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QUASI-COMPACTNESS OF FROBENIUS-PERRON OPERATOR FOR PIECEWISE
CONVEX MAPS WITH COUNTABLE BRANCHES

PAWEL GORA AND APARNA RAJPUT

ABsTRACT. In this paper, we prove the quasi-compactness of the Frobenius-Perron operator
for a piecewise convex map 7 with a countably infinite number of branches on the interval
I = [0, 1]. We establish that for high enough n iterates of 7, 7" are piecewise expanding. Using
the Lasota-Yorke Inequality derived from references [4] and [14], adapted to meet the assumptions
of the Ionescu-Tulcea and Marinescu ergodic theorem [7]], we demonstrate the existence of
absolutely continuous invariant measure (ACIM) p for 7, the exactness of the dynamical system
(I, 7, ) and the quasi-compactness of Frobenius-Perron operator P, induced by 7. The last fact

implies a multitude of strong ergodic properties of 7.

1. INTRODUCTION

This paper investigates the existence of absolutely continuous invariant measures (ACIMs)
for a class of dynamical systems: piecewise convex maps with a countably infinite number of
branches defined on the unit interval [0, 1| denoted by 7. Understanding ACIMs is crucial for
analyzing the long-term behaviour and chaotic nature of deterministic dynamical systems.

Let I = [0, 1], B denote the Borel o-algebra of subsets of / and let m be the normalized
Lebesgue measure on /. Let 7 : [ — [ be a piecewise monotonic and hence non-singular
transformation. A measure ;. on B is T-invariant if it remains unchanged under the action of T,
ie., u(r71A) = u(A), for all A € B. To examine ACIMs, we use the Perron-Frobenius operator
induced by 7, P, from L} to L} :

Pfx)= > [y

yer~1(x)
P, key properties are linearity, positivity, contractivity and preservation of integrals. The fact
that a measure h - m is 7-invariant if and only if P.h = h, i.e., h is a fixed point of P, makes
P, essential for studying ACIMs. For more information about ACIMs, the Frobenius-Perron
operator and their mutual interconnections we refer the reader to [2]] or [17].
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The piecewise convex maps considered until recently had a finite number of branches. We
recall the standard assumptions. Let [ = [0, 1]. A piecewise convex map 7 defined on I satisfy
the following conditions:

(1) There exist a finite partition 0 = ag < a1 < ..... < a, = 1 such that 7

la;_1,a;) 1S CONtinuous,
strictly increasing and convex for ¢ = 1, 2...n.

(2) 7(ai—1) = 0and 7'(a;—1) > 0 fori =1,2,..n.

3)7(0)=1/a > 1.

The first to study such maps were Lasota and Yorke [15]. They discovered the three important
properties, restated in Proposition [2.3] and used them to prove the existence of the ACIM x and
the exactness of the system (7, 11). Additional properties of piecewise convex maps were shown
in [9-413]]. Generalizations, weakening the assumptions or random maps were studied in [/1,5}6].

Recently, in [38l18]] Lasota and Yorke’s results were generalized to the case when a piecewise
convex map has a countably infinite number of branches. In this paper, we prove a further result,
the quasi-compactness of the operator P, induced by 7. This fully describes the behavior of the
system (7, ;1) and implies several strong ergodic properties. This result could not be obtained
employing the previously used methods.

In Section 2, we explore the dynamics of piecewise convex maps with a countably infinite
branches. These maps are defined on the partition of I = [0, 1] into disjoint open subintervals
I = (a, bi)?il, whose complement has Lebesgue measure zero. Each restriction 7; to /; is an
increasing, convex, differentiable function with } -, % < +ooand 7/(0) > 1,if O is not a
limit point of partition endpoints. We denote the class of such maps by 7. We focus on the
Frobenius-Perron operator P, associated with these maps, which acts on integrable functions
f defined on [0, 1]. This operator is central to understanding the distribution of iterates of f
under 7. We prove several key properties of P, including its effect on non-increasing functions
and bounds on its norm. We show that if 7 belongs to the class 7, its iterates 7" retains the
piecewise convex structure and summability condition on derivatives. We demonstrate that the
set of preimages of partition points is dense in [0, 1], and the derivatives of iterates are uniformly
bounded below by a constant greater than one, indicating piecewise expanding behavior.

In Section 3, we study piecewise expanding maps with a countably infinite number of branches.
These maps are defined on a partition of I into disjoint subintervals I; = (a;,b;);-,, each
homeomorphically mapped by 7 onto its image. The expansion behavior is quantified by g(x),

the reciprocal of the derivative 7/, with |g(z)| < 8 < 1, defining the class 7 . We prove that if 7

is in T, for high enough n, its iterates 7" are in 7. We study the Frobenius-Perron operator P,
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7(x)

Ficure 1. A piecewise convex maps with countable number of branches.

and its action on functions in BV, where BV = {f € L} : v(f) < +o00}. We follow [[14,/19]
to establish Lasota-Yorke inequality for the functions in BV and apply the ergodic theorem of
Ionescu-Tulcea and Marinescu [7] to prove the quasi-compactness of P, and its implications for

ACIMs.

2. PIECEWISE CONVEX MAP WITH COUNTABLY INFINITE NUMBER OF BRANCHES

Definition 2.1. Let / = [0, 1] and let P = {I; = (a;, b;) }32, be a countably infinite family of
open disjoint subintervals of I such that Lebesgue measure of I \ | J i>1 1i 1s zero. We define a
piecewise convex map 7 on partition Z as follows:

(1)Fore = 1,2, 3..., 7; = 7)1, is an increasing convex differentiable function with lim,, Sat 7i(x) =
0. We define 7;(a;) = 0 and 7;(b;) = lim, - 7;(x). The values 7/(a;) are also defined by
continuity.

(2) We assume

(3) If x = 0 is not a limit point of the partition points, then we have 7/(0) = 1/a > 1, for some

0 < a < 1. By 7 we will denote the set of maps satisfying conditions (1)-(3).

Lemma 2.2. If x = 0 is the limit point of the sequence of left endpoints of the partition

intervals, then we have lim,_,o+7'(x) = 400, where at points where 7' (x) is not defined we take
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7'(x) = 7 (x). Then, for some 0 < r < 1 and some o < 1, we have

Z T’(la-) =a<l.

a; <r

Proof. Condition (3) implies that for any M > 0 the inequality 7/(a;) < M can be satisfied only
for a finite number of points a;. This implies the first claim of the lemma. The second claim

follows by the fact that the sums of the tails of a convergent series converge to 0. U

The Frobenius-Perron operator induced on L}n by the map 7 € T is
f
(1) =D S5 Xmu ().
i>1 7

The proposition below summarizes the properties of maps in 7 which were before used to show

the existence of acim. We apply different methods but use these properties as well.

Proposition 2.3. Let 7 € T and f : [0, 1] — R be a non-increasing function. Then,
(1) P, f is also non-increasing function;
(2) For any x € |0, 1] we have f(z) < =
(3) 1P flloe < allflle + DIIf

Lemma 2.2 and D > 0 is a constant.

1, where o < 1 is the number specified in Definition 2.1 or

Proof. (1) Since 7; is increasing on [;, Ti’l is also increasing, for all 7 > 1. Let f € L}n be
non-increasing. Then for any z < y we have f(z) > f(y). Hence, f(7; *(z)) > f(r; ' (y)).
Also, 7/ is non-decreasing being the derivative of convex function which gives 1/7/(7; *(z))
is non-increasing and X|r,(a;»,)(¢) is also non-increasing since 7;(a;) = 0. The product of
non-increasing functions is non-increasing, thus P, f(x) is non-increasing.

(2) For any 0 < x < 1, we have

1l = /f Jdm(z /f Ydm(z) > o+ (z).

(3) Case I: Let a; = 0 be a limit point of partition endpoints a,. Since P, f is non-increasing,
p p p g

| P fll, < P-f(0), and we have
Z f Tz O Z f(T;l(Ti(ai))
1) /(7 (r(@))

i>1 i Tl i>1 i

I
S|~
/5:5
iz
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Figure 2. Illustration for the proof of part(2) of Proposition 2.3.

<Zf Zf |rfu+2f

i, <r Z ia;>r Z

<o flle +§: A1

% az>r

1
For this case we define Das D = Z —.
:a;>T i - Ti (CLZ)

CaseII: Let a; = 0 be not a limit point of partition endpoints a,. Again, since P, f is

non-increasing, || P f|, < P f(0), and we have

TO T a;
Zfz ; E:ﬂz(()) f(a)

i>1 i 7_@ 0) i>1 TZ/(TZ (7‘( )) iZl T{(ai)’
flai) _ f(0)
2 Tia) = A0) T 2 e rtay

<a-|flle+D- Il

1
For this case we define D as = Z _— U

= i 7/(a;)
Let P™ = P\/ 7 YP)\/---\/ 7" 1(P). We denote the branches of 7" by Ti("). Then,
pn) — { ]Z.(”) = ( 5 ), bl(")> } is a countably infinite family of open disjoint subintervals of [
i=1

corresponding to 7". We have the following results:

Theorem 2.4. Let P be a partition for T and P™ denote the partition for 7. If T € T then

™ e T aswell, ie. ,
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(a) If T € T then 1" is piecewise increasing on P™.
(b) " is piecewise convex on P™.

(c) T" is piecewise differentiable on P™.

() 11m$_>(agn))+ 7." (x) = 0 for 7 on P,

(e)The condition (2) holds for T". i.e.,

1
Z Y\ (.0 < teo
i>1 ( ) <“ )
() If z = 0 is not a limit point of the partition points and condition (3) holds for T then it holds

for ™.

Proof. Proofs of (a), (b) and (c) are simple, since 7 is piecewise increasing, convex and
differentiable on P and we know the composition of increasing, convex and differentiable
functions is also increasing, convex and differentiable. Hence (a), (b) and (c) hold for 7" on 1208
To prove (d) we will use induction. From (1) we have, when x approaches a; from the right hand

(2)

. . . 2 .
side lim, , + 7;(z) = 0. We consider for n = 2 one branch of 72. The branch 7,”/ = 7; o 7 is

defined on I, ; = I; N7, '(I;) = 7; ' (I;). Since the left endpoint of 7;(I;) is 0, if the interval
(2)

7,71 (I;) is not empty then it contains 7; ' (a;) = a; " -the left endpoint of [, ,9).

We have,

lim (7 0m)(@) =75 (7 () ) = 7(n(77 (@) = 73(a;) = 0.

x—>a;€2)+
Now, we use induction. We assume that the result holds for 7. The map 7" has infinitely many

branches and on each branch, it satisfies the property, (d) i.e.,

lim 7" (x) = 0.

7
xaai””

For n + 1, if we consider a k*" branch of 771, T,inﬂ) =70 7'2-("). We have,

—1
a ™ = (7)),

and

(e) A branch of 72 is 7j(r;) defined on I;; = I, N7, ' (I;) = 7, '(I;). Let us assume
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Z ! = K. Then,

j>1 i>1 j>1i>1 7 (
I e D D DI B
< < =K- 00
s 7i(a;)7i(a;) = 7i(a;) = 7/ (a;)

By induction the result holds for any n.

(f) Let a; = 0 be not a limit point of partition endpoints a;. Then, 7/(0) = L > 1 and
(T")'(0) = & > 1. O

Lemma 2.5. Let 7 : [0,1] — [0, 1] satisfies the condition (1)-(3). Then, the set S =
U 7 "({ay, b1, a9, by, ...a;,b;...}) is dense in [0, 1].
n=0

Proof. Case I: We assume a; = 0 is not a limit point of the partition endpoints. Let
S == U T_”({al, b17 as, bg, gy bl})
n=0

We want to prove that S is dense in [0, 1]. Let’s assume that it is not true. Then, there exists an

interval [z, yo] C [0, 1] such that,
Tn([on,yo]) N {CLl, bl, as, bQ, Qg bi, } = ¢ foralln = 0, 1, 2, 3....

Therefore for each n, the points z,, = 7" () and y,, = 7" (yo) belong to the same interval (a;, b;).
Let z,,y, € (ag,bx) and x,, < y,, k = 1,2,3.... For 7 defined on (ag, bx), k = 1,2, 3..., see
Figure 3 for k£ = 1 and Figure 4 for k£ > 1, we have,

Tk(xn) and tan(@z) _ Tk(yn) )
Tn Yn

tan(f,) =

Since 7y is increasing on (ag, b) we have,

7 (Yn) > 73 () N 75 (Yn)

(2) tan(fy) > tan(f;) = m . o) = o

or,

Yn+1 Tk(yn) "~ Un ‘
Since this holds for £ = 1, 2, 3... we obtain for all n > 1,

X X x
(3) il ot o <20

Yn+1 Yn Yo
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_—n

0 Qg Ln Yn bk

Ficure 4. When 0 is not a limit point of the partition points and k£ > 1.

For k > 1, see Figure 5, we have,
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bix,, b1 ak Ln Yn by

Ficure 5. When 0 is the limit point of the partition points.
Since 7y, is increasing on (ay, by,) we have,

(W) o Te(Tn)

t 05) >t 0
an( 2) - an( 1) — yn_blxn o xn_blxn7

or

Tk(yn) > Yn — blxn _ Yn (1 - bl%)
Tk(Tn) — Xy — bz, (1 —by)

By (3) we obtain,
1—-b&2 1-bH%
Yn Yo

1—b, = 1—=b °
Thus, for x,,, y, € (ax, by) with & > 1, we obtain

@) It > g,

Tn+41 T

1-b
where ¢ = 1—Io/yo)> 1.

1—b
Since 71 (z) > 71(0) > 1, the interval (z,,, y,,) is stretched by 7; as long as it stays in (@, by ). Thus,

it has to go above b, after a finite number of steps. Equation (4) implies that lim,, ., g—z = 00.
Since lim sup,, x,, > b; we have lim sup,, ¥, = 0o, which is impossible as it contradicts the fact
that y,, remain bounded within [0, 1].

Case II: If O is the limit point of the partition points, the point O is not a left end of any interval

(a;,b;). We choose an interval (a;, b;) such that b; < r. Then 7'(z) > 1 for all z < b;, where
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7'(x) is not defined we use 7/, (x). Again, we will show that the set

S = U T_"({al, b17 asg, bg, gy bz}),
n=0
is dense in [0, 1]. Suppose it’s not true. Then there exist an interval [xq, yo] C [0, 1] such that
Tn([ilf[), yo]) N {Cll, bl; as, bg, Ay, bi, } = ¢ for all n = 0, 1, 2, 3...

This means that for each n the points =, = 7"(x) and y,, = 7"(yo) belong to the same interval

(@i, b;),i=1,2,3..... For any z,,,y, € (ax,by),k = 1,2, 3..., using Figure 4, we obtain

®) st _ 71(0n) , B

Tp+1 Tk<xn) T

Thus, the formula (3) is valid also in this case.
Now, let z,,, y,, € (ag, by) with a;, > b; , i.e., the interval (ay, by,) is on the right hand side of the

interval (a;, b;). Using Figure 5 with ay, b; replaced by a; and b; , correspondingly, we obtain

Tk(yn) > Yn — bjxn _ Yn (1 B bjy_:>
Te(Tn) — xn — bjzy 2, (1 — b))

Similarly as Case I for z,,, y,, € (ax, b) with b; < a, we obtain

yn 1 yn
(6) = >q 2

Tn+1 L,

1 - bjxo/yo
1-0b,
Since 7'(z) > 1/ > 1 for all x < b; , the subsequent images of any interval (x,,y,) C (0,b;)

where ¢ = > 1.

get larger and larger as long as they stay in (0,b;). At the same time, the points x,;, Yn+;

are never separated by the points of the partition. Thus, after a finite number of steps interval

(2, yn) moves to the right of the interval (0,b;). Thus, for infinitely many n's we have

T, Yn > b; and according to (6), lim o _ co. Also, as we know limsup,, x,, > b; and we
n Ty,

obtain lim sup,, ¥, = oo, which is impossible. Hence S is dense in [0, 1].

g

Lemma 2.6. There exist a natural number ng such that for n > ny, inf(7™)" > =, for some

v > 1.

(2 e

Proof. Recall, that P(") = {[i = (a(n) b(n)> } is a partition corresponding to 7", and the
=1

branch of 7" defined on the interval <a§”>, bg")> is 7). We also know that 7" satisfies conditions

i
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C A, C B,

FIGURE 6. n'" iterate of 7 on I,.

(1)-(3) with respect to the partition (™. Consider the set,
S = U T_”({al, b17 as, bg, ...Qy, bz})
n=0

In Lemma 2.5 we proved that S is dense in [0, 1]. We consider two cases.
Case I: a; = 0 is not a limit point of partition endpoints a;. Since S = [0, 1], then there exist

n € N such that for any n > n,

b
(7) max (bg”) — agm) <n= 51 inf(7').

Note that, this condition ensures that the length of the longest interval in the partition of / for the

n'" iterate of 7 must be less than 7.

Let n > n. Define,

A=) = ) (o, 00),
and B,, = [0,1] \ A,. We have a
) (x) < b if x €A,
and
) () >by if x € B,.

/
The map 7" is increasing on each interval (az("), bg")> and (Ti(")> represents the rate of change

of 7" on this interval. By (7), we know that the length of this interval is less than 7. Then,
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-1 /
the length of the interval (az(-n), (Ti(")> (b1)> is also less than 7). Therefore, (Ti(n)) must be
sufficiently large to ensure that 7" increases by at least b; over an interval of length less than 7

which gives,

| (=

1
)

(7) (@) =

-1 /
for some = € (a("), (7-.(")> (bl)) =A,N (agn), bl(-")). Since (Ti(”) ) is increasing, we have

3

7 7

the same inequality for all z € B,, N (ain), bgn)). Hence by (7),

(ron™) @ =7 (x"@) - (") @),

> ﬁinf(T’) > 2,
n

Whenever x € B,,i=1,2,3..... Forz € A,, we have,

(ror™) @) =7 (7"@) - (=) @) 2 70 (") (o),
> 7'(0) inf (77)’,

(10)

(11)

Inequalities (10) and (11) give us,

inf (T"H)/ > min (2, 7'(0) inf(7")"),
and consequently, by induction we have

inf(7")" > min(2, [7/(0)]" ™ inf(r")"),

For n > 7. This implies that for sufficiently large n we have inf(7")" > ~.
Case II: ¢; = 0 is a limit point of partition endpoints a,. We choose an interval (a;, b;) such
that b; < r. Since S is dense in [0, 1], then there exist 7 € N such that for any n > 7,

b,
(12) max (bg") — agn)> <n= EJ inf(7").

2

Let n > n. Define,

o0

A =170,0) = (7)1 ((0,8))

=1

and B, = [0,1] \ A,,. We have

(13) "(z) <b; if z€A,,
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and
(14) "(x) > b, if z¢€ B,

Note that for z € A, we have 7/(7"(x)) > + > 1. The map 7" is increasing on each interval

!/
<a(”) b(")> and (Ti(”)) represents the rate of change of 7" on this interval. By (12), we know that

]

—1
the length of this interval is less than 7). Then, the length of the interval (aﬁ.”), (Ti(")> (bj)) is

/
also less than 7. Therefore, <Ti(")> must be sufficiently large to ensure that 7" increases by at

least b; over an interval of length less than 1 which gives,
/ b
(7") @ =,

-1 /
for some x € <a§"), (T~(n)> (bj)) =A,N <a,§”), bz(»n)>. Since (Ti(n)> is increasing, we have

7

the same inequality for all z € B,, N (aﬁn), bg")>. Hence by (12),

ror™ / 2) =7 (")) - (7 / x),
. (ror™) @) =7 (7"@) - (#") (@)

Whenever x € B,,i=1,2,3..... Forz € A,, we have,

TOT-(n)/:L‘:T, D) (1) (@ 1 7'4(")/a("),
B e N e

Inequalities (15) and (16) give us,
3 n\/
inf (T”+1), > min (2, inf (") >,
Q

and consequently, by induction we have

inf(7")" > min <2, <é>n_ﬁ inf (T”)’) :

For n > 7. This implies that for sufficiently large n we have inf(7")" > ~.

3. PIECEWISE EXPANDING MAP WITH COUNTABLE NUMBER OF BRANCHES

Definition 3.1. Let / = [0, 1] and let P = {I; = (a;, b;) }32, be a countably infinite family of

open disjoint subintervals of I such that Lebesgue measure of I \ L_Ji21 I; is zero. Let 7 be a
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map from U;>1/; to the interval I, such that for each ¢ > 1, 75, extends to a homeomorphism 7;
of [a;, b;] onto its image.
Let

——, forzxcli=1,2,...
g(z) = { 7@

0, elsewhere

We assume sup,.; |g(x)| < 8 < 1. Then, we say 7 is a piecewise expanding map with countably

many branches and denote this class by 7.

Lemma 3.2. If 7 € T in the sense of Definition 2.1, then some iterate of T € T in the sense of
Definition 3.1.

Proof. Proof of this lemma is a direct consequence of Lemma 2.6 and the condition (2) of

Definition 2.1. U

A piecewise expanding map 7 is non-singular and the Frobenious-Perron operator correspond-

ing to T is,

(17) Z f,T’ ?)‘xm Z fly

7_
t yeT(z)

Given f : I — R we define variation of f on a subset .J of [ by

= sup{z @) = P}

where the supremum is taken over all sequence (x1, T, ... ), T1 < 29 < ... < xp, 2 € J. We
need a variation v(f) for f € L} , the set of all equivalence classes of real-valued, m-integrable
functions on /.

Let BV = {f € L} :v(f) < 400}, where v(f) = inf{V;f* : f* is a version of f}. We define
for f € BV,

191, = [ 1f1am -+ o(2).

BV is a Banach space with norm ||.|,..
Note : Every f € BV has a version f* with minimal variation. This holds iff for every =y € I,
f(xo) € [lim  f~, hm 1,
=T x%xo

*

One-sided limit always exists for f*. In particular, we choose f* which is right-hand side

continuous.
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Proposition 3.3. For every f € BV we have,

(18) ViPf < A, -Vif+ Bn-|Ifll,

maxgeg Vi gn

where A, = |\ gn||. + maxxeg Vicgn < 1, for n sufficiently large, and B,, = (K)
m

Proof. We follow [19]. For f € BV we have,

(19) Py f(x Z f ),

yer—(

where,
1
(=) on UJGP(H) J

gn =
0, elsewhere

Let P(™ be a partition of I corresponding to 7". Then,
Pof= Y Pul(f-xu),
Jep(n)

which gives,

ViPef < 3 ViPer(f - x0).

Jep)

We notice that for J € P™ we have,

Poo(f - xa)o i) = D (" (15 () - ga(r; " (75 (2))) - xs (757 (75 (2)))

Jep(n)
= f(2) - ga(®) - xu(2),

since 7| is monotonic. We have,

ViPen(f - x5) = Vi(f - gn - x3) = Vi(f - gn).

Taking summation on both sides we get,

Z ViPo (f - x7) Z Vi(f-gn) =Vi(f - gn).

Jepn) Jep )

Let Q be a finite partition of /. Then we know,

(20) Vi(f-gn) =D Vi(f - gn),

KeQ
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and
@1 Vielf - 0) < Ve lgalloo + 1 - Xl - Vico,
1
(22) If - xrlle < m(K) /dem’ + Vi f.
Using (21) and (22) in (20) we get,
Vi(f-gn) < Z(VKf'||9 I +; / fdm"VKg + Vi [ Vkyg )
n) = 7l oo m(K) " n n |

KeQ

maxgegQ VKgn

23 < . . .
23) <Vif gl + POTEI f, + max Vicg, - Vi,
. maxXgeg VKgn )

We know from Richlik’s paper [19], that for every € > 0 there exist a finite partition say Q such
that
Vig < :
max Vg < [lgllo + ¢
The result will still be true if we replace ||g||., < 1by ||g,||,, < 1forsomen > 1. For0 <e <1

we can find n > 1 such that 2 - ||g,|| . + € < 1. Hence,
19nll + tax Vign <2 |gnlloe +€< 1.

Finally we have,

maxxeo Vi gn

where A,, = (||gn|]oO + maxgeo VKgn)> <land B,, = m(K) O
Lemma 3.4. (1) For every ¢ > 0, the set ' = {f € L,, : || f||, < ¢} is compact in L},.

(2) (BV,|I.l,) is a Banach space.

(3) BV is dense in L. .

Proof. This is proved in Keller’s paper [|14]. U

Corollary 3.5. If T is piecewise convex then for some n > 1 and f € BV, we have

[Prn flly < 7= [Lf1l + C - 1y

where r € (0,1) and C > 0.
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Proof. We know for f € BV,

11, = [ ldm-+ () = £l + o)

So,

(24) [P flly = ([P flly + v (P f) < Il 4 0(Pren ).
Since f* is a version of f € L} , for ¢ > 0, Proposition 3.3 holds for f* as well. Hence,
and
Vifr<w(f) +e
Since P.» f* is a version of P.» f we have,
< An(o(f) +€) + Bn - || f1]:-
From (24) we get,
[P fll, < fIly + A - 0(f) + B - [f]l; + An - €,
< An-[flly + A4 Bo)lflly + An -6
since € > ( is arbitrary, by choosing r = A,, and 1 + B,, = C, we get the desired result. U

The properties of the operator P, and of the space BV which we proved in (3.3),(3.4) and

(3.5) allow us to use an ergodic theorem of Ionescu-Tulcea and Marinescu [7]].

Theorem 3.6. Let (X, ||.|| ) be a Banach space which is a linear subspace of (Y, ||.||y-) such
that if f,, € X, ||fullx < K issuch that f, — finY = f e Xand|f|y < K. Let C(X)

be the class of bounded linear operators with image in X satisfies the following conditions: (1)
There exists H > 0 such that | P"||y < H,Vn € N.

(2) There exists two positive constants 0 < r < 1 and R > 0 such that,

IPfllx <7 fllx + &=y

whenever f € X.
(3) P(B) is compact in'Y for every bounded B € (X, ||.|| y).

Then every P € C(X) has a finite number of eigenvalues {c1, ca, c3...c, } of modulus 1 with finite
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dimensional eigenspaces {Ey, E», ...E,}, and

pr = zp:cyﬂ + 5"

i=1

where, if {V,;}i—1 2, ,, Vo are projections relative to the splitting,

X:éEZ@Eo,

i=1
P, =PoV,;and ||S"||yx = O(q") for some q € (0,1).

Above theorem helps us to understand the behaviour of P,. For the conclusion of the theorem
to hold it is enough that some iterate of P satisfies conditions (1) — (3). The spaces BV =
X, L} =Y and operator P, = P satisfy the assumptions of Ionescu-Tulcea and Marinescu [7].
Hofbauer and Keller [4,/14] were the first to use this theorem for proving the quasi-compactness
of P, and the existence of ACIM for 7. Before we use Theorem 3.6, we prove exactness of 7

with ACIM.

Lemma 3.7. Let 7 : [0,1] — [0, 1] satisfies Definition 2.1. Then there exists the unique
normalized absolutely continuous T invariant measure (1. The dynamical system ([0, 1], B, u; 7)

d
is exact and the density h = d—u is bounded and decreasing.
x

Proof. We follow [16] closely. The proof is based on Theorem 2 of [16], which states that the
existence of a lower function is sufficient for the existence of ACIM and the exactness of the
system. The map 7 satisfies conditions (1), (2) and (3) of Definition 2.1. We have proved in
Lemma 2.5 that S is dense in [0, 1]. Let 15 be the characteristic function of an interval

A = [dy, d;] whose end points belong to the set S. We claim that for sufficiently large n, P*1x
is a decreasing function. We have proved that any iteration of 7 satisfies the properties (1), (2)

and (3) of Definition 2.1, in particular, we have proved that Ti(”)

1S piecewise convex on

I = (agn), bgn)> an element the partition P corresponding to 7 and 7" <a(”)> = 0. This

3 2

implies that [X‘ (agn)’bgn)> - Gn) (Ti(”)> (x) - X (algn),bin)) (x), is a non-increasing function on

[0, 1], since g, is non-increasing as the reciprocal of the derivative of a convex function. We can

see that,

{agn), bgn), ag”), bén), ..... a(n), bgn)} = TﬁnJrl {CLl, b17 as, bg, cn bi7 } .

Because by the definition of the points agn), bg”) they are the preimages of the original partition
points. This shows that every next partition is a partition of the previous one, i.e., they are finer

and finer. Since dy, dy € S there is an integer ng sufficiently large such that d; belongs to the
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partition {agn), bg , Qg ), b2 ool } for n > ng. The Frobenius-Perron operator for

7" 18
Prf(r)= Y fWomly

yeT " (x)

In particular, for f = 1A and n > ny we have,

Pria(@) = Y galv)-x, (1) (y)-
yer—n(x) ‘
Since 7" (]Z-(")> is of the form (0 T (b(n)> ) , PI'1 1s non-increasing as a sum of
non-increasing functions. Now, let D, be a subset of L}n consisting of all functions of the form

o0

f({L') - ZcilAivci Z Oa

i=1
where the endpoints of the intervals A; belong to S. Since S is dense in [0, 1], the set Dy is
dense in L}n. Now, we construct a lower function for P,. Let f € Dy. There exists ng = ng(f)
such that P f is non-increasing for n > ny. By part (2) of Proposition 2.3 for any 7 € T, P,
preserves the cone of non-increasing functions [2]. In particular we have P! f(z) < 1/x for

n > ng. Now, using this estimate and Proposition 2.3 we get,
PIf(0) = PA(PPf(0)) < a- PPf(0) + D.

where o < 1 and D are defined as in Proposition 2.3 for both cases. Using an induction

argument we get,

Prf(0) < o PRF(O) + o

Let K =1+ L. For sufficiently large n, say n > ny, We have P” f(0) < K.
Define h = 51(0,1/2K). We will prove,

P f(z) > h(z) forn > n;.

By contradiction, if there exist zo € [0, 1/(2K)] such that P f () < h(zy) = % then,

o ! 1 1
1:/ PT”fdx—l—/ PT”fda:<:E0P7"f(0)+(1—x0)PT”f(x0)§2—-K+§
0 o

Which is not possible. Hence P f(x) > h(x) for n > n;. O

Lemma 3.7 implies that the only eigenvalue of P of modulus 1 is 1 and that it’s eigenspace is

one dimensional. With Theorem 3.6 this gives the following :
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Theorem 3.8. For a piecewise convex map T with countable number of branches, it’s
Frobenius-Perron operator P; is quasi-compact on the space BV. More precisely, we have
(1) P.: L} — Ll has 1 as the only eigenvalue of modulus 1.

(2)Set Ey ={f €Ll | P.f = f} C BV and E, is one dimensional.

(3) P, = U + @, where U represents the projection on eigenspace Ey, | V||, < 1and Q is a
linear operator on L} with Q(BV) C BV, sup |Q"||, < coand Q - ¥ = 0.

(4) Q(BV) C BV and, considered as a linezlne’ﬁperator on (BV,||.|,), Q satisfies

1Q"|, < H -q" (n > 1) for some constants H > 0 and 0 < q < 1.

Proof. The results 1 to 4 are direct consequences of lonescu-Tulcea and Marinescu ergodic

Theorem [[7] and Lemma 3.7. ]

Quasi-compactnes of P, implies several important ergodic properties for the system (7, ;1) such
as exponential decay of correlation, Central Limit Theorem and many other problestic

consequences, see [4./14].

e Weak Mixing: Since 1 is the only eigenvalue of P, with modulus 1 and the
corresponding eigenspace is one-dimensional, the system (7, i) does not have any
non-trivial periodic components. This implies that (7, 1) is weakly mixing and has
several important statistical and ergodic properties, including:

e Exponential Decay of Correlations: For functions of bounded variation, the
correlation function decays exponentially fast. This means that for any two observables

f,g € BV, there exist constants C' > 0 and p < 1 such that:

\ [rgorau— [san | gdu' < Cfllsv gl mva™

e Central Limit Theorem: The system satisfies the Central Limit Theorem, meaning the
sum of observations (properly normalized) converges in distribution to a normal
distribution. Specifically, for a function f € BV with [ fdu = 0, the sequence of
partial sums S, = >.7" f o 7' satisfies:

Sn d
— 5 N(0,07
\/ﬁ ( Y g ) )

where o2 is the variance given by:

1
o? = lim — [(S,)*du.

n—oo N,
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The CLT states that the normalized partial sums j—% converges in distribution to a

normal distribution A/ (0, 02) as n — oo.
e Almost Sure Invariance Principle (ASIP): Let 7 € T, let i be its ACIM, and let

[ € BV be areal-valued function such that [ f du = 0. For some 1 < s < oo, define

the sequence of partial sums:

The variance o2 is given by the absolutely convergent series:

02:/f2du+22/f- (fOTk)d,u.
k=1
Assume o2 # 0. Then the following holds:
(1) The integral of S(t)?* satisfies:

/S(t)Qdu =t-0>+0(1).
(2) The normalized partial sums satisfy a central limit type approximation:

S(t) ) 1 z _ 2/2
PV ) 2?/2 4
,u(g\/%_z o 7006 T

for some 6 > 0.

sup
z€R

= 0(),

(3) Without changing the distribution, one can redefine the process (S(t)):>o on a richer

probability space together with a standard Brownian motion (B(t));>o such that:
o'+ S(t) = B(t)| = O(t™"/?)  p-almost everywhere.

The ASIP indicates that the process S(t) can be coupled with a standard Brownian
motion B(t) in such a way that their paths remain close almost surely, with an error
term that decays as t~'/2. This result leverages the mixing properties and the
structure of the Frobenius-Perron operator to establish a strong approximation.

e Other Probabilistic Properties: 1 is the equilibrium state for log g on I, i.e.,

h(p) + /log gdp = sup{h(v) + /log gdv| v is a T-invariant probability on [ },

where h(v) is the entropy of (7, v).
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Note 3.9. No result in this paper implies that the invariant measure is supported on the whole

interval |0, 1], even when map 7 is onto. We can see this on the example of the map

2 if v€10,1/4);
T(x) =920 —-1/2 if z€[1/4,1/2);
2x — 1 if ©e1/2,1].
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