7> with(plots):Digits:=100:interface(di splayprecision=10):wth
(l'inalg):

> N: =6;
KK: =6;
### Change of notation: Now the indices Kli] are in order not
al pha' s
# vector U shows if the branch is up (1) or down (0)
U =vector (N, []):
al pha: =vector(N,[]):
K:=vector(N,[]):
a:=vector(N,[]):
bb: =vector (N+1,[]):
c:=vector (KK []):
for j from1l to N do

Ujl:=0;

od:

al pha[ 1] : =0. 3: K[ 1] : =1: U K[ 1] ] : =0:

al pha[ 2] :=0.5: K[ 2]:=2: U K[ 2]]:=0:#

al pha[ 3]:=0.4: K[ 3]:=3: UK[3]]:=0: #

al pha[ 4] : =0. 4: K[ 4] : =4: U K[ 4] ] : =1:

al pha[ 5] :=0.5: K[ 5] :=5: U K[ 5]]:=1: #
3:K[6]:=6: U K[6]]:=1:

al pha[ 6] : =0.
o=t

bet a: =N- KK+sum( al pha[i],i=1. . KK);i:="i";

del tal: =(xw, yw) - > pi ecew se(xw<=yw, 0, 1) :

for j froml to N do

b[j]:=(]j-1-sum(1l-alpha[i])*deltal( j,K[i]) ,i=1..KK))/beta;
bb[j]:=b[]];

od: i:="i"

b[ N+1]: =1: bb[ N+1]: =1:

for j from1l to N do

a[jl:=(j-1-sum(1l-al phali])*deltal( j,Ki]l-Uj]) ,i=1..KK));
od:

for | from1l to KK do
if UK j]]1=0 then c[j]:=b[K[|j]+1];
else c[jl:=b[K[j]];:fi;

#print(cl ,j, 1 = ,clil) ;
od:

print( al pha = ", al pha);
print("K=",K);

print("b = ", bb);

print('a = ",a);



print('c = ,c);

maa: =a[ 2] -a[ 1] : # mexi mum a[i +1]-a[1]

for i from3 to N do

if (a[i]-a[i-1])>maa then maa: =(a[i]-a[i-1]) fi
od; #

maa;

bet a_max: =eval f (1+(a[ N -a[ 1] )/ maa) ;

if beta> beta_nmax then print("ERROR") fi;

ui nt _of _x: =x->pi ecewi se(x<b[2],1,# This function needs additions
by hand for
# N>9 . Automat hic procedure
causes plotting problens
# but is used in other
progr ans
x<b[ 3], 2,
x<b[ 4], 3,
x<b[ 5], 4,
x<b[ 6], 5,
x<b[ 7], 6,
x<b[ 8], 7,
x<b[ 9], 8,
9);
i nt_of x:=x->pi ecewi se(x<=b[2],1,# This function needs additions
by hand for
# N>9 . Automathic procedure
causes plotting probl ens
# but is used in other
progr ans
x<=b[ 3], 2,
x<=b[ 4], 3,
x<=b[ 5], 4,
x<=b[ 6], 5,
x<=b[ 7], 6,
x<=b[ 8], 7,
x<=b[ 9], 8,
9);
X:='x":
uT: =x- >bet a*x-a[ ui nt _of _x(x)];
T: =x- >beta*x-a[int _of _x(x)];
for | froml to KK do
if UK[j]]=0 then Tc: =T(c[j]);
else Tc:=uT(c[j])fi;



print( T(c[ ,j, ]) =, Tc)
od;

plot([uT(x),x,0,1,1-al pha[ 1], 1-al pha[ 2]],x=0..1,thi ckness=[2, 1,
1,1,1,1,1]);

plot ([ T(x),x,0,1,al pha[1], al pha[2]], x=0..1,thickness=[2,1,1, 1, 1,
1,1]);

N:=6
KK:=6
B :=2.4000000000
=i
alpha =,
[0.3000000000, 0.5000000000, 0.4000000000, 0.4000000000, 0.5000000000,
0.3000000000]
K=,[123456]
b =, [0.0000000000, 0.1250000000, 0.3333333333, 0.5000000000, 0.6666666667,
0.8750000000, 1]
a=,
[0.0000000000, 0.3000000000, 0.8000000000, 0.6000000000, 1.1000000000,
1.4000000000]
c=,
[0.1250000000, 0.3333333333, 0.5000000000, 0.5000000000, 0.6666666667,
0.8750000000]
0.5000000000

Amax := 3.8000000000
uint_of x:= x—>piecewise(x <b, 1, x<bg 2,x<b, 3 x <bg4, x<bg5x<bh,6 X
< g, 7,x <by 8,9)
int_of x:= x—»piecewise(x <b, 1,x<bg2,x<b,3 x=<b;4 x<hg5x<b,6 X

< bg 7, x <y 8,9)

UT:=x—px— Aint_of x(x)

T=x—=Bx— aint_of_x(x)

T(c[, 1, ]) =, 0.3000000000
T(c[, 2, ]) = 0.5000000000
T(c[, 3, ]) = 0.4000000000
T(cl[, 4, ]) = 0.6000000000

T(c[, 5,1) = 0.5000000000



T(c[, 6, 1) =, 0.7000000000
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> ud: =vector(50):Digits:=100; NN: =50;
d: =vect or (50):
xx: =eval f (rand()/10"12);
XXt =XX:
for i from1 to NN do
ud[i]:=aluint_of x(xxt)];
XXt =uT(xxt);
od:
XXt : =XX:
for i from1 to NN do
dli]:=a[int_of x(xxt)];
xxt: =T(xxt);
od:
print (ud);
uls it _x:=eval f(sum(ud[j1l]/beta”j1,j1=1..NN));
print(d);
Is it _x:=eval f(sum(d[j1]/beta”j1,j1=1..NN));
terr:=xx-uls it _x;
err:=xx-ls_it_x;
Digits := 100
NN := 50



xx :=0.3957188605
[0.8000000000, 0.3000000000, 0.0000000000, 0.3000000000, 0.0000000000, 0.0000000000,
0.3000000000, 0.3000000000, 0.8000000000, 0.0000000000, 0.3000000000,
0.3000000000, 0.0000000000, 0.3000000000, 0.3000000000, 0.3000000000,
0.8000000000, 0.0000000000, 0.0000000000, 0.3000000000, 0.3000000000,
0.8000000000, 0.0000000000, 0.3000000000, 0.8000000000, 0.0000000000,
0.3000000000, 0.8000000000, 0.0000000000, 0.3000000000, 0.3000000000,
0.8000000000, 0.0000000000, 0.0000000000, 0.3000000000, 0.3000000000,
0.3000000000, 0.8000000000, 0.3000000000, 0.8000000000, 0.3000000000,
0.8000000000, 0.3000000000, 0.8000000000, 0.3000000000, 0.0000000000,
0.3000000000, 0.3000000000, 0.8000000000, 0.8000000000]
uls_it_x:=0.3957188605
[0.8000000000, 0.3000000000, 0.0000000000, 0.3000000000, 0.0000000000, 0.0000000000,
0.3000000000, 0.3000000000, 0.8000000000, 0.0000000000, 0.3000000000,
0.3000000000, 0.0000000000, 0.3000000000, 0.3000000000, 0.3000000000,
0.8000000000, 0.0000000000, 0.0000000000, 0.3000000000, 0.3000000000,
0.8000000000, 0.0000000000, 0.3000000000, 0.8000000000, 0.0000000000,
0.3000000000, 0.8000000000, 0.0000000000, 0.3000000000, 0.3000000000,
0.8000000000, 0.0000000000, 0.0000000000, 0.3000000000, 0.3000000000,
0.3000000000, 0.8000000000, 0.3000000000, 0.8000000000, 0.3000000000,
0.8000000000, 0.3000000000, 0.8000000000, 0.3000000000, 0.0000000000,
0.3000000000, 0.3000000000, 0.8000000000, 0.8000000000]
Is_it_x:=0.3957188605

terr := 1.478538300 10°%°
err := 1.478538300 10™%° (1)

> NN: =50; chi : =(x1, x2,t)->pi ecew se(t<x1,0,t<=x2,1,0);
uchi: =(x1, x2,t)->pi ecewi se(t<x1,0,t<x2,1,0);

#Expansion of cl1, c2 ... and all the S s

for i from1l to KK do
xxt:=c[i]; upflag:=UK[i]];
for n from1l to NN+1 do
if upflag=1 then intx:=uint_of x(xxt) else intx:=int_of X
(xxt) fi;
dc[i,n]:=a[intx];
icl[i,n]:=intx-1;
i f upflag=0 then
for ii froml to KK do
I f xxt>c[ii] then cc[i,ii,n]:=1 else cc[i,ii,n]
:=0 fi;



od;
fi:
i f upflag=1 then
for ii from1l to KK do
if xxt<c[ii] then cc[i,ii,n]:=1 else cc[i,ili,n]
:=0 fi;
od;
fi:
val c[i, n]:=xxt;
if upflag=0 then xxt:=T(xxt) else xxt:=uT(xxt)fi;
od:
Is it _x:=sum(dc[i,]1l]/betarj1,j1=1..NN);
Sli]:=sun(ic[i,]1+1]/beta(j1+1),]1=1..NN);
od;
for i from1l to KK do
for j from1l to KK do
SS[i,j]:=sum(cc[i,],]1+1]/beta™(j1+1l),j1=1..NN);

#print("SS[,i,j, ] =,S9[i,jl);
od; od;

#for i from1l to 30 do
#print(cc[2,1,i],cc[2,2,i]) od;

NN :=50
x = (X1, x2, t) —piecewise(t < x1,0,t <x2,1,0)
uchi := (x1, x2, t) —piecewise(t < x1,0,t <x2,1,0)
xxt := 0.1250000000
upflag := 0
Is_it_x:=0.1250000000
S, :=0.3684413480

xxt:=0.3333333333
upflag :=0
Is_it_x:=0.3333333333
S,:=0.5304751832

xxt := 0.5000000000
upflag := 0
Is_it_x:=0.5000000000
S;:=0.4398071063

xxt := 0.5000000000
upflag:=1
Is_it_x:=0.5000000000
S,:=1.0482881318

Xxt:= 0.6666666667



upflag :=1
Is_it_x:=0.6666666667
Sg :=0.9576200549

xxt := 0.8750000000
upflag :=1
Is_it_x:=0.8750000000
Sg :=1.1196538901

MM =mat ri x( KK, KK, []):
for i from1l to KK do
for j from1l to KK do

MM, i]:=-SS[i,]];

od; od;

print(" M =", M);

print( 1/ beta =, 1/beta);

print( eigenvalues of -S = ,eigenval ues(MJ);

ve: =vector (KK, []):
for i from1l to KK do
ve[i]: =1/ bet a;

MMi,i]:=MMi,i]+1/Dbeta;
od:

det (MM ;

print(MV;

print(ve);

print( 1/ beta(beta-1) =, 1/ (beta*(beta-1)));

DD: =l i nsol ve(IMWM ve);

for i from1l to 10 do
print(i,1/ (beta”i*(beta-1))); od;
SS[ 2, 1]/ S9[ 2, 2];

MM =, [[-0.2961033701, -0.2845212912, -0.2661844323, -0.0000000000,
-0.0000000000, -0.0000000000],
[ -0.0723379780, -0.2459538919, -0.1736226739, - 0.0000000000, -0.0000000000,
-0.00000000001],
[ -0.0000000000, -0.0000000000, -0.0000000000, -0.0000000000, -0.0000000000,
-0.0000000000],



[ -0.0000000000, -0.0000000000, -0.0000000000, -0.0000000000, -0.0000000000,
-0.00000000001],

[ -0.0000000000, -0.0000000000, -0.0000000000, -0.1736226739, -0.2459538919,
-0.0723379780],

[ -0.0000000000, -0.0000000000, -0.0000000000, -0.2661844323, -0.2845212912,
-0.29610337011]]

1/beta =, 0.4166666667
eigenvalues of -S =, -0.4166666667, -0.1253905953, -0.1253905953, -0.4166666667,

-0.0000000000, -0.0000000000

5.756223156 10
[[0.1205632966, -0.2845212912, -0.2661844323, -0.0000000000, - 0.0000000000,
-0.0000000000],
[ -0.0723379780, 0.1707127747, -0.1736226739, -0.0000000000, - 0.0000000000,
-0.0000000000],
[ -0.0000000000, -0.0000000000, 0.4166666667, -0.0000000000, -0.0000000000,
-0.0000000000],
[ -0.0000000000, - 0.0000000000, -0.0000000000, 0.4166666667, -0.0000000000,
-0.0000000000],
[ -0.0000000000, - 0.0000000000, - 0.0000000000, -0.1736226739, 0.1707127747,
-0.0723379780],

[ -0.0000000000, -0.0000000000, -0.0000000000, -0.2661844323, -0.2845212912,
0.1205632966]]
[0.4166666667, 0.4166666667, 0.4166666667, 0.4166666667, 0.4166666667,
0.4166666667 |
1/beta(beta-1) =, 0.2976190476

DD := [4.941226002 10'°, 2.093799355 10*°, 1.0000000000, 1.0000000000, 2.093799355 10*°,

4.941226002 10°]
1,0.2976190476
2, 0.1240079365
3, 0.0516699735
4, 0.0215291556
5, 0.0089704815
6, 0.0037377006
7,0.0015573753
8, 0.0006489064
9, 0.0002703776
10, 0.0001126574
11568074366 (2)



density: =proc(t) local j, den;

den: =1/ bet a;

for j from1l to KK do

if UK j]]=0 then

den: =den+ DD[j]*sum((chi (0, valc[j,i1+1],t))
/ betan(i 1+1),i1=1..50)
el se
den: =den+ DD{j ] *sun((uchi(valc[j,i1+1],1,t))

/ betan(i 1+1),i1=1..50)

fi;

od;

return den;

end proc;

#Nor mal i zi ng factor
t NC: =1/ bet a:
for | froml to KK do
tNC. =t NG+t DD[j ] *sum((1-tval c[j,i1+1])/betan(i 1+1),i 1=1..50)
od:
NC: =1/ bet a:
for j from1l to KK do
if UK j]l]=0 then
NC. =NC+DDJ j ] *sunm( (val c[j, 1 1+1])/betan(i 1+1),i 1=1..50)
el se
NC. =NC+DDJ j ] *sun( (1-val c[j,i 1+1])/beta™(i 1+1),i 1=1..50)
fi;
od:

print("NC = *,NC);

pl ot ([ (1/NC)*density(t)],t=0..1-0.00000000001, x=0..1.5,title=
"m xed density",thickness=2);
density := proc(t)

local j, den;
den :=1/beta;
for j to KK do
if U[K[j]]1=0 then
den:=den + DDJ[j]* (sum(chi(0, valc[j, i1 +1],t) /beta™ (il +1),i1=1..50))
else
den:=den + DDJ[j]* (sum(uchi(valc[j, i1+ 17, 1,t)/beta™(il +1),i1=1.50))
end if
end do;
return den
end proc

NC =, 1.430031519 10*°



mixed density
1.5

#check density greedy

#pr ei mages

for j6 from1l to KK-1 do

y[] 6] : =al pha[j 6] +(al pha[j 6+1] -al pha[j 6] ) *rand()/10"12;
od:

y[ 0] : =al pha[ 1] *rand()/ 10"12:

y[ KK] : =al pha[ KK] +( 1- al pha[ KK] ) *rand()/ 10712,

for j6 fromO to KK do

for i3 froml to N do

pre[i3]:=(y[]j6]+a[i3])/beta;

od;

#plot ([T(t),0,1,y[j6],tT(tc[1]),tT(tc[2])],t=0..1,color=[red,
bl ack, bl ack, green, yel | ow, yel | ow] ) ;

su: =0:

for i3 froml to N do

if (pre[i3]>=b[i3] and pre[i3]<=b[i3+1]) then

su: =su+density(pre[i3])/ beta;

print(i3);

fi;

od;



err[j6]:=density(y[]6])-su;
od;

for j6 fromO to KK do
print("y =",y[]j6]);
print(Cerr[,j6, ]=",err[j6]);
od;
Y := 0.9974920499
su:=0
1
2
3
err, := -0.7753466252
su:=0
2
3
err, := 0.4166666667
su:=0
2
err, .= 0.4166666667
su:=0
2
3
erry ;= 0.4166666667
su:=0
2
err, := 0.4166666667
su:=0
2
3
err; .= 0.4166666667
su:=0
4
5
6
errg ;= -0.7753466252

y =, 0.1236858858
err[, 0, ]=, -0.7753466252
y =, 0.3386279633



err[, 1, ]=, 0.4166666667
y =, 0.4977575830
err[, 2, ]=, 0.4166666667
y =, 0.4000000000
err[, 3, ]=, 0.4166666667
y =, 0.4427552057
err[, 4, ]=, 0.4166666667
y =, 0.3314754631
err[, 5, ]=, 0.4166666667
y =, 0.9974920499
err[, 6, 1=, -0.7753466252

#check density greedy

#pr ei mages

y: =0. 500000000000;

for i2 from1l1l to N do
pre[i2]:=(y+al[i2])/beta;

od;
plot([T(t),0,1,y,T(c[1]),T(c[2])],t=0..1,color=[red, bl ack, bl ack,
green, yel l ow, yel | ow] ) ;

su: =0:

for i2 from1l1l to N do

if (pre[i2]>=b[i2] and pre[i2]<=b[i2+1]) then
su: =su+densi ty(pre[i2])/ beta;

print(i2);

fi;

od;

err2:=density(y)-su;

y :=0.5000000000
pre; :=0.2083333333

pre, := 0.3333333333
pre; :=0.5416666667
pre, := 0.4583333333
pre; :=0.6666666667
pre; :=0.7916666667
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