We will actually show that the interval (0, 1) is not countable,
but this is enough. Let us assume that all € (0,1) can be ordered into a sequence:
x1,To,x3,.... We can expand any zj into its binary expansion
zp = 0.6 b pMp P pkFIplk)

We put the sequence x1, xs, x3,... into a table for visualization:

w1 = 0.0 0B bbb
2o = 0.6 03B P0 b
x5 = 0.6 80P e
za = 067055 VBB
zs = 0.6 8PP
6 = 0.670P DO

Ifb=0then1—b=1. If b=1then 1 —b=0. We construct points
£ =0.01=b")(1 = b@)(1 = b)) (1 = bV) (1 = b)Y (1 = () ...

The point 7 is not in the sequence: T; # bgl), SO T # T1; Tg # b;Z), SO T # X9; Ty # b§3),
so T # x3, etc. We proved that (0,1) is not countable. Since we used the digits on
the diagonal of the table this proof is called a “diagonal proof”.

We can give another, more geometric proof. Now we will prove that the interval
[0,1] is not countable. Again, let us assume that all z € [0, 1] can be ordered into
a sequence: Ip,Ts,Ts,.... Let Iy = [0,1]. We divide Iy into three subintervals of
equal length 1/3: [ 1(0), [2(0) and 1. éo). We make the middle subinterval open, both side
subintervals closed. If z; € I{O) U 12(0), we define I} = [éo). If 2, € [2(0) U [:go)’ we define
L =19

We have I C Iy, length of I; is 1/3 and x; ¢ I;.
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Now, we iterate this procedure: We divide [; into three subintervals of equal length
1/9: I 1(1), ]2(1) and Iél). We make the middle subinterval open, both side subintervals
closed. If x5 € [1(1) U Iél), we define I, = I?El). If 5 € Iél) U ]él), we define I, = ]{1).

We have I, C I} C Iy, length of I, is 1/9 and xy, x5 ¢ I5.

We continue by induction: Let us assume that we have intervals I, C I, 1 C

- C I C Iy, length of I, is 1/3" and zy,x9,..., 24 1,2, ¢ I,. We divide I,
into three subintervals of equal length 1/3"*!: Il("), IQ(n) and ]én). We make the
middle subinterval open, both side subintervals closed. If z,,, € 1(") U [2(") , we define
Iy = [?El). If x,1 € ]él) U Iél), we define [, = Il(l).

We have intervals I, C I, C I,_1 C -+ C I C Iy, length of I,, is 1/3"™! and
X1, Ty Ty, Ty Tyl & Iy

The intervals I,,, n > 1, form a nested sequence of closed intervals and their lengths
go to 0. Thus, the intersection ﬂn21 is one point, call it . This point is not in the
sequence since T € [, for all k > 1 and zy, ¢ I.

We proved that [0, 1] is not countable, once more showing that ¥, < c.

The countable infinite Cartesian product of finite sets is not countable

(it is of cardinality c¢). We will prove that

{0,1}" = TJ{0, 1},

is of cardinality ¢, which shows 2% = ¢. The same proof shows n™0 =

.

Proof: The element of {0, 1}" is a sequence of 0’s and 1’s : & = (by, ba, b3, ...), by, €
{0,1} for any k = 1,2,... We define f : {0, 1} — [0,1], f(Z) = 0.bybabs . .., where
0.b1b2bs . .. is a real number in binary expansion. f is a surjection, and f is a bijection
if we ignore the real numbers with double binary expansions (like 0.10000000 - - - =
0.01111111111...). There are only countably many such numbers so they do not

matter in this consideration.

For the proof of n™° = ¢ we use expansions in base n. QED
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The countable Cartesian product of sets of cardinality ¢ is of cardinality

We will prove that [0, 1] is of cardinality c.

An element of [0,1]Y is a sequence of numbers T = (z1,79,23,...), 21 € [0,1],
k=1,2,.... We can represent every fraction z — k as its binary expansion. Then an
element T = (1, 72,23, ...) of [0,1]N can be presented as the table

21 = 0.6 b0 o bV bl B
o = 0.6 b3 08 b b b .
3 = 0.7 b5 b b o o).
za = 0.65Y 05 o5 b bl BV
5 = 0.67 b5 b b o) o .
e = 0.6 bF b8 b b bV .

Now, we can order all digits of the table into one sequence using the “snake method’
used in the proof that Q is countable. The beginning of the sequence is

0B bbb bbb b b6 bSY .. The map

F(@) = 008560 b Do b b b b

is a bijection of [0,1]N onto interval [0,1] if we ignore possibility of double binary
representations. It is possible only for countably many elements of [0,1] so it is
unimportant in this consideration.

This shows that ¢®0 = ¢. QED

The countable infinite Cartesian product of countable sets is not count-
able (it is of cardinality c).
In other words Rg° = ¢. To show this we will use Cantor-Bernstein-Schréder theo-
rem. We have
{0, NNV CcRY so ¢ <N <«

Thus, R} = c. QED
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Algebraic numbers are countable. The algebraic numbers are the roots (zeros)
of polynomials with integer coefficients. P(z) = a,x"+a,_ 12" '+ - -+ayx*+a1x+ay,
Gy Gp_1, ..., 09,01, 00 € Z is an example of such a polynomial. Its order is n. Since
Card(Z) = Ny and finite union of countable sets is countable there is R, different
polynomials of order n. A polynomial of order n can have at most n real roots
(exactly n complex roots) so the number of roots of order n is n - Ry = 8;. Now we
take a union of the sets of roots of order n over natural number and since Ng-Ng = N,

the union is countable. QED

Cardinality of a power set: The power set P(A) (or 24) of a set A is the set
of all subsets of A. Note that if A has n elements, then P(A) has 2" elements. This
is the origin of the second notation. Easy way to prove this is order the elements of
A and for any subset B C A consider the vector Vg = (v, vs,...,v,) with vy = 0 if
ap ¢ B and vy = 1 if ay € B. Obviously, we have exactly 2" such vectors. Vector Vg

corresponds to characteristic (or indicator) function xp defined as

(2) 1if z € B;
xr) =
X5 0ifz ¢ B.

This definition works for general subsets, not necessarily finite.
Theorem 4. Theorem: Cantor: Card(2*) > Card(A).

Proof: If A = (), then Card(A) = 0 and Card(2%) = 1 as ) is the only subset of A.

Assume that A # (). We will show that there is no surjection f: A — 24. Assume
there is one. Let us consider the set B ={x € A:x ¢ f(x)}. Since f is a surjection
there is an x¢ € A such that f(zo) = B.

Then: If 2y € B = f(x¢), then by the definition of B, zy ¢ f(z9) = B. Contradic-
tion.

If xg ¢ B = f(x0), then by the definition of B, xy € f(z9) = B. Contradiction.

This proves the theorem. QED



6. SEQUENCES OF NUMBERS

Absolute Value (Modulus) of a Number
Definition of a Sequence

Limit of a Sequence

Increasing and Decreasing Sequences
Interesting Limits

Infinite Limits

Subsequences

Bolzano-Weierstass Theorem

Cauchy sequences

Partial Limits, Limit Superior, Limit Inferior

Other Interesting Topics

6.1. Absolute Value (Modulus) of a Number.
Recall that for x € R we have

2] x, for x > 0;
€Tl =
—x, for x < 0.

The function x +— |z| is called absolute value or modulus of . We have
lz+y| <|z|+ |y, “triangle inequality”;
2=yl = [Jo] = Iyl
Both are easy to prove. Note that

|t —Al<e <= A—ec<zr<A+e.
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6.2. Definition of a Sequence.
A sequence of real numbers is a function a : N — R. Usually, instead of writing
a(n) we write a,, n=1,2,....

A sequence can be defined explicitly, for example

or inductively, for example
a1 =1lap11=V14+a, , n=1,2,....
The last sequence is a; = 1, as = V2, a3 = V1 4+ V2, as = \/ 1 + V1 + V2, etc.

Fibonacci sequence: Let ay =1, a: =1, a, =a,_ 1+ ap_o,n=3,4,5,....
Then, the sequence is: 1,1,2,3,5,8,13,21,.... It is the famous Fibonacci sequence

found in many features of nature and useful in many mathematical theories.

6.3. Limit of a Sequence.

Definition 6.1. We say that a sequence (a,)22, converges to a limit L <=
Voeso 3 ns1 Vonsn la, — L] <e.

14-3n2

Example: Let a, = 17555

We will prove that lim, .., a, = 0. We need to
prove V .~o 3 y>1 YV n>n |an| < €. Let us fix an € > 0. We have
1+ 3n? 3n? + 3n? 3 3
——— <€ < — <<€ — —<<<&g = n>-—.
1+ 5n 4+ 2n3 2n3 n €

We set N = Int(2) + 1, where Int(Z) denotes the integer part (floor) of the number ¢.

14+-3n2

Toontad <€ and we proved our claim.

For n > N we have

Proposition 6.1. The limit of a sequence is unique, i.e, if lim, o a, = A and

lim, . a, =B, then A= B.
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Proof. Assume that A < B are the limits of the sequence (a,)5°

n=1"
Take ¢ = (B — A)/3 > 0. Then, there exist Ny > 1 such that |a, — A| < ¢ <=
A—e<a, <A+e¢e forn>Nyand B—¢ <a, < B+e¢, for n > Ng. Then, for

n > max(Na, Ng) we have
a, <A+e<B—¢<a,,

which is impossible. The contradiction proves Proposition 6.1. O

Proposition 6.2. A convergent sequence is bounded.

Proof. Assume that lim,, .., a, = A. Then, for ¢ = 1 we can find an N > 1 such that
A-l1<a,<A+1, n>N.

The set {ay, as,...,ay_2,ay_1} is finite so it bounded between some numbers m and

M. Then, we have
min(A —1,m) <a, <max(A+1,M), n>1,

and (a,,)>; is bounded. O

Proposition 6.3. If lim, .. a, = A > 0, then the sequence (a,), is eventually
positive, i.€.,

3 >0 I N>1 VosN an > B

Proof. Take B = A/2. Since ¢ = A — B = A/2 > 0 there exists N > 1 such that for
all n > N we have

B=A—-¢<a,<A+ec.
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Proposition 6.4. Arithmetic of Limits: Assume thatlim,, ., a, = A andlim,,_,., b,

B. Then,
(a) lim,_,o(a, + b,) = A+ B.
(b) lim,, . (c-a,) =c-A.
(c) lim, . (a,-b,) = A-B.
(d) If in addition b, #0, n=1,2,... and lim, . b, # 0, then

lim,, oo Z—Z = %.
Proof. We will prove (c). By assumptions V .so 3 ny>1 V n>n, |an — A] < € and
V es0 3 Np>1 YV nsng b — B| < . By Proposition 6.2, we know that both (a,)5
and (b,)>2, are bounded, say |a,| < M, and |b,| < Mp, for all n > 1. Let us
fix an ¢ > 0 and let N4, Ng be the constants corresponding to this . Then for
n > max (N4, Ng) we have
lay, - b, —A-B|=la, b, —a, -B+a, -B—A-B]
<lan b, —ay,-B|+|a,-B—A-B|
< Jaallb — Bl + I, — A|IB| < =(Ma + |B).

Since ¢ is arbitrarily small this proves (c). O

Proposition 6.5. If the sequence (a,)S% is convergent, lim, . a, = A, and a, €

la,b] for alln > 1, then A € [a, b].

Proof. Assume that b < A and take e = (A —b)/2. Then, there exists an N > 1 such
that for all n > N we have
b<A—ce<a,,

which contradicts the assumption a,, € [a,b] for all n > 1. O

Proposition 6.6. Three Sequences Theorem or Squeeze Theorem: Let us
assume that a, < ¢, < b, for alln > 1, and lim,_ a, = lim,_.. b, = A. Then,

lim, . c, = A, as well.
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Proof. Fix an ¢ > 0. By definition of the limit there are an N, > 1 and an N, > 1
such that |a, — A| < ¢ and |b, — A| < e for n > N, and for n > N,, respectively. Let
n > max(N,, N;). Then, we have

A—e<a,<c, <b,<A+e = A—-c<c, <A+e,

which shows lim,,_,, ¢, = A. O

6.4. Increasing and Decreasing Sequences.

Definition 6.2. We say that the sequence (a,)3, is tncreasing <= we have
an < Qpy1, n=1,2,3,...

We say that the sequence (a,)>2, is decreasing <= we have
Qp 2 Apy1, =1,2,3,...

We say the sequence is strictly increasing or strictly decreasing if the in-

equalities in the above definition are strict.

Proposition 6.7. (a) An increasing and bounded above sequence (a,)2 is conver-
gent to the sup{a, : n > 1}.
(b) A decreasing and bounded below sequence (a,)>2, is convergent to the inf{a,, :

n>1}.
Proof. We prove (a). Let o = sup{a, : n > 1}. We need to show that

Veso 3Nz Vonsn lan —af <e.

Let us fix an € > 0. Since @ = sup{a, : n > 1} we can find ay such that o — e < ay.
Since (a,)92, is increasing we have a — ¢ < a,, for all n > N. On the other hand we

have a,, < a for all n > 1. Thus
a—e<a, <a,

for all n > N. This shows (a). O
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Example 6.1.

Let a; = 1 and a,+1 = V1 + a, for n > 1. We will show that (a,)5, is increasing

n—

and bounded above and we will find its limit.

anp < py1 = ap, <V1+a, < aigl—l—an.

Consider inequality t*—t—1 < 0. The numbers 1(1—+/5) and $(1++/5) are the roots.
Thus the inequality holds for 2(1—+v/5) < ¢ < 2(1++/5). We have 0 < a; < 1(1+V/5).
We will show by induction that a, < %(1 + \/5), for all n > 1. Let us assume that
an < 2(1 4 V/5), for some n. Then a,41 = I+ a, < \/1 + (1 ++/5). We have

\/1+%(1+\/§)§ (1+V5) < 1+%(1+\/5)§ (%(H\/B))Q

1
2
— 44+242V5<14+2V5+5,

which holds. This shows that the sequence (a,)22; is bounded above and at the
same time that it is increasing. Thus, it converges to its supremum. Let us say that
a = sup{a, : n > 1}. For any n > 1 we have a,1; = v/1+ a,. We let a,, — a and

obtain
a=+vV1+ .

We already solved this equation. Since all a,, are positive we have

1
lim a, = 5(1 +5).

n—oo

6.5. Interesting Limits and Other Useful Statements.

Proposition 6.8. Bernoulli Inequality: If —1 < z, then

l1+x)">14+nx, n=12,....
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Proof. We prove this by induction: for n = 1 we have (14 x) > 14z, which obviously
holds. Assume (1+ )" > 1+ nx, for some n > 1. Since x > —1, we have (1+x) >0

and
(1+2)" - 14+z2)>1+nr)(1+2) <= (1+z2)"™" >1+ 0+ 1)z + n?
— (1+2)"™" >14 (n+ 1)z

By induction, the inequality holds for all n > 1. 0

Proposition 6.9. Generalized Bernoulli Inequality: If —1 < zy, and all z;’s

are of the same sign, k =1,2,...,n, n=1,2,..., then

(I+x)(I+me)...(1+xy) > 14+ (z1+22+ -+ x,) .

Proof. The proof is the same as above. 0J

Proposition 6.10. Newton’s Binomzial formula: For any a,b € R and any
n > 1 we have

(a+0b)" = i (Z) a" o,

k=0

(V)

We are not proving it here. It can be proven by induction or by straight forward

where

combinatorial reasoning.

Proposition 6.11. Limit 1: Let a > 0. Then lim, .., /a = 1.

Proof. First, let us assume that a > 1. We can write /a = 1+ &,. We have
a=(14¢,)" > 1+ ne,,
by Bernoulli inequality. This implies that

a—1
En <

— 0.
n n—0o0
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This proves our claim for a > 1.

Let a < 1. Then 1/a > 1 and we have
1

lim Vo= ————=-=1.

lim,, oo %

Proposition 6.12. Limit 2: lim,, .., /n = 1.

Proof. Similarly as before we write {/n =1+ ¢,. Then,

n=(14¢,)" = z”: (Z)sﬁl"‘k > (g) -1—|—(?) ent (Z)si > (Z)si = m o

k=0
This implies that
9 2
n S

— 0,
n—1 n—ooo

€

which proves the claim.
Proposition 6.13. Limat 3: lim,,_., v/6™ + 3" = 6.
Proof. We will use the Three Sequences Theorem: we have

6= V6" < V6n+3" < 6n+6m=V2 6" =V2V6" — 1-6.

n—oo

Invoking the Three Sequences Theorem completes the proof.
Proposition 6.14. Limit 4: lim, . + In(6" — 3") = In6.
Proof. We will again use the Three Sequences Theorem: we have
1 1
—6"=6"—--6"<6"—-3"<6"
2 2 = -

since 36" > 3" for all n > 1 (easy to prove). Then,

1.1 1 1

—In(=-6" < =In(6" —3") < =1n(6") = In6.

nn(2 6)_nn(6 3)_nn(6) n6
We have

1.1 1.1 1

—In(--6")=—In(<z)+ —In(6") — 0+ In6.

(5 - 6%) = —In(5) + —In(6") — 0+1In

Invoking the Three Sequences Theorem completes the proof.



Proposition 6.15. Limit 5: lim,_ ... vVn?+n—n = %

Proof. Using (a + b)(a — b) = a® — b* we obtain

’I'L2 n—m
vni+n—n= i

2

n 1 1
p— p— H_.
vnl+n+n  VnP+n+n  /1+1/n+1no02

Limit 6:

1 n
n—oo n

Proof. Using the Nested Intervals Lemma we proved that

(7) <1+%>nges (H%)Hl,

and that the sequences on both sides converge to e. We use this to write
2

1\" n 1\"
n n

n—oo n—oo n—oo

1/n_
e 1 1

Example 6.2. Limit 7: lim,, ., T =

Proof. We use inequalities from the previous example to obtain:

1 1 1 1 1 1
1+ — | <en < (14 — —<en—1<K =
n n—1 n n—1

SI=]3 =
IA

The Three Sequences Theorem completes the proof.

Limit 7A: Consider the sequences

1—|—1—|—1+ —I—1 |
ay, = —+—-—4+..-+——1nn
2 3 n

and

D SR S S
nT it T3 n—2 " np—1_ "

IA

o]
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(@pn)n>1 is strictly decreasing and bounded below so convergent. (by,),>1 is strictly
increasing and bounded above so convergent. The common limit is called Euler’s

constant and denoted by 7. We have v ~ 0.577.

Proof. From double inequality (7) we obtain

(8) Loty
n — —.
n+1 n n

To have a,, > a,;1 we need

1 1
-1 1 In(1+—) > :
) n(n+ 1) or In( —i—n) e

To have b, < b,11 we need

—Ilnn >

1 1 1
—Inn<——In(n+1)or In(14+ =) < —.
n n n

Both hold by inequality (8). We have a, — b, = %, so both sequences converge
to a common limit b, < v < a,. For n = 5000 we obtain 0.577315662 < ~ <
0.577115662. OJ

Proposition 6.16. Limait 7B: In Proposition 4.1 we proved that
1 n
(1+—) — e, N — 00.
n
Similar proof shows that
€T n
<1+—> — e’ n— oo, xr€R.
n
Now, we will prove that the sequence
r? 23 "

-1 o4 =z
+1+2l+3‘+ o

also converges to e.

Proof. By Newton’s Binomial formula we have

(1+%>n:ki<—‘x_:Z(”_k+1)(n—/€+2)(n—k+k—1)x_’f

Rinfkl & n n n k!
(-5 (-5 (0%
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This shows that |(1 4 z/n)|" < |a,| and using Proposition 6.9 we have

a_<1+£>“‘<§”: 1y, ﬂ —Z —1|ac|’f_)0
" n _k:0 n < - k" n%oo’

7=1

as the sequence

is bounded above.

Proposition 6.17. Limat 8: If lim, ., a, =0, then

sin a,,

lim =1.

n—oo (U

Proof. We proved that sint < ¢ < tant. This implies
sint
cost < — <1,
so for our sequence we obtain

sin a,,

cos a, < < 1.

Qn
Since lim,, .o cosa, = 1, the Three Sequences Theorem again completes the proof.
O

Limit 9: Let a > 1. Then, for any £ > 1 we have
k
n

lim — = 0.
n—oo

This says that a geometric growth is much faster than any polynomial growth.

Proof. Fix k> 1. We can write a = 1+ b with b > 0. Then, forn > k + 1,

= (1+b)"=ZZ; (?)b]‘ > (kil)bkﬂ'

Since

n n! 1
<k:+1> k+Din—k—1)! (k+1)!”("_1>(”—2)"'(n—/€),
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for n > k + 1 we have
1

a” > m[nkH +epnf + e e ),
where ¢, ci_1,...,c1,co € R are fixed. We have
a® = g anf et 4 e+ o
1 k+1)!
:ﬁ.1+Ck%+ck—1ni2+”)'+clnl_k+60# 7:00.
O
Limit 10:
lim ln_n = 0.
n—oo 1}

Proof. The simplest way to show this is
1
nn_ In(n'/") — 0,
n n—o0

since we know that n'/® — 1. This method uses some knowledge we do not have

n—oo

yet, like continuity of the In function. We will present another proof.
For any sufficiently large n € N we can find k,, € N, such that
ehn < p < ehntl,

Then, we can write
Ine Inn < In eFntl

I

ekntl — = ekn

or

ky, < Inn < kn—i—l‘
ekn+1 - n - ekn

When n — 400, k, — 400 as well. By Limit 9, we know that as k, — +oo both

fractions on the sides converge to 0. This shows our claim. 0

Corollary 6.1.

1
lim —% =0, a> 0.

n—oo N

In particular

1
lim =% — ¢ .

nﬁoo\/ﬁ_
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Limit 11: . i
lim sin(e™ 4 999v™) _o
n—oo n
Proof. Since —1 < sint < 1, we have
_ in(en Vvn
-1 < sin(e™ + 999v™) < l
n n n

Invoking the Three Sequences Theorem completes the proof.
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6.6. Infinite Limits.

Definition 6.3. We say that lim,,_., a,, = +00 <=
V over 3 nx1 Vs M < ay,.
We say that lim,, ., a, = —00 <=

YV mer 3 N>1 ¥ osn an, < M.

It seems that the definition of a limit equal £o0 is different from the definition of

a finite limit. We can unify both definitions using a bit more advanced language.

Definition 6.4. Neighbourhood:

If A € R, we say that any open interval (A —e, A+¢€), € > 0 is a neighbourhhood
of A.

If A = 400, we say that any open interval (M, +oc0), M € R is a neighbourhhood
of A.

If A = —o0, we say that any open interval (—oo, M), M € R is a neighbourhhood
of A.

The unified definition says:

Definition 6.5. We say that lim,, ..ca, = A, A€ R or A = o0 <= for any
neighbourhood U of A the sequence (a,)3, is eventually contained in U, i.e., there

exists N > 1 such that for alln > N we have a,, € U.

Example: Show that lim,_.., ¥/n! = +00. It is enough to show this for even n,
i.e., to show lim, .., X/(2n)! = +00. Since

n-n--nn<l-2-3.--(n—1)-n-(n+1)---(2n—1)-(2n),
n—times

we have

V= X/nm < {/(2n)!.
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Let M € R. Then, there we can find an N > M? (otherwise the set N would be
bounded). Then, for n > N we have a, = %/(2n)! > \/n > M which proves our
claim.

Now, to justify doing this only for even n, we show:

R/2n) < R/(2n 4+ 1) = ((2n))" < ((2n + 1))
< (2n))*(2n)! < ((2n)))"(2n +1)*" <= (2n)! < (2n + 1)*",
which holds.

6.7. Subsequences.

Definition 6.6. Let (x,)n>1 and (yn)n>1 be two sequences of real numbers. Then,
(Yn)n>1 @s a subsequence of (T,)n>1 <= there is a strictly increasing function
h:N —= N, such that n <m = h(n) < h(m) and y, = Tp(), for all n € N.

In short yy, = x,, with ki < ks = ng, < ng,.

For example the sequence x1, x9, x3, 13, T4, T5, ... is not a subsequence of
T1,Xa, T3, Ty, Ts, T, . ... Also, 21,29, 14,13, x5,... 1S not a subsequence of
XL1,X2,T3,T4,T5,Tg, ..

Proposition 6.18. If x,, — z, then any subsequence of (x,)n>1 also converges to

n—oo

x.

Proof. Let us consider a subsequence (x,, )g>1 of (z,)n>1. Fix an € > 0. We need
to show that there exists a K > 1 such that for any & > K we have |z, —z| < e.
We know 3 ny>1 V o>y |2, — x| < . Since ny - +oo (it is a strictly increasing
unbounded above sequence), we can find a K > 1 such that N < ng. Since the
function k£ +— ny is strictly increasing, we have N < ny for all £ > K. Thus,

|2y, — 2| <efor k> K. O
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Proposition 6.19. z,, /~ x <= 3 .50 and a subsequence (x,, )i>1 of (Tn)n>1 such

that |z, — x| > ¢ for all k > 1.

Proof. The definition of the limit
Voeso 3 N1 Vonsn |2, — 2] <e.

The negation is
(*) Feso Vst Fnon |z — | 2 €.
The statement (%) gives us an € > 0. For this ¢ we will construct the consecutive ny,
k=1,2,3,...
Let Ny = 1. By (%) there exists n; > Ny = 1 with |z, — z| > .
Let No = ny + 1. By (x) there exists no > Ny = ny + 1 > ny with |z, — x| > .
Let N3 = ng + 1. By () there exists ng > N3 = ny + 1 > ng with |z,, — 2| > €.
In this way we construct the indices ng, k = 1,2, 3, ... By construction the sequence

(ng)g>1 1s strictly increasing so (x,, )k>1 is a subsequence of (zy,)n>1. O

Theorem 5. Sunset Theorem: Fvery sequence contains a monotonic subsequence.

Proof. Let (z,)n>1 be a sequence of real numbers.
Element x,, is called a peak <= V ,~,, ©,, > x,. This is illustrated in Figure
8. Imagine a mountain range with the heights of consecutive mountains equal to z,,.

The peaks of the sequence are the points from which one can see the sunset.

' "-.-/.///si‘i

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17..

FI1GURE 8. Peaks are pointed out by arrows.

There are two possibilities:



57

(i) The number of peaks is finite. Then, for any m there exists n > m such that
Ty = Ty

Let z,, be the last peak. There exists ny > ny with x,, > x,,;

Then, there exists ng > ny with z,, > x,,, and so on.

The constructed subsequence (z,, )r>1 is increasing.

(ii) The number of peaks is infinite. Then, the peaks with increasing indices form
a decreasing subsequence since for the peaks x,, and z,,,, with n; < ng; we have
Ty, > Ty, -

O

Theorem 6. Bolzano-Weierstass Theorem: A bounded sequence in R contains

a convergent subsequence.

Proof. Let (xy,)n>1 be a bounded sequence of real numbers. By Theorem 5 it contains

a monotonic subsequence. By Proposition 6.7 this subsequence is convergent. 0]

Example 6.3.

Let the sequence (a,),>1 be unbounded above. Prove that it contains an increasing

subsequence divergent to +oo.

If (ay)n>1 is bounded above, then 3 yegr Vn € N a, < M. Thus, if (a,),>1 be

unbounded above, we have
() Vyer dn €N a, > M.

Let a,, = a;.

Using (%) with M = max{a,,,2} we can find ny > n; such that a,, < a,, and
2 < ap,.

Using (%) with M = max{a,,,3} we can find n3 > ng such that a,, < a,, and

3 < py-
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And we proceed by induction. Assume that we have a,, such that a,, , < a,,
and k < a,,. Using (%) with M = max{a,,,k + 1} we can find ng1 > ng such that
Uy, < Qpyyy and b+ 1 < ap,, .

This construction produces a subsequence which is increasing (a,, < an,,, for each

k) and convergent to +oo (k < ay, for each k).

6.8. Cauchy Sequences.

Definition: A sequence {z,}5°, is Cauchy if and only if
v e>0 = ]\/21v n,m2N|xn - Qfm| <e.

Example: Let

1
k=0
We will show it is Cauchy. Let N <n < m. Then,

2 4 8 on 7 2 4 8 on = Qnil om’

and
1 1 1 1 1 1 1 1 1 1
ya:n—:cm|:2n+1+~~+2—m§2n+1(1+§+1+§+...):ﬁ1_%=2—n§2—N.

Since QLN can be made smaller than any positive £ the sequence is a Cauchy sequence.

A few theorems:

Theorem 7. Theorem CS1: A convergent sequence is Cauchy.

Proof. Assume that x,, — L, as n — oco. Fix an eps > 0. For this ¢ we can find an

N > 1 such that for any n > N we have
|z, — L] < e/2.
Take n,m > N. Then
|z — x| < |2 — L+ |L—2p] <e/2+¢/2 =k,

which shows that {z,} is a Cauchy sequence. O
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Theorem 8. Theorem CS2: A Cauchy sequence is bounded.

Proof. Let € = 1 and {z,,} be a Cauchy sequence. There exists an N > 1 such that

for any n,m > N we have |z, — x,,] < 1. In particular, for any n > N we have

|z, — x| < 1. This means that all elements xy,Zny1, Tyt2,... are in the interval
I = [txy —1,zx +1]. The remaining elements x1, x5, x3, ..., Ty_1 are a finite number
of elements so they fit into some interval Iy = [—M, M]. We can find an interval
[— K, K| such that both I ,I, C [—K, K]|. Then the sequence {z,} is bounded (in
modulus) by K. O

Theorem 9. Theorem CS3: A Cauchy sequence containing a convergent subse-

quence is convergent (to the same limit).

Proof. Let {z,} be a Cauchy sequence and its subsequence z,, — L as k — oco. Fix

an € > 0. We can find a K > 1 such that for any £ > K we have
|zn, — L| < e/2.
We can also find an N > 1 such that for any n,m > N we have
|zy, — x| < /2.
We can find ky > K such that ng, > N. Let m > N. The, we have
@ — L| < |@n,, — L] + |20y, —2m| <€/2+¢/2=¢.

This shows that x,, — L as m — oo. O

Theorem 10. Theorem CSj: A Cauchy sequence in R is convergent.

Proof. Let {x,} be a Cauchy sequence. By Th. CS2 sequence {xz,} is bounded. By
Bolzano-Weierstrass Th. {z,} contains a convergent subsequence. By Th. CS3 the

sequence {x,} is convergent. O
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Example: The theorem CS4 depends on the space in which the sequence is con-
sidered. Let consider a space X = (0,1]. The sequence z,, = 1/n, n = 1,2,... is
Cauchy. For any n,m > N we have |1/n —1/m| < 1/N so it is Cauchy as 1/N can
be made smaller than any positive epsilon. The sequence is convergent in R to 0, but

in the space X the 0 does not exist so the sequence is not convergent.

Contraction maps: A map (function) f: R — R is called a contraction if

lf(x) = fly)| <alz—y|, 0<a<l, Vz,yeR.

Theorem 11. (Banach Contraction Principle): An contraction map f: R — R

has a unique fized point, i.e., there exist unique point p € R with f(p) = p.

Proof. Let zy € R. we consider the sequence xg, x1 = f(x0), ©2 = f(x1), x3 = f(22),
and in general x,,.1 = f(z,), for all n. We will show that {z,} is a Cauchy sequence.
We have

w2 — 21| = [ f(z1) = fl2o)] < alz1 — o).
|25 — 2| = | f(22) — f(21)] < afzs — 2] < @Play — ).
|24 — @3] = [ f(23) — fla2)| < alwg — 22| < ®lzr — wol.
In general
T — Taoa| = [f(@n-1) = f(@no2)| < Q@1 — Tp_a| < " Hay — .

(Can proved by induction if three dots do not convince You.)
Now, we will estimate |z, — | for n,m > N and n < m.
|$n - xm’ S |'Tn - xn+1| + |xn+1 - In+2‘ + |xn+2 - xn+3|
+--+ |xm—3 - xm—?‘ + |:Bm—2 - xm—1| + |xm—1 — T
<(@+a" a4 o™ a™ o™ o —

1
1 —

< |z — zola™ < oy — x|y
1 -«
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Since |r; — a70|ﬁ is a fixed constant and o can be made arbitrarily small, we
proved that {z,} is a Cauchy sequence. By Th. CS4 {x,} is convergent, say x, — p

as n — 0o. We also have

|f(xn) — f(p)| < alzn —p,

so f(x,) — f(p) as as n — 0.
We write z,41 = f(x,) and go to the limit with n. We obtain p = f(p), so we
proved the existence of the fixed point.

Uniqueness: Assume there are two fixed points p; = f(p1) and py = f(p2). Then,

i1 — p2| = | f(p1) — f(p2)] < alpr — p2l.

Since o < 1 this implies p; = po.

Corollary: In the proof we obtained:

n

o
’xn - xm| S ":Cl —370‘1 _
Going with m to infinity we obtain
an
|$n_p‘§|xl_$0|1 5
-«

which is an useful estimate on the error of approximation to p.
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FiGURE 9. Fixed point of a contraction on the space of sets.

Newton’s Algorithm for solving equations:
To solve an equation f(z) = 0 we can use Newton’s method. Starting with any

point xg, hopefully close to the solution, we iterate

n

This iteration, under some assumptions, gives a solution to the equation. For different

starting points we may obtain different solutions.
We will relate this method to the Banach contraction principle. Consider the

function
_f@)
f'(x)
If z is a zero of f, (f(z) = 0), then Z is the fixed point of F', i.e., F((z) = z. We have
oy L@ (@) = (@) f ()
Fle)=1 FOF@

F(z)==x
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F1GURE 10. Fixed point of another contraction on the space of sets.

If f(z) = 0 then F'(z) = 0, which means that F' is the strong contraction in a
neighbourhood of the point z. This explains the convergence of Newton’s algorithm.
This also shows that if there are multiple roots of the equation, we need to start
iteration close to the root to find it.

In Figure 11 we see the regions of starting points which give different solutions to
the equation z* = 1. Solution z = 1 color yellow, z = —1 color blue, z = i color red
and z = —i color green. The points on the boundaries between the different “basins”

do not give any solutions.
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FIGURE 11. Attracting regions for Newton’s algorithm for equation
4
2t =1

6.9. Partial Limits, Limit Superior, Limit Inferior.

Definition 6.7. Partial Limits, Limit Points If (x,, )r>1 is a convergent subse-
quence of (Tp)n>1, UMy o0 Tn, = x, then the point x is called a partial limit or a

limit point of the sequence (T,)n>1-

Example 6.4. Let z,, = (—1)", n = 1,2,.... Then, the points 1, —1 are the partial
limits of the sequence as limy_.o xor = 1 and limg_,o xory1 = —1. The sequence
(n)n>1 does not have any other limit points. Note, the sequence with more than one

limit point is not convergent.
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Definition 6.8. Limsup, Liminf Let (x,,),>1 be a sequence of real numbers and let
P ={a:ais a partial limit of (x,)n>1}. Then,
lim sup z,, = sup P,

liminf z,, = inf P,

i.e., imsup,, . T, is the supremum of all limit points of (x,)p>1 and liminf, . x,

is the infimum of all limit points of (z,)n>1-
Why is the set P non-empty for any sequence (z,)n>1 7

Example 6.5. For the sequence (z,),>1 of Example 6.4 we have limsup,,_, ., ©, = 1,

and liminf,,_,. z, = —1.

Example 6.6. For the sequence z,, = sin(nr/2), n > 1 we have P = {—1,0,1} and

again limsup,,_, =, = 1, liminf, .z, = —1.

Example 6.7. Let the sequence (z,),>1 be formed of all positive rational numbers.
Since the rational numbers are dense in R we have P = [0, +00) and

lim sup,,_, ., ©n = +00, liminf, . x, = 0.

Proposition 6.20. Let (x,),>1 be a sequence of real numbers. Then,

lim z, =a <= limsupzx, = a = liminf z,.
Proof. = : By Proposition 6.18 we know that any subsequence of (z,,),>1 converges
to a. Thus, P = {a} and our claim follows.
<~ : If lim, .oz, # a then By Proposition 6.19 we know that there is a sub-

sequence (Z, )k>1 of (2,,)n>1 which stays away from a. The limsup,_ . z,, and

k

liminfy . x,, are the elements of P and at least one of them is different from a.

This contradicts the assumption that P consists of one point. 0
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Theorem 12. For a sequence (T,),>1 there exist subsequences (xp, )ik>1 and (xp,)r>1

such that

lim z,, =limsupz, , limx,, =liminfz, .
{— 00

k—o0 n—00 n—00

Proof. Let a = limsup,,_,,, x,. We want to show that there exists a subsequence
{zy, } such that lim;_, x,, = a. We will consider finite and infinite cases separately.

(1) « is finite. We want to show that
va>0\V/N21 EanN |$n—0z < E.
Let us assume that this does not hold, i.e.,
(%) Fes0IT N>1 Vosn |Tn— ] > e

Let us fix such an ¢y > 0 and the corresponding Ny > 1. Since o = sup A, where

A is the set of all partial limits of (z,), we can find a partial limit a such that

a —¢ep/3 < a < a. There is a subsequence {z,,} converging to a, i.e., satisfying
Veso 3z 3 eom |70, —al <e/3.

In particular, there exists an element x,, with n, > Ny satisfying |z,, — a| < €¢/3.

Then,
|zp, — a| < |zp, —a| +|a— o] <eo/3+e0/3 < e,

which contradicts (k).

(2) @ = 4o00. The idea of the proof is exactly the same but formally it looks
different.

We want to show that

V k>0 ¥V n>1 3 sy 2p > K.

Let us assume that this does not hold, i.e.,

()x) T g0 I Nz1 Vosn 2 < K.

Let us fix such an Ky > 0 and the corresponding Ny > 1. Since 400 = sup A, where

A is the set of all partial limits of (x,), we can find a partial limit a (assume that it
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is finite, if not there is nothing to prove) such that a > 3Kj. There is a subsequence

{xn,} converging to a, i.e., satisfying
Vieso 3 w1 3 sm |2n, —af <e.

In particular, for e = K, there exists an element z,,, with n, > N, satisfying a — Ky <

Zn,. Then,
T, > a— K >3K0—K0>K0,

which contradicts ().
U

Now, we will present another proof of Theorem 12. It is more intuitive but heavier

on notation. We will do only case (1) a = limsup z,, is finite.

Proof. We have o = sup P, where P is the set of partial limits of the sequence (z,,)n>1.
If P has the largest element a = «, then the subsequence convergent to a converges

to a as well. If Then, there exists a sequence of partial limits
O

Proposition 6.21. Let (x,,),>1 and (yn)n>1 be sequences of real numbers.
(a) We assume that if imsup,,_, x, = +00, then limsup, . vy, # —oo and if

limsup,,_, .z, = —00, then limsup,,_, . Yy, # +00. Then,

lim sup(z,, + yn) < limsup z,, + lim sup y,.

(b) We assume that if liminf, .z, = 400, then liminf, .y, # —oo and if
liminf, ..z, = —oo, then liminf,_ . y, # +oo. Then,

liminf z,, + liminf y,, < liminf(z, + y,).
n—oo n—oo n—oo

Proof. We prove (a). First, we deal with infinite cases. If at least one of limsup on the

RHS is +00, say lim sup,,_, ., , = 400, then limsup,,_, . ¥, # —oo and the inequality

holds whatever there is on the LHS.
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If at least one of limsup on the RHS is —oo, say limsup,,_,. z, = —oo (it means
that lim, .z, = —o0), then limsup,_,. ¥y, # +o0o which means that (y,),>1 is
bounded above. Then, we have lim, (2, + y,) = —oo and the inequality holds

whatever there is on the RHS.

Now, we can assume that both sequences are bounded. By Theorem 12 we know
there is a subsequence (%, + Yn, )k>1 Of (Tn + Yn)n>1 With lmy .o (n, + Yn,) =
limsup,,_,o(xn + y»). The subsequence (z,,)r>1 is bounded so by Theorem 5 it
contains a convergent further subsequence (xnke) ¢>1. The corresponding subsequence
(ynw)ng of (Yn,)k>1 is bounded so again by Theorem 5 it contains a convergent
further subsequence (ynklj )j>1- Now, both subsequences (xnkzj )j>1 and (ynkzj )j>1 are

convergent and we have

lim sup(z, +yp) = i (@, +yn,, ) = Hm 2, + lm g, < liosup z, +1insup g,

n—o0 J J n—o0 n—o0

We used Proposition 6.18 and Proposition 6.4. O

Proposition 6.22. Alternate Definition of limsup, liminf: Let (v,),>1 be a

sequence of real numbers. Then,

limsup z,, = lim sup{z; : k > n} = 1r;f1 (sup{zy : k > n}).

n—oo

n—oo n—oo n

liminfz, = lim inf{x, : £ > n} = sup (inf{zy : £ > n}).
>1

Proof. We prove the first statement. The sequence s, = sup{zy : k > n}, n > 1 is
decreasing (suprema of smaller and smaller sets), so lim,, ., s, = inf,>1{sn}.

Let A = limsup,_,, , and B = inf,>;{s,}. Assume that A < B and let ¢ =
(B— A)/3 > 0. Only a finite number of elements of the sequence (z,),>1 can be
larger than A + . Let zy be such the element with the largest index. We have
B < syy1 = sup{zg : k > N + 1}. Thus, there exists an xy with & > N + 1 with

B —¢<syy1—¢ <xp. Then
A+e< B—e<syy1—e€ <,

a contradiction.
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Now, assume that B < A and let again ¢ = (B — A)/3 > 0.

By Theorem 12 there exists a subsequence (z,, )i>1 with limg_o x,, = A. Then,
for Kk > K we have A — ¢ < z,,,.

Since B = inf,,>1{s, } there exists an N > 1 with sy < B+¢. sy =sup{z;:j > N}
so x; < sy for all j > N. For elements of the subsequence (z,, )r>1 with £ > K and
ng > N we have

Tp, <sSy<B+4+e < A—e<ux,,

again a contradiction.

O

Corollary 6.2. Using Proposition 6.22 we can give another proof of Proposition 6.21.
Again we prove only part (a). We have

(sup{zr +yx : k > n}) < (sup{zy : k >n}) + (sup{ys : k > n}).
Then, for any n > 1 we have
1r>1f1 (sup{zr + yg : k > n}) < (sup{zg : k > n}) + (sup{ys : k > n}).

Now we can take separately infima on the RHS:
inf (sup{zy + i - k > n}) < inf (sup{ay : & > n}) + sup{us : £k > n)

< 12f1 (sup{zy : k > n}) + 1r>1f1 (sup{yx : k > n}).

By Proposition 6.22 this is equivalent to part (a) of Proposition 6.21.

6.10. Other Interesting Topics.

Theorem 13. Subadditive Sequence A sequence (x,,)n>1 of real numbers is called

subadditive < we have
Tnam < Tp+ Ty, V¥V m,m e N.
Then, the sequence

Tn —— inf {ﬂ}

n n—oo n>1 n
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Proof. Let 8 = inf, >, {%"} We consider two cases:
(i) B is finite. Let us fix an € > 0. There exists an N > 1 with ¥ < 34 ¢/2. Any
n € N can be written as n = kN +r with 0 <r < N — 1. We have

ﬁgﬁ: TEN v SkxN+xT:kxN kN n T,
n kN +r EN +r EN EN +r kN +r

We can find an K > 1 such that for n > K we have

max{xy,Za,...,TN_1}

15
< 54—54—

max{zy,Zo,...,TN_1} €
< —.
n 2

this completes the proof of (i).
(ii) B = —oo. As in the proof of (i) for any M € R we can find N > 1 with

2 < M — 1. For any n € N we have

Tn _ TkNtr kxn + z, _ kxy kN N T, - M4 max{:vl,xg,...,x]v_l}‘
n EN+r — EN+r kN kN +r kN +r n
We can find an K > 1 such that for n > K we have
max{xy,To,...,Ty_1} <1
n
We completes the proof of (ii). O

Theorem 14. Density of the sequence n-«a, a ¢ Q Let « ¢ Q. Then, the
sequence x, = Fr(n-a), n=1,2,3,... is dense in the interval [0,1]. Fr(t) = t —Int(t)

is the fractional part of number t.

Proof. Let o ¢ Q and z,, = Fr(n-«), n = 1,2,3,.... Then, z, # z,, for n # m.
Assume that we have n # m such that z,, = z,,. Then,
—k
noe+k=ma+w, kweN — a:w ,
n—m

which contradicts o ¢ Q.
Let us fix an € > 0 and find an n € N with € > 1. Let us divide the interval [0, 1]

into n subintervals I, k = 1,2,...,n of equal length % < e. Consider n + 1 first
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elements of the sequence: {1, xs,..., 2Ty, Tny1}. By the Pigeon Hole principle two of

these elements are in the same subinterval I, so there exist ny and m, such that
|Tny — Tmy| < €.

We have Fr[(ng — mg) - a)] = Fr[(ng - a) — (mg - @)] = Fr[x,, + k1 — xm, — ko]
= Fr[z,, — Tme + k1 — ko). Thus,

Fr[(ng — mo) - a)] = 1 — Fr[(mg — no) - a)].

One of them, say Fr[(ng — mp) - )] is smaller than . Then the sequence y, =
Fr(k - (ng — myg) - )] = Ti(ng—me) Makes “turtle” steps of length smaller than ¢ and
visits all intervals Iy, k =1,2,...,n.

We proved that the sequence (z,,),>1 is e-dense in the interval [0, 1]. Since € > 0

was arbitrary this proves our claim. O
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7. FUNCTIONS AND LIMITS

7.1. Limit of a function.

Definition 7.1. Limait of a function: Cauchy definition

A function f: A — R has a limit equal to L at point xg, lim,_,, f(x) = L <=

Vo dss00<|z—29| <6 = |f(z)—L|<e.

Note that the value f(xzq) is irrelevant to the existence or value of the limit
lim, .., f(x), and only the values of f in a neighbourhood of z are taken into account.

In “neighbourhood” language this definition is formulated as follows.

Definition 7.2. Limit of a function: Cauchy definition A function f : A — R
has a limit equal to L at point xg, lim, ., f(z) = L <= for any neighbourhood
U of L, we can find a neighbourhood V of xy, with the point xy removed, which goes

under f intoU, i.e.,

FW\A{zo}) CU.

Example 7.1.

Show lim, gzsin1 = 0. Fix an ¢ > 0. We need to find 6 > 0 such that |z| < §
—> |zsini| < e. Since |sini| < 1 it is enough to have |z] < e. Thus, § = ¢ is

sufficient.

Example 7.2.

Show lim, .o #? = 4. Fix an ¢ > 0. We need to find § > 0 such that |z — 2| < &
= |2 — 4| < e. We have |22 —4 = (z — 2)(z + 2)|. Tt is enough to consider z’s
close to 2 so we can assume |z — 2| < 1 or 1 < z < 3. Then, we have |2? — 4 =
(x —2)(x +2)| < | —2|-5 and it is enough to have |x — 2| < ¢/5. To have both

conditions satisfied we set § = min{1,¢/5}.
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Example 7.3.

Show
) x? 4
lim —— = —.
a—222+4r+5 17
Fix an € > 0. We need to find § > 0 such that |xr — 2| < § =
We have

2 4
2244245 17

<=

22+dz+5 17| 22+ 4z + 5 17(22 + 4z + 5)
The polynomial p(z) = 132% — 16z — 20 has root z = 2 so it is divisible by = — 2.
We have

x? 4 ‘17x2—4x2—16x—20‘_ 13x2—16x—20‘

13z + 10

1322 =16 —20 : x—2
—(132* — 261)

10z — 20
—(10z — 20)

Thus,

132% — 162 — 20| | (z — 2)(13z + 10)
17(x% 4+ 4z + 5) 17(2? + 42 + 5)
It is enough to consider x’s close to 2 so we can assume |z — 2| <lorl<uz<3

(2—2)(13z+10) _ (132+10) _ 49 o
17(m2+41‘+5 = |z — 2| —17 Zrdots) | < |lx — 2| - 170 and it is enough

4 < g, or |z — 2] < ¥ To have both conditions satisfied we set

Then, we have

to have |x — 2| -

_ 170¢
6 = min{1, 5 }.
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FiGUure 12. Graph of sin% around 0 .

Example 7.4.

Consider the function
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We will show that the lim,_,o f(x) does not exists. We need to show that for any

potential limit L we have
Jeso Va0 0<|z—20| <0and |f(z)— L| >¢.

Note that the sin% = 1 when % = 5+ 2km, k € Z, i.e., for x,(:) = 1/(5 + 2km),
k € Z. Similarly, sin1 = —1 for :E,(;D = 1/(5* + 2kn), k € Z. Both sequences, (xg))
and (x,(c_l)), converge to 0 as k — oo.

Let us fix ¢ = 1/4. For arbitrary 6 > 0 we can find points m,(gl) and m,(c_l) in the
interval (0,9). We have |f(:1c,(€1)) - f(x,g_l))| = 2 so they cannot be both e-close to an

L, whatever it is.

Example 7.5.

Let f(z) = x+ Int(x). Show that f does not have a limit at any integer point. We
will show this at zp = 1. Let ¢ = 1/4.

For arbitrary 0 < § < 1 the values of f(z) < 1 for z € (1 — §,1) and the values
of f(z) > 2 for x € [1,1 4+ ). Thus, we can find z;,xs with |21 — 23| < § and
|f(z1) — f(z2)] > 1 > €. Again, no limit L is possible.

Definition 7.3. Limit of a function: Heine (sequential) definition

A function f: A — R has a limit equal to L at point xq, lim,_,, f(z) = L <

for any sequence (x,)n>1 such that x, — xo and x, # xo, n = 1,2,... we have
f(z,) — L.
Example 7.6.

Consider

fla) = {? ifzi(g;

; if =% (no common factors).

Show that lim, .., f(z) = 0, for any 2o € R. We will use Heine definition. Let us
fix an zoR. If z,, — 2o and all z,, € R\ Q, then f(z,) = 0 — 0. Assume that
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FIGURE 13. Graph of f(z) = = + Int(z).

Tn — xo and all z, € Q, z, = %‘ The fractions Z—” with bounded denominators
¢n < M form a discreet subset of R. Thus, if Z—" — x9 we have ¢, — +o00 and
" n—oo n—oo
1

flz,) = - — 0. The general sequence x,, — x we can break into a subsequence
n n—oo

n—0o0

of rational numbers and a subsequence of irrational numbers.

Theorem 15. Equivalence of Cauchy and Heine definitions of a limait:

Both definitions of a limit, Cauchy and Heine, are equivalent.

Proof. Cauchy — Heine

We assume
(*) v5>0 35>0 0< |$—l’0’ <) — |f(l’)—L| < e.
Take a sequence z,, — g, with z,, # xo for all n > 1. We want to show

Voeso I N1 Vosn [flzn) — L] <e.
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Let us fix an ¢ > 0. From (%) we know that we can find a § > 0 such that if
0 < |z —xo| <9, then |f(z) — L| < e. Since z,, — xg, with x,, # zo for all n > 1, for
such a 6 we can find an N > 1 such that 0 < |z,, — 2| < 6 for all n > N. Thus, for
n > N we have |f(z,) — L| < € and we proved that lim,_.,, f(z) = L in the sense of
Heine.

Heine — Cauchy

We will show the contrapositive: if lim,_.,, f(x) # L in the sense of Cauchy, then
we can find a sequence x,, — xg, with z,, # x for all n > 1, such that f(z,) /4 L, as

n — o0o. We assume
(%%) oo V0 T2 0< |z —20| <dand |f(z)— L] >e.

Take 6, = 1/n and choose points z,, n = 1,2,... satisfying (xx) for d,. Then,
T, — o, with x,, # x for all n > 1, and for any n > 1 we have |f(z,) — L| > . This

means f(z,) / L, as n — oo. O

Remark 7.1. In the second part of the proof of Theorem 15 we used an additional
axiom not mentioned before, Axiom of Choice. It says that given any collection of
non-empty sets, it is possible to construct a new set by choosing one element from
each set. We used it to choose the points {x,}n>1. Some mathematicians accept this
axiom, some do not. We, in this course, accept and use the Aziom of Choice.

The Aziom of Choice has some surprising consequences, for example, so called
Banach-Tarski paradox. Wikipedia summarizes it as follows.

Given a solid ball in three-dimensional space, there exists a decomposition of the
ball into a finite number of disjoint subsets that can be put back together in a different
way to yield two identical copies of the original ball. Indeed, the reassembly process
1mvolves only moving the pieces around and rotating them, without changing their
original shape. The pieces themselves are not “solids” in the traditional sense, but

infinite scatterings of points. The reconstruction can work with as few as five pieces.
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Example 7.7.

We will redo here Example 7.3 using Heine definition. Show
I 22 4
im———=—.
e—2x24+4x+5 17
We take any sequence (x,,),>1) such that x,, — 2 and x,, # 2 for n = 1,2,.... Then,
using Proposition 6.4 we obtain
x2 22 4
_— — =
22 + 4z, +5n-00 224+4.245 17
We can see that the proof using Heine definition is much easier.
Now, we will prove a number of propositions about the limits of functions. The

proofs are very similar to those of the sequence propositions so they are usually

skipped.

Proposition 7.1. Uniqueness of the limit of a function: If lim, .., f(z) = A
and lim,_,, f(x) = B, then A = B.

Proof. The proof is similar to the proof of Proposition 6.1. OJ

Proposition 7.2. Iflim,_.,, f(x) = A, then there exist a § > 0 such that the function
f is bounded on (xg — 6,20+ 6) \ {xo}.

Proof. The proof is similar to the proof of Proposition 6.2. ([l

Proposition 7.3. Iflim,_,, f(x) = A and A < B then there exist a 6 > 0 such that
we have f(x) < B on (xg — 0,20 +9) \ {xo}-

Proof. Again the proof is similar to the proof of Proposition 6.2. O
Proposition 7.4. If f(x) < g(x) on some neighbourhood of x, then

lim f(z) < lim g(x).

T—xo T—xo
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Proof. Let lim, ., f(z) = A and lim, ., g(z) = B. Assume that B < A and let
e =(A— B)/3. We can find a common § > 0 such that for x € (xg — 0,29+ ) \ {z0}
we have

g(r) < B+e<A—e< f(x),

which contradicts the assumption f(z) < g(z). O

Proposition 7.5. Three Functions Theorem If f(x) < h(z) < g(z) on some

neighbourhood of xy and lim,_,, f(z) = A = lim,_,, g(z), then

lim h(z) = A.

T—T0

Proof. This is the corollary of Proposition 7.4. O

Proposition 7.6. Arithmetic of Limits of Functions Let us assume that lim,_,, f(x) =
A and lim,_,, g(x) = B. Then

(a) lim, .. (f+g)(x)=A+B ;

(b) limy o (f - g)(z) = A B;

(c) if, additionally, B # 0, then lim, ., <§> () =
(d) lim, .., max{f,g}(z) = max{A, B};

(e) lim,_,, min{f, ¢g}(xr) = min{A, B}.

S]B=

Proof. For an effortless proof one can use Heine definition of the limit and Proposition

6.4. The following formulas are useful for the proof of parts (d) and (e).

1
mmww}:§@+y+m—w%

, 1
min{z, y} = 5(z +y — |z —yl).
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Definition 7.4. Infinite Limats:

lim f(z) =400 <= V per T 620 0< |z — 29| <d = f(x) > M.

T—T0
lim f(z) =—00 <= V pyer T 620 0< |z — 20| <d = f(x) < M.
T—x0
Definition 7.5. Limits at £oo:
lim f(x)=L <= VoI pyerxz>M = |f(x)—L|<e.

T—-+00

lim f(x)=L <= VoI puer <M = |f(x)—L|<e.

r——00

All definitions of limits can be unified using the “neighbourhood” language.

7.2. Increasing and Decreasing Functions:

Definition 7.6. A function f : A — R is called increasing <— x <y —

F(x) < F(y), for all z,y € A.

A function f: A — R is called decreasing <— x <y = f(x) > f(y), for all
x,y € A.

If the inequalities between the values of function above are strict, then the function

1s called strictly increasing or strictly decreasing, correspondingly.

Increasing and decreasing functions are called together monotonic functions.

7.3. One-sided Limits of a Function:
Definition 7.7. We say that function f: A — R has left one-sided limit at xo equal
to L, lim,_- f(x)=L, <~

V5>0 E|§>0 $0—5<$<CL’0 - |f(ZE)—L’ < E.

We say that function f : A — R has left one-sided limit at x¢ equal to L,
lim, - f(z) =L, <

V8>0§|5>0$0<J]<ZL‘0+5 — |f({L‘)—L|<€
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The above definitions are Cauchy definitions. They can be formulated in the lan-

guage of sequences as Heine definitions of one-sided limits.

Proposition 7.7.

lim f(x) =L <= lim f(z)=1L and lim+ f(z) = L.

T—T0 Ty Tz

Proof. We skip the proof as it follows immediately from the definitions. O

Proposition 7.8. A monotonic function has one-sided limits at any point.

Proof. We prove this for an increasing function f : A — R and a left one-sided limit
at a point z. Consider an interval I = (x1,29) C A. Since f is increasing the set
V ={f(z) : x € I} is bounded above by f(zo) and has a supremum, say o = sup V.
By the definition of supremum, for any ¢ > 0 we can find an element f(zy) € V
with a — e < f(22) < a. Let § = g — z5. Then, for any o — § < x < xy we have

f(z2) < f(x) <asoa—e< f(zr) <a. We proved that

lim f(x) =a=sup{f(z):x € (x1,20)}.

T—T)

Proposition 7.9. A monotonic function has at most countably many points where

the limit does not exist.

Proof. Let f be a monotonic, say increasing, function and let N L be the set of points

where the limit of f does not exist. This means that

NL={xo: L(zo)” = lim f(z) < lim f(z)= L(xo)"}.

T—T( m—»mg'
The intervals {(L(zo)~, L(xo)") }zoenr are pairwise disjoint since f is an increasing
function. For any zop € NL we can find a rational number r(zq) € (L(xo)~, L(x)™).
The function h : NL — Q defined as h(zg) = r(xo) is an injection because of the

disjointness of intervals. Thus, Card(NL) < Rj. O
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Corollary 7.1. The set of increasing functions F'(,") is of cardinality continuum.

Proof. In the notation of Proposition 7.9 an increasing function is uniquely determined

by the collection {L(zo)~, f(x0), L(xo)" }zeenr. This means that

Card(F(,)) = (¢ =™ = .

8. CoNTINUOUS FUNCTIONS

In short, a function f is continuous at a point zy <= f(zo) = lim,_,, f(2).
f+A— Ris continuous on A <= f is continuous at any z € A. Since we have two
equivalent definitions of the limit, there are two equivalent definitions of continuity

of a function f: R — R:

Definition 8.1. (1) Cauchy (or € — §) definition: f is continuous at point xo € R
<~

Voo Fo50 Vaer [ — 0] <0 = [f(z) = f(mo)] < €.

(2) Heine (or sequential) definition: f is continuous at point xg € R <=

for any sequence {x,} such that x, — ¢ we have f(x,) — f(zo).

Theorem 16. Definitions (1) and (2) are equivalent.

Proof. The proof is almost the same as that of Theorem 15.
(1) = (2) : Let {x,} be such that x,, — x¢. We need to prove that f(z,) —

Flz0), ie., T e
(#) ¥V es0 I N1 Vonsn [f(zn) — f(20)] < €.

Let us fix an ¢ > 0. By (1), we can find a § > 0 such that |z — 29| < 6 =
|f(z) — f(xo)| < e. Since x,, — x, we can find an N > 1 such that for n > N we

have |z, — x| < 0 and then |f(z,) — f(z0)] < &. (%) has been proved.
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(2) = (1) : We will prove contrapositive statement (1) = —(2). Let us assume
that (1) does not hold, i.e.,

Fes0 V50 3 zer |x—x0|<5and |f(x)—f(xo)‘26.

Let €9 > 0 be the € whose existence is claimed above. It says "for any 0" so we will

use a sequence od ¢’s. Let 0, =1/n>0,n=1,2,.... For each §,, we can find an z,

such that |z, — x¢| < 0, and |f(x,) — f(xo)| > €o. Thus, the sequence z,, — o,
n—oo

but f(z,) #— f(xo). We proved —(2). O

Example: We will prove that f(z) = 2% + 3 is continuous at xy = 3. Note that
f(3) =12.
Using definition (1): Let us fix an ¢ > 0. We have to find 6 > 0 such that

|z — 3| <d = |f(x) — 12| < e. This means |z? +3 — 12| <cor [z? — 9| < e or
(%) |z = 3||lz+ 3| < €.

We have |z — 3| < 4. To estimate |z + 3| (which is unbounded on real line) we make
first assumption on §: Let 6 < 1. Then, |z — 3| < d is |z — 3| < 1 which implies
2 < x < 4. This, in turn implies |z 4+ 3| < 7. Inequality (**) becomes § -7 < e. We

will satisfy it making second assumption on d: Let § < £/7. We define
1
d= 5 min{l,e/7}.

This ¢ satisfies both assumptions. Above we proved that if these assumptions are
satisfied and |z — 3| < 6, then |f(x) — 12| < e. This proves that f is continuous at
To = 3.

Using definition (2): Let {x,} be any sequence such that z,, — 3 as n — oo. Using

the theorems about sums and products of limits we obtain:
flz,) =22 +3 -3 +3=12= f(3).

We proved that f is continuous at xy = 3.
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8.1. Properties of Continuous Functions:

Proposition 8.1. If f is continuous and A < f(xg) < B, then for any numbers
A<D < f(xg) < E < B we can find § > 0 such that f((zo — 9,20+ 6)) C (D, E).

Proof. Let € = fmin{E — f(x), f(zo) — D} > 0. For this ¢ we can find a § > 0
such that for z € (zg — d,z9 + ) we have |f(z) — f(xo)| < € or in other words

J((zo = 0,20 +9)) C (f(z0) — &, f(mo) +¢) C (D, E). O

Proposition 8.2. Arithmetic on Continuous Functions: Let f,g: A — R be
two continuous functions. Then,

(a) the function f + g is continuous ;

(b) the function f - g is continuous ;

(c) if, additionally, g(x) # 0, x € A, then the function g is continuous ;

(d) the function max{f, g}(x) is continuous ;

(e) the function min{ f, g}(z) is continuous.

Proof. This is a corollary of Proposition 7.6. OJ

Theorem 17. Continuity of the inverse function: Let [ : [a,b] — [c,d] be

invertible. If f is continuous, then the inverse function f~' is also continuous.

Proof. We will present two proofs. The first proof uses the fact that f is monotonic
(an invertible function on [a,b] C R is monotonic), the second does not use this fact.
(1) Let us assume that f is increasing and that f~! is not continuous at yo = f ().
f~! is also increasing and by Proposition 7.8 we know that the one sided limits of
f~1 at yo exist. See Figure 14.
If =1 is not continuous at v, these one sided limits are different and the function f
is not defined on the interval between them. This is a contradiction as f was supposed

to be a well defined continuous function.
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]
i

x x=f " (y)

FIGURE 14. Discontinuous inverse function.

(2) Now, we do not use monotonicity of f. Let f be continuous on [a,b]. Let f~* be
not continuous at yo = f(xg) € [¢,d], i.e., we have a sequence y,, = f(x,) — yo such
that f~'(y,) = =, / zo = f'(y0). In particular, (z,),>; contains a subsequence
(@n, )k>1, which stays away from xy (Proposition 6.19). The sequence (z,, )r>1 is
bounded (it is in [a,b]) so by Bolzano-Weierstrass Theorem 6 it contains a further
convergent subsequence (xnkj)jzl, Sy T, JI; Ts # xo. Since f is continuous we
have yp, = f(xnkj) P f(zs) # f(xg). At the same time, Yniy 7 Y0 = f(zg), as a
subsequence of a sequence with this limit. Thus, the subsequence (ynkj )j>1 converges

to two different limits. A contradiction. O

Proposition 8.3. Composition of Continuous Functions is Continuous:
Let f: A— B and g: B — C. If f is continuous at xo € A and g is continuous at

yo = f(zo) € B, then the composition g o f is continuous at xy.
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f g g(f(w))

F1GURE 15. Composition of continuous functions.

Proof. The easiest proof uses the neighbourhood language. We want to show that
for any neighbourhood U of g o f(zy) we can find a neighbourhood W of zy with
go fW) =g(f(W)) CU.

g is continuous at yg so for any neighbourhood U of g(y,) we can find a neighbour-
hood V of yo with g(V) C U.

f is continuous at zp so for the neighbourhood V of yg = f(xg) we can find a
neighbourhood W of xy with f(W) C V.

Then, g(f(W)) C g(V) C U, and the proof is completed.

8.2. Examples of Continuous Functions:

(1) It is easy to prove that the function f(z) = z is continuous on R.

(2) By Proposition 8.2 it implies that all polynomials are continuous functions.

(3) By the same Proposition 8.2 it implies that all rational functions, i.e., fractions
of polynomial over polynomial, are continuous as long as the denominator is
not 0.

(4) We will prove that f(x) = 2%, 0 < a < 1, are continuous on the interval

[0, 4+00).
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Note that if 0 <a < 1, then a < a®. Let 0 <t < 1. Then, 0 <1—t <1 as

well and we have
0<l—t*<l—t<(1-10)"

Let 0 <x <y. Then 0 <t =2 <1 and we obtain

()

Yyt —a® < (y —x)*

or

This inequality shows that f(z) = 2%, 0 < a < 1 is continuous, as we can use

§ = £"/* in Cauchy definition of continuity.

Remark 8.1. This is an example of more general situation, when a function

f satisfies Holder’s inequality:
|f($>_f(y)| SH(x_y)a ,0<OZ§ 17 x??JEA'

Hoélder’s inequality implies continuity of f.

If a =1, the inequality (9) is called Lipschitz’s inequality.

Exponential function f(x) = e” is continuous on R. Since e*—e¥ = (1 —e¥™%)
it is enough to show that lim,_,oe® = 1. We will use Heine definition of a limit.
We know that lim,,_,. e'/® = 1. Let (2n)n>1 will be an arbitrary sequence such
that 0 < xg, k = 1,2,... and x; — 0. For any x; we can find a natural

k‘—>oo
number n; such that —— < x, < —=-. Then,
1

e”k“ <€t <em

and since sequences on both sides converge to 1, we have e — 1 as well.

For sequences with negative elements we use

1 1
e’k = — — = 1.
e %k k—oo 1
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(6) In view of Theorem 17 and the above example, the function

f(z)=Inzx

is continuous on (0, 4+00).
(7) The functions sinz, cosx are continuous on R. We use the trigonometric
formulas:

. r=Yy . Tty
and cosx — cosy = —2sin 5 - sln 5

Tr—y T +vy
- COS
2 2

sinx —siny = 2sin
to obtain
|sinz —siny| < |r — y| and |cosx — cosy| < |z — y|.

Thus, both sin and cos functions satisfy Lipschitz condition which implies

continuity.

Proposition 8.4. Monotonic function is continuous except on a countable
set.
Let f : A — R be a monotonic function. Then, [ is continuous except on a

countable set, possibly empty.

Proof. We prove this for an increasing function f. We know that f has one sided
limits at any point. Let D be the set of points of discontinuity of f. If z; < x5 are

two points where f is not continuous then

flar) < faf) < f(zg) < f(23),

so the intervals (f(zy), f(x])) and (f(x3), f(x5)) are disjoint. If rational numbers
1,79 are such that ry € (f(zy), f(z])) and ro € (f(zy), f(z3)), then ry # ro. This
means that the function ¢ : D — Q defined by ¢(z) = r, where r € (f(z7), f(a™)) is
an injection and Card(D) < N,. O
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8.3. Three "Hard” Theorems about Continuous Functions.

Theorem 18. Continuous Function on a Compact Interval is Bounded:
Let f : [a,b] — R be continuous on a bounded (compact) interval [a,b]. Then, f is

bounded, i.e., there exists an M > 0 such that |f(z)| < M for all x € |[a, b).

Proof. Let us assume that function f is not bounded above, i.e., forany n =1,2,3, ...
we can find a point z,, € [a,b] such that f(z,) > n. The sequence {z,} is bounded
so by Bolzano-Weierstrass theorem it contains a convergent subsequence z,, — o,

as k — 0o. Then, xy € [a,b]. Since f is continuous we have (Heine definition)

J(n,) = f(x0) . k= o0

On the other hand, we have
f(xnk)znka Sof(-rnk)—)‘{’oo, k— o0.

A contradiction. O

Theorem 19. Continuous Function on a Compact Interval attains its Ex-
tremal Values, the Maximum and the Minimum: Let [ : [a,b] — R be con-
tinuous on a bounded (compact) interval |a,b]. Then, there exists a point x1 € [a, ]

such that
flxy) =m= inf f(x),

z€la,b]

and, there exists a point x9 € [a,b] such that

f(a2) = M = sup f(z).

z€[a,b]

This also means that m = mingeqp) f(x) and M = maxgepay f(2).

Proof. We will prove the existence of x1. Since m = inf,cpy f(x) for any n =
1,2,3,... we can find a point z,, € [a,b] such that m < f(x,) < m + 1/n. The

sequence {x,} is bounded so by Bolzano-Weierstrass theorem it contains a convergent
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subsequence x,, — x1, as k — oo. Then, x; € [a,b]. Since f is continuous we have

(Heine definition)
f(xn,) — f(x1), k— o0.

We also have
m < f(xp,) <m+1/ng, so f(z,,) = m, k— oco.
Thus,

f(l"l) =m,

and f attains its infimum on [a, b]. O

Application of attaining extremal values
Example 8.1. The closest point:

Find the point of the circle 22 + (y — 1)* = 1 which is the closest to the point (2, 3).
Let P = (z,y) be a point on the circle. Then P = (z,1+ V1 —2?), z € [-1,1].
The square of the distance between P and (2, 3) is

di(r) = (r -2+ (1 £ V1 —22-3)%

We need to consider two functions d% for upper half of the circle, and d* for lower
half of the circle. Both are continuous. By Theorem 19, both functions attain the
infimum. The point where the smaller of the infima is attained is the point of the
circle closest to (2,3). Theorem 19 gives only the existence of the closest point, not

a method to actually find it. This we will do later using derivatives.

Theorem 20. Intermediate Value Theorem: Let f : [a,b] — R be continuous
on a bounded (compact) interval [a,b]. If f(a) < 0 and f(b) > 0, then there exist a
point ¢ € (a,b) such that f(c) = 0.
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Proof. Let d = b — a. We will construct approximations of a point ¢ by induction:

1st step: Consider the point t = (a 4 0)/2 (middle point between a and b).

If f(t) <0, then define a; =t, by = b. Note that by —a; = d/2.

If f(t) > 0, then define a; = a, by = t. Note that also in this case by — a; = d/2.

2nd step: Consider the point t = (a; + b1)/2 (middle point between a; and by).

If f(t) <0, then define ay = t, by = by. Note that by — as = d/4.

If f(t) > 0, then define ays = ay, by = t. Note that also in this case by — as = d/4.

Assume that we have points a,, < b, with f(a,) < 0 < f(b,) and b, — a,, = d/2".
(If at any time f(t) = 0, then we set ¢ =t and stop the procedure.)

(n+1)st step: Consider the point t = (a, + b,)/2 (middle point between a,, and
b).

If f(t) < 0, then define a,; = t, b, 1 = b,. Note that b, 1 — a1 = d/2" 1.

If f(t) > 0, then define a,, 11 = a,, b,4+1 = t. Note that also in this case b, 11 —a,41 =
d/2m+,

This way we constructed two sequences: increasing {a,} and decreasing {b,} with

b, — a, = d/2". Thus, they converge to the same limit, say c:
ay —C, by —c, n— o0.
Moreover, we have f(a,) < 0 and f(b,) > 0 for all n. Since, f is continuous we have

flan) = fle), f(bn) = f(c) , n— o0.

Thus, f(c¢) <0 and f(c) > 0, which means that f(c) = 0. O

Applications of Intermediate Value Theorem:

Existence of v/2:

The function f(z) = x? — 2 is continuous on R. We have f(1) = —1 < 0 and
f(2) =4 —2> 0. Thus, there exists an x € (1,2) such that 2 — 2 = 0, or 2% = 2
which defines the v/2.

Polynomial P(x) = 18z — 272 + 13z — 2 has 3 zeros in (0,1):
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P(x) is continuous on R and we have P(0) = —2 < 0, P(4/10) = 4/125, P(6/10) =
—4/125, P(1) = 2. Thus, P changes sign three times and by IVTh it has at least
three zeros in (0,1). As a polynomial of third order it has at most three real zeros,
so P has exactly three zeros in (0, 1).

A continuous function f : [a,b] — [a,b] has a fixed point:

y=x

y=f(x)

F1GURE 16. Graph of a continuous function intersects the diagonal.

Let f : [a,b] — Ja,b] be a continuous function. Then, there exists zo € |a,b]
with f(z9) = . Consider g(z) = f(x) — x. Then, g(a) = f(a) —a > 0 and
g(b) = f(b) —b < 0. Since g is also continuous on [a,b]|, by IVTh there exists
xy € |a,b] with g(z) = 0 or f(zo) = 0.

We see this in the Figure 16. The graph of a continuous function has to intersect
the diagonal.

A more difficult to prove is the following
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Proposition 8.5. Let f : [a,b] — [a,b] be an increasing function. Then, there exists
xo € [a,b] with f(xy) = xy.
Example 8.2. Cutting a piece of bread in halves:

Let A be a bounded convex region of the plain R?. See Figure 17. For any fixed

line Ly there exists a line L parallel to Ly cutting A into two halves of equal areas.

Ficure 17. Cutting A into halves of equal areas.

We draw a t-coordinate axis perpendicular to Ly. Let the projection of A onto the
axis be the interval [tg,t;]. We draw a line L, ty <t < t;, parallel to the line Ly and
cutting the t-axis at point ¢. Let f(¢) be the relative area of the part of A to the
left and above the line L; (yellow). By geometric considerations, we can assume that
f is a continuous function of t. We have f(ty) = 0 and f(¢1) = 1, so by the IVTh,
there exists a tg < ts < t; with f(ts) = 1/2. The line L = L;, cuts A into halves of
equal areas.

Remark: In a similar way we can prove that for a given point zy we can find a

line L going through the point zy and cutting A into halves of equal areas.
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Example 8.3. Cutting a ham sandwich in halves:

FiGUurE 18. Cutting the ham sandwich in halves.

We want to cut the ham sandwich with one line in such a way that each half has
the same amount of bread and the same amount of ham. More mathematically: Let
A and B be bounded convex regions of the plain R%. For analogy with the ham
sandwich, we will assume that B C A. See Figure 18. We will show that there exists
a line P which at the same time cuts A into two halves of equal areas and cuts B
into two halves of equal areas.

Let us consider a family of lines L, making an angle a with some fixed axis,
0 < a < 7. From Example 8.2 we know that for any L, we can find line P, dividing

the region A into halves of equal areas and parallel to L,. We can set an orientation



95

on P, so we can say what is on the RHS or LHS of P,. Let f(a) denote the relative
area of the part of region B on the LHS of P, (yellow). By geometric considerations
we can assume that f(a) is a continuous function of a.

If f(0) = 1/2 we found the required line P (note that each P, cuts region A in
halves). Let us assume that f(0) < 1/2. Then, f(r) > 1/2. By IVTh there is an
0 < ag < 7 such that f(ag) = 1/2, i.e., the line P = P, cuts B into halves of equal
areas, at the same time cutting A into halves of equal areas. The case f(0) > 1/2 is

done the same way.

8.4. Two Definitions of Uniform Continuity. There are two equivalent defini-

tions of the uniform continuity of a function f: A — R:

Definition 8.2. (1U) Cauchy (or e —§) definition: f is uniformly continuous on set
ACR <=

Va>036>0vx,y6A |:1c—y|<5 = |f($)_f(y)|<5

(2U) Heine (or sequential) definition: f is uniformly continuous on set A C R <=
for any sequences {x,},{yn} (contained in A) such that |z, — y,| — 0 we have
(We do not make any other assumptions on these sequences, in particular they do

not have to be convergent.)
Example 8.4.

We will consider the function f(x) = 2% on R and show how § in the definition of
continuity at z depends on zy. This will indicate that f(z) = 2? is not uniformly
continuous on R. Let us fix an ¢ > 0. We have |f(z) — f(xo)| = |2? — 23| =
|z — xo||x + x0|. For x close to xy we have |z + zo| ~ 2|zo|. Assuming |z — x| < d we
want |z — xo||x + x9| < £ or §-2|zg| < &. Thus, for fixed € > 0 we need § < &/(2|xo|).
We see that for f(x) = 22, & depends on the point g at which which consider

continuity.
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Theorem 21. Definitions (1U) and (2U) are equivalent.

Proof. The proof is quite similar to the proof of Theorem 16.
(1U) = (2U) : Let {z,} and {y,} be such that |z, —y,| — 0. We need to prove

that |f(xn> - f(yn)| 7H—o>o 0, Le.,
((U) V cx0 I o1 Vosn [f(xn) — flyn)| < €.

Let us fix an € > 0. By (1U), we can find a § > 0 such that |z, —y,| < 6 =
\f(zn)— f(yn)| <e. Since |z, —y,| — 0, we can find an N > 1 such that forn > N
we have |z, — y,| < ¢ and then |f(;;)00_ f(yn)| < e. (xU) has been proved.

(2U) = (1U) : We will prove contrapositive statement —~(1U) = —(2U). Let us
assume that (1U) does not hold, i.e.,

3z3>0\v/6>0315,y6A |:L'_y| < ¢ and |f(x)_f(y)| 25'

Let €9 > 0 be the ¢ whose existence is claimed above. It says "for any 0" so we will
use a sequence od d’s. Let §, = 1/n >0, n =1,2,.... For each d,, we can find an
Ty Yn € A such that |z, —y,| <, = 1/n and |f(z,) — f(yn)| > 0. Thus, we have
|Tn — Ynl f— 0, but |f(x,) — f(yn)| #— 0. We proved —(2U). O

n—oo

8.5. Main Theorems about Uniformly Continuous Functions.
Theorem 22. If f satisfies Lipschitz or Hélder condition on A,
|f(x)_f<y>| SL|J]—y|a ) :E,yEA, 0<Oé§ ]-7

then f is uniformly continuous on A.

Proof. We use Cauchy definition (1U). Let us fix an ¢ > 0. Set § = (¢/L)Y/*. If
|z —y| < §, then
[f(x) = f() < Lz —y|* < L-6* =¢.

Example 8.5.
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Let f(x) = 1/2*1 2 € [1,4+00). We will show that f is uniformly continuous on
[1,400). We will show Lipschitz inequality and invoke Theorem 22. By Mean Value

Theorem we have

—2014
7(@) = FW)l = 17Ol — | = \—

since ¢ > 1. So f satisfies Lipschitz inequality with L = 2014.

|z —y| <2014|z —y],

Theorem 23. If f is continuous on a closed bounded interval [a,b], then f is uni-

formly continuous on |a, b].

Proof. The proof is immediate if we use Heine definition (2U): Assume that f is not

uniformly continuous on [a,b], i.e, There exist sequences {x,},{y,} (contained in
[CL, b]) such that |xn - yn| — 0 and |f(xn) - f(yn)| 7L> 0.

n—oo

Since |f(x,) — f(yn)| #/— 0 there is a subsequence of natural numbers {n;} such
that [f(2n,) — f(yn,)] znﬁv;)ofor some 7 > 0. Both sequences {z,, } and {y,,} are
bounded (contained in [a, b]) so we can find a common convergent subsequences {xnkj }
and {ynkj }. Since |z, —yn| e 0, they both converge to the same point, say ¢ € [a, b],
ie, &, — cand yn, e Since f is continuous we have f(xnkj) p f(c) and

J—00

f(Yn, ) — f(c) but this contradicts |f(z,,) — f(yn,)]| > 0 O
J J—00
Example 8.6.

Consider f(x) = /x for z € [0,1]. We know that f is continuous on [0,1] (it
follows by inequality /= — \/y < \/x —y for z > y). By Theorem 23 f is uniformly
continuous on [0,1]. Note that f DOES NOT satisfy Lipschitz inequality on [0, 1].
For the proof: Assume that it does. Then, in particular, there exist a constant L

such that \/z —0 < L(z — 0) or o= < L for all z € [0,1] which is impossible.

e
Example 8.7.
Consider a function f(z) = x;(fgﬁ), r € R. We will show that f is uniformly

continuous on R. We will use Cauchy definition (1U) and Theorem 23. Let us fix
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e > 0. Since cos is bounded we have lim, .1 f(z) = 0, i.e., there exists an M > 0
such that for any x € (M, +00) we have | f(z)| < £/2 and also for any = € (—oo0, —M)
we have |f(x)| < ¢/2. This means that

(V) for any z,y € (M,+00) we have |f(x) — f(y)] < &,
and also
() for any z,y € (—oo,—M) we have |f(z) — f(y)| <e.

Consider f on the interval I = [-M — 3, M + 3|. f is continuous on I (as a
combination of continuous functions) so by Theorem 23 f is uniformly continuous on

I. This means that for our € we can find a § > 0 such that
() for any x,y € I,|x —y| < implies |f(z) — f(y)| <e.

We can assume that ¢ < 3. If it is not, then we make it smaller and it will also work.
We will show that this 6 works on the whole R. Let |z — y| < §. Assuming z < v,
there are five possibilities :
(a) 7,y € (—oo,—M). Then, |f(z) — f(y)| < by (&);
(b) x € (=00, —M), y outside. Then, since § < 3 both z,y € [-M — 3, M + 3] and

[f(x) = F(y)| <& by (O);
(¢) z,y € [-M, M]. Then, both z,y € [-M — 3, M + 3] and |f(x) — f(y)| < e by
(¥);

(d) y € (M,+00), x outside. Then, since 6 < 3 both x,y € [-M — 3, M + 3] and
|f(x) = f(y)] < e by (O);
(e) x,y € (M, +00). Then, |f(z) — f(y)] <e by (V).
We proved that f is uniformly continuous on R. Note that
cos 8 — 68 sin 29 (22 + 1) — 222 cos x
oy £ 1) |
(24 1)

is unbounded on R so f does not satisfy Lipschitz condition, i. e., Mean Value theorem

6

method would not work to prove uniform continuity of this function.

Example 8.8.
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Consider the function

1/Inx, forO0<ax<1/2;
fy =1/ crst
0, for x = 0.
It is easy to see that it is continuous on [0,1/2] so by Theorem 23 f is uniformly
continuous on [0, 1/2]. We will show that it does not satisfy Holder condition for any
0 < o < 1. Let us assume that it does. Then, for 0 < z < 1/2 we have
1
|—| < Hz?,
Inx

for some H > 0. Then,
1

| x*Inx
which is impossible since lim,_ g+ z%Inx = 0, see Corollary 6.1.

|<H, 0<xz<1/2,

Theorem 24. If f is uniformly continuous on A and {x,} is a Cauchy sequence

contained in A, then the sequence {f(x,)} is also Cauchy.

Proof. We want to prove

Vieso 3 no1 Vonmen [fzn) — fam)| <e.
Let us fix an € > 0. Since f is uniformly continuous, for this ¢ we can find a § > 0
such that |z — y| < 0 implies |f(z) — f(y)| < e. Since {z,} is Cauchy, there exists
an N > 1 such that for any n,m > N we have |z, — x,,| < d. We see that this N
works also for the sequence {f(x,)} and e: if n,m > N, then |z, — z,,| <  and then

[f(zn) = fzm)] <e. O

Theorem 24 can be used to show that a function IS NOT uniformly continuous.
Example 8.9.

Show that f(x) = 1/2?°1* is not uniformly continuous on (0, 1]. We take a sequence
x, = 1/n contained in (0,1]. It is Cauchy since it converges to 0. The sequence
f(x,) = n?* diverges to +o0 so it is not Cauchy. By Theorem 24 f is not uniformly

continuous on (0, 1].
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Another method to prove that a function is not uniformly continuous is just to use

directly the definition. It often requires some ingenuity.
Example 8.10.

Show that f(z) = sin 2? is not uniformly continuous on [0, +00). This is an example
of a continuous bounded function, which is not uniformly continuous. Looking for
a hint we calculate f’(z) = 2xcosz? and see that the slope of f will be arbitrary
large close to points where cosz? = 1 or 22 = 2nm or = /2nnm. Let us define two

sequences x, = v2nm and vy, = v/2nm + a for some small a > 0. We have

2nm — 2nm —a
V2nm +V2nm +a
as n — +00. On the other hand, we have

a
V2nm +/2n1 + a

Tn — Yn| = |\/2n7r— V2nm + al =

— 0,

|f(z,) — f(yn)| = | sin(2n7) — sin(2n7 + a)| = sina > 0.

By Heine definition (2U), f is not uniformly continuous on [0, +0o0).
Example 8.11.

Show that f(z) = x'® is not uniformly continuous on [0, +00). We will use Cauchy
definition (1U). Its negation is:
= 6>0v5>0 = T,yeA |l’—y| < ¢ and |f(l') _f<y>| 26'
Let us consider points © = z and y = z + /2. Then, always |z — y| < §. We have
[f(y) = f@)] = (2 +8/2)"° = 2% > (2 +§/2)2" = 210 = 2%6/2.
Set ¢ = 1. For arbitrary § > 0 we can find z such that |f(y) — f(x)| > 1. We proved
that f is not uniformly continuous on [0, 4+00).

The following theorem complements Theorem 24.

Theorem 25. If for any Cauchy sequence (x,),>1 the sequence (f(xy,))n>1 is also

Cauchy, then f is uniformly continuous.
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Proof. We will do a proof by contrapositive. We assume that f is not uniformly con-
tinuous and we will show a Cauchy sequence (z,,),>1 for which the sequence (f(z,))n>1

is not Cauchy. If f : [a,b] — R is not uniformly continuous, then

(10) 50 V520 Fayen [T —yl <0 A |f(z) = fy)| > e

Fix an ¢y > 0 given by formula (10). For 6, = 1/n, we can find z,,y, € [a,b] with
|z, — yn| < 1/n and |f(x,) — f(yn)| > 9. We can find a common convergent subse-
quences (T, Jk>1 and (Y, Jk>1. Since [Ty, —Yn, | < 1/ng, they have a common limit, say
limy oo Tn, = ¢ = liMg—00 Yn, - The sequence (Tpn,, Ynys Tnyy Yngs Tnss Ynas Tngs Yngs - - - )
also converges to ¢ so it is Cauchy. At the same time we have | f(x,,, )= f(yn, )| > €0, for

all k > 1, so the sequence (f(2n, ), f(Yny)s f(Tns) s [ (Yna)s [ (@ng)s f(Ung)s f( @), [(Ya), - )
is not Cauchy.

O



102

9. DERIVATIVES

9.1. Definition and Basic Properties of Derivatives.

Definition 9.1. Let f : [a,b] — R and x¢ € (a,b). The derivative f'(xq) of f at the

point Ty 1S

if the limit exists.

y=1(x)

f(x,)

Y=o ) (X )(xX)

/ X,

FIGURE 19. f'(zg) is the slope of the tangent line at z

Geometrically, the derivative f’(z¢) is the slope of the line tangent to the graph
of f at the point xzy. See Figure 19. If the derivative at x( exists, we say that f is
differentiable at xy. The function f is differentiable on the interval (a,b) when it is
differentiable at any point of the interval.

In the similar way we define left hand sided and right hand sided derivatives.
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Definition 9.2. Let f : [a,b] — R and xo € (a,b). The left hand sided derivative
f'(zg) of f at the point xq is
Pay) = tim L L)

Tz, T — Ty
iof the limit exists.
The right hand sided derivative f'(zd) of f at the point zg is
f(z) — f(xo)

/I+ = lim —————,

if the limit exists.

Proposition 9.1. Function f is differentiable at o <= both one sided derivatives
at xo exist and are equal, f'(zg) = f'(zg).

Proof. 1t is a corollary of Proposition 7.7. 0

Often the definitions of derivative are formulated in the following form:

o) = g LB =) gy St )= Slon),

Proposition 9.2. If a function f is differentiable at xq, then f is continuous at xg.

Proof. We have

}llii%f(xo +h) — f(zo) = lim

h—0

fzo+h) = f(=o) :
- b= f'(xo) -0 =0.

Example 9.1.

Let
(z) = 2?2 for x> 0;
)= 0 , for x > 0.
We have ¢'(07) =0, and
oy o 9 —g(0) R
g0 )—hllr(r)le h _hll%lJr h =0

so ¢'(0) = 0.
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Example 9.2.
Let .1
LRt
We have £ - £0) a1
710) = i EE S =y =,

which does not exist. Thus, f is not differentiable at 0, although it is continuous at

0.

Example 9.3.
Let .
onfi 2
We have - 0) I
J'(0) = lim === = lim ——% = lim Aisin - = 0

Thus, f is differentiable at 0. For z # 0 we have

1 1 /-1 1 1
f'(x) = 2xsin — + 2% cos — (—2) = 2xsin — — cos —,
x r\ T x x

which does not have a limit at = 0. Thus, f’ is not continuous at 0.

Theorem 26. Rules of Differentiation:
(a) f(z)=c = f'(z)=0;
(b) fx) =2 = [fl(x) =1
Now, we assume that functions f and g are differentiable. Then,
(c) (f £9)(x) = f'(x) £ g'(x);
(d) (f-g)'(x) = f(2) - g'(x) + f(2) - g();
(e) (3) () = 5"
F) ( ! )’ (2) = Leda @@,
Chain Rule : (f o g)'(z) = f'(g(x)) - ¢ (2).
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Proof. We will prove (d), (e) and the Chain Rule.
(d) We have

(f-9)(x) =lim flx+h)-g(xz+h) = f(z)-g(x)

h—0 h
o SR oo B~ f( 4 B) - gla) + e+ B) - g(a) — F(2) - o(x)
h—0 h
o L@l ) o) ) Sl
 h—0 h h—0 h
= f(x)g'(z) + f'(z)g(x).
(e) We have

(1)/ (2) = lim 1 ( 1 1 ) lim 1 (g(x) —g(z+ h)> —d'(x)

—_ = — — = ]1 — = .

g h—0h \g(x+h) gx)) r0h\ glz+h)g(z) 9*()
Chain Rule: We use Heine definition of a limit. Let (z,),>1 be any sequence such

that x, — x¢ and x,, # xo for all n > 1. We need to show that

f(g(xn)) - f(g(IO)) N f/(g(ib’o)) . g'(l’o)-

([En — [L’O) n—00

We consider two cases: (i) for all n > 1 we have g(z,) = g(zo). Since both f and
g are differentiable, then ¢'(x¢) = 0 and f’(g(z0)) = 0 and the formula holds.
(il) We have g(z,,) # g(x¢) for all n > 1. Then,

fl9(an)) = flg(x0)) _ flg(xn)) = fl9(0)) g(xn) = g(wo) 0 o\
(zn — 20) — g(zn) — g(z0) (Tn — 29)  n—oo f'(g(20))g' (20).

We also used that fact that ¢ is continuous at xg. 0

Example 9.4. (z") =nz" ', n=1,2,...

We will prove it by induction. We have 2’ = 1 so the formula works for n = 1.
Assume that (2")" = nz"!, for some n > 1. We have

(2" =(x-2") =1-2"+2-(n2" ") = (n+ 1)a",

which proves it for n + 1. By the Principle of Induction the formula holds for all
n>1.
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Example 9.5. (%) =¢€”

x+h
h

We need to show that for any z € R we have lim;,_o =< = ¢®. Since e*t" —e* =

e (e — 1) it is enough to show that

el —1
lim
h—0

=1

. This follows from Example 6.2 using the method of 5.
We will now show that an inverse function of a differentiable function is also dif-

ferentiable, under n additional assumption.

Theorem 27. Let f be an invertible differentiable function and f'(xo) # 0. The the
inverse function f~1 is differentiable at yo = f(xo) and
1
—1y\/ _ )
Proof. Since f is invertible we have f(x) # f(xo) in some neighbourhood of . (This
also follows by the fact that f'(zg) # 0.) Let yo = f(x) and y = f(x). We can write

7 y) = o) @ — o 1

Y — v F(x) = [(wo) v—w ['(w0)

O

Example 9.6. The logarythm function In : (0,400) — R is differentiable and
(Inz) = %, x € R. We have Inx = y if and only if x = €Y, i.e., logarythm and
the exponential function are mutually inverse. By Theorem 27 and Fxample 9.5 we
have

L1

1
l / = — p—
(Inz) ey ez g

Example 9.7. The arctan function arctan : (—oo,4+00) — (—7/2,7/2) is differen-
tiable and

(arctan )" = reR.

14227

We have arctanx = y if and only if v = tan(y), i.e., the tan and arctan functions
are mutually inverse. We have

(tany) = (siny)' _ cosy-cosy —siny - (—siny)

5 =1+ tany.
cosy cos?y
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By Theorem 27 we have
1 1
1 +tany 1422

(arctan )’ =

Example 9.8. (sinz) = cosz, (cosz) = —sinx.
This follows by the trigonometric formulas of 7 and Example 4.1.
Example 9.9. (z%) = az®™!, a € R, x € (0, +00).

We will use the Chain Rule 26 and the just developed formulas. We have
1

(:L,a)/ — (ealnz)/ — ealn:v . Q{; — OéCL’a_l.

Example 9.10. f(z) = sin <CO§Z3>.
We will use the Chain Rule and some of the formulas above. We have

F(2) — con ( 22 ) | (23: Lcosa® — (—(sinx3)3x2)> |

cos 3 cos? 3

9.2. Applications of Derivatives.

Definition 9.3. Maximum Point and Minimum Point: Let f : D — R and
A C D. We say that xy € A is a mazimum point of f on A <= f(xo) > f(x) for
all z € A.

Similarly, we say that xo € A is a minimum point of f on A <= f(xo) < f(x)
for all x € A.

Definition 9.4. Local Maximum Point and Local Minimum Point: Let
f: D — R. We say that xqg € D 1is a local mazimum point of f on D <=
f(zo) > f(x) for all x € (xg — §, 20+ ), for some § > 0.

Similarly, we say that xo € D is a local minimum point of f on D <= f(xg) <
f(x) for all x € (xg — 6,20 + 0), for some § > 0.
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Definition 9.5. Critical point: Let f : D — R. A point xg € D is called a critical
point of f <= f'(x9) = 0.

Theorem 28. Local maximum or local minimum tmplies critical point.
If xy 1s a local mazximum or local minimum point of f, and f is differentiable at

xg, then xq is a critical point of f, i.e., f'(xg) = 0.

Proof. Let xy be a local maximum point, i.e., f(zg) > f(x) for x € (xg — 9,29 + 9),
for some § > 0. When we calculate a limit at x( it is enough to consider only points

x € (xg — d,z0 + d). Then, we have

x—xo , <X To — &
and

Since f is differentiable at ¢, both limits are equal, so we have f’(z¢) = 0.

The proof for a minimum point is similar. U

Remark 9.1. The statement reverse Theorem 28 is not true. The function f(x) =

is strictly increasing on R and f'(0) = 0.

Theorem 29. Rolle’s Theorem. If f is continuous on [a,b] and differentiable on

(a,b) and f(a) = f(b), then there ezists a point xo € (a,b) such that f'(x¢) = 0.

Proof. Since f is continuous on [a, b] it attains its maximum value and its minimum
value, by Theorem 19.

If f is constant on |[a, b], then f'(z) =0 on (a,b).

If for some x € (a,b) we have f(z) > f(a), then f attains its maximum at some
point zg € (a,b) and f'(x¢) = 0, by Theorem 28. See Figure 20.

If for some = € (a,b) we have f(z) < f(a), then f attains its minimum at some

point zg € (a,b) and f'(xy) = 0, again by Theorem 28. O
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y=1(x,)

y=1(x)

T

da X, b

F1GURE 20. Rolle’s theorem.

Example 9.11.

Show that the function f(z) = Inx + 2z — 2 has exactly two zeros in the interval
(0,3). We see that f(1/e) = —1 +2/e —4/e* < 0 since 2 < e. We also have
f(1)=0+2—-1>0and f(3) =In3+4+6 —9 < 0 since In3 ~ 1. By the Intermediate
Value Theorem f has at least two zeros in (0, 3). We will use Rolle’s theorem to show
that f does not have more zeros in (0,3). Assume that f has three zeros in (0, 3).
Then, by Rolle’s Theorem its derivative f'(z) = 1/x 4+ 2 — 2z has two zeros in (0, 3)
and its second derivative f”(z) = —1/2? —2 has one zero in (0, 3). This is impossible,

since —1/2? —2 < 0 for all z € R. Thus, f has exactly two zeros in the interval (0, 3).
Theorem 30. Lagrange Theorem or Mean Value Theorem

If f is continuous on [a,b] and differentiable on (a,b), then there exists a point

xy € (a,b) such that
£(8) ~ f(a)

f'(wo) = b—a
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y=f(x *+'(x,)(x-x,)
y=t(x)

a X[} b

FIGURE 21. Mean Value Theorem

Proof. Geometrically the Lagrange theorem is Rolle’s theorem from the point of view
of the secant line going through points (a, f(a)) and (b, f(b)), or "rotated” Rolle’s
theorem. We use this in the proof.

Consider

o) = 1) - (0 + 150w - ).

Then, g is continuous on [a, b], differentiable on (a,b) and g(a) = 0 = g(b). By Rolle’s

Theorem 29, at some point zg € (a,b) we have ¢'(x¢) = 0 or f'(zg) = W O

Applications of Mean Value Theorem:
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If f is continuous on [a, b] and differentiable on (a, b), then for any x € [a, b] we can

write

f(@) = f(a) + f'(0)(z — a),
for some ¢ € (a, ).

This implies
f(z) < |f(a)] +sup |f'] - [z — al.

(a,z)

Corollary 9.1.

If f and g are continuous on [a, b] and differentiable on (a, b), then
(a) If f/ =0, then f is constant on [a, b].

(b) If /' =¢' on (a,b), then f = g+ const on [a, b)].

(c) If f/> 0 on (a,b), then f is increasing on [a, b].

Let a <z <y <b Wehave f(y) — f(z)=f'(c)- (y—x) >0,z <c<uy.
(d) If f/ <0on (a,b), then f is decreasing on [a, b].

The proof is similar as for (c).

(e) If f(a) = gla) and f'(x) < ¢(x) on (a,b) then £(5) < g(b).

This follows by (c) applied to g — f.

Remark 9.2. The statements reverse to (c¢) and (d) follow by the definition of the

derivative.

Example 9.12. Show that
b—a b b—a
11 <Iln-<
(11) b " a a
Since (Inx) = %, by Mean Value theorem, we have
1
lné =Inb—Ina=-(b—a),
a c

, 0<a<b.

for some a < ¢ < b. This implies (11).
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Example 9.13. Show that

(12) | arctan b — arctanal| < (b—a), 0<a<hb.

1+ a?

"= L this follows by Mean Value theorem.

Since (arctanz)’ = 17

Example 9.14.
e >1+x,x#0.

Let f(z) = €® and g(x) = 14+ x. We have f(0) =1 = g(0) and f'(x) =¢€", ¢'(z) = 1.
For x > 0 we have f'(x) > ¢'(x) and the claim follows by part (e), slightly modified.
For x < 0 we have f'(x) < ¢'(z) and the claim again follows by part (e), used

“backwards”.

Example 9.15.
2

x—%<ln(1+x)<x, x> 0.

Let f(z) =2z — %2, g(x) =In(1 +z) and h(z) = . We have f(0) = h(0) = g(0) =0
and f'(z) =1 -z, ¢'(z) = 5 and W (zx) = 1.
For x > 0 we have f'(x) < ¢'(x) < W' (x) and the claim again follows by part (e).

Example 9.16.
23
x—€<sinx<x, x> 0.

First, we will show sinx < x , x > 0. We know this inequality from FExample 4.1, but
we will reprove it.

Let g(z) = sinz and h(zx) = x. We have h(0) = g(0) = 0 and ¢'(z) = cosx and
h(x) = 1. Using part (e) of Corollary 9.2 we obtain that sinz < x for 0 < z < 2.
For larger values of x it holds as sinxz < 1. Now, we prove

]33

x—€<sina:, x > 0.

We define f(x) =z — %3, g(x) = sinz. We have f(0) = g(0) =0 and f'(z) =1 %,
g'(z) = cosz. To show that 1 — % < cosz, for x > 0 we introduce fi(x) =1 —

Ja(x) = cosz. We have f1(0) =1 = f5(0) and fi{(z) = —x, fy(x) = —sinz. We have
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Just proved sinx < x so fi(x) < fi(x), x > 0. Thus, by part (e) we have 1—% < cosT

and again by part (e) we obtain f(z) < g(x) or x — %3 < sinz for z > 0.

Example 9.17.

Show that there exists a function f : R — R such that

(f(@)" + (f(z))> =z, z €R.

Let us consider g(x) = 27425, Since ¢/(x) = Tz+5z* > 0, the function g is increasing

and hence invertible. Let f = g~!. Then, g(f(z) =z or (f(z))"+(f(2))> =z, x € R.

Example 9.18.

Show: Let f : [0,1] — R be twice differentiable. If f(0) = 0, f(1) = 1, f(0) =
(1) =0, then |f"(z)| > 4, for some z € [0, 1].

Let us assume that |f”(z)| < 4 for x € [0,1]. Then,

f'(x) = 1'(0)
x—0

Thus, f'(z) < 4z, for z € [0,1]. Then, using f(0) = 0 we obtain f(z) < 22? and
£(1/2) < 1/2.

Let g(z) =1 — f(1 — ). Then, ¢(0) =0, ¢'(0) = —f'(1 —0)(—1) = 0. As we did
with the function f, also for g we obtain ¢g(1/2) < 1/2. This implies 1 — f(1/2) < 1/2
or f(1/2) > 1/2 and we have a contradiction.

= f"(z) < 4

Definition 9.6. Higher order derivatives: Higher order derivatives of a function

f are defined by
fW =Yy n=1,2,3,...

In particular, fO = f, fO = f@ = 7 ete.
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Theorem 31. Second derivative test for maxima, minima:
Let f: (a,b) — R be differentiable twice and f'(xq) =0 for some zo € (a,b).
(a) If f"(x¢) > 0, then f has a local minimum at x.
(b) If f"(x0) <0, then f has a local mazimum at .

Proof. We prove (a). We have

’ B — ¢ / .
f"(%):}}f})f(xw })L f'(xo) :h%% .

which means that
for h <0, f'(xo+ h) <0, i.e, the function f is decreasing to the left of z,
for h > 0, f'(xg+ h) > 0, i.e, the function f is increasing to the right of z.

Together, these facts show that x( is a local minimum point of f. 0

Theorem 32. Let f: (a,b) — R be differentiable twice and xq € (a,b).
(a) If [ has a local minimum at xo, then f"(zq) > 0.
(b) If [ has a local mazimum at o, then f"(xo) < 0.

Proof. This follows by the definition of the second derivative. OJ

Theorem 33. Generalized ( or Cauchy) Mean Value Theorem: Assume
that f and g are continuous on [a,b] and differentiable on (a,b). Then, there exists

zo € (a,b) such that

or, if we can divide,

Proof. Consider
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We have

and

h(b) = f(b)g(b) — f(b)g(a) — g(b)f(b) + g(b) f(a) = —f(b)g(a) + g(b) f(a) = h(a).

By Rolle’s theorem 29 h'(xy) = 0, for some xy € (a,b). This implies the claim. [

Theorem 34. L’Héspital Rule: Assume that f and g are continuous on |a, b

and differentiable on (a,b). Let xy € (a,b) , lim,_,, f(z) = 0 = lim,_,, g(z) and
lim, .., @) opists, If ¢'(x) # 0 in some neighbourhood of xq, then

g'(z)
lim /(@) = lim f'(z)

s g (z) e (@)

Proof. Since ¢'(x) # 0 in some neighbourhood of zy, g(z) — g(xo) cannot be 0 in this
neighbourhood (Mean Value theorem). We have

@) @) - fw) P

g(@)  g(x)—glx) g@)
where T is between x and zy, by Generalized Mean Value theorem. Note that if

T — g, then ¥ — x(, as well. This proves the claim. 0

Example 9.19.

We have lim,_o(1 — cosz) = 0 = lim,_o 22, and using L’Hospital Rule we obtain

. 1—cosx . sinz 1
lim ——— = lim = —,
x—0 a72 x—0 237 2

Corollary 9.2. L’Héspital Rule at infinity: Assume that f and g are contin-

uous and differentiable on (0,+00). Let lim, o f(z) = 0 = lim,— 00 g(x) and
lim, 4 oo ch,lgﬁ exists. If ¢'(x) # 0 in some neighbourhood of +o00, then

@) )
A g @) e ga)
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Proof. Introducing z = } we have lim ;_o+ f(}) = 0 = lim ;_o+ g(7) and by L’Hospital
Rule

N ORI 6 o
=0t g(3) =0t (g(3))
which is equivalent to the claim.

im > — lim f,(%>
RO o)

Theorem 35. More difficult version of L’Hoéspital Rule: Assume that f and
g are continuous on [a,b] and differentiable on (a,b). Let xo € (a,b) , lim, ., g(x)

+oo and lim,_.,, f,lg‘r; = A exists. If ¢'(x) # 0 in some neighbourhood of x, then
—C)

LASy

=0 g (x)
Note, that x¢ can be fo0.

Proof. We will consider only left hand side limits. Let ¢ > 0 be fixed.
There exists 1 < xg such that for 1 < £ < zy we have
!/
A—e< f/(x) <A+e.
9'(z)

Since limz_,za g(x) = +oo there exists x; < x5 < xg such that for o < = < g we

have g(z) > g(z1). We can also assume g(z;) > 0. By Generalized Mean Value
theorem we have

fan) = @) _ Q)
g(x1) — g(z)

, Lo < x < xp, T1 < (<.
9'(¢)
Thus, for x5 < z < xy, we have

A_€<f($1)_f(~”7)

o) —g@) ~ATE
We have
fla)—fl@) _ fl)  fl@)  gx)
g(x1) —glz)  glxr) —glx)  g(x1) — g(z) g(x)’
f(xl) f(:v) 9(35) f(xy)
) —o@ T T T — g e “ TS
Multiplying by % we obtain
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9(@) — g(x1) _ f(z1) _ fx) g(x) —g(z1) _ f(z1) c
9(x) ( g —g) )< o) = g ( o At )
This means that for x close to zg we have
(I1+e)(A—-2¢) < % < (1+¢e)(A+2e),
which implies

i 1@
:clfilg o) =4

Example 9.20.

Find lim, . . ze ™. We have lim, ., x = 400 and lim, ., e * = 0. We can

write
. _ . T ) 1
lim ze™* = lim — = lim — =0,
T—+00 z—4oo e¥  xz—+too ¥

using the more difficult version of L’Hospital Rule.

Example 9.21.

We have lim, .oz = 0 and lim,_,o+ Inz = —oc0. Using LL’Hospital Rule we obtain
Inx 1
lim zlnz = lim —— = lim % = lim (—x) = 0.
z—07t z—0t z—0t — z—0t

[

x

8

Example 9.22.

@) _
g'(x) 0,

but lim,_, 4 1@ oes not exists. This is not a counterexample to L’Hospital Rule,
oo g(a)

In this example lim, o f(z) = 400, lim, 1 g(x) = +00, lim, .,

as ¢'(x) has zeros in any neighbourhood of +occ.
Let f(x) = 14+ a+sinzcosx and g(x) = (z+sinz cosz)es®. It is easy to see that
lim, 400 f(2) = 400 = lim, 1o g(x). Let us consider
lim M: i l+x+sinzcosx

a—+o0 g(x)  a—+oo (x + sinx cosx)esnT

For z,, = mn we have
f(zy) _ 1+ o
9(@n) T n—oo
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For z,, = 2mn + 7/2 we have
flwn)  142mn+7/2 1

L,
g(x,)  (2an+7m/2) e n—o e

Thus, the limit lim, . % does not exists. We have

f/(r) =1+ cos’x —sin®z = 2cos? z,

and
g (x) =2cos’x - ™" + (z + sinz cos ) cosx - 5.
Thus,
flx) 2cos?
g () 2cos?x - esnT 4 (r + sinwcosx)cosw - esine
2cosw

= . : . — 0
2cosx - €57 + (x + sinz cosx) - e z—too

as the limit is of the form
bounded
bounded + (400 + bounded) - bounded

and e~ ! < 1% < ¢
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Graphing functions
The examples below show the standard techniques for graphing functions. First

we check the domain of the function. Then, we find the zeros and the signs of the

derivative, to decide where function is increasing and where it is decreasing.

107

FIGURE 22. Graph of the function f(z) = 2* — 62> +6

Example 9.23.

Graph f(x) = 2* — 62? + 6. The function is differentiable on the whole R. We
have f'(r) = 42% — 12z. Zeros od the derivative: f/(x) = 0 for #; = 0, 15 = —/3
and x5 = v/3. The sign of the derivative changes at these points and is, from left to
right, —, +, —, +. Thus, z; = 0 is a local maximum, f(0) = 6, while 2, = —v/3 and
r3 = /3 are local minima, f(++/3) = —3. The graph of f is shown in Figure 22.

Example 9.24.
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2

FIGURE 23. Graph of the function f(z) = ze™®

2

Graph f(x) = xze™® . The function is differentiable on the whole R. We have
fl(z) = e — 222 = (1 — 222)e™*". Zeros od the derivative: f'(z) = 0 for
xr] = —\/m and xy = \/m The sign of the derivative changes at these points
and is, from left to right, —, 4+, —. Thus, ;1 = —1/1/2 is a local minimum , while
z9 = +/1/2 is a local maximum. We have f(++/1/2) = Fe /2/1/2.

We also see that f/(z) = z(42% — 6)e™*" has a 0 at = 0. The first derivative
changes sign there. This is an inflection point, where the curvature of the graph
changes (from concave to convex in this case).

Another feature of this graph are the horizontal asymptotes, both in this cases
equal to the z-axis. We lim, 4o (f(z) —0) = 0 and lim, .4+ (f'(x) —0) = 0. The
graph of f is shown in Figure 23.

Example 9.25.
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FIGURE 24. Graph of the function f(r) =z — 22/

Graph f(z) = x — 2?/3. The function is differentiable on R\ {0}. Outside 0 we
have f'(z) = 1 — 227/3. We have lim, 40 f/() = Foo. Zero od the derivative:
f/(x) =0 for x1 = 5. The sign of the derivative changes between points —oc, 0 and
2%, from left to right, +, —, +. Thus, 0 is a local maximum , while z; = 2% is a local
minimum. We have f(0) = 0 and f(3) ~ —0.1481. Note, that this function has a
local maximum at a point where it is not differentiable. The graph of f is shown in

Figure 24.
Example 9.26.

Graph f(x) = z+ 1. The function is defined and differentiable on R\ {0}. Outside
0 we have f'(z) = 1 — 272, We have lim, ..o f'(z) = Foo. Zeros od the derivative:

f'(x) =0 for 2y = —1 and x5 = 1. The sign of the derivative changes between points
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2 -1 1 2 3 4
X

FIGURE 25. Graph of the function f(z) = x + +

—00,—1, 0, 1 and 400, from left to right, +, —, —, +. Thus, x;

= —1 is a local
maximum , while 25 = 1 is a local minimum. We have f(—1) =

= —2and f(1)=2.

We see that lim, .o (f(z) — 2) = 0 and lim, 4o (f'(z) — 1) = 0. Thus, the

diagonal y = z is the oblique asymptote to the graph of f both in +00 and in —oo.
Since lim,_.+o f'(z) = Foo and lim, 4o f(z) = doo, the y-axis is the vertical

asymptote to the graph of f at 0 (from both sides). The graph of f is shown in
Figure 25.

Theorem 36. If f is differentiable at xg, a, < o < b,, n =1,2,
ro = lim,, . by, then

. andlim, o a, =

i 2T g,



123

Proof. We write
f(an) — f(bn>

_ !
an — by, f(@o)
_an— 0 (flan) = flzo) xo — by [ f(mo) = f(ba)
_an_bn< p—— f'(z0) +an_bn — f'(x0) 7;20
Note that both ZZ:Z:S and 52:22 are positive and sum up to 1. [l

Example 9.27.

Find a rectangle with perimeter 40 and the largest area.

Let x denote one side of the rectangle. Then, the other side is 20 — x and the area
is f(z) = z(20 — x) = 20z — 2%, 0 < x < 20. To find the maximum we calculate
the derivative f’(x) = 20 — 2z which has the only 0 at x = 10. This point is the

maximum by the geometric reasons. The maximal area is f(10) = 100.

Theorem 37. If f is continuous on |a,b] and differentiable on (a,b), then f’ has the
Intermediate Value Property, i.e., if f'(a) < r < f'(b), then there exists ¢ € (a,b)
with f'(c) =

Proof. Consider the function F(x) = f(z) —rz. If it has a maximum or minimum at
€ (a,b), then F'(c) = f'(¢) — r = 0 and the proof is completed. If not, then either
(i) F(a) < F(z) for x € (a,b] and F'(a) > 0 or f'(a) —r > 0 which implies
fl(x) >,
(ii) F(b) < F(x) for z € [a,b) and F'(b) < 0 or f'(a) —r < 0 which implies
Flw) < v

a contradiction; or

, again a contradiction.

U

Theorem 38. Taylor formula: If f is a function such that f, f', f",..., f™ are

continuous on [a,b] and f™V exists on (a,b), then there is a ¢ € (a,b) such that

n R (g (n+1) (o
HOESY P oy —{n - 1()!)(17 O
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Proof. Proof from Larsen’s book: Let us define the constant « in such a way that

(g
(13) i) =3 1@ gy

and define

.(b —a)",

"L R (a oY
F(z) = f(b) — <Z fk—!()(b — )k 4 CEE] (b— x)nH) .

By (13) we have F(a) = 0. We also see that F(b) = 0. By the assumptions of the
theorem the function F' is continuous on [a, b] and differentiable on (a, b). By Rolle’s
theorem 29 there exists ¢ € (a,b) such that F'(c¢) = 0. We have We will calculate

F'(z) using induction. Let

We have

Gi(0) =~ () + H2 0= ) = =10) - @0~ 00+ 0) =~ @)o-2)

@) (4 /
Gyfo) = ")~ )~ (L5 0 - ap)

" fP () o, [P(x) fP(2) 2
=—f"(z)(b—x)— 5 (b—x)"+ ST 2(b—1x) = — 5 (b—x).
Now, assume that
G+ (o ,
Gi(x) = —f+()(b — ).

!
Then, we have

U+ (- , G+ (g N
G;+1(Ji>z—f—()(b_l.)]_ (f ( )(b—l’)j—H)

il G+ 1)
= —f(j;.l;@) (b— ) — %(b A % G+ 1)(b— )
—%(b .
By induction we obtain
6 w) = - LDy e
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Thus,
f(n+1)(c) o
F'(c)=— — )" 1) (b— ).

() - (b—c)" + (n+1)!(n—|— )(b—c¢)

Since F”(c) = 0 we obtain
F(c)
I S 4 N () 1 _ A\ —
- (b—co)" + (n+1)!(n+ )(b—c)" =0,

or a = f™*(¢), which completes the proof. O

Remark 9.3. We can write the Taylor formula in the form

flz) = kio %(m —x0)* + %(w — o)™, ¢ between x¢ and x.

The polynomial

m ) (2,
Paa) =3 T o

1s called Taylor’s polynomial of the n-th order for the function f at the point xo and

(n+1) (.
Rn(l') = ‘]En_'_ 1<>‘)( - )n-i-l’

1s called the remainder of order n. This is Cauchy form of the remainder. There are

other equivalent but sometimes more useful forms of the remainder.

Example 9.28.

Let f(z) = e, 2 € R. For any n > 1 we have f("(x) = e” so for 2y = 0 we have
f™(0) =1 and
2 B n L

T
14 =1 o c
(14) e +x+2!+3!+ +n!+€(n—|—1)!’

n+1

for some ¢ between 0 and x. We see that R, (x) = ecm converges to 0 as n — +00

for any = € R.

Example 9.29.
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We will show that the base of natural logarithms e is not rational.

Let us assume that e = ™. By formula (14) we have

= QI AR S D<ec<1
— = e = —_— - AR — e C .
n 2 3! n! (n+ 1)V
Multiplying both sides by n! we obtain
m(n—l)'—n'+n'+n—!+n—!+ +n—!—l—ec !
TR n! (n+1)

Since e¢ < 3 this is impossible for n > 2 as the difference of two integers cannot be

less than 1.

Example 9.30.

Let f(z) =sinz, € R. We have:

and the higher derivatives repeat. Thus, we obtain

' x3+x5 x7+x9+ + (o ) Lt
sinzr=2——+———+ —+--- £ (sincorcosc :
31579l (n+1)!

for some ¢ between 0 and x. We see that R,,(x) = %(sin ¢ or cos c)(anTJrll), converges to

0 as n — o0 for any x € R.

Example 9.31.
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FIGURE 26. Py(z) =1— g—? approximates cos

Let f(x) = cosz, x € R. We can use the above calculations with a shift:
f(x) =cosz, f(0)=1;
f'(x) = —sinz,  f/(0) =0;
F'(z) = —cosz,  £7(0) = —1;
fO(z) =sinz,  fO(0) =0;
fY(x) =cosz, fH0)=1;

and the higher derivatives repeat. Thus, we obtain

2 gh g6 8 2+l
CoST = 1_§+I_a+§+'“i(SinCOICOSC)(n+1)!’
for some ¢ between 0 and z. Again, we see that R,(z) = Z£(sinc orcosc) (flil),

converges to 0 as n — +oo for any x € R.
The approximations Ps(z), Py(x) and Ps(z) of cosx are shown in Figures 26, 27

and 28, respectively.
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FIGURE 28. Ps(x)=1— Z—T + % — :g—? + g—? approximates cos x
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Example 9.32.

Let f(z) = In(1 4+ z). We have:
f(z) =In(l+z), f(0)=0;

1
() = —— "0) =1,
f@) = SO0 =1
1
" —_ " O — _1
f (l’) (1+IE)2’ f () )
2
(3) — 3 (0) = 2!
1) = e 100 =2
1
D(z)=-2-3———,  fB(0) = -3,
79 () T [0 =3
1
Oz)=2-3-4—  fO0) =4
1) e [P0
By induction we can prove f(™(z) = (=1)""}(n — 1)!@ and
f™(0) = (=1)"Y(n — 1)!. Thus, we obtain
N N 1 vt
In(1 =r—-——+—-———+—=+---%
n(l+z)==x 2+3 4+5+ AFomins 1
for some ¢ between 0 and z. We see that R, (z) = im% converges to 0 as

n — 400, as long as |z| < 1, or for x € [—1,1].

10. CONVEX FUNCTIONS

We base our presentation on [3] and [1].

Definition 10.1. A function defined on an interval I, f : I — R is called convex

—

(15) S =Nz +dy) < (1 =2)f(z)+Af(y),
for all z,y € T and X € [0, 1].

A function is called strictly convex if the inequality in (15) is strict and concave

or strictly concave if the inequalities are reversed.
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FI1GURE 29. Graph of a convex function

Geometrically, this means that the chord through points (z, f(z)) and (y, f(y) is
always above the graph of f on the interval (z,y). See Figure 29. This means

f(b)_f(a)(x—a),

(16) fla) < fla) + 5=

for any a < z < b in the interval I.

Theorem 39. A function convex on an open interval (a,b) is continuous.

Proof. Let zg € (a,b). The function g(x) = f(z + x¢) — f(zo) is also convex and
g(0) = 0. This shows that we can assume that 0 € (a,b) and prove that f is

continuous at 0.
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For sufficiently small 6 > 0, [ = [—6,0] C (a,b). For « € I, we have
$e) = Fabsen(x) = 1 (Slsenn)
=f (%sgn(xﬁ—k (1 _|

If M = max{f(—0d), f(5), then we obtain f(z)

We also have

-)s%ﬂwmm.

M|, for z € 1.

SIS
IN S—
o

0= f(0) = f(5(~2) + 37) < 3F(=2) + 5 (z),
which implies — f(—x) < f(z). Thus, we showed
M
@) < Pjai,
implying lim, .o f(z) = 0. O

Example 10.1.

A function convex on a closed interval [a, b] does not need to be continuous. This

is shown by example

22, for x € [-1,1);
Jx) = {2, for x = 1.

Definition 10.2. A function defined on an interval I, f: I — R is called mid-point

convexr <—

(1) (54 3v) < 3@+ 3100

forallz,y e 1I.

A convex function is obviously mid-point convex but the reverse statement is not

always true.
Example 10.2.

The real numbers R form a linear space over the rational numbers Q. Let the

B = {va}aen be the basis of R over Q. Then, the conjugate basis B* = {v}}aca



132

consists of functions on R which are non-constant and linear over Q, i.e., for any

ri,m2 € Q and any z,y € R we have
v (rx 4+ ray) = ruk(z) + rauk(y).

This imply that v is a mid-point convex function on R. Since v’ (R) = Q the function

vs cannot be continuous. Thus, it is not convex.

Theorem 40. If the function f is mid-point convex and continuous, then it is convex.

Proof. Let f be mid-point convex on the interval (a,b). We will show f satisfies
inequality (15) for all z,y € (a,b) and A of the form p/2", p,n € N. Assume that
inequality holds for n and we will show it for n + 1. Let p + ¢ = 2"*! and

D q Lly/p r
Z_2n+1x+2n+1y_§<2_nx+2_ny+y>'

We may assume that p < ¢, hence p < 2" < q=2"+4r and p+r = 2". Then,
1

1) <5 [ (e + 579) + FW)

<5 | 2@+ )+ 5t W) < oo @)+ 510

2 |2n
We proved by induction that inequality (15) holds for all A of the form p/2", p,n € N.

Since these numbers are dense in [0, 1] continuity of f implies inequality (15) for all

A € [0,1] and f is convex. O

Remark 10.1. For a mid-point convex function to be conver a much weaker condi-

tions are sufficient, for example Lebesgue measurability.

Theorem 41. If the function f is mid-point convex on interval (a,b) and discontin-

uous at one point it unbounded on any subinterval.
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Proof. We can assume that f is defined on (—a,a), f(0) = 0 and there exists a
sequence z,, — 0 with lim,, ., f(z,) = m > 0. If m < 0, then we have f(x,) < 0 for
large n and

—f(=za) < flzn) or f(=zn) = —f(za) >0,
and we can consider the sequence (—z,),> instead.

The sequence 2z,, also converges to 0 and we have

2f(zn) < f(0) + f(22n) = f(22n),
and liminf, .. f(2z,) > 2m. By induction we can prove that

liminf f(2%z,) > 2"m.

r—00

Thus, f is unbounded above in any neighbourhood of 0. There exists a sequence vy,
convergent to 0 with f(y,) — +oc.

Let z be any point in the interval (—a,a). The sequence z 4 2y,, converges to z and
2+ 2y, — 2

) = () < S0+ 20+ £

Since f(y,) — +oo we also have f(z + y,) — +o0o. The function f is unbounded in
any neighbourhood of z. Since z was arbitrary the function f on any neighbourhood

of any point in (—a,a) and hence it is unbounded on any subinterval of (—a,a). O

Remark 10.2. Since convez functions are bounded on subintervals by inequality (16),

Theorem 41 proves again that a convex function is continuous.

10.1. Differentiability of convex functions. Below we study the differentiability
of convex functions. Let f be a convex function o R. We consider the difference

quotient
flx+h)— flz)
h
Inequality (16) show that the difference quotient is increasing as a function of h, i.e.,

flx 4 hy) — f(x) <f(x+h2)_f($)
hl B h2

, h>0.

,O<h1<h2.
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It is also and increasing function of x, i.e.,

Jrth) = f@) _ flas+h) = f()
h

h = , 1 < T2,

or

fler+h) = f(x1) < flwa+h) = f(z2) , 21 < 29,
or
(18) f(.iEl + h) + f($2) < f(l’Q + h) + f(ZEl) , T1 < To.
To justify the last inequality we set d = x9 — 21 + h and write

h To— T To — X h
$2:E£C1+ 2 d 1($2+h) s x1+h: 2 d lxl—i‘a(aﬁg—i‘h).
By the convexity of f we obtain
h To— X
flwe) < S f(@1) + 2 g = f (2 + 1),

and

o+ 1) = ) 2 f o+ D).

Adding up we obtain equality (18).

Since the difference quotient is increasing in h, h > 0, the right hand side derivative
f'(x) exists at any point z. Since the difference quotient is increasing in z, the right
hand side derivative f’(xy) is an increasing function of z.

Now, we will in a similar way consider the difference quotient from the left hand
side

fle—h)— f(z)
—h
First, we note that this difference is decreasing in h, i.e.,
flz —hy) = f(x) > f(z = hy) — f(x)
—hy N —ha
This follows from the other form of inequality (16), which says

, h>0.

,O<h1<h2.

or

fle) = 1) _ fla) = f(B)

p— p— ,a<x<b.
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The monotonicity of this difference quotient in A implies that the left hand side
derivative f'(z_) exists at any point x.

The left hand side difference quotient is also an increasing function of z, i.e.,

flxy—h) = f(1) <f(372—h)—f(332)

S < S , 1 < To,

or
flxr—h) = f(x1) > f(wa—h) — f(z2) , 21 < 29,

or
(19) @y =h)+ f(z2) = f(z2 — h) + f(z1) , 71 < 2.

For small h, we have z1 —h < x; < xo —h < x5 while for the equation (18) we had
x1 < 21+ h < x93 < x9 + h. Thus, the equality (19) is equivalent to (18) with the
renamed points.

Since the left hand side difference quotient is an increasing function of x, the left
hand side derivative f’(x_) is an increasing function of x.

The inequality of the form of (18) or (19) implies also that

fle—h) = f(x) _ fla+h)— fz)
—h - h

, h>0,

and
fle+h)— f@) _ flats—h)— flz+s)
h - h
for h sufficiently small. This implies

flla-) < filag) < fi((z+5)-),

for all x and s > 0. Thus, f'(z;) = f'(x_) at any point of continuity of f'(x_).

, s>0,h >0,

We proved the following;:

Theorem 42. Differentiability of a convexr function: Let f be a convex
function on R. Then, both left and right hand side derivatives exists at every point
and are both increasing. They are equal except at at most countably many points, i.e.,

the function f is differentiable except at at most countably many points.
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Proposition 10.1. (i) If the function f : I — R is differentiable and the derivative
1s increasing, then f is conver.
(i) If the function f : I — R is twice differentiable and the second derivative is

nonnegative, then f is convex.

f(x)

(b)

f(a)

a X b

F1GURE 30. Non-convexity implies derivative not increasing.

Proof. 1t is enough to prove (i). We will prove the contrapositive statement, if f is
not convex then f’ is not increasing.

Assume, that we can find points a < = < b with f(x) strictly above the chord
joining (a, f(a)) and (b, £(b)), Le.
f(@) = f(a) _ [(b) = fla)

f@) > fay+ T _y o O 2TW TOZ )
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and
F2) > f5)+ f(bl)):i(a) (r_b) — f(x; - g(b) _ f<bl)):£(a)
Thus,
f@) = fla) _ flz) = f(b)
T —a r—b

By Mean Value theorem it implies that for some points 21 € (a,z) and x5 € (x,b) we

have f'(x1) > f'(x2), so f’ is not increasing. d

Example 10.3.
f(x) = e” is convex on R. It follows by Proposition 10.1.
Example 10.4.

Young’s inequality Let a,b > 0 and p,q > 1 satisfy % + % = 1. Then,

1 1
ab< -a?+-01.
p q
Since e” is convex we have
ev H%ygle””—i—l ev.
p q
Substituting e* = a” and e¥ = b? we obtain the Young’s inequality.
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11. PROBLEMS

The problems are divided into 10 assignments.

Assignment # 1

Problem 1.: Express the sentence a = ( = 7y) using symbols A, V and —.

Problem 2.: Write negation of the sentence
an(B=7).
Problem 3.: Prove that the following sentences are theorems, i.e., are true for all

choices of sentences «, 3, 7.
a)  [la=BHANB=7)]=(a=),

b))  llan=p)= (A== (a=pP)
Problem 4.: Use the theorem 3b) to prove by contradiction:
Theorem: (n is an integer and n? is odd ) = (n is an integer and n is odd).
Explicitly write sentences «, § and ~.
Problem 5.: Prove by contraposition ( (o = ) <= (= = —a)):
Theorem: (n is an integer and n? is odd ) = (n is an integer and n is odd).

Explicitely write sentences «, (3.

Problem 6.: Let A,B,C,D C R. Prove that
(A\B)N(C\D)=(AnC)\ (BUD).

Hint: For arbitrary K, L C R we have K \ L = K N L¢, where L° is the complement
of L.

Problem 7.: Write the negation of the sentence

V3, (z<2)A(2<y).

Assignment # 2

Problem 1:
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(a) Represent 98765432119y in base 16. For digits (10), (11),(12),(13), (14) and
(15) you can use A, B,C, D, E,| F, correspondingly. This is the accepted standard.
(b) Represent the fraction % in base 4. Digits for base 4 are {0, 1,2, 3}.
Problem 2:  What decimal number is 0.1414141414 .. .5, (base 5) 7.
Problem 3:  Use axioms listed in class to prove that V , (—=1) - @ = —a. Write which
axiom you are using on each step.

Problem 4: Write the negation of the sentence
Veso I N1 Vosn |z — L] < €.
Problem 5: If 5-12 =104, how much is 10- 11 ?

Problem 6: Prove by induction:

1
P42 43 0’ = on’(n+ 1) = (142434 +n)° .

Problem 7: Prove by induction or any other method:
k k kE+1
+ = :
l [+1 [+1
0<,{+1<k.

Problem 8: Prove by induction: For any n > 1 the number 2"2 . 3" 4 5n — 4 is
divisible by 25.

Problem 9: Prove that for any n > 1 we have
1 n+1 1 n+2
(1 + —) > (1 + ) .
n n+1

Assignment # 3

Problem 1. Prove that the following sets have cardinality Xy by giving explicitly an
bijective function f: A — N.

(i) A = {n € N: n has remainder 2 when divided by 3};

(ii) A = {z € (0,1) : sin* = 0}.

xT
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Problem 2. Show that the following pairs of sets A, B C R have the same cardinality
by giving explicitly a bijection f : A — B or by using the Cantor-Bernstein-Schroder
Theorem.

(i) A=(0,1], B =[1,00);

(ii) A= (0,1], B = (—00,00).

Problem 3: Let C be a family of all circles in the plane R? which have rational centers
and rational radiuses, i.e., for each C' € C the center is a point with both coordinates
rational and the radius is a rational number as well. Prove that the family C is
countable.

Problem 4: Let [ = [0,1) and SQ = [0,1) x [0,1) = {(z,y) € R* : 0 < z,y < 1}.
Show that

Card(I) = Card(SQ).
Hint: Represent real numbers by their decimal expansions and construct a bijection
mapping a pair of expansions into one.

Problem 5: Prove that the set of sequences

%5 ={(ag,a1,a9,...) s a; € {0,1}}
is uncountable.

Problem 6: Prove that the set A = {a + bv/2: a,b € Q} is countable.
x for x > 0;

. Prove:
—x  for xz < 0.

Problem 7:  Recall that |z| =

(@) Nzr =] — |22 — wol| < |wr — 22| + Y1 — W2l ;
0) |z —yl>lz] =yl , v,y eR.

Hint: To show that |a| < b it is enough to show that a < b and —a < b.
Problem 8: Prove that

vn<<nl, n>3.

Hint: To prove a; < by =  as < by it is enough to show
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You may also need the information that (1 +1/n)" <e for all n > 1.

Problem 9:  The unit circle in the plane is the set of point T = {(z,y) : 2% + y* = 1}.
Show that T has the same cardinality as the real line R.
Problem 10: Consider a set A such that there exists a surjective map f : N — A.
Construct an injection g : A — N.
Hint: suppose f : N — A is surjective; for each a € A, consider f~!(a) = {n € N :
f(n) = a} and apply the well-ordering of N. Well-ordering says that every nonempty

subset of N has the least element.
Assignment # 4

Problem 1: Let S C R. If there exists x € S such that y < z for every y € S, we say

that = is the largest element of S, or write x = max S.
i) Prove that if S has a largest element then it is unique.

(
(ii) Prove that if S has a largest element then S has a supremum and sup S = max S.
(iii) Prove that if S is finite then S has a largest element.

(

iv) Give two examples of a set S which does NOT have a largest element: one which

has a supremum (i.e. sup S exists in R) and one which does not.

Problem 2: (i) Prove that if » € Q and r # 0 then 7/2 is irrational.

(ii) Prove that for every a,b € R with a < b, there exists r € Q with a < rv/2 < b.
What property of the irrationals in R does this prove? Explain.
Problem 3: Find the limits and use the definition to prove convergence:
Sin(22021-n)

(a) U = — 53 n=123,...

n“ —

~ n*+43n+2021
o+ n?+1

. n=1,2,3,...

Problem 4:
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(a) Negate the definition of the limit to get the mathematical statement of lim a,, #
L

(b) Show that for a,, = (—1)", lima, # 0

Hint: use part (a) with e = 1/2.

(c) Use the definition of the limit to show that for a, = (—1)",

lim AT
n

Problem 5:  Assume that a,, — 2 and b, — 3 as n — oo. Use the definition to prove
(3a, — b,) — 3.

Problem 6:  Assume that a,, — 2 as n — o0o. Prove that for large enough indices n we

have

a, > 1.

Problem 7: Use “squeeze” theorem to find the limit

lim {/77 + e2n + cos?(n! + nn).

n—oo

Problem 8: Assume that a,, — A as n — oo and that a,, > 0 for all n > 1. Prove that
Va, — \/Z, n — 0o.

Hint: Prove first that
\/_ - \/l_) S Va — bJ

for any a > b > 0.

Problem 9: Prove that
n n n n
<—> <n!<e(—) , n>1.
e 2
Hint: To prove a; < by =  ag < by it is enough to show
@ b
a; b1
You may also need the information that (14 1/n)" <e < (1+1/n)"*! for all n > 1.
Problem 10: Find the limit
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_ 1 1 1 1
lim + + +oid— .

n—oo\1-2 2-3 3-4 n(n+1)
Problem 11: Consider the sequence 1 =4, x,,1 = x%;“, n=1,2,.... Prove that it

is convergent and find the limit.

Hint 1: Prove that {x,} is decreasing and bounded below.

Hint 2: You need to prove that 2 > 11. Induction and inequality a? + b* > 2ab,
for a,b > 0 can be useful.

Problem 12:  (difficult) Is €/ 2+ /5+ {3/ 2 — /5 a rational number? Prove or disprove.

Assignment # 5
Problem 1:

The sequence (x,,)2 ; is decreasing iff
$n2$n+1 )n:1727"‘
Prove the following theorem: A decreasing sequence bounded below is convergent.

Problem 2: Let x; = 3 and =, = v/2+ z, for n = 1,2,... Prove that (z,)%, is
convergent and find the limit.

Hint: Show that (z,,)%, is decreasing, bounded below by 2.

Problem 3: Use squeeze theorem to find the following limits

(@) lim {/27 + e + cos?(10m + 10!) ;

n—oo

. n 1
(b) lim \/2” + W@" — cos?(1000™ + 1000!) ;

n—oo

1
(¢) lim —log(3"™ —e") .

n—oo M

Problem 4: Prove that the sequence

1
1 n
Tp = 1+ - 5
n

is decreasing.
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Problem 5: Let A be a nonempty bounded subset of R with o = sup A and § = inf A.
Show that A contains a monotone increasing sequence with limit a and a monotone

decreasing sequence with limit 5. Hint: consider cases « € A and a ¢ A and then

geAand ¢ A.

Problem 6: Show that a bounded sequence in R that does not converge has more than
one subsequential limit. That is, show that a non-convergent bounded sequence has
two subsequences each with a different limit.

Problem 7:  Which of the sequences below are Cauchy sequences?

1, 22 n?
(@) ap=1+3+5%+ -+,
(b) b, = a1q' + asq®- - + g™, for |a;| < M and |q| < 1,
(©ea=1+xm+tg+ + iy
Problem 8: Find the limit of

3=

T, = (W/n—1)" .

Hint: You can use the fact that (1 +1/n)" — e as n — oc.

Assignment # 6
Problem 1: Consider a sequence {ay,}n—12 . such that the subsequences {as }r=12,..,
{agk—1}r=12.. and {ask}tr—12, . are convergent. Prove that the sequence {a,},-12, .
converges.
Problem 2:
Find lim sup x,, and liminf x,, for:
(a) o, =7V (b)) z, =24+ (—2)",  (¢) 2, = sin(nm/2) + cos(nmw/2),

Problem 3: Let (ay)neny and (b,)nen be positive sequences in R. Show that
liminf a,, - liminf b, < liminf(a, - b,) .

Give example with the strict inequality.
Remark: You can use the theorem proved in class: For a sequence (z,,) there exist

subsequences (z,, ) and (x,,) such that

lim z,, =limsupz, , élim T, = liminf z,, .
—00

k—oo n—00 n—00
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Problem 4: Let (z,) be a bounded sequence and let (y,) be a convergent sequence.
Show
liminf z,, + liminf y,, = liminf(x,, 4+ y,) .
Problem 5:  Let the sequence {a,} satisfy

Up41 — Ap
Ap — Ap—1
for a =2,3,4,.... Prove that {a,} is Cauchy.

<r<l,

Problem 6: Let {a,} be the sequence defined by the recursive formula
2+ a,
1+a,’
Show that the sequence is Cauchy and find its limit.

Hint: Show that a,, > 1 for n € N. Use Problem 5.

a1 =1, ap1 = n=123,...

Problem 7: Let f : N — Q be a bijection. Does the sequence {f(n)} contain a
convergent subsequence?

Problem 8: Find limsupa, and liminf a,, for
a, = |sinn|+|cosn|, n=1,2,...

Hints: (i) Prove 1 < |sinn| + |cosn| < v/2.

(ii) Accept as true the Theorem: If a ¢ Q, then the sequence na (mod 1), n =
1,2,3,..., is dense in the interval [0, 1].

(iii) Use the Theorem to show that the sequence n (mod 27), n = 1,2,3,..., is
dense in the interval [0, 27]. You can use the fact that = ¢ Q.

Problem 9: Find limsupz, and liminf z, for

xn:sin<ﬂ\/N2+n), n=12...

Assignment # 7
Problem 1: Use -6 definition to prove:
(a) lim, g 2* + 1 = 10;

: T _ 1 .
(b) limg—y 2242014 — 2015

(c) lim, o ;;“fl =0
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Problem 2: Let f(5) = lim,_5 f(z) = 7. Prove that there exists a small open interval
I containing 5, such that f(z) > 6 for all z € I.
Problem 3: Let lim, ¢ f(z) = 15. Use Cauchy definition of limit to prove the follow-
ing:
(a) Prove that there exists a sequence (x,) such that x, — 6 and f(z,) — 15 as
n — 0o.

(b) Prove, that if (z,,) is any sequence such that x,, # 6 for all n and x,, — 6, then
f(z,) — 15, asn — o0.

Problem 4:
Use the e-0 definition to prove that f(z) = 2 + 3 is continuous at zy = 3.
Problem 5:  The function f satisfies | f(z)| < 22, for all z € R. Prove that lim,, o f(x) =
0.
Problem 6:  Use the £-§ definition to prove that f(z) =
Problem 7: Find the limit

3 is continuous at ro = 1.
¢ +1

T 4z +1
im z°cos [ ———— ] .
n—0 x5 + 2t + 64

Problem 8:  Assume f: (—a,a)\ {0} — (0,4+00) and
) 1
i (160 + 7757 ==
Prove that lim, .o f(z) = 1.

Hint: First show that f(z) + ﬁ > 2.

Problem 9: Assume that n is a prime number. Show that n? — 1 is divisible by 12.

Problem 10: Find the limits

: 3"+ (—=2)"
(a) nhfolo gntl f (—2ynil

l+a+a®+a*+-- +a"
1m
n—oo 1 4+b+402 4034 - 4 b"

(b)

,al <1, b < 1.
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Assignment # 8
Problem 1:  Show that the polynomial P(z) = 2*°'® + 3z — 1 has a zero in the interval
(0,1). In which of the intervals (0,1/4),[1/4,1/2),[1/2,/3/4),[3/4,1) is the zero?
Problem 2:
We say that f: R — R satisfies Holder condition if

|f(l')—f(y)|§H‘]}—y‘a7 xayeRa H,Oé>0.

If = 1 then, the above is called Lipschitz condition.
(a) Prove: If f satisfies Holder condition, then f is uniformly continuous.
(b) Prove: If f satisfies Holder condition with a > 1, then f is constant.

Problem 3:  Prove: If f is continuous on I = (0, 1] and lim, g+ f(x) = L is finite then
f is bounded on I.

Hint: As always there are many ways to do this problem. One of them can use the
fact that a continuous function on any closed finite interval is bounded.

Problem 4: (a) Use Cauchy definition of continuity and necessary results on continuous
functions to prove that if f and g are continuous at point xg, then their product fg
is also continuous at xg.

(b) Use Heine definition of continuity and necessary results on arithmetics of limits
to prove that if f and g are continuous at point xzy, then their product fg is also
continuous at point xzg.

Problem 5: (a) Prove that

Hint: Use the properties of the logarithms.
(b) Use result in (a) to show that

lim xlnxz = 0.
z—0t

Hint: Use Heine definition of the limit of function and note that for any number ¢

close to 0 we can find a natural n such that 1/2"! < ¢ <1/2™.
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(c) Use result in (b) to prove that for any a > 0 we have

lim zlnz = 0.
z—0t

Problem 6: True or false? Justify Your answer.

a) If M is the maximum value of f, then |M| is the maximum value of |f|.

b) If M; is the maximum value of f and M, is the maximum value of g , then
M + M, is the maximum value of f + g.

c¢) If M; is the minimum value of f and M5 is the minimum value of ¢ , then M; - M,
is the minimum value of f - g.

d) If f and g are bounded on [a,b] and g(z) # 0 for all x € [a,b], then f/g is
bounded on [a, b)].

e) If f is bounded on [a, b], ¢ is continuous on [a, b], and g(x) # 0 for all x € [a, b],
then f/g is bounded on [a, b].

f) If f and g are bounded on (a,b), g is continuous on (a,b), and g(x) # 0 for all
x € (a,b), then f/g is bounded on (a,b).

g) If f is bounded on every closed subinterval of (a, b), then f is bounded on (a, b).

h) There exists a bounded function on [0, 1] which achieves neither an infimum nor

a supremum.

Problem 7: Let f:[0,1] — [0, 1] be an increasing function (not necessarily continu-
ous). Prove that it has a fixed point (i.e., there exists x € [0, 1] such that f(z) = z).

Problem 7:  Prove that the number logs 5 is irrational.

Assignment # 9

Problem 1. Let f : D — R be a continuous function, where D C R.
(i) If D =R and zf(x) > 0 for all =, prove that there is some z( in R with f(zq) = 0.
(ii) What is false in the following argument? We are assuming f : R — R is

continuous, and f(z) # 0 for all x € R. Then the function g = % is continuous on R.
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Suppose there are points a,b € R with f(a) < 0 < f(b). Then g(a) < 0 < g(b), so
we can use the Intermediate Value Theorem on g to conclude that there exists an x

between a and b with g(z) = 0, meaning

1 R—

fla)

Problem 2.

(i) Write the definition and the negation of the definition of uniform continuity
for a function f on a domain D in R.
(ii) Prove that the function  — I is not uniformly continuous on D = R\ {0}.

Hint: You can either use the negation of the definition or a theorem about uniform

continuity and Cauchy sequences.

(iii) If f is continuous on D = [a,b], and f # 0 on D, prove that the function % is

uniformly continuous on D.

Hint: You can either use the definition (Write | — w=| = M) or a

f@)  f) [ (2)f (y
theorem about continuous function on [a, b] and uniform continuity.

Problem 3. Prove that if f : (a,b) — R is continuous and f is NOT bounded above
or below, then f is surjective, i.e. for every y € R, there exists = € R with f(z) = y.

Hint: Show that the assumptions mean that for every m and M there have to be

points ',V in (a,b) with f(a') <m and f(b') > M.

Problem 4 A tourist walked on Monday from village A to village B. He started at
9 a.m. and finished at 9 p.m. (He was a dedicated tourist.) Next day he went back
from B to A along the same path but in the opposite direction. Again, he started at
9 a.m. and finished at 9 p.m. Prove, that there exists a point on the path at which he
was at the same time on both days. Are the starting and finishing times important

in this problem?
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Problem 5 Show that

0,
J(@) = {a:7 sin(1/x9),

for x =0;

for x # 0;

is differentiable, but the derivative is not continuous at 0.

Problem 6 Consider the function

()

0,
{—% + 22 cos(1/x),

for x =0,
for  #0.

Show that f is differentiable at 0 and f’(0) = —4 < 0. Prove that arbitrarily close to

0 there are intervals on which f is increasing and intervals on which f is decreasing.

Comment: This shows that value of the derivative at one point does not determine

the increasing/decreasing in a neighbourhood of this point.

Interesting Limits

. x
lim, . 25 ,a>1, a € R
lim,, . 1%0 , a > 0.

lim, .qa® , a > 0.

limy, oo (14 2)".

lim,— o (1+21)".

lim,, o (1 + x)%.

. In(1+x
hmnﬁo % .

(Ita)*—

. 1
lim,, o , 0 € R,

1

(11)

n—0

(12) lim,_o+ (sinz)me.

(13) lim, .o+ @

sinx

(14) limy, oo (e” — 1)5.
(15) lim, oo (V + 2014 — /Z).

(16)

(9a) lim,_o In (€” — 27 Inz + cos?(z™")).

lim (cos ) sinZ= .

sin 2z+2 arctan 3z+3x2
In(1+3z+sin? z)+ze®

limn_ﬂ
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: In cos x
(17) lim, o o7

(18) limy, g+ ==,

(19) limy,_o(1 + 22) 5.

(20) lim,_.o (tan 22_”’”_1)%.

(21) limy, oo (ln (1 + %) —1In %)
(22) lim, o+ (2siny/z + /2sin )",

1

o(32)
(23) lim,_ <1 + ze” 22 sin ﬁ) .

o(32)

(24) lim,,_ (1 +e737 arctan =+ ze 3 sin x%l)
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(z%) = az®~1, 107

arctan x is differentiable, 107

In z is continuous, 88

In z is differentiable, 106

sint/t, 51

sinx, cosz are continuous, 88
al/m, 47

e - the base of the natural logarithms, 26
e is not rational, 126

e” as series, 50

e” is continuous, 87

nl/m, 48

%, 0 < a < 1, is continuous, 86

continuity implies boundedness, 89

absolute value , 41

alternate definitions of limsup and liminf , 68

application of attaining extremal values, 90

applications of Intermediate Value theorem,
91

applications of Mean Value theorem, 111

arithmetic of limits, 44

arithmetic of limits of functions, 79

arithmetic on continuous functions, 84

Axiom of Choice, 77

Banach contraction theorem, 60
Banach-Tarski paradox, 77
Bernoulli inequality, 47
Bolzano-Weierstass theorem, 57

Cantor set, 18

Cantor’s theorem, 40

Cantor-Bernstein-Schroder theorem, 32

cardinality, 31

cardinality Ng, 33

cardinality of Q is Ng, 34

cardinality of power set, 40

Cauchy and subsequence, 59

Cauchy implies bounded, 59

Cauchy implies convergence, 59

Cauchy sequences, 58

Cauchy to Cauchy implies f uniformly
continuous, 100

Chain Rule, 105
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composition of continuous functions is
continuous, 86

concave function, 129

continuity implies attaining max and min, 89

continuity of the inverse function, 84

continuous bounded function, not uniformly
continuous, 100

continuous function f : [a,b] — [a,b] has a
fixed point, 92

continuous functions, 82

continuous on closed interval implies
uniformly continuous, 97

convergence and subsequences, 65

convergence implies Cauchy , 58

convergence of monotonic sequences, 45

convergence of subsequences, 55

convergent sequence is bounded, 43

convex function, 129

convexity implies continuity, 131

critical point, 108

cutting a ham sandwich in halves, 94

cutting a piece of bread in halves, 93

definition of a sequence , 42

definition of derivative, 102

definition of one sided derivatives, 103

definition: limsup , liminf, 65

definitions of continuity, 82

definitions of uniform continuity, 96

density of n-a , 70

derivative has Intermediate Value Property,
123

derivative of inverse function, 106

derivatives of sinz and cosx, 107

differentiability implies continuity, 103

differentiability of a convex function, 135

divergent sequence and subsequences, 56

elementary sentences and calculus of
sentences, 5

equivalence of Cauchy and Heine definitions
of a limit, 76

equivalence of two definitions of continuity,
82

Euler’s constant, 50

every subset of N has the smallest element, 27
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Fibonacci sequence, 42

formulas for max(z,y) and min(z,y), 79
function sin %, 75

function f(z) =z + Int(x), 75
functions, 30

generalized Bernoulli inequality, 47

generalized mean value theorem, 114

geometric growth faster than polynomial
growth, 51

graphing functions, 119

Holder implies uniform continuity, 96
Holder’s inequality, 87
higher order derivatives, 113

increasing and decreasing functions, 80

increasing function f : [a,b] — [a,b] has a
fixed point, 93

infimum, 21

infinite limits, 54, 80

interesting limits, 46

Intermediate Value theorem, 90

L’Hospital Rule, 115

L’Hospital Rule at infinity, 116

L’Hospital Rule difficult, 116

Lagrange theorem, 110

limit In(n)/n®, 53

limit if and only if both one sided equal, 81

limit of a function, Cauchy, 72

limit of a function, Heine or sequential, 75

limit of a sequence, 42

limit of a sequence is unique, 42

limit stays in closed interval, 44

limits at £o0, 80

Lipschitz implies uniform continuity, 96

Lipschitz’s inequality, 87

local maximum or local minimum implies
critical point, 108

local maximum point , 108

local minimum point, 108

maximum point , 107

Mean Value theorem, 109, 110

minimum point, 107

modulus , 41

monotonic function is continuous except on a
countable set, 88

monotonic functions, 80

monotonic implies one-sided limits, 81

monotonic sequences, 45

monotonicity implies countably many
discontinuities, 81

neighbourhood, 54

nested intervals lemma and number e, 49
Newton’s algorithm, 62

Newton’s Binomial formula, 47

number of zeros, 109

one-sided limits of a function:, 80

partial limits, limit points, 64

Pigeon Hole Principle, 28

Principle of Mathematical Induction, 26

proof of the Chain Rule, 105

proofs by contraposition and by
contradiction, 7

properties of continuous functions, 84

propositions about limits of function, 78

quantifiers, 9

relations, 29

representation of numbers in different bases,
11

Rolle’s theorem, 108

rules of differentiation, 104

second derivative test for maxima, minima,
114

sequence is eventually positive, 43

squeeze theorem, 45

subadditive sequence , 70

subadditivity of limsup, 67

subsequence convergent to limsup, 66

subsequences, 55

sunset theorem, 56

supremum, 20

supremum,infimum, alternate definitions, 21

Taylor for f(z) = cosx, 127
Taylor for f(z) =In(1+ x), 129
Taylor for f(z) = sinx, 126
Taylor for f(z) = e®, 125
Taylor formula, 124

Taylor polynomial, 125

Taylor remainder, 125
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three functions theorem, 79
three sequences theorem, 45

uniform continuity and Cauchy sequences, 99

Young’s inequality, 137
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