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wi t h( pl ot s) : Di gi t s: =100: i nt er f ace( di spl aypr eci si on=6) : wi t h
( l i nal g) :

N: =8;

bb: =vect or ( N+1, [ ] ) : #f or  pr i nt i ng onl y = b[ ]
bet a: =vect or ( N, [ ] ) :

al pha: =vect or ( N, [ ] ) :
gamm: =vect or ( N, [ ] ) : #hei t hs of  l ower  ends of  hangi ng br anches
                     # al pha[ i ] +gamma[ i ] <1   ! ! ! ! ! ! !
                     #i f  gamma[ i ] >0 
#Map #1
al pha[ 1] : =1: bet a[ 1] : =2. 9: gamm[ 1] : =0:

al pha[ 2] : =0. 5: bet a[ 2] : =4: gamm[ 2] : =0. 0: # 
al pha[ 3] : =0. 5: bet a[ 3] : =2. 9: gamm[ 3] : =0. 2:  #
al pha[ 4] : =1: bet a[ 4] : =2. 5: gamm[ 4] : =0:  #  
  

i : =' i ' :
bet a_const : =sum( al pha[ i ] , i =1. . N/ 2) ;
i : =' i ' :
f or  j  f r om 1 t o N/ 2 do
bet a[ j ] : =bet a_const ;
od:
#Map #2
f or  i  f r om 1 t o N/ 2 do
al pha[ N- i +1] : =al pha[ i ] ;
bet a[ N- i +1] : =bet a[ i ] ;
gamm[ N- i +1] : =1- al pha[ i ] - gamm[ i ] ;
od;
f or  i  f r om 1 t o N do
al pha[ i ] : =al pha[ i ] / 2;
gamm[ i ] : =gamm[ i ] / 2;
od;
f or  i  f r om N/ 2+1 t o N do
gamm[ i ] : =gamm[ i ] +0. 5;
od;

pr i nt ( ` al pha =` , al pha) ;
pr i nt ( ` bet a =` , bet a) ;
pr i nt ( ` gamma =` , gamm) ;
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gamm[ 6] : =gamm[ 6] - 0. 1;
pr i nt ( ` gamma =` , gamm) ;

b[ 1] : =0:
f or  j  f r om 1 t o N do
b[ j +1] : =b[ j ] +al pha[ j ] / bet a[ j ] :
 od:  i : =' i ' :
b[ N+1] : =1:  
ag: =vect or ( N, [ ] ) :
al : =vect or ( N, [ ] ) :
a: =vect or ( N, [ ] ) :
c: =vect or ( 2* N, [ ] ) :
f or  j  f r om 1 t o N do
bb[ j ] : =b[ j ] ;
ag[ j ] : =bet a[ j ] * b[ j ] ;
al [ j ] : =- 1+bet a[ j ] * b[ j +1] ;
od:
bb[ N+1] : =1:
f or  j  f r om 1 t o N do
a[ j ] : =ag[ j ] - gamm[ j ] ;
 od:

pr i nt ( ` b =` , bb) ;
pr i nt ( ` ag =` , ag) ;
pr i nt ( ` al  =` , al ) ;
pr i nt ( ` a =` , a) ;
pr i nt ( ` gamma =` , gamm) ;

# ag shows maxi mal  di gi t  ( gr eedy)
#  al  shows mi ni mal  di gi t  ( l azy)   #### i f  ag[ j ] =al [ j ]  t hen  j  i s
ont o br anch and t her e i s
                                                             # 
no choi ce t her e
# a shows di gi t s assi gned aut omat i cal l y usi ng t he vect or  U:  U( j )
=1 l azy
#                                                          U( j ) =
0 gr eedy
# we can assi gn di gi t  a ar bi t r ar i l y bet ween mi ni mum and maxi mum 
and t hen put  2 i nt o vect or  U 

# Now we wi l l  name poi nt s c[ i ]  ( t her e i s KK + number  of  2' s i n U
poi nt s c[ i ] )
# and cr eat e a vect or s si dec[ ] ,  i neqc[ ] , si gnc[ ]  whi ch shows t he 
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char act er  of  t he poi nt  c[ i ]
Kc: =0: # new number  of  c poi nt s
f or  j  f r om 1 t o N do i f  al pha[ j ] <1 t hen Kc: =Kc+1 f i  od:
f or  j  f r om 1 t o N do i f  ( gamm[ j ] >0 and al pha[ j ] +gamm[ j ] <1)  t hen 
Kc: =Kc+1 f i  od:
pr i nt ( ` Kc =` , Kc) ;
c: =vect or ( 2* N, [ ] ) :
si dec: =vect or ( 2* N, [ ] ) : # 1 l ef t  ( use uT) ,  0 r i ght  ( use T)
j _of _c: =vect or ( 2* N, [ ] ) : # shows t he i ndex of  t he i nt er val  
associ at ed wi t h c

cj : =1: # t hi s i s t he new i ndex f or  c poi nt s
f or  j  f r om 1 t o N do
i f  ( al pha[ j ] <1 and gamm[ j ] =0)  t hen   c[ cj ] : =b[ j +1] ;  si dec[ cj ] : =
0; j _of _c[ cj ] : =j ; cj : =cj +1 f i ;
i f  ( al pha[ j ] <1 and gamm[ j ] +al pha[ j ] =1)  t hen  c[ cj ] : =b[ j ] ;  si dec
[ cj ] : =1; j _of _c[ cj ] : =j ; cj : =cj +1 f i ;
i f  ( gamm[ j ] >0 and gamm[ j ] +al pha[ j ] <1)  t hen  c[ cj ] : =b[ j ] ;  si dec
[ cj ] : =1; j _of _c[ cj ] : =j ; cj : =cj +1 ;
                    c[ cj ] : =b[ j +1] ;  si dec[ cj ] : =0; j _of _c[ cj ] : =j ;
cj : =cj +1 f i ;
od:

pr i nt ( ` c =` , c) ;
pr i nt ( ` si dec =` , si dec) ;
pr i nt ( ` j _of _c =` , j _of _c) ;

ui nt _of _x: =x- >pi ecewi se( x<b[ 2] , 1, # Thi s f unct i on needs addi t i ons
by hand f or  
                                  # N>9 .  Aut omat hi c pr ocedur e 
causes pl ot t i ng pr obl ems
                                  # but  i s used i n ot her  
pr ogr ams
                       x<b[ 3] , 2,
                       x<b[ 4] , 3,
                       x<b[ 5] , 4,
                       x<b[ 6] , 5,
                       x<b[ 7] , 6,
                       x<b[ 8] , 7,
                       x<b[ 9] , 8,
                       x<b[ 10] , 9,



                       x<b[ 11] , 10,
                            11) ;
i nt _of _x: =x- >pi ecewi se( x<=b[ 2] , 1, # Thi s f unct i on needs addi t i ons
by hand f or  
                                  # N>9 .  Aut omat hi c pr ocedur e 
causes pl ot t i ng pr obl ems
                                  # but  i s used i n ot her  
pr ogr ams
                       x<=b[ 3] , 2,
                       x<=b[ 4] , 3,
                       x<=b[ 5] , 4,
                       x<=b[ 6] , 5,
                       x<=b[ 7] , 6,
                       x<=b[ 8] , 7,
                       x<=b[ 9] , 8,
                       x<=b[ 10] , 9,
                       x<=b[ 11] , 10,
                            11) ;
x: =' x' :
uT: =x- >bet a[ ui nt _of _x( x) ] * x- a[ ui nt _of _x( x) ] ;
T: =x- >bet a[ i nt _of _x( x) ] * x- a[ i nt _of _x( x) ] ;
Tc: =vect or ( Kc+2, [ ] ) :
f or  j  f r om 1 t o Kc do
i f  si dec[ j ] =0 t hen   Tc[ j ] : =T( c[ j ] ) ;
            el se  Tc[ j ] : =uT( c[ j ] ) f i ;
od:

pr i nt ( ` Tc = ` ,  Tc) ;
 
#pl ot ( [ ' uT( x) ' , x, 0, 1, Tc[ 1] , Tc[ 2] ] , x=0. . 1, t hi ckness=[ 2, 1, 1, 1, 1, 1,
1] ) ;
pl ot ( [ ' T( x) ' , x, 0, 1, Tc[ 1] , Tc[ 2] ] , x=0. . 1, t hi ckness=[ 2, 1, 1, 1, 1, 1, 1,
1] ) ;

N := 8

βconst := 3.000000

α8 := 1

β8 := 3.000000

gamm8 := 0

α7 := 0.500000

β7 := 3.000000

gamm7 := 0.500000



α6 := 0.500000

β6 := 3.000000

gamm6 := 0.300000

α5 := 1

β5 := 3.000000

gamm5 := 0

α1 := 1
2

gamm1 := 0

α2 := 0.250000

gamm2 := 0.000000

α3 := 0.250000

gamm3 := 0.100000

α4 := 1
2

gamm4 := 0

α5 := 1
2

gamm5 := 0

α6 := 0.250000

gamm6 := 0.150000

α7 := 0.250000

gamm7 := 0.250000

α8 := 1
2

gamm8 := 0

gamm5 := 0.500000

gamm6 := 0.650000

gamm7 := 0.750000

gamm8 := 0.500000

alpha =,
1
2

0.250000 0.250000 1
2

1
2

0.250000 0.250000 1
2

beta =,

3.000000 3.000000 3.000000 3.000000 3.000000 3.000000 3.000000 3.000000



gamma =, 0 0.000000 0.100000 0 0.500000 0.650000 0.750000 0.500000

gamm6 := 0.550000

gamma =, 0 0.000000 0.100000 0 0.500000 0.550000 0.750000 0.500000

b =, 0 0.166667 0.250000 0.333333 0.500000 0.666667 0.750000 0.833333 1

ag =, 0.000000 0.500000 0.750000 1.000000 1.500000 2.000000 2.250000 2.500000

al =,

K0.500000, K0.250000, K1. 10-100, 0.500000, 1.000000, 1.250000, 1.500000, 

2.000000

a =, 0.000000 0.500000 0.650000 1.000000 1.000000 1.450000 1.500000 2.000000

gamma =, 0 0.000000 0.100000 0 0.500000 0.550000 0.750000 0.500000

Kc =, 10
c =, 0.166667, 0.250000, 0.250000, 0.333333, 0.500000, 0.500000, 0.666667, 0.750000, 

0.750000, 0.833333, c11, c12, c13, c14, c15, c16

sidec =, 0 0 1 0 0 1 1 0 1 1 sidec11 sidec12 sidec13 sidec14 sidec15 sidec16

j_of_c =,

1 2 3 3 4 5 6 6 7 8 j_of_c11 j_of_c12 j_of_c13 j_of_c14 j_of_c15 j_of_c16

uint_of_x := x/piecewise x ! b2, 1, x ! b3, 2, x ! b4, 3, x ! b5, 4, x ! b6, 5, x ! b7, 6, x

! b8, 7, x ! b9, 8, x ! b10, 9, x ! b11, 10, 11

int_of_x := x/piecewise x % b2, 1, x % b3, 2, x % b4, 3, x % b5, 4, x % b6, 5, x % b7, 6, x

% b8, 7, x % b9, 8, x % b10, 9, x % b11, 10, 11

uT := x/βuint_of_x x  xKauint_of_x x

T := x/βint_of_x x  xKaint_of_x x

Tc = , 0.500000, 0.250000, 0.100000, 0.350000, 0.500000, 0.500000, 0.550000, 0.800000, 

0.750000, 0.500000, Tc11, Tc12
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pl ot ( [ ' T( T( x) ) ' , x, 0, 1, Tc[ 1] , Tc[ 2] , Tc[ 3] ] , x=0. . 1, t hi ckness=[ 2, 1,
1, 1, 1, 1, 1, 1] ) ;
T( T( c[ 2] ) ) ;



(1)
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x
0 0.2 0.4 0.6 0.8 1.0

0

0.2

0.4

0.6

0.8

1.0

0.250000

ud: =vect or ( 50) : Di gi t s: =100; NN: =50; #Expansi on wi t h var i abl e 
sl opes
d: =vect or ( 50) :
xx: =c[ 1] ;
xxt : =xx:
bet : =1:
f or  i  f r om 1 t o NN do
bet : =bet / bet a[ ui nt _of _x( xxt ) ] ;
ud[ i ] : =a[ ui nt _of _x( xxt ) ] ;
udb[ i ] : =a[ ui nt _of _x( xxt ) ] * bet ;
xxt : =uT( xxt ) ;
od:

xxt : =xx:
bet : =1:
f or  i  f r om 1 t o NN do
bet : =bet / bet a[ i nt _of _x( xxt ) ] ;
d[ i ] : =a[ i nt _of _x( xxt ) ] ;
db[ i ] : =a[ i nt _of _x( xxt ) ] * bet ;
xxt : =T( xxt ) ;
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od:
pr i nt ( ud) ;
uI s_i t _x: =eval f ( sum( udb[ j 1] , j 1=1. . NN) ) ;
pr i nt ( d) ;
I s_i t _x: =eval f ( sum( db[ j 1] , j 1=1. . NN) ) ;
t er r : =xx- uI s_i t _x;
er r : =xx- I s_i t _x;

Digits := 100
NN := 50

xx := 0.166667
0.500000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 

0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 
0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 
0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 
0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 
0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 
0.000000

uIs_it_x := 0.166667
0.000000, 1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 

1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 
1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 
1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 
1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 
1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 1.000000, 
1.000000

Is_it_x := 0.166667
terr := 0.000000

err := 6.96478 10-25

NN: =70; chi : =( x1, x2, t ) - >pi ecewi se( t <x1, 0, t <=x2, 1, 0) ;
uchi : =( x1, x2, t ) - >pi ecewi se( t <x1, 0, t <x2, 1, 0) ;

#Expansi on of  c1,  c2 . . .  and al l  t he S' s

f or  i  f r om 1 t o Kc do
xxt : =c[ i ] ;  
bet : =1:
     f or  n f r om 1 t o NN+1 do
      i f  si dec[ i ] =1 t hen i nt x: =ui nt _of _x( xxt )  el se i nt x: =
i nt _of _x( xxt )  f i ;
        bet _r eal : =bet ;
        bet : =bet / bet a[ i nt x] ;



        dcb[ i , n] : =a[ i nt x] * bet ;
        
       i f  si dec[ i ] =0 t hen
            f or  i i  f r om 1 t o Kc do
                 i f  xxt >c[ i i ] +10^( - 12)  t hen cc[ i , i i , n] : =1*
bet _r eal  el se cc[ i , i i , n] : =0 f i ;
            od;
            i f  i nt x=1 t hen Sc[ i , n] : = 0
                        el se Sc[ i , n] : =sum( 1/ ( bet a[ j 7] ) , j 7=1. .
i nt x- 1) * bet _r eal  f i ;
            #bc[ i , n] : =b[ i nt x] * bet _r eal ;
            ################
                   el se
            f or  i i  f r om 1 t o Kc do
                 i f  xxt <c[ i i ] - 10^( - 12)  t hen cc[ i , i i , n] : =1*
bet _r eal  el se cc[ i , i i , n] : =0 f i ;
            od;
             i f  i nt x=N t hen Sc[ i , n] : = 0
                        el se Sc[ i , n] : =sum( 1/ ( bet a[ j 8] ) , j 8=
i nt x+1. . N) * bet _r eal  f i ;
            #bc[ i , n] : =b[ i nt x+1] * bet _r eal ;
     f i ;
     val c[ i , n] : =xxt ;
     bet c[ i , n] : =bet _r eal ;
     i f  si dec[ i ] =1 t hen 
                   Roundi ng: =i nf i ni t y:
                   xxt : =uT( xxt )  
                  el se 
                    Roundi ng: =0;
                   xxt : =T( xxt )
     f i ;
      Roundi ng: =near est :
     od:
I s_i t _x: =sum( dcb[ i , j 1] , j 1=1. . NN) ;
od;

f or  i  f r om 1 t o Kc do
S[ i ] : =eval f ( sum( Sc[ i , j 21+1] , j 21=1. . NN) ) ;
#sum_b[ i ] : =eval f ( sum( bc[ i , j 2+1] , j 2=1. . NN) ) ;
od;
f or  i  f r om 1 t o Kc do
f or  j  f r om 1 t o Kc do
SS[ i , j ] : =eval f ( sum( cc[ i , j , j 1+1] , j 1=1. . NN) ) ;

pr i nt ( ` SS[ ` , i , j , ` ]  =` , SS[ i , j ] ) :
od; od:



NN := 70

χ := x1, x2, t /piecewise t ! x1, 0, t % x2, 1, 0

uchi := x1, x2, t /piecewise t ! x1, 0, t ! x2, 1, 0
xxt := 0.166667

bet := 1
Is_it_x := 0.166667

xxt := 0.250000
bet := 1

Is_it_x := 0.250000
xxt := 0.250000

bet := 1
Is_it_x := 0.250000

xxt := 0.333333
bet := 1

Is_it_x := 0.333333
xxt := 0.500000

bet := 1
Is_it_x := 0.500000

xxt := 0.500000
bet := 1

Is_it_x := 0.500000
xxt := 0.666667

bet := 1
Is_it_x := 0.666667

xxt := 0.750000
bet := 1

Is_it_x := 0.750000
xxt := 0.750000

bet := 1
Is_it_x := 0.750000

xxt := 0.833333
bet := 1

Is_it_x := 0.833333
S1 := 0.625000

S2 := 0.166667

S3 := 1.064103

S4 := 0.350000



S5 := 0.625000

S6 := 0.500000

S7 := 0.450000

S8 := 1.017901

S9 := 0.166667

S10 := 0.500000

SS[, 1, 1, ] =, 0.500000
SS[, 1, 2, ] =, 0.500000
SS[, 1, 3, ] =, 0.500000
SS[, 1, 4, ] =, 0.500000
SS[, 1, 5, ] =, 0.000000
SS[, 1, 6, ] =, 0.000000
SS[, 1, 7, ] =, 0.000000
SS[, 1, 8, ] =, 0.000000
SS[, 1, 9, ] =, 0.000000
SS[, 1, 10, ] =, 0.000000
SS[, 2, 1, ] =, 0.500000
SS[, 2, 2, ] =, 0.000000
SS[, 2, 3, ] =, 0.000000
SS[, 2, 4, ] =, 0.000000
SS[, 2, 5, ] =, 0.000000
SS[, 2, 6, ] =, 0.000000
SS[, 2, 7, ] =, 0.000000
SS[, 2, 8, ] =, 0.000000
SS[, 2, 9, ] =, 0.000000
SS[, 2, 10, ] =, 0.000000
SS[, 3, 1, ] =, 0.346154
SS[, 3, 2, ] =, 0.346154
SS[, 3, 3, ] =, 0.346154
SS[, 3, 4, ] =, 0.500000
SS[, 3, 5, ] =, 0.500000
SS[, 3, 6, ] =, 0.500000
SS[, 3, 7, ] =, 0.500000
SS[, 3, 8, ] =, 0.500000
SS[, 3, 9, ] =, 0.500000
SS[, 3, 10, ] =, 0.500000
SS[, 4, 1, ] =, 0.350000
SS[, 4, 2, ] =, 0.350000
SS[, 4, 3, ] =, 0.350000



SS[, 4, 4, ] =, 0.350000
SS[, 4, 5, ] =, 0.000000
SS[, 4, 6, ] =, 0.000000
SS[, 4, 7, ] =, 0.000000
SS[, 4, 8, ] =, 0.000000
SS[, 4, 9, ] =, 0.000000
SS[, 4, 10, ] =, 0.000000
SS[, 5, 1, ] =, 0.500000
SS[, 5, 2, ] =, 0.500000
SS[, 5, 3, ] =, 0.500000
SS[, 5, 4, ] =, 0.500000
SS[, 5, 5, ] =, 0.000000
SS[, 5, 6, ] =, 0.000000
SS[, 5, 7, ] =, 0.000000
SS[, 5, 8, ] =, 0.000000
SS[, 5, 9, ] =, 0.000000
SS[, 5, 10, ] =, 0.000000
SS[, 6, 1, ] =, 0.000000
SS[, 6, 2, ] =, 0.000000
SS[, 6, 3, ] =, 0.000000
SS[, 6, 4, ] =, 0.000000
SS[, 6, 5, ] =, 0.000000
SS[, 6, 6, ] =, 0.000000
SS[, 6, 7, ] =, 0.500000
SS[, 6, 8, ] =, 0.500000
SS[, 6, 9, ] =, 0.500000
SS[, 6, 10, ] =, 0.500000
SS[, 7, 1, ] =, 0.000000
SS[, 7, 2, ] =, 0.000000
SS[, 7, 3, ] =, 0.000000
SS[, 7, 4, ] =, 0.000000
SS[, 7, 5, ] =, 0.000000
SS[, 7, 6, ] =, 0.000000
SS[, 7, 7, ] =, 0.450000
SS[, 7, 8, ] =, 0.450000
SS[, 7, 9, ] =, 0.450000
SS[, 7, 10, ] =, 0.450000
SS[, 8, 1, ] =, 0.500000
SS[, 8, 2, ] =, 0.500000
SS[, 8, 3, ] =, 0.500000
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SS[, 8, 4, ] =, 0.500000
SS[, 8, 5, ] =, 0.500000
SS[, 8, 6, ] =, 0.500000
SS[, 8, 7, ] =, 0.487037
SS[, 8, 8, ] =, 0.450000
SS[, 8, 9, ] =, 0.450000
SS[, 8, 10, ] =, 0.116667
SS[, 9, 1, ] =, 0.000000
SS[, 9, 2, ] =, 0.000000
SS[, 9, 3, ] =, 0.000000
SS[, 9, 4, ] =, 0.000000
SS[, 9, 5, ] =, 0.000000
SS[, 9, 6, ] =, 0.000000
SS[, 9, 7, ] =, 0.000000
SS[, 9, 8, ] =, 0.000000
SS[, 9, 9, ] =, 0.000000
SS[, 9, 10, ] =, 0.500000
SS[, 10, 1, ] =, 0.000000
SS[, 10, 2, ] =, 0.000000
SS[, 10, 3, ] =, 0.000000
SS[, 10, 4, ] =, 0.000000
SS[, 10, 5, ] =, 0.000000
SS[, 10, 6, ] =, 0.000000
SS[, 10, 7, ] =, 0.500000
SS[, 10, 8, ] =, 0.500000
SS[, 10, 9, ] =, 0.500000
SS[, 10, 10, ] =, 0.500000

MM: =mat r i x( Kc, Kc, [ ] ) :
MMM: =mat r i x( Kc, Kc, [ ] ) :
f or  i  f r om 1 t o Kc do
f or  j  f r om 1 t o Kc do

MM[ i , j ] : =- SS[ j , i ] ;
MMM[ i , j ] : =- SS[ j , i ] ;
od; od;
pr i nt ( ` MM = ` , MM) ;
pr i nt ( ` det  MM = ` , det ( MM) ) ;
pr i nt ( 1/ bet a[ j _of _c[ 5] ] ) ;



pr i nt ( ` ei genval ues MM =` , ei genval ues( MM) ) ;
pr i nt ( ` 1/  aver age bet a = ` , 1/ ave_bet a) ;
ei genvect or s( MM) ;
ve: =vect or ( Kc, [ ] ) :
f or  i  f r om 1 t o Kc do
ve[ i ] : =1;  

MMM[ i , i ] : =MMM[ i , i ] +1. 0;
od:

pr i nt ( ` MMM =` , MMM) ;
pr i nt ( ` det  MMM = ` , det ( MMM) ) ;
pr i nt ( ve) ; _t : =' _t ' ;

DD: =l i nsol ve( MMM, ve) ;
sum( ( S[ i i 7] - 1/ bet a[ j _of _c[ i i 7] ] ) * DD[ i i 7] , i i 7=1. . Kc) - ( 1- sum
( 1/ bet a[ i 8] , i 8=1. . N) ) ;
MMMv: =concat ( MMM, ve) ;
Mg: =gaussel i m( MMMv) ;

MM = , K0.500000, K0.500000, K0.346154, K0.350000, K0.500000, K0.000000, 
K0.000000, K0.500000, K0.000000, K0.000000 , 
K0.500000, K0.000000, K0.346154, K0.350000, K0.500000, K0.000000, K0.000000, 
K0.500000, K0.000000, K0.000000 , 
K0.500000, K0.000000, K0.346154, K0.350000, K0.500000, K0.000000, K0.000000, 
K0.500000, K0.000000, K0.000000 , 
K0.500000, K0.000000, K0.500000, K0.350000, K0.500000, K0.000000, K0.000000, 
K0.500000, K0.000000, K0.000000 , 
K0.000000, K0.000000, K0.500000, K0.000000, K0.000000, K0.000000, K0.000000, 
K0.500000, K0.000000, K0.000000 , 
K0.000000, K0.000000, K0.500000, K0.000000, K0.000000, K0.000000, K0.000000, 
K0.500000, K0.000000, K0.000000 , 
K0.000000, K0.000000, K0.500000, K0.000000, K0.000000, K0.500000, K0.450000, 
K0.487037, K0.000000, K0.500000 , 
K0.000000, K0.000000, K0.500000, K0.000000, K0.000000, K0.500000, K0.450000, 
K0.450000, K0.000000, K0.500000 , 
K0.000000, K0.000000, K0.500000, K0.000000, K0.000000, K0.500000, K0.450000, 
K0.450000, K0.000000, K0.500000 , 
K0.000000, K0.000000, K0.500000, K0.000000, K0.000000, K0.500000, K0.450000, 
K0.116667, K0.500000, K0.500000

det MM = , 0



0.333333

eigenvalues MM =, K2.129984, 0.364784, 1.06887 10-13, 0.169046, K1.000000, K2.63418 10-9,

2.63418 10-9, 9.02699 10-17, 0.000000, 0.000000

1/ average beta = , 1
ave_beta

0.000000, 3, K4.533276, K2.25000 10-98, K2.25000 10-98, 3.974304, 1.751264, 1.751264, 

K0.324308, K1.26000 10-98, K1.26000 10-98, K1.459387 , 4.533276, 2.25000 10-98, 

2.25000 10-98, K3.974304, K1.751264, K1.751264, 0.324308, 1.26000 10-98, 1.26000 10-98, 

1.459387 , K0.920208, K5.80449 10-99, K4.72495 10-99, 0.565040, 0.524680, 

0.524680, K0.097163, K3.58527 10-99, K3.58527 10-99, K0.437233 , K2.72727 10-101,

1, K0.693638, K3.45300 10-99, K3.45300 10-99, 1.024483, K0.023500, K0.023500, 

0.403395, K2.08760 10-99, K2.08760 10-99, K0.339555 , 0.364784, 1, 0.139420, 
K0.376126, K0.376126, K0.217496, 0.634194, 0.634194, K0.077774, K0.086562, 
K0.086562, K0.047013 , 0.169046, 1, K0.630856, 0.322231, 0.322231, 0.028974, 

0.907647, 0.907647, K0.491267, K0.629100, K0.629100, K0.008855 , K1.000000,

1, K0.943423, K0.628949, K0.628949, K0.725710, K2.73835 10-35, K2.73835 10-35, 

0.652243, 0.628949, 0.628949, 0.733774 , 1.95811 10-100, 1, 0.920208, 

5.30000 10-99, 5.30000 10-99, K0.565040, K0.524680, K0.524680, 0.097163, 3.00000 10-99, 

3.00000 10-99, 0.437233 , K2.129984, 1, K0.686373, K0.555883, K0.555883, 
K0.596034, K0.272908, K0.272908, K0.617246, K0.606697, K0.606697, K0.654170

MMM =, 0.500000, K0.500000, K0.346154, K0.350000, K0.500000, K0.000000, K0.000000, 
K0.500000, K0.000000, K0.000000 , 
K0.500000, 1.000000, K0.346154, K0.350000, K0.500000, K0.000000, K0.000000, 
K0.500000, K0.000000, K0.000000 , 
K0.500000, K0.000000, 0.653846, K0.350000, K0.500000, K0.000000, K0.000000, 
K0.500000, K0.000000, K0.000000 , 
K0.500000, K0.000000, K0.500000, 0.650000, K0.500000, K0.000000, K0.000000, 
K0.500000, K0.000000, K0.000000 , 
K0.000000, K0.000000, K0.500000, K0.000000, 1.000000, K0.000000, K0.000000, 
K0.500000, K0.000000, K0.000000 , 
K0.000000, K0.000000, K0.500000, K0.000000, K0.000000, 1.000000, K0.000000, 
K0.500000, K0.000000, K0.000000 , 
K0.000000, K0.000000, K0.500000, K0.000000, K0.000000, K0.500000, 0.550000, 
K0.487037, K0.000000, K0.500000 , 
K0.000000, K0.000000, K0.500000, K0.000000, K0.000000, K0.500000, K0.450000, 

0.550000, K0.000000, K0.500000 , 



(4)

K0.000000, K0.000000, K0.500000, K0.000000, K0.000000, K0.500000, K0.450000, 
K0.450000, 1.000000, K0.500000 , 
K0.000000, K0.000000, K0.500000, K0.000000, K0.000000, K0.500000, K0.450000, 
K0.116667, K0.500000, 0.500000

det MMM = , K3.91984 10-34

1 1 1 1 1 1 1 1 1 1

_t := _t

DD := K0.997931, K0.665287, K0.665287, K0.767639, K1.54697 10-34, K1.54697 10-34, 

K1.384146, K1.334713, K1.334713, K1.557165
K0.124741

MMMv := 0.500000, K0.500000, K0.346154, K0.350000, K0.500000, 0.000000, 0.000000, 
K0.500000, 0.000000, 0.000000, 1 , 
K0.500000, 1.000000, K0.346154, K0.350000, K0.500000, 0.000000, 0.000000, 
K0.500000, 0.000000, 0.000000, 1 , 
K0.500000, 0.000000, 0.653846, K0.350000, K0.500000, 0.000000, 0.000000, 
K0.500000, 0.000000, 0.000000, 1 , 
K0.500000, 0.000000, K0.500000, 0.650000, K0.500000, 0.000000, 0.000000, 
K0.500000, 0.000000, 0.000000, 1 , 
0.000000, 0.000000, K0.500000, 0.000000, 1.000000, 0.000000, 0.000000, K0.500000, 

0.000000, 0.000000, 1 , 

0.000000, 0.000000, K0.500000, 0.000000, 0.000000, 1.000000, 0.000000, K0.500000, 

0.000000, 0.000000, 1 , 

0.000000, 0.000000, K0.500000, 0.000000, 0.000000, K0.500000, 0.550000, K0.487037, 

0.000000, K0.500000, 1 , 

0.000000, 0.000000, K0.500000, 0.000000, 0.000000, K0.500000, K0.450000, 0.550000, 

0.000000, K0.500000, 1 , 

0.000000, 0.000000, K0.500000, 0.000000, 0.000000, K0.500000, K0.450000, 
K0.450000, 1.000000, K0.500000, 1 , 
0.000000, 0.000000, K0.500000, 0.000000, 0.000000, K0.500000, K0.450000, 
K0.116667, K0.500000, 0.500000, 1

Mg := 0.500000, K0.500000, K0.346154, K0.350000, K0.500000, 0.000000, 0.000000, 
K0.500000, 0.000000, 0.000000, 1.000000 , 

0, 0.500000, K0.692308, K0.700000, K1.000000, 0.000000, 0.000000, K1.000000, 

0.000000, 0.000000, 2.000000 , 

0, 0, K1.538462, K0.400000, K2.000000, 0.000000, 0.000000, K2.000000, 0.000000, 

0.000000, 4.000000 , 

0, 0, 0, K1.300000, K1.500000, 0.000000, 0.000000, K1.500000, 0.000000, 0.000000, 



O 

3.000000 , 

0.000000, 0.000000, 0, 0, 1.500000, 0.000000, 0.000000, 3.48791 10-34, 0.000000, 

0.000000, K6.97581 10-34 , 

0.000000, 0.000000, 0, 0, 0, 1.000000, 0.000000, 2.32527 10-34, 0.000000, 0.000000, 

K4.65054 10-34 , 

0.000000, 0.000000, 0, 0, 0, 0, 0.550000, 0.012963, 0.000000, K0.500000, K6.97581 10-34

, 

0.000000, 0.000000, 0, 0, 0, 0, 0, 1.060606, 0.000000, K0.909091, K1.26833 10-33 , 

0.000000, 0.000000, 0, 0, 0, 0, 0, 0, 1.000000, K0.857143, K1.19585 10-33 , 

0.000000, 0.000000, 0, 0, 0, 0, 0, 0, 0, 8.95963 10-34, K1.39516 10-33

M2: =submat r i x( Mg, 1. . Kc, 1. . Kc) ; v2: =col ( Mg, Kc+1) ;
M2[ Kc, Kc] : =0: M2[ 5, 8] : =0: M2[ 6, 8] : =0: #M2[ 7, 8] : =0:
f or  i  f r om 5 t o Kc do v2[ i ] : =0;  od:
pr i nt ( M2, v2) ;
ei genval ues( M2) ;

DDo: =l i nsol ve( M2, v2) ;

M2 := 0.500000, K0.500000, K0.346154, K0.350000, K0.500000, 0.000000, 0.000000, 
K0.500000, 0.000000, 0.000000 , 

0, 0.500000, K0.692308, K0.700000, K1.000000, 0.000000, 0.000000, K1.000000, 

0.000000, 0.000000 , 

0, 0, K1.538462, K0.400000, K2.000000, 0.000000, 0.000000, K2.000000, 0.000000, 

0.000000 , 

0, 0, 0, K1.300000, K1.500000, 0.000000, 0.000000, K1.500000, 0.000000, 0.000000 , 

0.000000, 0.000000, 0, 0, 1.500000, 0.000000, 0.000000, 3.48791 10-34, 0.000000, 

0.000000 , 

0.000000, 0.000000, 0, 0, 0, 1.000000, 0.000000, 2.32527 10-34, 0.000000, 0.000000 , 

0.000000, 0.000000, 0, 0, 0, 0, 0.550000, 0.012963, 0.000000, K0.500000 , 

0.000000, 0.000000, 0, 0, 0, 0, 0, 1.060606, 0.000000, K0.909091 , 

0.000000, 0.000000, 0, 0, 0, 0, 0, 0, 1.000000, K0.857143 , 

0.000000, 0.000000, 0, 0, 0, 0, 0, 0, 0, 8.95963 10-34

v2 := 1.000000, 2.000000, 4.000000, 3.000000, K6.97581 10-34, K4.65054 10-34, 

K6.97581 10-34, K1.26833 10-33, K1.19585 10-33, K1.39516 10-33

0.500000, K0.500000, K0.346154, K0.350000, K0.500000, 0.000000, 0.000000, K0.500000, 



O 

(5)

O 

(6)

0.000000, 0.000000 , 

0, 0.500000, K0.692308, K0.700000, K1.000000, 0.000000, 0.000000, K1.000000, 

0.000000, 0.000000 , 

0, 0, K1.538462, K0.400000, K2.000000, 0.000000, 0.000000, K2.000000, 0.000000, 

0.000000 , 

0, 0, 0, K1.300000, K1.500000, 0.000000, 0.000000, K1.500000, 0.000000, 0.000000 , 

0.000000, 0.000000, 0, 0, 1.500000, 0.000000, 0.000000, 0, 0.000000, 0.000000 , 

0.000000, 0.000000, 0, 0, 0, 1.000000, 0.000000, 0, 0.000000, 0.000000 , 

0.000000, 0.000000, 0, 0, 0, 0, 0.550000, 0.012963, 0.000000, K0.500000 , 

0.000000, 0.000000, 0, 0, 0, 0, 0, 1.060606, 0.000000, K0.909091 , 

0.000000, 0.000000, 0, 0, 0, 0, 0, 0, 1.000000, K0.857143 , 

0.000000, 0.000000, 0, 0, 0, 0, 0, 0, 0, 0 ,

1.000000 2.000000 4.000000 3.000000 0 0 0 0 0 0

0.500000, 0.500000, K1.538462, K1.300000, 1.500000, 1.000000, 0.550000, 1.060606,
1.000000, 0.000000

DDo := _t1, 0.666667 _t1, 1. 10-99
C0.666667 _t1, 0.769231 _t1, K0.000000, K0.000000, 

K0.691358 _t1K2.074074, K0.666667 _t1K2.000000, K0.666667 _t1K2.000000, 

K0.777778 _t1K2.333333

_t [ 1] : =- 0. 5;
DDo1 : = Vect or [ r ow] ( 10,  { ( 1)  = _t [ 1] ,  ( 2)  = . 666667* _t [ 1] ,  ( 3)  =
. 666667* _t [ 1] ,  ( 4)  = . 769231* _t [ 1] ,  ( 5)  = - 0. ,  ( 6)  = - 0. ,  ( 7)  = 
- . 691358* _t [ 1] - 2. 074074,  ( 8)  = - . 666667* _t [ 1] - 2. 000000,  ( 9)  = 
- . 666667* _t [ 1] - 2. 000000,  ( 10)  = - . 777778* _t [ 1] - 2. 333333} ) ;
_t [ 1] : =- 1. 9;
DDo2 : = Vect or [ r ow] ( 10,  { ( 1)  = _t [ 1] ,  ( 2)  = . 666667* _t [ 1] ,  ( 3)  =
. 666667* _t [ 1] ,  ( 4)  = . 769231* _t [ 1] ,  ( 5)  = - 0. ,  ( 6)  = - 0. ,  ( 7)  = 
- . 691358* _t [ 1] - 2. 074074,  ( 8)  = - . 666667* _t [ 1] - 2. 000000,  ( 9)  = 
- . 666667* _t [ 1] - 2. 000000,  ( 10)  = - . 777778* _t [ 1] - 2. 333333} ) ;
DDo3: =vect or ( Kc, [ - 0. 943423, - 0. 628949, - 0. 628949, - 0. 725710, 0, 0,
0. 652243, 0. 628949, 0. 628949, 0. 733774] ) ;

_t1 := K0.500000

DDo1 := K0.500000, K0.333334, K0.333334, K0.384616, K0.000000, K0.000000, K1.728395, 
K1.666667, K1.666667, K1.944444

_t1 := K1.900000

DDo2 := K1.900000, K1.266667, K1.266667, K1.461539, K0.000000, K0.000000, K0.760494, 
K0.733333, K0.733333, K0.855555

DDo3 := K0.943423, K0.628949, K0.628949, K0.725710, 0, 0, 0.652243, 0.628949, 0.628949, 
0.733774

AA: =submat r i x( MM, 1. . Kc/ 2, 1. . Kc/ 2) ;



O 

(7)

O 

ei genval ues( AA) ;
AA: =submat r i x( MM, Kc/ 2+1. . Kc, Kc/ 2+1. . Kc) ;
ei genval ues( AA) ;

AA :=

K0.500000 K0.500000 K0.346154 K0.350000 K0.500000

K0.500000 K0.000000 K0.346154 K0.350000 K0.500000

K0.500000 K0.000000 K0.346154 K0.350000 K0.500000

K0.500000 K0.000000 K0.500000 K0.350000 K0.500000

K0.000000 K0.000000 K0.500000 K0.000000 K0.000000

K1.552824, 2.22045 10-16, 0.356670, 0.000000, 0.000000

AA :=

K0.000000 K0.000000 K0.500000 K0.000000 K0.000000

K0.500000 K0.450000 K0.487037 K0.000000 K0.500000

K0.500000 K0.450000 K0.450000 K0.000000 K0.500000

K0.500000 K0.450000 K0.450000 K0.000000 K0.500000

K0.500000 K0.450000 K0.116667 K0.500000 K0.500000

K1.616515, 0.216515, 1.40507 10-16, K2.87053 10-9, 2.87053 10-9

densi t y1: =pr oc( t )  l ocal  j , i ,  den;
                i : =' i ' :
                
               den: =1:
               f or  j  f r om 1 t o Kc do
               i f  si dec[ j ] =0 t hen
                 den: =den+ DDo1[ j ] * sum( ( chi ( 0, val c[ j , i 1+1] , t ) ) *
bet c[ j , i 1+1] , i 1=1. . 50)  f i ;

                i f  si dec[ j ] =1 t hen
                 den: =den+ DDo1[ j ] * sum( ( uchi ( val c[ j , i 1+1] , 1, t ) ) *
bet c[ j , i 1+1] , i 1=1. . 50)  f i ;
                 
               
                od;
               r et ur n den;
         end pr oc;  
densi t y2: =pr oc( t )  l ocal  j , i ,  den;
                i : =' i ' :
                #den: =sum( chi ( b[ i ] , b[ i +1] , t ) / bet a[ i ] , i =1. . N) ;
               den: =1:
               f or  j  f r om 1 t o Kc do
               i f  si dec[ j ] =0 t hen
                 den: =den+ DDo2[ j ] * sum( ( chi ( 0, val c[ j , i 1+1] , t ) ) *
bet c[ j , i 1+1] , i 1=1. . 50)  f i ;

                i f  si dec[ j ] =1 t hen



                 den: =den+ DDo2[ j ] * sum( ( uchi ( val c[ j , i 1+1] , 1, t ) ) *
bet c[ j , i 1+1] , i 1=1. . 50)  f i ;
                 
               
                od;
               r et ur n den;
         end pr oc;
densi t y3: =pr oc( t )  l ocal  j , i ,  den;
                i : =' i ' :
                #den: =sum( chi ( b[ i ] , b[ i +1] , t ) / bet a[ i ] , i =1. . N) ;
               den: =0:
               f or  j  f r om 1 t o Kc do
               i f  si dec[ j ] =0 t hen
                 den: =den+ DDo3[ j ] * sum( ( chi ( 0, val c[ j , i 1+1] , t ) ) *
bet c[ j , i 1+1] , i 1=1. . 50)  f i ;

                i f  si dec[ j ] =1 t hen
                 den: =den+ DDo3[ j ] * sum( ( uchi ( val c[ j , i 1+1] , 1, t ) ) *
bet c[ j , i 1+1] , i 1=1. . 50)  f i ;
                 
               
                od;
               r et ur n den;
         end pr oc;   
                       
#Nor mal i zi ng f act or
 
NC: =1:
f or  j  f r om 1 t o Kc do
i f  si dec[ j ] =0 t hen
 NC: =NC+DDo1[ j ] * sum( ( val c[ j , i 1+1] ) * bet c[ j , i 1+1] , i 1=1. . 50)  f i ;
i f  si dec[ j ] =1 t hen
NC: =NC+DDo1[ j ] * sum( ( 1- val c[ j , i 1+1] ) * bet c[ j , i 1+1] , i 1=1. . 50)  f i ;

 od:    
NC2: =1:
f or  j  f r om 1 t o Kc do
i f  si dec[ j ] =0 t hen
 NC2: =NC2+DDo2[ j ] * sum( ( val c[ j , i 1+1] ) * bet c[ j , i 1+1] , i 1=1. . 50)  f i ;
i f  si dec[ j ] =1 t hen
NC2: =NC2+DDo2[ j ] * sum( ( 1- val c[ j , i 1+1] ) * bet c[ j , i 1+1] , i 1=1. . 50)  f i ;

 od:            
NC3: =0:
f or  j  f r om 1 t o Kc do
i f  si dec[ j ] =0 t hen
 NC3: =NC3+DDo3[ j ] * sum( ( val c[ j , i 1+1] ) * bet c[ j , i 1+1] , i 1=1. . 50)  f i ;



i f  si dec[ j ] =1 t hen
NC3: =NC3+DDo3[ j ] * sum( ( 1- val c[ j , i 1+1] ) * bet c[ j , i 1+1] , i 1=1. . 50)  f i ;

 od:  
pr i nt ( ` NC = ` , NC) ;    
pr i nt ( ` NC2 = ` , NC2) ;   
pr i nt ( ` NC3 = ` , NC3) ;
NC: =i nt ( abs( densi t y1( t ) ) , t =0. . 1) ;
NC2: =i nt ( abs( densi t y2( t ) ) , t =0. . 1) ;
NC3: =i nt ( abs( densi t y3( t ) ) , t =0. . 1) ;      
     

pl ot ( [ - ( 1/ NC) * densi t y1( t ) , - ( 1/ NC2) * densi t y2( t ) , ( 1/ NC3) * densi t y3
( t ) ]
, t =0. . 1- 0. 000001, col or =[ bl ack, gr ey, gr ay] , t hi ckness=2, l i nest yl e=
[ sol i d, sol i d, dashdot ] ) ;

density1 := proc t
local j, i, den;

i := 'i';
den := 1;
for j to Kc do

if sidec j = 0 then

den := denCDDo1 j * sum chi 0, valc j, i1C1 , t * betc j, i1C1 , i1 = 1
..50

end if;
if sidec j = 1 then

den := denCDDo1 j * sum uchi valc j, i1C1 , 1, t * betc j, i1C1 , i1 = 1
..50

end if
end do;
return den

end proc
density2 := proc t

local j, i, den;

i := 'i';
den := 1;
for j to Kc do

if sidec j = 0 then

den := denCDDo2 j * sum chi 0, valc j, i1C1 , t * betc j, i1C1 , i1 = 1
..50

end if;



if sidec j = 1 then

den := denCDDo2 j * sum uchi valc j, i1C1 , 1, t * betc j, i1C1 , i1 = 1
..50

end if
end do;
return den

end proc
density3 := proc t

local j, i, den;

i := 'i';
den := 0;
for j to Kc do

if sidec j = 0 then

den := denCDDo3 j * sum chi 0, valc j, i1C1 , t * betc j, i1C1 , i1 = 1
..50

end if;
if sidec j = 1 then

den := denCDDo3 j * sum uchi valc j, i1C1 , 1, t * betc j, i1C1 , i1 = 1
..50

end if
end do;
return den

end proc
NC = , K1.067308
NC2 = , K1.115769
NC3 = , K0.032657

NC := 1.067308
NC2 := 1.115769
NC3 := 0.693053
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#check densi t y1 
#pr ei mages
f or  j 6 f r om 0 t o 9 do
y[ j 6] : =j 6/ 10+( 0. 1) * r and( ) / 10^12;
od:
f or  j 6 f r om 0 t o 9 do
f or  i 3 f r om 1 t o N do
pr e[ i 3] : =( y[ j 6] +a[ i 3] ) / bet a[ i 3] ;
od;
pl ot ( [ T( t ) , 0, 1, y[ j 6] ] , t =0. . 1,
col or =[ r ed, bl ack, bl ack, yel l ow] ) ;
su: =0:
f or  i 3 f r om 1 t o N do
i f  ( pr e[ i 3] >=b[ i 3]  and pr e[ i 3] <=b[ i 3+1] )  t hen
 su: =su+eval f ( densi t y1( pr e[ i 3] ) / bet a[ i 3] ) ;  
pr i nt ( i 3) ;
f i ;
od;
er r [ j 6] : =eval f ( densi t y1( y[ j 6] ) - su) ;
od;



f or  j 6 f r om 0 t o 9 do
pr i nt ( ` y =` , y[ j 6] ) ;
pr i nt ( ` er r [ ` , j 6, ` ] =` , er r [ j 6] ) ;
od;
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y =, 0.080019

err[, 0, ]=, 7.69231 10-9

y =, 0.142755

err[, 1, ]=, K4.29487 10-8

y =, 0.284262

err[, 2, ]=, 7.69231 10-9

y =, 0.341229

err[, 3, ]=, 7.69231 10-9

y =, 0.499642

err[, 4, ]=, 3.26923 10-8

y =, 0.538641

err[, 5, ]=, 5.83333 10-8

y =, 0.669461



O 

err[, 6, ]=, K3.70370 10-9

y =, 0.777301

err[, 7, ]=, K2.87037 10-8

y =, 0.873062

err[, 8, ]=, K3.70370 10-9

y =, 0.910651

err[, 9, ]=, K3.70370 10-9


