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O wi t h( pl ot s) : Di gi t s: =100: i nt er f ace( di spl aypr eci si on=10) : wi t h
( l i nal g) :

N: =5;
KK: =4;
### Change of  not at i on:  Now t he i ndi ces K[ i ]  ar e i n or der  not  
al pha' s
# vect or  U shows  i f  t he br anch i s up ( 1)  or  down ( 0)
U: =vect or ( N, [ ] ) :
al pha: =vect or ( N, [ ] ) :
K: =vect or ( N, [ ] ) :
a: =vect or ( N, [ ] ) :
bb: =vect or ( N+1, [ ] ) :
c: =vect or ( KK, [ ] ) :
f or  j  f r om 1 t o N do
U[ j ] : =0;
od:
al pha[ 1] : =0. 5: K[ 1] : =1: U[ K[ 1] ] : =0:
al pha[ 2] : =0. 3: K[ 2] : =2: U[ K[ 2] ] : =0: # 
al pha[ 3] : =0. 3: K[ 3] : =4: U[ K[ 3] ] : =1:  #  
al pha[ 4] : =0. 5: K[ 4] : =5: U[ K[ 4] ] : =1:
i : =' i ' :

bet a: =N- KK+sum( al pha[ i ] , i =1. . KK) ; i : =' i ' ;
del t a1: =( xw, yw) - > pi ecewi se( xw<=yw, 0, 1) :
f or  j  f r om 1 t o N do
b[ j ] : =( j - 1- sum( ( 1- al pha[ i ] ) * del t a1(  j , K[ i ] )  , i =1. . KK) ) / bet a;
bb[ j ] : =b[ j ] ;
 od:  i : =' i ' :
b[ N+1] : =1:  bb[ N+1] : =1:
f or  j  f r om 1 t o N do
a[ j ] : =( j - 1- sum( ( 1- al pha[ i ] ) * del t a1(  j , K[ i ] - U[ j ] )  , i =1. . KK) ) ;
 od:

f or  j  f r om 1 t o KK do
i f  U[ K[ j ] ] =0 t hen   c[ j ] : =b[ K[ j ] +1] ;
            el se  c[ j ] : =b[ K[ j ] ] ; f i ;
 #pr i nt ( ` c[ ` , j , ` ]  = ` , c[ j ] )  ;
od:
pr i nt ( ` al pha = ` , al pha) ;
pr i nt ( ` K = ` , K) ;
pr i nt ( ` b = ` , bb) ;
pr i nt ( ` a = ` , a) ;
pr i nt ( ` c = ` , c) ;



O 
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O 
maa: =a[ 2] - a[ 1] : # maxi mum a[ i +1] - a[ i ]
f or  i  f r om 3 t o N do
i f  ( a[ i ] - a[ i - 1] ) >maa t hen maa: =( a[ i ] - a[ i - 1] )  f i
od; #
maa;
bet a_max: =eval f ( 1+( a[ N] - a[ 1] ) / maa) ;
i f  bet a> bet a_max t hen pr i nt ( "ERROR")  f i ;

ui nt _of _x: =x- >pi ecewi se( x<b[ 2] , 1, # Thi s f unct i on needs addi t i ons
by hand f or  
                                  # N>9 .  Aut omat hi c pr ocedur e 
causes pl ot t i ng pr obl ems
                                  # but  i s used i n ot her  
pr ogr ams
                       x<b[ 3] , 2,
                       x<b[ 4] , 3,
                       x<b[ 5] , 4,
                       x<b[ 6] , 5,
                       x<b[ 7] , 6,
                       x<b[ 8] , 7,
                       x<b[ 9] , 8,
                            9) ;
i nt _of _x: =x- >pi ecewi se( x<=b[ 2] , 1, # Thi s f unct i on needs addi t i ons
by hand f or  
                                  # N>9 .  Aut omat hi c pr ocedur e 
causes pl ot t i ng pr obl ems
                                  # but  i s used i n ot her  
pr ogr ams
                       x<=b[ 3] , 2,
                       x<=b[ 4] , 3,
                       x<=b[ 5] , 4,
                       x<=b[ 6] , 5,
                       x<=b[ 7] , 6,
                       x<=b[ 8] , 7,
                       x<=b[ 9] , 8,
                            9) ;
x: =' x' :
uT: =x- >bet a* x- a[ ui nt _of _x( x) ] ;
T: =x- >bet a* x- a[ i nt _of _x( x) ] ;
f or  j  f r om 1 t o KK do
i f  U[ K[ j ] ] =0 t hen   Tc: =T( c[ j ] ) ;
            el se  Tc: =uT( c[ j ] ) f i ;
pr i nt ( ` T( c[ ` , j , ` ] )  =` ,  Tc)
od;



 
pl ot ( [ uT( x) , x, 0, 1, 1- al pha[ 1] , 1- al pha[ 2] ] , x=0. . 1, t hi ckness=[ 2, 1,
1, 1, 1, 1, 1] ) ;
pl ot ( [ T( x) , x, 0, 1, al pha[ 1] , al pha[ 2] ] , x=0. . 1, t hi ckness=[ 2, 1, 1, 1, 1,
1, 1] ) ;

N := 5
KK := 4

β := 2.6000000000

i := i

alpha = , 0.5000000000 0.3000000000 0.3000000000 0.5000000000 α5

K = , 1 2 4 5 K5

b = , 0.0000000000 0.1923076923 0.3076923077 0.6923076923 0.8076923077 1

a = , 0.0000000000 0.5000000000 0.8000000000 1.1000000000 1.6000000000

c = , 0.1923076923 0.3076923077 0.6923076923 0.8076923077

0.5000000000

βmax := 4.2000000000

uint_of_x := x/piecewise x ! b2, 1, x ! b3, 2, x ! b4, 3, x ! b5, 4, x ! b6, 5, x ! b7, 6, x

! b8, 7, x ! b9, 8, 9

int_of_x := x/piecewise x % b2, 1, x % b3, 2, x % b4, 3, x % b5, 4, x % b6, 5, x % b7, 6, x

% b8, 7, x % b9, 8, 9

uT := x/β xKauint_of_x x

T := x/β xKaint_of_x x

T(c[, 1, ]) =, 0.5000000000
T(c[, 2, ]) =, 0.3000000000
T(c[, 3, ]) =, 0.7000000000
T(c[, 4, ]) =, 0.5000000000
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ud: =vect or ( 50) : Di gi t s: =100; NN: =50;
d: =vect or ( 50) :
xx: =eval f ( r and( ) / 10^12) ;
xxt : =xx:
f or  i  f r om 1 t o NN do
ud[ i ] : =a[ ui nt _of _x( xxt ) ] ;
xxt : =uT( xxt ) ;
od:
xxt : =xx:
f or  i  f r om 1 t o NN do
d[ i ] : =a[ i nt _of _x( xxt ) ] ;
xxt : =T( xxt ) ;
od:
pr i nt ( ud) ;
uI s_i t _x: =eval f ( sum( ud[ j 1] / bet a^j 1, j 1=1. . NN) ) ;
pr i nt ( d) ;
I s_i t _x: =eval f ( sum( d[ j 1] / bet a^j 1, j 1=1. . NN) ) ;
t er r : =xx- uI s_i t _x;
er r : =xx- I s_i t _x;

Digits := 100
NN := 50



O 

(1)

O 

xx := 0.3957188605
0.8000000000, 0.5000000000, 0.0000000000, 0.5000000000, 0.0000000000, 0.8000000000, 

0.0000000000, 0.8000000000, 0.8000000000, 0.0000000000, 0.0000000000, 
0.0000000000, 0.0000000000, 0.0000000000, 0.5000000000, 0.5000000000, 
0.0000000000, 0.0000000000, 0.8000000000, 0.0000000000, 0.5000000000, 
0.0000000000, 0.0000000000, 0.8000000000, 0.8000000000, 0.0000000000, 
0.8000000000, 0.8000000000, 0.8000000000, 0.0000000000, 0.8000000000, 
0.5000000000, 0.0000000000, 0.8000000000, 0.8000000000, 0.0000000000, 
0.5000000000, 0.5000000000, 0.0000000000, 0.8000000000, 0.8000000000, 
0.8000000000, 0.8000000000, 0.0000000000, 0.8000000000, 0.0000000000, 
0.0000000000, 0.8000000000, 0.8000000000, 0.0000000000

uIs_it_x := 0.3957188605
0.8000000000, 0.5000000000, 0.0000000000, 0.5000000000, 0.0000000000, 0.8000000000, 

0.0000000000, 0.8000000000, 0.8000000000, 0.0000000000, 0.0000000000, 
0.0000000000, 0.0000000000, 0.0000000000, 0.5000000000, 0.5000000000, 
0.0000000000, 0.0000000000, 0.8000000000, 0.0000000000, 0.5000000000, 
0.0000000000, 0.0000000000, 0.8000000000, 0.8000000000, 0.0000000000, 
0.8000000000, 0.8000000000, 0.8000000000, 0.0000000000, 0.8000000000, 
0.5000000000, 0.0000000000, 0.8000000000, 0.8000000000, 0.0000000000, 
0.5000000000, 0.5000000000, 0.0000000000, 0.8000000000, 0.8000000000, 
0.8000000000, 0.8000000000, 0.0000000000, 0.8000000000, 0.0000000000, 
0.0000000000, 0.8000000000, 0.8000000000, 0.0000000000

Is_it_x := 0.3957188605

terr := 5.758853785 10-23

err := 5.758853785 10-23

NN: =50; chi : =( x1, x2, t ) - >pi ecewi se( t <x1, 0, t <=x2, 1, 0) ;
uchi : =( x1, x2, t ) - >pi ecewi se( t <x1, 0, t <x2, 1, 0) ;

#Expansi on of  c1,  c2 . . .  and al l  t he S' s

f or  i  f r om 1 t o KK do
xxt : =c[ i ] ;  upf l ag: =U[ K[ i ] ] ;
     f or  n f r om 1 t o NN+1 do
      i f  upf l ag=1 t hen i nt x: =ui nt _of _x( xxt )  el se i nt x: =i nt _of _x
( xxt )  f i ;
        dc[ i , n] : =a[ i nt x] ;
        i c[ i , n] : =i nt x- 1;
       i f  upf l ag=0 t hen
            f or  i i  f r om 1 t o KK do
                 i f  xxt >c[ i i ]  t hen cc[ i , i i , n] : =1 el se cc[ i , i i , n]
: =0 f i ;



            od;
        f i ;  
        i f  upf l ag=1 t hen
            f or  i i  f r om 1 t o KK do
                 i f  xxt <c[ i i ]  t hen cc[ i , i i , n] : =1 el se cc[ i , i i , n]
: =0 f i ;
            od;
     f i ;
     val c[ i , n] : =xxt ;
     i f  upf l ag=0 t hen xxt : =T( xxt )  el se xxt : =uT( xxt ) f i ;
     od:
I s_i t _x: =sum( dc[ i , j 1] / bet a^j 1, j 1=1. . NN) ;
S[ i ] : =sum( i c[ i , j 1+1] / bet a^( j 1+1) , j 1=1. . NN) ;
od;
f or  i  f r om 1 t o KK do
f or  j  f r om 1 t o KK do
SS[ i , j ] : =sum( cc[ i , j , j 1+1] / bet a^( j 1+1) , j 1=1. . NN) ;

#pr i nt ( ` SS[ ` , i , j , ` ]  =` , SS[ i , j ] ) ;
od; od;
#f or  i  f r om 1 t o 30 do
#pr i nt ( cc[ 2, 1, i ] , cc[ 2, 2, i ] )  od;

NN := 50

χ := x1, x2, t /piecewise t ! x1, 0, t % x2, 1, 0

uchi := x1, x2, t /piecewise t ! x1, 0, t ! x2, 1, 0
xxt := 0.1923076923

upflag := 0
Is_it_x := 0.1923076923

S1 := 0.4807692308

xxt := 0.3076923077
upflag := 0

Is_it_x := 0.3076923077
S2 := 0.2309716887

xxt := 0.6923076923
upflag := 1

Is_it_x := 0.6923076923
S3 := 0.7305667729

xxt := 0.8076923077
upflag := 1

Is_it_x := 0.8076923077
S4 := 0.4807692308



O 
MM: =mat r i x( KK, KK, [ ] ) :
f or  i  f r om 1 t o KK do
f or  j  f r om 1 t o KK do

MM[ j , i ] : =- SS[ i , j ] ;
od; od;
pr i nt ( ` MM = ` , MM) ;
pr i nt ( ` 1/ bet a =` ,  1/ bet a) ;

pr i nt ( ` ei genval ues of   - S =` , ei genval ues( MM) ) ;

ve: =vect or ( KK, [ ] ) :
f or  i  f r om 1 t o KK do
ve[ i ] : =1/ bet a;  

MM[ i , i ] : =MM[ i , i ] +1/ bet a;
od:
det ( MM) ;
pr i nt ( MM) ;
pr i nt ( ve) ;
pr i nt ( ` 1/ bet a( bet a- 1)  =` , 1/ ( bet a* ( bet a- 1) ) ) ;

DD: =l i nsol ve( MM, ve) ;
f or  i  f r om 1 t o 10 do
pr i nt ( i , 1/ ( bet a^i * ( bet a- 1) ) ) ; od;
SS[ 2, 1] / SS[ 2, 2] ;

MM = ,

K0.2403846154 K0.2304655439 K0.0000000000 K0.0000000000

K0.2403846154 K0.0005061447 K0.0000000000 K0.0000000000

K0.0000000000 K0.0000000000 K0.0005061447 K0.2403846154

K0.0000000000 K0.0000000000 K0.2304655439 K0.2403846154

1/beta =, 0.3846153846
eigenvalues of  -S =, K0.3846153846, 0.1437246245, 0.1437246245, K0.3846153846

1.760892889 10-43

0.1442307692 K0.2304655439 K0.0000000000 K0.0000000000

K0.2403846154 0.3841092399 K0.0000000000 K0.0000000000

K0.0000000000 K0.0000000000 0.3841092399 K0.2403846154

K0.0000000000 K0.0000000000 K0.2304655439 0.1442307692

0.3846153846 0.3846153846 0.3846153846 0.3846153846



O 

(2)

1/beta(beta-1) =, 0.2403846154

DD := 5.632937327 1020 3.525224942 1020 3.525224942 1020 5.632937327 1020

1, 0.2403846154
2, 0.0924556213
3, 0.0355598543
4, 0.0136768671
5, 0.0052603335
6, 0.0020232052
7, 0.0007781558
8, 0.0002992907
9, 0.0001151118
10, 0.0000442738
455.3352528385

                   
     densi t y: =pr oc( t )  l ocal  j ,  den;
                den: =1/ bet a;
               f or  j  f r om 1 t o KK do
               i f  U[ K[ j ] ] =0 t hen
                 den: =den+ DD[ j ] * sum( ( chi ( 0, val c[ j , i 1+1] , t ) )
/ bet a^( i 1+1) , i 1=1. . 50)
                            el se
                 den: =den+ DD[ j ] * sum( ( uchi ( val c[ j , i 1+1] , 1, t ) )
/ bet a^( i 1+1) , i 1=1. . 50)
                f i ;
                od;
               r et ur n den;
         end pr oc;                   
#Nor mal i zi ng f act or
t NC: =1/ bet a:
f or  j  f r om 1 t o KK do
 t NC: =t NC+t DD[ j ] * sum( ( 1- t val c[ j , i 1+1] ) / bet a^( i 1+1) , i 1=1. . 50)
 od:    
NC: =1/ bet a:
f or  j  f r om 1 t o KK do
i f  U[ K[ j ] ] =0 t hen
 NC: =NC+DD[ j ] * sum( ( val c[ j , i 1+1] ) / bet a^( i 1+1) , i 1=1. . 50)
el se
NC: =NC+DD[ j ] * sum( ( 1- val c[ j , i 1+1] ) / bet a^( i 1+1) , i 1=1. . 50)
f i ;
 od:        

pr i nt ( ` NC = ` , NC) ;           

pl ot ( [ ( 1/ NC) * densi t y( t ) ] , t =0. . 1- 0. 00000000001, x=0. . 1. 5, t i t l e=
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"mi xed densi t y" , t hi ckness=2) ;
density := proc t

local j, den;

den := 1 / beta;
for j to KK do

if U K j = 0 then

den := denCDD j * sum chi 0, valc j, i1C1 , t / beta^ i1C1 , i1 = 1 ..50
else

den := denCDD j * sum uchi valc j, i1C1 , 1, t / beta^ i1C1 , i1 = 1 ..50
end if

end do;
return den

end proc

NC = , 1.827969023 1020

t
0 0.2 0.4 0.6 0.8 1.0

x

0

0.5

1.0

1.5
mixed density

#check densi t y gr eedy
#pr ei mages
f or  j 6 f r om 1 t o KK- 1 do



y[ j 6] : =al pha[ j 6] +( al pha[ j 6+1] - al pha[ j 6] ) * r and( ) / 10^12;
od:
y[ 0] : =al pha[ 1] * r and( ) / 10^12:
y[ KK] : =al pha[ KK] +( 1- al pha[ KK] ) * r and( ) / 10^12;
f or  j 6 f r om 0 t o KK do
f or  i 3 f r om 1 t o N do
pr e[ i 3] : =( y[ j 6] +a[ i 3] ) / bet a;
od;
#pl ot ( [ T( t ) , 0, 1, y[ j 6] , t T( t c[ 1] ) , t T( t c[ 2] ) ] , t =0. . 1, col or =[ r ed,
bl ack, bl ack, gr een, yel l ow, yel l ow] ) ;
su: =0:
f or  i 3 f r om 1 t o N do
i f  ( pr e[ i 3] >=b[ i 3]  and pr e[ i 3] <=b[ i 3+1] )  t hen
 su: =su+densi t y( pr e[ i 3] ) / bet a;  
pr i nt ( i 3) ;
f i ;
od;
er r [ j 6] : =densi t y( y[ j 6] ) - su;
od;

f or  j 6 f r om 0 t o KK do
pr i nt ( ` y =` , y[ j 6] ) ;
pr i nt ( ` er r [ ` , j 6, ` ] =` , er r [ j 6] ) ;
od;

y4 := 0.9213113422

su := 0
1
2
3

err0 := K0.0049677495

su := 0
1
3

err1 := K0.0049677495

su := 0
1
2
3

err2 := K0.0049677495

su := 0
1
3

err3 := K0.0049677495
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su := 0
3
4
5

err4 := K0.0049677495

y =, 0.2137760284
err[, 0, ]=, K0.0049677495

y =, 0.4613720367
err[, 1, ]=, K0.0049677495

y =, 0.3000000000
err[, 2, ]=, K0.0049677495

y =, 0.4600374969
err[, 3, ]=, K0.0049677495

y =, 0.9213113422
err[, 4, ]=, K0.0049677495

#check densi t y gr eedy
#pr ei mages
y: =0. 500000000000;
f or  i 2 f r om 1 t o N do
pr e[ i 2] : =( y+a[ i 2] ) / bet a;
od;
pl ot ( [ T( t ) , 0, 1, y, T( c[ 1] ) , T( c[ 2] ) ] , t =0. . 1, col or =[ r ed, bl ack, bl ack,
gr een, yel l ow, yel l ow] ) ;
su: =0:
f or  i 2 f r om 1 t o N do
i f  ( pr e[ i 2] >=b[ i 2]  and pr e[ i 2] <=b[ i 2+1] )  t hen
 su: =su+densi t y( pr e[ i 2] ) / bet a;  
pr i nt ( i 2) ;
f i ;
od;
er r 2: =densi t y( y) - su;

y := 0.5000000000
pre1 := 0.1923076923

pre2 := 0.3846153846

pre3 := 0.5000000000

pre4 := 0.6153846154

pre5 := 0.8076923077
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err2 := K0.0605834296


