7> with(plots):Digits:=100:interface(di splayprecision=10):wth
(l'inalg):

> N =2;

bb: =vector (N#1,[]):#for printing only = Db[]
bet a: =vector (N, []):

al pha: =vector (N, []):

gamm =vector(N,[]): #heiths of | ower ends of hangi ng branches
# al pha[i]+gamma[i]<1 t!ititd
#i f gamma[i] >0

al pha[ 1] : =1: bet a[ 1] : =1. 8: gann{ 1] : =0. O:

al pha[ 2] : =1: beta[ 2] : =3: ganmn{ 2] : =0. 0: #

#al pha[ 3] : =0. 8: beta[ 3] : =-4: gam{ 3] : =0. 1: #

#al pha[ 4] : =1: bet a[ 4] : =- 5: gamm{ 4] : =0. O:

#al pha[ 5] : =1. 0: bet a[ 5] : =9: gann{ 5] : =0:

#al pha[ 6] : =0. 6: bet a[ 6] : =7: ganm{ 6] : =0. 2: #

#al pha[ 7] : =1. 0: beta[ 7] : =6: gamrm{ 7] : =0. 0: #

al pha[ N] : =0. 8: ganm{ N] : =0. 2:

i:="i":beta[N:=-al pha[]N/(1-sum(al pha[i]/abs(beta[i]),i=1..N1)
)

print( al pha =", al pha);

print( beta =, beta);

print( gamma =, ganm ;

[ T

bet a_const: =sum(al pha[i],i=1..N);
[ T

#for j from1l to N do

#betal[j]: =beta_const;

#od:

b[ 1] : =0:
for j from1l to N do
b[j+1]:=b[]j] +al pha[]j]/abs(betalj]):
od: i:="i"

b[ N+1] : =1:

ag: =vector (N, []
al : =vector (N, []
a: =vector(N,[])
c:=vector(N,[])

):
):




for j froml to N do

bb[j]:=b[]];

ag[j]:=beta[j]*b[]];

al [j]:=-1+betal[j]*b[] +1];

od:

bb[ N+1] : =1:

for j froml to N do

if beta[j]>0 then a[j]:=ag[j]-gam{|] else a[j]:=ag[j]-gam{]j]-
alphal[j] fi;

od:

print('b =", bb);
print( ag =", ag);
print( al =,al);
print('a =,a);

print( gamma =, ganm ;

# ag shows maximal digit (greedy)
# al shows mnimal digit (lazy) #### if ag[j]=al[j] then | is
onto branch and there is

#
no choice there
# a shows digits assigned automatically using the vector U U(j)
=1 | azy
# u(j)=
0 greedy
# we can assign digit a arbitrarily between m ni num and maxi num
and then put 2 into vector U

# Now we will name points c[i] (there is KK + nunber of 2's in U
points c[i])
# and create a vectors sidec[], ineqc[],signc[] which shows the

character of the point c[i]

Kc: =0: # new nunber of ¢ points

for j froml to Ndo if alpha[j]<l then Kc:=Kc+1 fi od:
for j froml to Ndo if (gamij]>0 and al pha[j]+gamm{j]<1) then
Kc: =Kc+1 fi od:

print( Kc = ,Kc);

c:=vector(2*N,[]):

sidec:=vector(2*N,[]):# 1 lower, O upper

| eftc:=vector(2*N,[]):# 1 left (use uT), O right (use T)
j_of c:=vector(2*N,[]):# shows the index of the interval
associated with c



cj:=1:# this is the new index for c points

for j froml to N do

if beta[j]>0 then

if (alpha[j]<1 and gammij]+al pha[j]=1) then «c[cj]:=b[]]; sidec
[cj]:=1;leftc[cj]:=1;

j_of _c[cjl:=j;cj:=cj+1 fi;
if (gamm{j]>0 and gammi{j] +al pha[j]<1) then <c[cj]:=b[j]; sidec
[cj]:=1;leftc[cj]:=1;

j _of c[cj]l:=j;cj:=cj+1 ;
c[cj]:=b[j+1]; sidec[cj]:=0;leftc[cj]:=0;

j_of c[cj]l:=j;cj:=cj+1 fi;
if (alpha[j]<1l and gamj]=0) then c[cj]:=b[j+1]; sidec[cj]:=
O;leftc[cj]:=0;

j_of c[cjl:=j;cj:=cj+1 fi;
end if;
if beta[j]<0 then
if (alpha[j]<1l and gamij]+al pha[j]=1) then <c[cj]:=b[]+1];
sidec[cj]:=1;leftc[cj]:=0;

j_of _c[cjl:=j;cj:=cj+1 fi;
if (gamm{j]>0 and gammij] +al pha[j]<1) then «c[cj]:=b[]]; sidec
[cj]:=0;leftc[cj]:=1;

j_of _c[cj]l:=j;cj:=cj+1 ;
c[cj]:=b[j+1]; sidec[cj]:=1;leftc[cj]:=0;

j_of clcj]:=j;cj:=cj+1 fi;
if (alpha[j]<1 and gamm{j]=0) then c[cj]:=b[j]; sidec[cj]:=0;
leftc[cj]:=1;

j_of c[cjl:=j;cj:=cj+1 fi;
end if;

od:

print('c =,c);

print( sidec =", sidec);
print( leftc = ,leftc);
print('j_of ¢ =,j_of _c);



ui nt _of _x: =x->pi ecewi se(x<b[2],1,# This function needs additions
by hand for
# N>9 . Automathic procedure
causes plotting probl ens
# but is used in other
progr ans
x<b[ 3], 2,
x<b[ 4], 3,
x<b[ 5], 4,
x<b[ 6], 5,
x<b[ 7], 6,
x<b[ 8], 7,
x<b[ 9], 8,
9);
i nt_of x:=x->pi ecewi se(x<=b[2],1,# This function needs additions
by hand for
# N>9 . Automat hic procedure
causes plotting probl ens
# but is used in other
pr ogr ans
x<=b[ 3], 2,
x<=b[ 4], 3,
Xx<=b[ 5] , 4,
x<=b[ 6], 5,
x<=b[ 7], 6,
x<=b[ 8], 7,
x<=b[ 9], 8,
9);
X:="x":
uT: =x->bet af ui nt _of x(x)]*x-a[uint_of x(x)];
T: =x->beta[int_of x(x)]*x-a[int_of x(x)];
Tc: =vector(Kc+2,[]):
for | froml to Kc do
if leftc[j]=0 then Tc[j]:=T(c[]j]);
else Tc[j]:=uT(c[j])fi;
od:
print(°Tc =, Tc);

plot(["uT(x)',x,0,1,Tc[1]],x=0..1,thickness=[2,1,1,1,1,1,1],
nunpoi nt s=1000) ;
plot(["T(x)",x,0,1,Tc[1]],x=0..1,thickness=[2,1,1,1,1,1,1,1],
nunpoi nt s=1000) ;



N:=2
B2 := -1.8000000000

alpha=, [ 1 0.8000000000 |
beta =, [ 1.8000000000 - 1.8000000000 ]

gamma =, [ 0.0000000000 0.2000000000 ]
Jeonst := 1.8000000000
b=, [ 0 0.5555555556 1 ]

ag 0.0000000000 -1.0000000000 ]
al

, [ 0.0000000000 - 2.8000000000 ]
a=, [ 0.0000000000 -2.0000000000 ]

gamma =, [ 0.0000000000 0.2000000000 ]
Kc=1

C:,[l c, C 04]
sidec =, [ 1 sidec, sidec, sidec, ]
leftc =, [ 0 leftc, leftc; leftc, ]

jof c=, [ 2 jof ¢, jof ¢ jofcg ]
uint_of x:= x—>piecewise(x <b, 1, x<bg 2,x<b, 3, x <bg4, x <bg5x<bh,6 X
<hbg, 7,x <by 8,9)
int_of x:= x—»piecewise(x <b, 1,x<bg2,x<b,3 x=<b;4 x<bg5x<b,6 X

< bg 7, x <y 8,9)

uT :=x—P X—a

uint_of_x(x) uint_of_x(x)

T:=x— Bint_of_x( X) X— aint_of_x(x)

Te=, [ 0.2000000000 Tc, Tc,
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ud: =vector (50): Di gi ts: =100; NN: =50; #Expansi on wi th vari abl e
sl opes

d: =vect or (50):

xx: =eval f (rand()/10712);
XXt @ =XX:

bet : =1:

for i from1 to NN do

bet : =bet / bet a[ ui nt _of x(xxt)];
ud[i]:=aluint_of x(xxt)];
udb[i]:=a[uint_of x(xxt)]*bet;
XXt =uT(xxt);

od:
XXt 1 =XX:
bet : =1:

for i from1l to NN do

bet: =bet/beta[int_of x(xxt)];
dii]:=a[int_of x(xxt)];
db[i]:=a[int_of x(xxt)]*bet;
xxt: =T(xxt);



od:

print (ud);

uls it x:=eval f(sum(udb[]j1],j1=1..NN));
print(d);

Is_it_x:=eval f(sum(db[j1],]1=1..NN));
terr:=xx-uls_it_x;

err:=xx-ls_it_x;
Digits := 100

NN :=50
xx ;= 0.7301565454
[ -2.0000000000, -2.0000000000, -2.0000000000, -2.0000000000, -2.0000000000,
0.0000000000, -2.0000000000, -2.0000000000, -2.0000000000, 0.0000000000,
-2.0000000000, 0.0000000000, 0.0000000000, -2.0000000000, 0.0000000000,
-2.0000000000, -2.0000000000, 0.0000000000, -2.0000000000, -2.0000000000,
-2.0000000000, 0.0000000000, -2.0000000000, -2.0000000000, -2.0000000000,
-2.0000000000, -2.0000000000, -2.0000000000, 0.0000000000, 0.0000000000,
-2.0000000000, -2.0000000000, -2.0000000000, -2.0000000000, -2.0000000000,
0.0000000000, -2.0000000000, 0.0000000000, 0.0000000000, -2.0000000000,
0.0000000000, -2.0000000000, -2.0000000000, -2.0000000000, -2.0000000000,
0.0000000000, -2.0000000000, -2.0000000000, -2.0000000000, -2.0000000000]
uls_it x:=0.7301565454
[ -2.0000000000, -2.0000000000, -2.0000000000, -2.0000000000, -2.0000000000,
0.0000000000, -2.0000000000, -2.0000000000, -2.0000000000, 0.0000000000,
-2.0000000000, 0.0000000000, 0.0000000000, -2.0000000000, 0.0000000000,
-2.0000000000, -2.0000000000, 0.0000000000, -2.0000000000, -2.0000000000,
-2.0000000000, 0.0000000000, -2.0000000000, -2.0000000000, -2.0000000000,
-2.0000000000, -2.0000000000, -2.0000000000, 0.0000000000, 0.0000000000,
-2.0000000000, -2.0000000000, -2.0000000000, -2.0000000000, -2.0000000000,
0.0000000000, -2.0000000000, 0.0000000000, 0.0000000000, -2.0000000000,
0.0000000000, -2.0000000000, -2.0000000000, -2.0000000000, -2.0000000000,
0.0000000000, -2.0000000000, -2.0000000000, -2.0000000000, -2.0000000000]
Is_it x:=0.7301565454

terr := 1.199917121 10
err:=1.199917121 10* (1)

> NN =150; chi : =(x1, x2,t)->pi ecewi se(t<x1,0,t<=x2,1,0);
uchi : =(x1, x2,t)->pi ecew se(t<x1,0,t<x2,1,0);



#Expansion of cl1l, c2 ... and all the S's

for i from1l to Kc do
xxt:=c[i];
bet: =1:
varleftc:=leftc[i];
for n froml to NN+1 do

if varleftc>0 then intx:=uint_of x(xxt) else intx:=
int_of _x(xxt) fi;

varl eftc: =varleftc*sign(beta[intx]);
bet real : =bet;
beta_one[i,n]:=betalintx];

bet : =bet/ beta[i nt x];
dcb[i,n]:=a[intx]*bet;

if leftc[i]=0 then
if bet_real >0 then

for ii froml to Kc do
if xxt>c[ii]+10"(-20) then cc[i,ii,n]:=1*
bet real else cc[i,ii,n]:=0 fi;
od;

if intx=1 then Sc[i,n]:=0
el se Sc[i,n]:=sun(1/abs(beta[j7]),]7=1..
i ntx-1)*abs(bet _real) fi;

el se
for ii froml to Kc do
if xxt<c[ii]-10"(-20) then cc[i,ii,n]:=1*
bet real else cc[i,ii,n]:=0 fi;

od;
if intx=Nthen Sc[i,n]:= 0
el se Sc[i,n]:=sum 1/ abs(beta[)8]),]8=
intx+1..N)*abs(bet_real) fi;

end if;
HUBHHHHH SRR R ]

el se
if bet_real >0 then

for ii from1l to Kc do

if xxt<c[ii]-10"(-20) then cc[i,ii,n]
:=1*bet _real else cc[i,ii,n]:=0 fi;
od;

if intx=Nthen Sc[i,n]:=0
el se Sc[i,n]:=sum 1/ abs(beta[)8]),]8=



ntx+1..N)*abs(bet _real) fi;

el se
for ii froml to Kc do
if xxt>c[ii]+10"(-20) then cc[i,ii,n]
:=1*bet _real else cc[i,ii,n]:=0 fi;

od;
if intx=1 then Sc[i,n]:= 0
el se Sc[i,n]:=sun(1/abs(betal[j7]),]7=1..
nt x- 1) *abs(bet _real) fi;
end if;

fi;
val c[i,n]:=xxt;
betc[i, n]:=bet _real;
if bet_real >0 then
if leftc[i]=1 then
Roundi ng: =infinity;
xxt:=uT(xxt) :if xxt>1 then xxt:=1.00 fi;
el se
Roundi ng: =0;
xxt:=T(xxt): if xxt<0 then xxt:=0.00 fi;
fi;
el se
if leftc[i]=0 then
Roundi ng: =infinity;
xXt:=uT(xxt) :if xxt>1 then xxt:=1.00 fi;

el se
Roundi ng: =0;
xxt:=T(xxt):if xxt<0 then xxt:=0.00 fi;
fi;
end if;
Roundi ng: =near est ; #pri nt ( xxt);
od:
Is it _x:=sum(dcb[i,j1],]j1=1..NN);

od;
for i froml to Kc do
S[i]:=eval f(sum(Sc[i,]2+1],]2=1..NN));

od;

for i from1l to Kc do

for | froml to Kc do

SS[i,)]:=eval f(sunm(abs(cc[i,j,]1+1]),]j1=1..NN));

#print("SS[",i,j, ] =,S9[i,j]):
od; od:



I I

>
>

for i from1l to 20 do
#print(valc[2,i],valc[3,i]);
od;

NN := 150
X = (X1, x2, t) —piecewise(t < x1,0,t <x2,1,0)
uchi:= (x1, x2, t) —piecewise(t < x1,0,t <x2,1,0)

xxt:=1
bet:=1

varleftc := 0

Is_it_x:=1.0000000000
S,:=0.5694444444

MM =matri x(Kc, Kc, []):
MW =matri x(Kc, Kc,[]):
for i from1l to Kc do
for j from1l to Kc do

MMj,i]:=-SS[i,j];
MM j,i]:=-S8[i,j];
od; od;

print("MM=",M);

print( eigenval ues MM =", ei genval ues(MV) ) ;

ve: =vector(Kc,[]):
for i from1l to Kc do
ve[i]:=1;

MWMi,i]:=MWi,i]+1;
od:

print("MW = ", MW ;
print(ve);
1/ bet a[ 2] ;

DD: =l i nsol ve( MW ve) ;
sum((S[ii7]-1/abs(beta[j of c[ii7]]))*DDii7],ii7=1..Kc)-(1-sum
(1/ abs(beta[i8]),i8=1..N));

MM =, [ -1.1250000000 ]

)



I I

>
>

eigenvalues MM =, -1.1250000000
MMM =, [ -0.1250000000 ]

[1]
-0.5555555556
DD := [ -8.0000000000 ]

1.003298120 1078 ©)

Nt t: =50:;

density: =proc(t) local j,i, den ,il
Pl="il

den: =1:
for j from1l to Kc do
if leftc[j]=0 then
for il from1l to Nt do
if betc[j,11+1]>0 then den: =den+ DD[]]*chi
(O,valc[j,il1l+1],t)*abs(betc[j,i1+1]);
el se den:=den+ DD[j]*chi
(valc[j,i1+1],1,t)*abs(betc[j,i1+1]);
fi;
od;
fi;

if leftc[j]=1 then
for il from1l to Nt do
if betc[j,i1+1]<0 then den:=den+ DD[j]*chi
(O,valc[j,i1+1],t)*abs(betc[j,i1+1]);
el se den:=den+ DD[j]*chi
(valc[j,i1+1],1,t)*abs(betc[j,i1+1]);
fi:
od;
fi;
od;
return den;
end proc;
#Nor mal i zi ng factor

NC. =int(density(t),t=0..1);
print("NC = ", NO);

plot([(1/NC)* density(t)"'],t=0..1-0.000001, col or =bl ack,



t hi ckness=2) ;
Ntt := 50

density := proc(t)
local j, i, den, i1;
i1:="1"
den:=1;
for j to Kc do
if leftc[j]=0 then
for il to Ntt do
if 0 < betc[], i1+ 1] then
den :=den + DD[j]*chi(0, valc[j, i1 + 1], t) *abs(betc[j, i1 +17)
else
den:=den + DDJ[j]*chi(valc[j, i1 +1], 1, t) *abs(betc[j, i1 +17)
end if
end do
end if;
if leftc[j]1=1 then
for il to Ntt do
if betc[j, i1 +1] <0 then
den :=den + DD[j]*chi(0, valc[j, i1 + 1], t) *abs(betc[j, i1 +17)
else
den:=den + DDJ[j]*chi(valc[j, i1 +1], 1, t) *abs(betc[j, i1 +17)
end if
end do
end if
end do;
return den
end proc
NC := -5.6227985380
NC =, -5.6227985380
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#check density

#pr ei mages

for j6 fromO to 9 do
y[]j6]:=)6/10+(0.1)*rand()/ 10712,
od:

for j6 fromO to 9 do

for i3 froml to N do
pre[i3]:=(y[j6]+a[i3])/betali3];
#print(y[j6],pre[i3], T(pre[i3]));
od;
plot([T(t),0,1,y[j6]],t=0..1,
col or=[red, bl ack, bl ack, yel l ow] ) ;
su: =0:

for i3 fromlto N do

if (pre[i3]>=b[i3] and pre[i3]<=b[i3+1]) then
su: =su+eval f (density(pre[i3])/abs(betali3]));

print(i3);

fi:

od;

err[j6]:=eval f(density(y[]6])-su);



od;
for j6 fromO to 9 do
print(y = ,y[j6], err[ ,j6, ]1=",err[j6]);

od;
1.0

0.8

0.6 -

0.4

0.2 1

0 0.2 0.4 0.6 0.8 1.0

err, := 8.669617735 10



1.0

0.8 -

0.6 1

0.4 5

0.2 7

err, := 8.669617735 10™*

1.0



1.0

0.8 -

0.6 1

0.4 5

0.2 7

err, := 3.582511780 10

1.0



1.0

0.8 -

0.6 1

0.4 5

0.2 7

err, := 3.582511780 10

1.0



1.0

0.8 -

0.6 1

0.4 5

0.2 7

err, := 3.582511780 10

1.0



1.0

0.8 -

0.6 1

0.4 5

0.2 7

err, := 3.582511780 10

1.0



1.0

0.8 -

0.6 1

0.4 5

0.2 7

err, := 3.582511780 10

1.0



1.0

0.8 -

0.6 1

0.4 5

0.2 7

err, := 3.582511780 10

1.0



0.8 -

0.6 1

0.4 5

0.2 7

err, := 3.582511780 10

1.0



1.0

0.8 -

0.6 1

0.4 5

0.2 7

erry := 3.582511780 10

y =, 0.0784736498, err[, 0, ]=, 8.669617735 10
y =, 0.1170269516, err[, 1, ]=, 8.669617735 10™*
y =, 0.2848067203, err[, 2, ]=, 3.582511780 10>
y =, 0.3346921332, err[, 3, ]=, 3.582511780 10
y =, 0.4693953992, err[, 4, ]=, 3.582511780 10°*°
y =, 0.5914298711, err[, 5, ]=, 3.582511780 10>
y =, 0.6450147686, err[, 6, ]=, 3.582511780 10
y =, 0.7352263657, err[, 7, ]=, 3.582511780 10°*°
y =, 0.8819571011, err[, 8, ]=, 3.582511780 10°*°
y =, 0.9849634042, err[, 9, ]=, 3.582511780 10

1.0



