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INVARIANT MEASURES

ABRAHAM BOYARSKY, PAWEL GORA, AND ZHENYANG LI

ABSTRACT. Let I = [0,1] and let P be a partition of I into a finite number
of intervals. Let 71, 72;1 — I be two piecewise expanding maps on P. Let G
C I x I be the region between the boundaries of the graphs of 71 and 2. Any
map 7 : I — I that takes valuesin G is called a selection of the multivalued map
defined by G. There are many results devoted to the study of the existence of
selections with specified topological properties. However, there are no results
concerning the existence of selection with measure-theoretic properties. In this
paper we prove the existence of selections which have absolutely continuous
invariant measures (acim). By our assumptions we know that 71 and 7o possess
acims preserving the distribution functions FO) and F®. The main result
shows that for any convex combination F' of FO) and F® we can find a map
n with values between the graphs of 71 and 7o (that is, a selection) such that
F' is the n-invariant distribution function. Examples are presented. We also
study the relationship of the dynamics of our multivalued maps to random
maps.

Department of Mathematics and Statistics, Concordia University, 1455 de Maison-
neuve Blvd. West, Montreal, Quebec H3G 1M8, Canada

E-mails: abraham.boyarsky@concordia.ca, pawel.gora@concordia.ca, zhenyange-
mail@gmail.com.

1. INTRODUCTION

Multivalued maps have application in economics [3], modeling, and rigorous
numerics [8] and in dynamical systems [1, 2]. The objective of this note is to study
multivalued maps whose graphs are defined by single valued maps 7 and 79, which
are in the class 7 of piecewise expanding, piecewise C? maps from I into I. We
refer to 71, 7 as the lower and upper boundaries of the graph G C I x I. Since
71 and 7o are in 7, they possess acims with probability density functions (pdf),
f1 and fo. Any map 7 : I — I that takes values in G is called a selection of the
multivalued map defined by G. There has been much research devoted to the study
of the existence of selections with specified topological properties. However, the
existence of selections with acims has not been studied. In this paper we prove the
existence of such selections.

Motivating examples are presented in Section 2. The first example shows that if
the class of transformations is restricted only to the graphs of the lower and upper
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boundary maps 71 and 7, that is, G consists only of the graphs of these two maps,
then there is no transformation that has pdf equal to a convex combination of f;
and fs. In the second example, we construct a selection with desired properties in
the case where the upper and lower boundary maps are piecewise linear.

In Section 3 we describe the construction of selections with acims when the
boundary maps of G are tent like. In Section 4 we present the main result. We
assume that the lower and upper boundary maps are in 7 and have invariant
distribution functions F(*) and F®). If, for 0 < X\ < 1, the convex combination
F = F®M 4+ (1= X\)F® is a homeomorphism of the unit interval, then there exists
a piecewise monotonic selection 7, 71 < 1 < 79, preserving the distribution function
F.

In Section 5 we present an approach to finding selections based on conjugation: if
71 is piecewise linear and the 75 is conjugated to 7 then, for any convex combination
fof fi and fo we can find a map 7 with values between the graphs of 7 and T
such that f is the invariant pdf associated with 7. In fact, 7 is also a conjugacy
of 7. In Section 6 we study the relationship between the dynamics of multivalued
maps and random maps. In particular, we consider a multivalued map consisting
of two graphs, and show that in general the statistical long term behaviour of
an arbitrary selection of the multivalued map cannot be achieved by a position
dependent random map based on the maps defining the multivalued map. A number
of positive examples are also presented.

2. MOTIVATING EXAMPLES

Let us consider a multivalued map T with lower boundary map 71 and upper
boundary map 12 as in Figure 1. If 71 preserves a density fi and 7o preserves a
density fo, then we ask whether for any convex combination f = A- fi + (1 —=A) - fa,
0 < A <1, we can find a selection of T" which preserves the density f. We present
a counterexample showing that if T = {7y, 72} (T is two-valued), then it may be
impossible.

Example 1.
Let
%x, O§x<%;
3 1
)4z -1, 5 S x <3
Tl(x)_ 4 3 1 5.
—4r+3, ST <
—3r+3, <z <l,
and
3x, O§x<%;
3 1 1 1.
_Jartu §ST<3;
() = 3 7 1 5.
3Tt 1 ST <g
—3x + 3, 2<z<l

The invariant densities are f; = %X[0,1/2] + %X[l/zl] and fo = %X[O,1/2] + %X[l/zl],
correspondingly. Thus, the Lebesgue measure density is a convex combination of
fiand fo, 1 = % i+ % - fo. In order for a two branch map 7 to leave Lebesgue
measure invariant, it is necessary to satisfy

[ @)+ (@) = 1,
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F1GURE 1. Two valued map of Example 1

at the preimages 7; *(2) and 7, !(x) of every point 2, which is impossible.
Example 2.

Again, consider the two maps of Example 1. If we allow at least one of the
branches of the map 7 to be between the maps 73 and 75, then we can achieve
the invariance of Lebesgue measure. For example, the map given below preserves
Lebesgue measure. Its graph is shown in Figure 1 using dashed lines.

7-2(:E)5 OS$<%3
Tx)=4-3z+3, $<a<i
3 3 4

3. SELECTIONS FOR SPECIAL CASE OF TENT-LIKE MAPS

We assume that both maps 71, 72 are increasing on [0,1/2] and decreasing on
[1/2,1] and have values 0 at 0 and 1, 1 at 1/2. We do not assume that the lower map
71 is conjugated to the upper map 5. Let us assume that 7 preserves measure piq
and 7o preserves measure fio, not necessarily absolutely continuous. Let F(1), F(2)
be the distribution functions of measures 1, us, respectively (F'(z) = p;([0,x]),
i=1,2). Let p = Apr +(1—=A)pz, 0 < A < 1, and let F be the distribution function
of u:

Fla) = u((0,2)).



4 A. BOYARSKY, P. GORA, AND Z. LI

We are looking for a map 7 satisfying 71 < n < 7 that preserves the distribution
function F' (or equivalently measure p).

We introduce the function s : [0,1/2] — [1/2, 1], which relates the branches 11, 72
of n. Let
(1) na2(w) = m (s~ (x))-
The Frobenius-Perron operator of 7 is given by

(PyF) (z) = F(ny ' (2)) + 1 = Fny ' (x)).
Thus the fixed point of this operator is given by
F(z) = F(n; ' (x)) + 1= F(ny ' (2)),
or
F(m(z)) = F(z) +1 = F(s(2)),
or
F(s(2)) = 14 F(2) = F(m(2)),

which allows us to find s once 7, is given:
(2) s(z) = F7H(1+ F(2) = F(m(2))).
Thus, once we construct 7, satisfying 711 < 1 < 721 we obtain 7, and have to
check if it satisfies the required inequalities. We will show that 77; can be chosen in
such a way that the graph of 7, is between the graphs of 7 and 7o.

Let us assume
(3) o1 S ST
which is equivalent to 711 <1 <791, and
(4) F=XFWY 4 (1-)NF®?,

The fixed points of the Frobenius-Perron operators for 71 and 75 yield

F(l)( ) = F(l)(Tl 1( ))+1_F(1)(71 2( )
FO(z) = FA(ry](2)) + 1 - FO(r;5 (),

or
FO (3 (2) = FY(r{(2) +1 - FW(x),
(5) FO (735 (z)) = F®(ry 1 (x)) + 1 —F(Q)(x)
F(ny ' (x)) = F(ny H(2)) +1 = F(x),
where we have also included the foregoing fixed point equation for n. We want to

show that
o (@) <yt (x) < 755 (),
or, equivalently, that

(6) F(r5(2)) < F(ny ' (2)) < F(155(2)).
First, we will show that it is possible to choose 1y in such a way that
(7) F(15(x)) < Fny ' (2).

Using (4) and (5) we obtain the following inequalities, all of which are equivalent
to (7).

8) AP (@) + (1= NFO (13 (2)) < Pl (2) + 1 - F(a),
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AFOG @) + 1= FO@)] + (1= NFO(r 3 ()
SAFD (@) + (1 = NFE () +1 = AFW(2) - (1 - N FO (),
(10) AFD (i (@) + (1= N FE (713 (x))
<AFD (7 (@) + (1= NFE (i (2) = (1= NIFP (@) - 1].

Using (5), we obtain

(11)
AFO (ry { (2)) + (1 = N F® (71 5 ()

< AFD (@) + (1= NFO () = (1)) [F(2)(T£11($)) - F(2)(T£§($))} ,

or,

MFO @) = PO )] + (1= 0 [FO (51 @) - FO 0 (2)]
< (1= [FO(r33(@) - FA (3 (@)

which is also equivalent to (7). Since 7. , > Ty 5 the right hand side of (12) is

(12)

positive, independent of the choice of 7;. Since 75 11 <mn < Ty, 11, the first term
on the left hand side is positive (and zero for n; = 711) and the second term is
negative. This shows that there is an interval I; (x) touching 71 1(z) such that if we
choose 71 (z) in this interval, then the inequality (12) and thus (7) will be satisfied.

Now, we will show the second part of (6), i.e., that it is possible to choose 7; in
such a way that

(13) F(1y7(2)) < F(rg()).

As above, we manipulate (13) to obtain

(1=X) [FO0 (@) - FO 3} @) + 2 [FO@ (@) - FO (7} @)
<A [FO (g3 (@) - FO(r 3 @)] -

Since 7, | 21 > Ty 21 the right hand side is positive, independent of the choice of 7;.

(14)

Since 7, 11 <ny < Ty 11, the first term on the left hand side is positive (and zero
for my = 72,1) and the second term is negative. This shows that there is an interval
I>(z) touching 72 1(x) such that if we choose 71(x) in this interval, the inequality
(14) and thus (13) will be satisfied.

Now, we will show that there exists an n; satisfying inequalities (3), (12) and
(14). Note that the left hand size of (12) is equal to minus the left hand side of
(14), while both right hand sides are positive. We choose 7; such that the left hand
side of (12) ( and also of (14)) is 0. Then, both inequalities are satisfied. This is
possible, at least if we assume that F(1), F(2) are continuous.

We now solve for 7, as follows:

AFD (it (@) + (1= NFP (7 (@) = (1= NF® (751 (2) + AFD (1 | (2)),
which implies that
Fn (@) = (1= NFP (75 (2)) + APV (7 (),

or

(15) mt@) = P (1= NFO (534 (@) + AFO (i (2))
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assuming F' is strictly increasing.
Now we show that 7;(x) defined by equation (15) satisfies assumption (3), i.e.,
the graph of 7; is located between the graphs of 71 ; and 75 ;. First,

7'21( )<771 ()

is equivalent to

(@) < P (1= NFO (] () + AFD (7 (0))
thus,
F(ry i (@) < (1= NF® (r5{(2)) + AP (71} (),
or
AR (731 (@) + (1= NFP (73] () < (1= NFO (751 (2)) + \FD (77 (2)),
or
FO (71 (2)) < FO (7] (2)),
which is true since 72,1(x) > 71,1(z) and both are increasing. On the other hand,
ny(2) < 7y (@)

is equivalent to

F (1= NFO (g (@) + AFO(r (@) ) < 7

(1= NFP(r5 1 (@) + APV (i} (2)) < F(rp 1 (@),
(1= NF® (7, (@) + APV (7 {(2)) < AFD(ry (2)) + (1= N F (7 (@),

FO(ry1(x)) < FO(r{(x)),
which is true by the same reason as in the first case.
Note that n;(x), defined by equation (15), is increasing and continuous since all
the functions defining 7, (x) are increasing and continuous. Also,

0 (0) = F71 (1= NF@(r71(0) + AFD (1 (0))) = F7(0) =0,

nrt (1) = 7 (= NFO(r (1) - AFD (1 (1)) = F7H(F(1/2)) = 1/2.
Actually, for the tent like map we are considering, it is not necessary to assume
that the maximum is achieved at 1/2, it can be any point in (0, 1).

4. MAIN RESULT
Our main result is the following theorem.

Theorem 1. Let us consider a multivalued map from the unit interval into itself
whose lower and upper boundary maps 71 and Ty are piecewise monotonic, their
invariant distribution functions F(Y and F®) are continuous, and for any 0 < A <
1, the convex combination F = AFM) 4 (1 — \)F®) is a homeomorphism of the
unit interval. Then, there exists a piecewise monotonic selection n, 11 < 1 < To,
preserving the distribution function F.
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Proof. We assume that the partition points for 7 and 75 are the same: ag = 0 <
a1 <ag <---<am=1 Let I; =[aj_1,a5],j =1,2,3,...,m. On each interval I;,
T, 1= Ti] 1, and 7y = To| ;, share the same monotonicity, where we understand
71,; and 71 ; as the natural extensions of branches of 7, and 72, respectively.

For any interval [a,b] C [0, 1], given a monotone continuous function A : [a, b] —
[0, 1] (not necessarily onto), we define its extended inverse as follows. Let

h™** = max {h(x)|z € [a,b]},
and

R = min {h(z)|z € [a,b]}.
If 1 is increasing, then its extended inverse is defined as

a, for x € [0, h™];
h=Y(z) =S h='(z) , for x € [P0, pmax);
b, for x e [p™ 1].

If 1 is decreasing, then its extended inverse is defined as

b, for x € [0, hM];
h=Yz) =< h1(z), for z € [pmin, pmax],
a, for x e [p™ 1].

We define the extended inverse of each branch of n by

(16) 0y (@) = F~ (AFO (@) + (1= NF@(r5 [ (2)))

where 7 = 1,2,3,...,m. The function 7 defined in this way, after the vertical
segments are removed, has the same number of branches as 7 and 75, and each
branch of it has the same monotonicity as the corresponding branches of the bound-

ary maps.
First, we show that the graph of 7 is located between the graphs of 71 and 7».
For some j € {1,2,...,m}, we will show this for the case when 7 ; and 7 ; are

increasing. The proof for the case when 7 ; and 7 ; are decreasing is similar. We
need to show:

which is equivalent to

or, using (16),
AFO (L @)+ (1 - NFO (7 L)
<AFO (7 H@)) + (1= N F@ (3 Hx))

< AFO(r (@) + (1 = NFO (7 ] (2)),

. . 1 1 . . .
which is true, because 7, ; (z) < 7y ;(z) since 71 ; and 72 ; are increasing.
Now, for any x € [0, 1], using the previous notation, we have

- — —_—r

7 1([0,2]) = Iy " (@)t (@),
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(0.2 = Ul @) i) @),
7 (0.2 = Ulra] (@) 75 @),

where the bars over inverses of maps n=1, 7 ! and Ty ! imply that the extended

inverses are used for each branch. Note that all the three maps have the same
monotonicity for each corresponding branch. Moreover, for some z, the intervals
appearing on the right hand side of the above preimages may only contain one point.

. — —_—
For example, if x € [0, 77"}"], where j € {1,2,...,m}, then Tfjl (x) = Tfjl (x) =
aj_1 when 7 ; is increasing.

For the maps 7 and 79, the Frobenius-Perron equation implies

: e !
P =Y [F (@) - F (7R @)
Jj=1
i=1,2.
Using (16) and the fact that 7, 71 and 7 have the same monotonicity on each
interval I;, j € {1,2,...,m}, we have

Fn " (@) - F (njll(x)> = WFO (7] @)+ (1= NF@ (5] (@)

- (T @)+ a-nre (@)
[ T @) - (7))
v [P (77 @) - (7Tw)]

Thus, denoting the measure corresponding to F' by p, we have

WOt a)) = SF (57 @) - F (77 )

Jj=

= )\i [F(l)( )) F(l)( » (@)]

Jj=1

™ —r —
+(1-X) Z [F(Q) (Tfjl (x)) -F® (7'1,]-1 (35))]
j=1
= MY@)+1-NFO@) = F(z),
which implies that the map 1 defined in (16) preserves F. This completes the
proof. (I

We construct an example as follows. Let ¢1 and 2 be homeomorphisms of [0, 1]
onto itself defined by

222, for 0 <x < 1/2;
p1(z) = 2
1-2(1—-2)*, forl/2<z<1,
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1_

0.5

FIGURE 2. Invariant distribution functions F("), F(?) and F.

(2) = —1+3VI+16z, for0<z<1/2;
P = (e + (@ +1)), forl/2<z<1.

Define the maps 7 = <pf1 oSop; and 75 = <p51 0S50y, where S is the tent map.
The graphs of 7 and 75 are shown in Figure 3. The invariant distribution function
for 71 is F(1) = ¢, and the invariant distribution function for 75 is F(?) = ¢,
(Corollary 1). Let A = 3/4 and F = A\F(1) (1 —X)F®). The distribution functions

are shown in Figure 2. In Figure 3 we show the selection 7 constructed using formula
(16).

5. ANOTHER METHOD OF PARTIALLY SOLVING THE PROBLEM

In this section we generally assume that lower and upper boundary maps 7 and
79 are conjugated and use this conjugation to construct a selection. The following
result is well known.

Proposition 1. Let 71 and 1o be interval [0, 1] maps preserving densities f1 and
f2, correspondingly, and conjugated by a diffeormorphism (or at least absolutely
continuous homeomorphism,) h:

T =h"tomoh.
Then,

fa=(fioh)-|I].
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0.5

FIGURE 3. Transformations 71, 75 and 7.

Corollary 1. If 1 is the tent map, then
f2 = |h/|a

or equivalently
hz) = + / Fa(b)dt.
0

Proposition 2. Let 71 be a piecewise linear Markov map of [0, 1] onto itself pre-
serving density f1. (This means that there is a partition P such that P = {I;}}—,
and 11(1I;) is a union of consecutive elements of P for any 1 < j < mn. Then, fi
is piecewise constant fi = Y ., ¢;ixr, [4].) Let 72 be a map conjugated to 7 by a
diffeomorphism (or at least an absolutely continuous homeomorphism) h preserving
the partition P,

T =h"tomoh.

Then, 1o preserves the density
n
2= |h/| 'ZCiXIia
i=1

and

"1
W=f2-> X
i=1
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Proof. We have

n n

fo=(froh)-[W| =Y cixr,oh-|W|=[W|> cxr.

=1 i=1

2/3

173

0 173 2/3 1

FIGURE 4. Piecewise linear Markov map 7 and the conjugated
map To.

Let us now consider a more general multivalued map 7" with lower boundary map
71 and upper boundary map 7o as in Figure 4. The map T is typically infinitely
valued: T'(x) = [r(x), 2(x)], z € [0, 1]. If 71 preserves a density fi and 7 preserves
a density fo, then we ask if, for any convex combination f = A- fi + (1 — A) - fo,
0 < A <1, we can find a selection of T" which preserves the density f. We give
conditions under which this holds.

Theorem 2. Let 71 be a piecewise linear Markov map (on partition P) of [0, 1]
onto itself preserving the density fi = Y ., cix1,. Let 72 be a map conjugated to 1
by an increasing absolutely continuous homeomorphism h preserving the partition
P, that is,

To=h"tomoh.
Let the density fo be T2 invariant. Then, for any convex combination f = X- f1 +
(1=X): fa, 0 < A< 1, we can find a selection of T which preserves the density f.
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Proof. By Proposition 2 we have |h/| = fo- 3" | Zx/,. Assuming that & is increas-
ing

o
N

T n 1
h(z) = Y —xr, ()dt.
@)= [ 203
Using Proposition 2 again, if we define the following conjugation
g(x) = Jg JO) - X Sxn®dt =[5 (A fi(t) + (1= A) - f2(0) - S0 S (tdt
= Jy (V1 =N (L0 T xan () ) de = A a4 (1= X) - h(@),

then 7 = g=! o 7y o g preserves the density f. Note, g is also increasing.

We will prove that 71 < 7 < 75. Consider x € I, € P. Let 3 =1 — \. The
function 7 is piecewise linear on I;, so 71 (Az + fy) = Ari(x) + Bri(y), x,y € L.
First, we will prove that 71 < 7 or equivalently g o 73 < 73 0 g. For = € I; we have

9(m(z)) = A (x) + Bh(m(x)) < A (z) + B (h(x)) = T1(g(2)).

We used the inequality h o7y < 71 o h which is equivalent to 7y < h lor oh = 1.
Now, we prove that 7 < 75 or that g7! o7 0 g < 7 or, equivalently, that
7109 < goTe. Again, we consider z € I;:

m1(9(x)) = (A + Bh(z)) = A1 (z) + Bri(h(z)).
We also have
g(m2(2)) = A2 (2) + Bh(12(2)) = Ara(z) + Bh(h ™! (11 (h(2)))) = Ao + Bri (h(x)).
Since 71 < 75 the proof is complete. O
Example 3.

In this example we show existence of a selection 7 in a situation when the lower
boundary map is not onto. Let us consider the tent map

To(x) =1-2x —1/2|,

and
422 , for 0 <z < 1/4,
90— 1/4  for1/4<z<1/2,
M@= op i1 for1/2 <0 < 34,
4(1 — z)? , for3/4 <z <1,

shown in Figure 5.
The invariant densities are fo = 1 for 2 and f1 = 2x[1/4,3/4) for 72. For any
0 < A <1 their convex combination is

F=M1+ 0 =XN)fa= 1= Nxj0,1/403/4,1) + (L 4+ N)X[1/4,3/4]-

We are looking for the selection 7 satisfying m < 7 < 75 and preserving f. We
must have 7(0) = 7(1) = 0 since both 7 and 72 satisfy these conditions. We also
must have 7(1/2) = 1 since f is supported on the whole [0, 1]. We will look for a
symmetric map 7.
For z € [0,1/4], we have
1—A 1—A
SOOI N (1N
P @)| | @)
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1
0.8
0.6
0.4+
/ \
0.2
0 . . . .
0 0.2 0.4 0.6 0.8 1

FIGURE 5. Maps 71, 72 and map 7 we are looking for.

or

1 1
+

1 - .
r@)] @)

Thus, by symmetry of 7:
[7'(z)] =2, for x € [0,77)(1/4)] UL - 757 (1/4),1].

For z € [1/4,7(1/4)], we have

1-A 1-A

1=y 0=y
P @)| |G @)
which, by symmetry of 7, implies

[7'(@)] = 2(1 = N)/(1+X), for @ € [r;)(1/4),1/4]U [3/4,1 - 75 (1/4)].

For z € [1(1/4),3/4], we have

(1+A)=

(142X n 1+ X)
P @) |G @)
which, by symmetry of 7, implies

[7'(x)] =2, for w € [1/4,757(3/4)]U[1 -7 (3/4),3/4].

(1+A)=

3
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1
0.8
0.6
0.4+
yd ™~
0.2
0 . . . .
0 0.2 0.4 0.6 0.8 1

FIGURE 6. Map 7 for A =1/2.

For z € [3/4,1], we have
(14X N (14X
P @) |G @)
which, by symmetry of 7, implies
[7'(2)] = 2L+ X)/(1 = X), for € [r7(3/4),1 -7y (3/4)].

In Figures 6 and 7 we present graphs of 7 for A = 1/2 and A = 1/10. The slopes
are 2,2/3,2,6 for the first and 2,18/11, 2,22/9 for the second.

(1—2) =

3

6. MULTIVALUED MAPS AND RANDOM MAPS

We define a random map to be a finite collection of maps as follows: let R =
(11,72, ..., TK; P1,D2, - - -, DK ), Where T are maps of an interval, py are position
dependent probabilities which are assumed to be measurable, pg(xz) > 0 for k =
1,2,...., K and Zszl pr(xz) = 1. At each step, the random map R moves the point
x to Ti(x) with probability py(z). For fixed {71, 72,..., 7k}, R can have different
invariant probability density functions, depending on the choice of the (weight)
functions {p1,p2,...,px}. Let fr be an invariant density of 7, k = 1,..., K.
It is shown in [5, 7] that for any positive constants ai, k = 1,..., K, satisfying
Zszl ar, = 1, there exists a system of weight probability functions p1, ..., px such
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0.8

0.6

0.4

0.2

FIGURE 7. Map 7 for A = 1/10.

that the density f = a1f1 + -+ ax fx is invariant under the random map R =
{m1,...,7k;p1,--.,PK }, where

ay fr
arfi+- - +arxfk
(It is assumed that 0/0 = 0.)

Let us now consider a multivalued map consisting of a lower boundary map 7
and an upper boundary map 7o, with density functions f; and fs, respectively.
Let f be any convex combination of f; and fs. Then, by the foregoing result, we
can construct a position dependent random map on the graphs of 7 and 7, whose
unique pdf is f.

A related problem is to consider a piecewise expanding selection having density
function f; can we find a probability function p(x) such that the resulting random
map R = (71, 72;p,1 — p) has f as its density function?

In general this problem does not have a positive solution (see Example 4 below).
However, in many cases the solution can be found. A simple example of this
situation can be shown from 7 and 75 of Example 1. Let us consider the triangle
map, 7, whose graph fits in between the graphs of 7 and 75. It can be shown that
R = (71, 72;0.75,0.25) has Lebesgue measure as its invariant measure.

Another, more general result in this direction can be established by considering
71 to be a piecewise linear Markov map where 75 is conjugated to 71 by g(x) =
Az + (1= MA)h(x), where h conjugates the upper map 7o to the lower map 7;. Then 7

Pr = L k=1,2,... K

3
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has pdf f which is a convex combination of f; and f». Hence by the main result of
[7], we know that there exists a position dependent random map R = (71, 72;p, 1 —p)
which has f as its pdf.

Example 4.

We consider the semi-Markov ([6]) piecewise linear maps
4

3T, for 0<3:<20, 16z , for 0<3:<20,
T1(x) = 1635——, for %§x<g, To(x) = %3:4—%, for %§x<5
5z (mod) 1, for + <z <1, 5z (mod) 1, for +<z<1,

whose graphs are shown in Figure 8. For the selection 7 we choose the map 7(z) =
52 (mod 1) preserving Lebesgue measure.

W

0.4

0.2

FIGURE 8. Boundary maps in the counterexample

We will show that there is no solution, i.e., there is no position dependent random
map based on 7y, 72 that preserves Lebesgue measure.

Let us counsider p;(x), non-constant, on [0,1/5] (the values on [1/5, 1] are not
important). Let ¢, = 7, " on [0,1/5], 1 = 75 " on [0,1/5], ¢y = 7,5 =75 " on
[(i —1)/5,i/5],% =2,3,4,5. The Frobenius-Perron operator of R is

(17)

(Prf) (@) = 2pr(61(2)) F(61 (@) X015 +

- (1 - p1 @) W @)xp/9

16
+ 26 (1) D )Xt sa751 + 15 (1= s () S @)/,

4 2 (G ()01 ()xiago + 5 (1= (W @)) T @)

+ 2 (F(ga(e)) + FB3() + F(9a(2) + F(65(2)).
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0.8

0.6

0.4

0.2

0 0.05 0.10 0.15 0.20
x

FIGURE 9. Maps 71, 72 on interval [0,1/5] (not to scale).

If we assume that f =1 is preserved by Pg, then equation (17) reduces to

1 3 1
= = 1 (@@ + 75 (1= 21 (1(2) Xpo.1/5

16
(13) + 2 (@ @)X 5475+ 75 (= P X
1 3
+ 1gP1(01(@)X1y5.01 + 7 (1= pr(¥1(@))xias5,)-

We introduce a map 7o; : [0,1/5] — [0,1/5], 721 = 75 "o 71, (see Fig. 10) defined
by

1 3.

E.I y for OS$< 207

— 11 3 15
7'21(y)— .I—% y for %S$< 307
11 15 1

122 — 5 for 30 S x S 5

We assume that the solution p; exists and is a probability, i.e., its values are
between 0 and 1. In particular it is defined on the interval [1/80,4/80] and on
interval [12/80,15/80]. Let us consider equation (18) for = € [1/5,4/5]. We have

1 1

(19) £ = 1en(61() + 7o (1= pi( ()
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16/80
/
/
/
/
/
/
/
/
/
/
y /
4/80 y
/
/
/
11804 / 15/80
0 T T T T
0 1/80 4/80 12/80 16/80
X

FIGURE 10. The map 72; on [0,1/5].

or, substituting = ¢ ' (y), ¥ € [12/80, 15/80],
11

(20) £ = 1eni) + 1o (- (67 ()

Using the equality 101 = 1 o (;5;1, this can be rewritten as

piy) = 5 + 21 (1 0).

Note that 721([12/80,15/80]) = [1/80,4/80]. Whatever are the values of p; on
[1/80,4/80], this implies that the values on [12/80,15/80] are strictly larger than
1. This contradicts the assumptions on p;.

Acknowledgment: The authors are grateful to an anonymous reviewer for
detailed comments which greatly improved the presentation of the paper.
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