CHAPTER 2

Preliminaries

After a brief review of measure theory, this chapter presents various re-
sults about functions of bounded variation, which will play an important
role throughout this text.

2.1 Review of Measure Theory

We recall some fundamental ideas from measure theory. Let X be a set.
In most cases we will assume that X is a compact metric space.

Definition 2.1.1. A family B of subsets of X is called a o-algebra
if and only if:
1) X e%;
2) forany Be€*B, X\Be€DB;
3) ifB,eMWB, forn=1,2,.., then U -, B, € B.

Elements of 98 are usually referred to as measurable sets.

Definition 2.1.2. A function g : B — R7 is called a measure on
% if and only if:
1) u@®) =0;
2)  for any sequence {B,} of disjoint measurable sets, B,, € B, n =
1,2, ...,

p(|J Ba) = 3 n(Bu).

The triplet (X, B, ) is called a measure space. If u(X) = 1, we say it
is a mormalized measure space or probability space. If X is a countable
union of sets of finite y-measure, then we say that u is a o-finite measure.
Later on we shall work with probability spaces.

Definition 2.1.3. A family 2 of subsets of X is called an algebra
if:
1) Xe«
2) forany Ac A, X\A €,
3) for any A;, Ao € A, Ay U Ay € 2.

(-7
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For any family J of subsets of X there exists a smallest o-algebra,
B, containing J. We say that J generates 8 and write B = o(J).

In practice, when defining a measure y on a space (X, 8), p is known
only on an algebra 2 generating 8. We would like to know if i can be
extended to a measure on B. The answer is contained in

Theorem 2.1.1. Given a set X and an algebra 21 of subsets of X,
let py: A — RY be a function satisfying j1(X) = 1 and

m(JAn) =Y m(4n)

whenever A, € A, forn =1,2,..,U2 A, € A and {A,,} disjoint. Then
there exists a unique normalized measure p on B = o(2A) such that
w(A) = 1 (A) whenever A € 2.

Proposition 2.1.1. Let (X,B, 1) be a normalized measure space.
If A is an algebra that generates the o-algebra B, then for any B € B
and € > 0 there exists A € 2 such that u(AAB) < e, where AAB =
(A\B) U (B\A) is the symmetric difference of A and B.

Definition 2.1.4. A family P of subsets of X is called a 7-system
if and only if for any A, B in P their intersection A N B is also in P.

We shall often refer to the following uniqueness theorem [Billingsley,
1968]:

Theorem 2.1.2. Let P be a w-system and B = o(P). If uy and s
are measures on B and py(B) = us(B) for any B € P, then jy = ps.

Definition 2.1.5. Let X be a topological space. Let £ denote a
family of open sets of X. Then the o-algebra B = ¢(9) is called the
Borel o-algebra of X and its elements, Borel subsets of X.

Definition 2.1.6. Let (X, B, 1) be a measure space. The function
f: X — R is said to be measurable if for all ¢ € R, f~(c,00) € B, or,
equivalently, if f=!(A) € B for any Borel set A C R.

If X is a topological space and B is the o-algebra of Borel subsets
X, then each continuous function f : X — R is measurable.

Definition 2.1.7. Let 8, be a g-algebra, n = 1,2.... Let n; <
ne < ... < n, be integers and A,, € B,,, i = 1,...,r. We define a
cylinder set to be a set of the form

ClAn,, .. A)={{z;} e X :2,, €4,,, 1<i<r}
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Definition 2.1.8. (Direct Product of Measure Spaces)
Let (X;, i, i), @ € Z be normalized measure spaces. The direct product
measure space (X, B, u) =112 _ (X, Bi, i) is defined by

1=—00

X =112 X; and /L(C(Anu ey An'r)) = Hleﬂnz(Am)

1=—00

It is easy to see that finite unions of cylinders form an algebra of subsets
of X. By Theorem 2.1.1 it can be uniquely extended to a measure on
B, the smallest o-algebra containing all cylinders.

2.2 Spaces of Functions and Measures

Let § be a linear space. A function || - || : § — R* is called a norm if it
has the following properties:

I/l =0 f=0

lecf [l = Te | L£]

1+ gll < WA+ Mlgll,

for f,g € § and a € R. The space § endowed with a norm || - || is called
a normed linear space.

Definition 2.2.1. A sequence {f,} in a normed linear space is a
Cauchy sequence if, for any € > 0, there exists an N > 1 such that for
any n,m > N,

[ fr = fmll <e.

Every convergent sequence is a Cauchy sequence.

Definition 2.2.2. A normed linear space § is complete if every
Cauchy sequence converges, i.e., if for each Cauchy sequence {f,,} there
exists f € § such that f, — f. A complete normed space is called a
Banach space.

Let (X,B, 1) be a normalized measure space.

Definition 2.2.3. Let 1 < p < co. The family of real valued mea-
surable functions (or rather a.e.-equivalence classes of them) f: X — R
satisfying

/ |f(@)[Pdp < oo (2.2.1)
X
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is called the £P(X, B, u) space and is denoted by £P(x) when the under-
lying space is clearly known, and by £P where both the space and the
measure are known.

The integral in (2.2.1) is assigned a special notation

I = /. |f<x>|pdu)% |

and is called the £ norm of f. £° with the norm | - ||, is a complete
normed space, i.e., a Banach space.

The space of almost everywhere bounded measurable functions on
(X,B, 1) is denoted by £>°. Functions that differ only on a set of u-
measure 0 are considered to represent the same element of £°°. The £
norm is given by

[flloc = ess sup|f(z)| = inf {M : p{z : f(x) > M} = 0}.
The space £ with the norm || - ||o is a Banach space.

Definition 2.2.4. The space of bounded linear functionals on a
normed space § is called the adjoint space to § and is denoted by F*.
The weak convergence in § is defined as follows: A sequence {f,}7° C §
converges weakly to an f € § if and only if for any F' € §*, F(f,) — F(f)
as n — +oo. Similarly, a sequence of functionals {F},}$° C §* converges
in the weak-* topology to a functional F' € §* if and only if for any f € §,
E.(f) — F(f) as n — 4o0.

Theorem 2.2.1. Let 1 < p < 0o and let q satisfy

1 1 1
+ )
p q o0
Then £9 is the adjoint space of £P.

If f € £P, g € £9, then fg is integrable and the Hélder inequality
holds:

[ Vsl die < 171l
Let g € £9. We define a functional F, on £ by setting
Fy(f) =/ fadp
b's

| Fy(f) I}

[yl = sup {~—=—1}.
= ]

Clearly Fj is linear.
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Proposition 2.2.1. FEach function g € £7 defines a bounded linear
functional Fy on £° with Fy(f) = [y fodp and ||Fy| = ||g/lq.

Theorem 2.2.2. (Riesz Representation Theorem) [Dunford and
Schwartz, 1964, Ch. IV, 8.5]

Let F' be a bounded linear functional on £P,1 < p < oo. Then there
exists a function g in £7 such that

E(f) =/ fodp.
b's
Furthermore, ||F|| = ||g||4-

We will use the following kinds of convergence in £ spaces.
(1) Norm (or strong) convergence:

fo—f in £ —norm <= | f, — fll, = 0, n — +o0.

(2) Weak convergence: f, — f weakly in £°, 1 < p < +o0, <

1 1
Vg € £4, /fngdu — /fgdu, where > +5 —1.
(3) Pointwise convergence:

fn — f almost everywhere (a.e.) <= f,(z) — f(z),

for almost every x € X.
The following results give several characterizations of these types of
convergence and connections between them:

Theorem 2.2.3. Let a sequence {f,}2,, fn € £,n = 1,2,...
satisfy
(1) |Ifulli < M for some M;
(2) Ve > 036 >0 such that for any A € B, if u(A) < 6 then for all n,

| / fudp] < €.
A

Then { f,,} contains a weakly convergent subsequence, i.e., { f,,} is weakly
compact.

Corollary 2.2.1. If there exists g € £' such that f, < g for n =
1,2,..., then {f,} is weakly compact.
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Theorem 2.2.4. (Scheffé’s Theorem) [Billingsley, 1985] If f,, > 0,
[ fodp=1,n=1,2,... and f, — f a.e. with [ fdu =1, then f, — f

in £'-norm.

Theorem 2.2.5. If f, — f weakly in £' and almost everywhere,
then f, — f in £'-norm.

We now consider spaces of continuous and differentiable functions.
Let X be a compact metric space.

Definition 2.2.5. C%(X) = C(X) is the space of all continuous
real functions f : X — R, with the norm

[fllco = sup | f(z) .
zeX

Definition 2.2.6. Let r > 1. C"(X) denotes the space of all r-times
continuously differentiable real functions f : X — R with the norm

o (k)
Iflle ax jg)(lf () |,

where f(*)(z) is the k-th derivative of f(z) and £ (z) = f(z).

Definition 2.2.7. 9(X) denotes the spaces of all measures p on
B(X). The norm, called the total variation norm on (X)), is defined
by

il = sup (A |+ (A T

1U..UAN=

where the supremum is taken over all finite partitions of X.

A more frequently used topology on (X)) is the weak topology of
measures, which we can define with the aid of the following result [Dun-
ford and Schwartz, 1964, Ch. IV, 6.3]:

Theorem 2.2.6. Let X be a compact metric space. Then the ad-
joint space of C(X), C*(X), is equal to 9(X).

Definition 2.2.8. The weak topology of measures is a topology of
weak convergence on M(X), i.e.,

unﬂu@/ gdunﬂ/ gdp, for any g € C(X).
X X

In view of Theorem 2.2.6 this is sometimes referred to as the topology
of weak-* convergence.
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Theorem 2.2.7. The weak topology of measures is metrizable and
any bounded (in norm) subset of M(X) is compact in the weak topology
of measures.

We now present two important corollaries of Theorem 2.2.6.

Corollary 2.2.2. Two measures p1 and ps are identical if and only

/ gdp = / gdpz
X X

Corollary 2.2.3. The set of probability measures is compact in the

if
for all g € C(X).

weak topology of measures.

For excellent accounts on the weak topology of measures, the reader
is referred to [Billingsley, 1968] and [Parthasarathy, 1967].

We now collect a number of results which will be needed in the
sequel.

Theorem 2.2.8. [Dunford and Schwartz, 1964, Ch II, 3.6] Let §, &
be Banach spaces and let {T,,} be a sequence of bounded linear operators
on § into &. Then the limit T f = lim,,_, o, T, f exists for every f in §
if and only if
(i)  the limit T f exists for every f in a set dense in §
and
(ii))  for each f in §, sup, |T,f| < cc.

When the limit T f exists for each f in §, the operator T is bounded
and

171 < Jim infy e [1T0ll < supn [Tl < +oo.

Theorem 2.2.9. (Rota’s Theorem) [Schaefer, 1974] If P is a pos-
itive operator on £'(X,B, 1), then the set
{ﬁ : A is an eigenvalue of P, |\ = ||P|}

forms a multiplicative subgroup of the unit circle.

Definition 2.2.8. Let v and p be two measures on the same mea-
sure space (X,B). We say that v is absolutely continuous with respect
to p if for any A € 9B, such that pu(A) =0, it follows that v(A) = 0. We
write v << p.

A useful condition for testing absolute continuity is given by
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Theorem 2.2.10. v << p if and only if given ¢ > 0 there exists
6 > 0 such that u(A) < 6 implies v(A) < ¢.

The proof of this theorem can be found in [Dunford and Schwartz,
1964].

If v << p, then it is possible to represent v in terms of u. This is
the essence of the Radon—Nikodym Theorem.

Theorem 2.2.11. (Radon-Nikodym) Let (X, *B) be a space and let
v and p be two normalized measures on (X,8). If v << pu, then there
exists a unique f € £1(X,B, i) such that for every A € B,

V(A) = /A fdu.

f is called the Radon—Nikodym derivative and is denoted by Z—Z.

Definition 2.2.9. Let v and p be two measures on the same mea-
sure space (X,%B). We say that v and p are mutually singular if and
only if there exist disjoint sets A,, A, € B such that X = 4, U A, and
w(A,) =0=wv(A,). We write v L p.

Theorem 2.2.12. (Lebesgue Decomposition Theorem) Let v and
1 be two measures on the same measure space (X,8). Then there exists
a unique decomposition of measure v into two measures v = vy + vy such
that 1 << p and 1o 1 p.

Definition 2.2.10. Let X be a compact metric space and let y be
a measure on (X,B), where B is the Borel o-algebra of subsets of X.
We define the support of i as the smallest closed set of full ;4 measure,
ie.,
supp(u) = X\ | ©O.

O—open
n(0)=0

It is worth noting that two mutually singular measures may have the
same support.

Let 99(X) denote the space of measures on (X,B). Let 7: X — X
be a measurable transformation (i.e., 771(A) € Bfor A € B). 7 induces
a transformation 7, on M(X) by means of the definition: (7.u)(A) =
u(t7rA). Since T is measurable, it is easy to see that T.u € IM(X).
Hence, 7, is well defined.
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Definition 2.2.11. Let (X,®B, 1) be a normalized measure space.
Then 7: X — X is said to be nonsingular if and only if 7. << p, i.e.,
if for any A € B such that p(A) = 0, we have 7o u(A) = u(771A) = 0.

Proposition 2.2.2. Let (X,B, 1) be a normalized measure space,
and let 7 : X — X be nonsingular. Then, if v << p, Tov << Topt << U

Proof. Sincev << pu, u(A) =0 = v(A) = 0. Since 7 is non-singular,
w(A) =0 = pu(r7*A) =0 = v(r~1A) = 0. Thus, T.v << Tup. Since T
is nonsingular, 7. << p. O

Definition 2.2.12. Let (X,®B, 1) be a normalized measure space.
Let

@:@(X,%,u):{f€£1(X,%,u): J = 0and Hf”l:l}

denote the space of probability density functions. A function f € © is
called a density function or simply a density.

If f €D, then
pr(A) = /Afdu << p

is a measure and f is called the density of 1y and is written as dpus/dp.

Let v << p. We saw in Proposition 2.2.2 that 7,v is absolutely
continuous with respect to pu. Hence the density of v is transformed into
a density of 7.v. This transformation, denoted by P, will be studied in
detail in Chapter 4. Clearly P, : ® — ©. The operators 7, : (X)) —
M(X) and P, : © — D are closely related. Since P, acts on £! it is
often easier to work with it than with 7. The main mathematical tool of
this book is P, which is called the Frobenius—Perron operator associated
with 7.

In Chapter 4, we shall encounter integrals whose analysis is greatly
facilitated by a change of variable. Consider the integral

/Ummﬂwm

where f and g are real-valued functions. We let v = g(x). Then du =
g’ (x)dz and

b g(b)
z))d (z)dx = w)du.
Afm»m> A@ﬂ)

We now collect a number of results from functional analysis. Let K
be a convex subset of a vector space §, i.e., for any g1, g2 € K, the whole
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interval {tg1 + (1 —t)g2 : 0 <t < 1} is in K. A point in K is called
an extreme point if it is not an interior point of any line segment lying
in K. Thus f is extreme if and only if whenever f = tg1 + (1 — t)g2
with 0 < ¢ < 1, we have g; ¢ K or g, ¢ K, i.e., we cannot represent an
extreme point as a convex combination of two points in K.

The intersection of all (closed) convex sets containing a set K is the
smalest (closed) convex set containing K. This set is called the (closed)
convex hull of K and denoted by co(K) (¢o(K)).

Theorem 2.2.13. (Mazur Theorem) [Dunford and Schwartz, 1964]
Let § be a Banach space with A C § where A, the closure of A, is
compact. Then To(A) is compact.

Theorem 2.2.14. (Kakutani—Yosida Theorem) [Dunford and
Schwartz, 1964] Let § be a Banach space and let T : § — § be a
bounded linear operator. Assume there exists ¢ > 0 such that ||T"] <
¢, n = 1,2,.... Furthermore, if for any f € A C §, the sequence {f,},

where
1 n
n— Tk )
fn=— kzl f

contains a subsequence { f,, } which converges weakly in §, then for any
feA4,

1 n
= TFf—feF
"=

(norm convergence) and T'(f*) = f*.

Theorem 2.2.15. (Minkowski Theorem) Let K be a closed boun-
ded and convex subset of R™. Then every boundary point of K is a
convex combination of at most n extreme points of K and every interior
point is a convex combination of at most n + 1 extreme points of K.

2.3 Functions of Bounded Variation in One Dimension

Let [a,b] C R be a bounded interval and let A denote Lebesgue measure
on [a,b]. For any sequence of points a = zp < 21 < ... < Tp_1 < Ty, =
b,n > 1, we define a partition P = {I; = [z;—1,2;) : i = 1,...,n} of
[a,b]. The points {xg, x1, ..., z, } are called end-points of the partition P.
Sometimes we will write P = P{xq, 1, ..., Tp }-
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Definition 2.3.1. Let f : [a,b] — R and let P = P{xo,z1,..., x5}
be a partition of [a, b]. If there exists a positive number M such that

> If (@) = flaw-1)| < M
k=1

for all partitions P, then f is said to be of bounded variation on [a,b].
If f is increasing or if it satisfies the Lipschitz condition

[f(x) = f()l < K]z —yl,

then it is of bounded variation.
Note that the Holder condition

[f(x) = f(y)l <Hlz —y|",0<e <1,

is not enough to guarantee that f is of bounded variation. This can be
seen by considering the function

zsin(2), 0<z<2r,

ﬂwz{o’ o

which is Hélder continuous, but not of bounded variation (see Problem
2.3.2).

Definition 2.3.2. Let f : [a,b] — R be a function of bounded
variation. The number

Viearf =sup{>_|f(zx) = f(zx—1)[}
P k=

is called the total variation or, simply, the variation of f on [a, b].

Many of the following results are well known and can be found in
the excellent book [Natanson, 1955].

Theorem 2.3.1. If f is of bounded variation on [a,b|, then f is
bounded on [a,b]. In fact,

[f (@) < |f(a)] + Viap f

for all x € [a, b].
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Lemma 2.3.1. Let f be a function of bounded variation such that
£l < oo. Then |f(x)| < Viay f + M for all z € [a,b], where || - |1 is
the £' norm on [a,b].

Proof. We claim there exists y € [a, b] such that |f(y)| < Al - pf
not, then for any x € [a, b]

(b —a)lf(z) > | fll-

Hence, ||f]l1 = ff|f( ) dA(z) > fb ”led)\( ) = ||fllL and we have a
contradiction.
Since

| f(@) [< (@) = F) [+ 1) |

we have
7@ < Views + 1L
O

Theorem 2.3.2. Let f and g be of bounded variation on [a,b.
Then so are their sum, difference and product. Also, we have

View) (f £9) < Vi f + Viayg

and

‘/[a,b] (f : g) < A‘/[a,b]f + B‘/[a,b]ga
where A = sup{|g(z)|: = € [a,b]}, B = sup{|f(z)|: = € [a,b]}.

Quotients are not included in Theorem 2.3.2 because the reciprocal
of a function of bounded variation need not be of bounded variation. For
example, if f(z) — 0 as © — ¢, then 1/f will not be bounded on any
interval containing xo and therefore 1/ f cannot be of bounded variation
on such an interval. To extend Theorem 2.3.2 to quotients, we must
exclude functions whose values can be arbitrarily close to zero.

Theorem 2.3.3. Let f : [a,b] — R be of bounded variation and
assume f is bounded away from 0; i.e., there exists a positive number
a > 0 such that |f(x)| > « for all x € [a,b]. Then g =1/f is of bounded
variation on [a,b] and

Viang < < Viaw f-
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Proof. Let {zo,...,x,} be a partition of [a,b]. Since f € BV]a,b],
we have

> 1 f () = flae-1)l < My
k=1

Then,
o1 |f(zr) — f(zrp—1)
> Z
— flzr)  flzr_1) | f () ||f (Tr—1)]
1
< ng.
Therefore,% € BV{a,b] and V[a,b]% < Vi f O

If we keep f fixed and study the total variation as a function of the
interval [a, b], we have the following property:

Theorem 2.3.4. Let f : [a,b] — R be of bounded variation and
assume c € (a,b). Then f is of bounded variation on [a,c| and on [c,b]
and we have

‘/[avb]f = ‘/[avc]f + ‘/[va]f'

The following result characterizes functions of bounded variation.

Theorem 2.3.5. Let f be defined on [a,b]. Then f is of bounded
variation if and only if f can be expressed as the difference of two in-
creasing functions.

Theorem 2.3.6. Let f be of bounded variation on [a,b]. If x €
[a,b], let V(x) = V]q0)f and let V(a) = 0. Then every point of continuity
of f is also a point of continuity of V. The converse is also true.

Combining the two foregoing theorems, we have

Theorem 2.3.7. Let f : [a,b] — R be continuous. Then f is of
bounded variation on [a,b] if and only if f can be represented as the
difference of two increasing continuous functions.

We now distinguish an important subspace of functions of bounded
variation.

Definition 2.3.3. Let f : [a,b] — R. f is called an absolutely
continuous function if and only if for any ¢ > 0 there exists a 6 > 0 such
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that for any {s;,#;}V,
N N
Yolti—sil <6 = D |f(t) — f(si) <e.
i=1 i=1

If f has a continuous derivative (or more generally, if f is absolutely
continuous), there is a very useful representation for its variation.

Theorem 2.3.8. Let f: [a,b] — R have a continuous derivative f'
on [a,b]. Then

b
Vi f = / (@) |dA(z).

We now briefly discuss the interesting relation between absolute con-
tinuity (nonsingularity) of a function and nonsingularity of a transfor-
mation defined by this function (Definition 2.2.11).

Recall, that f : [0,1] — [0, 1] is called nonsingular (as a transfor-
mation) < for any A € B([0,1]) MA) =0 = Af1(4) =0 (ie.
& f << X for fuA(A) = A(f71(A))). Then, by the Radon—Nikodym
Theorem, there exists a function g(x) > 0 such that

A(fH(A)) = /A g(1)dA (D), (2.3.1)

for all A € B([0,1]). Note that the function g may vanish on some set
of positive measure. If f(0) = 0, then applying the formula (2.3.1) to
A =0, z], we obtain

) = /OI g(t)d\(t) for z €][0,1].

On the other hand, the function ¢ : [0,1] — [0,1] is called nonsin-
gular or absolutely continuous (as a function) < ¢ is differentiable a.e.,
and

o(z) = /0 SN for z € [0,1].

(This characterization is equivalent to Definition 2.3.3).
The following proposition is a direct consequence of the definitions:

Proposition 2.3.1. Let f : [0,1] — [0,1]. If f~! exists and is
absolutely continuous as a function, then f is nonsingular as a transfor-
mation.

The following result was proved in [Quas, 1996].
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Proposition 2.3.2. Let f : [0,1] — [0,1] be a homeomorphism.
If f is absolutely continuous as a function and f' > 0, a.e., then f is
nonsingular as a transformation.

Proof. For each x € [0, 1], we have

@) = /O " P, (2.3.2)

Let = f" - A. The measure pu is equivalent to A. By (2.3.2), we have

AF(0.0)) = [ fax=uo.al), =< (0.1}
Since the intervals {[0,z]; = € [0, 1]} generate B([0,1]) we have

A(f(A)) = p(4)

for any measurable A C [0,1]. Thus, A\(f(4)) = 0 & u4) =0 &
A(A) = 0. Since f is a homeomorphism we have A\(B) = 0 < \(f~}(B)) =
0, for any measurable B. This implies that f is nonsingular as a trans-
formation. (]

Below we present an example of f : [0,1] — [0, 1] that is nonsingular
as a transformation but not absolutely continuous as a function.

Example 2.3.1. Let ¢ be the Cantor function (sometimes called
the “devil’s staircase” [Devaney, 1989]). It is a continuous, increasing
function transforming the Cantor set onto [0,1]. The derivative of c,
¢/, is equal to 0 almost everywhere. Let f(z) = 3(c(z) + x). Then
f:10,1] — [0,1] is a homeomorphism. For any measurable A C [0, 1],

we have

Az [ @ =07 )

Thus, AM(A) = 0 implies A(f~!(A4)) = 0 and f is nonsingular as a
transformation. We also have

0 =1>3 = [ r@ne.

so f is not absolutely continuous as a function.

We now show that the assumption f’ > 0 a.e. is important in
Proposition 2.3.2.
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Example 2.3.2. Let f be the homeomorphism of the previous ex-
ample. f transforms the Cantor set ¢ into the Cantor set ¢y of measure
1/2. The inverse homeomorphism f~! is absolutely continuous as a func-
tion. Its derivative (f~1)’ is equal to 0 on ¢y and equal to 2 elsewhere.
It is not difficult to check that, for any z € [0, 1],

f ) = / (Y (DA,

Obviously, f~! is not nonsingular as a transformation, since A\(¢) = 0
and A(eg) = M(f71) 7o) = 5.

We now present a result due to E. Helly that has many important
applications.

Theorem 2.3.9. (Helly’s First Theorem) [Natanson, 1955]

Let an infinite family of functions F' = { f} be defined on an interval
[a,b]. If all functions of the family and the total variation of all functions
of the family are bounded by a single number, i.e.,

f@)| <K, Vyf<K VfeF,

then there exists a sequence { f,} C F that converges at every point of
[a, ] to some function f* of bounded variation, and Vi, ; f* < K.

Two inequalities that will play an important role in the sequel follow:

Theorem 2.3.10. Let f : [a,b] — R be of bounded variation. Let
x,y € la,b] and x < y. Then

2 Yy
F@I W) < Vit + / F(0)de.

Proof. We have
[f @)+ 1f(y)] < 2 inf [FOI+ [f(2) = fOI+1£@) = fw)l-
By the Mean Value Theorem for integrals, we obtain
2 y
1@ 1+ 1) 1< =7 [ 1701430 + Vi

O
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Theorem 2.3.11. (Yorke’s Inequality) [Lasota and Mackey, 1985,
p. 118]

Let f: [a,b] — R be of bounded variation. Let [c,d] C [a,b] and let
Xe,d] be the characteristic function of the interval [c,d]. Then

9 d
Viao) (fX(e,d)) < 2Viea) f + ﬂ/ |f()|dA(t).

We now make the space of functions of bounded variation into a
Banach space. Let

BV(la.t) ={fe€£: inf Viyh <-+oo}

Note that the infimum is taken over all functions a.e. equal to f. For
example, the function

Fa) {n, ifx:%, n=12,...
xTr) =
0, otherwise

clearly has infinite variation, but f € BV/([0, 1]) since f; = 0is a.e. equal
to f and V[gJ]fl = 0.
We define a norm on BV ([a, b]) as follows: For f € BV ([a,b]),

I£lsv = IFh + , inf Vi

Without the £1-norm, || - || sy would not be a norm, since a function that
is not 0 could have 0 variation.
We now collect some miscellaneous properties of BV ([a, b]).

Proposition 2.3.3. BV([a,b]) is dense in £'([a,b]).

Proof. Since C*(]a,b]) is dense in £'([a,b]) and BV ([a,b]) contains
C'([a,b]), the result is true. O

Proposition 2.3.4. A bounded set in BV ([a,b]) is strongly com-
pact in £'([a,b]).

Proof. It {fa}aea C BV([a,b]) is bounded, there exists K; < oo
such that
| fallBy < K1 Va2

From the definition of || - ||pv it follows that {fa}aecu is uniformly
bounded, i.e., there exists Ky < oo such that

|fa(z)] < Ky Vae
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Let K = max(K7, K3). By Helly’s Theorem, there exists a subsequence
{fa,} such that

Jo = 7
everywhere. Since {fq }aca is weakly compact (it is uniformly bounded)

and fo, — f*, Theorem 2.2.5 implies that f,, — f* in £!([a,b]). Hence
{fa}aca is strongly compact in £!([a,b]). O

Proposition 2.3.5. If Vi, 4 fn < K for alln and f, — f in &' =
£Y([a, b]), then
‘/[a,b]f < K.
Proof. Since f, — f in £!([a,b]), we can assume that some sub-
sequence f,, — f everywhere after changing the functions on a set of

measure 0. Consider the partition a = zg < 1 < ... < x, = b. Then we
have

N
S (@) = fa (@) S K k=1,2, ...
=1

Taking the limit as k — oo, we obtain

N
Yo If (@) = flri)| < K.
i=1

Since the partition was arbitrary, we have Vi, f < K. O

Proposition 2.3.6. Let f € BV ([a,b]) and assume Mz : f(x) #
0} > 0. Let suppf = {x : f(x) # 0} denote the support of f. Then the
interior of supp f # (.

Proof. Since f is continuous except at a countable number of points,
we can choose g such that |f(xo)| = h # 0 and f is continuous at .
Since h # 0, there is a neighborhood of f(z¢), U, such that 0 ¢ U. Since
f is continuous at xq, f~1(U), is open, i.e., |f(x)| # 0 for x in some
neighborhood of xy. Hence the support of f contains a nonempty open
set. (Il

For n-dimensional functions of bounded variation, this property is
not necessarily true [Géra and Boyarsky, 1992].

Below we present two results of [Keller, 1982], which we will use
in Section 11.2. Let us define the indefinite integral [(®) of a function
P c £ by
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/ (@)(2) = / _ H@dA).

Lemma 2.3.2. Let f € BV and ® € £!. Then,

| / fodN < V(f) | / ()0 + | / SN - [ ]l <2 fll5v ] / (B)]]oo-

Proof. Let Jy,...,Jy be a partition of I = [0, 1] into subintervals
Ji = [a;,a;41] such that 0 = ap < a3 < -+ < apr = 1 and assume that
® is constant on each J;. Let G = [(®). Then

I/f-‘bfﬁl=|i/]if-¢0%|=|iui/]i‘bdkl
Z Glai-1)]l

=1
M-—1

Z Uis1 — | [|Glloe + [G(0) - ug| + |G(1) - ups]

=1

V() - 1Glloe + G- N[ flloe < 2 flBV - [|Gloo,

where u; € € f(J;), the closed convex hull of f(J;). For a general ®, the
required inequality follows by approximation. (]

/fw',

where the supremum extends over all ® € £' with || [(®)]jec <1 and
[ @\ =0.

Theorem 2.3.12. For f € £!,

V(f) =sup
)]

Proof. By Lemma 2.3.2, it follows that

V() zsup|/f-w|.

Hence, we need only prove the reverse inequality. Let S = sup| [ f -
P

®d\|, the supremum being taken as in the statement of the theorem, and
assume that S < co. Let us choose a sequence {P,,} of finite partitions
of I into subintervals, P, finer then P,, which generates the Borel
o-algebra on I. Then, the conditional expectations E[f|P,] — [ a.e.
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with respect to A (see Section 2.4). This implies that for each version f

of f
1

AlLn(2))

everywhere except for a set N(f) of zero A measure, where I,,(z) denotes

/ fd\ — f, as n — oo,
In(x)

ko _
the element of P, containing z. Now sums of the type > |f(a;) —
i=1

flai—1)], with a; ¢ N(f), can be approximated by the integrals [ f-®d,
with @ as required (see Problem 2.3.9). Then,

k

sup > [f(ai) = fai-1)] < S < o0.
ag<---<ag i=1

ai¢ N (f)
That is, f| NN 18 of bounded variation and can be extended to a
function ? on all of I (by using one-sided limits) such that
k

sup Y [f(a;) = flai1)| < 8.

apg<---<ag i—1

Since ? is also a version of f (i.e., ? = fa.e.), we finally have V(f) < S.
O

2.4 Conditional Expectations

Let (X, B, 1) be a normalized measure space. Let € C B be a o-algebra.
For f € £Y(X,, ), we define the conditional expectation of f with
respect to € as follows:

Definition 2.4.1. Let (X, B, ) be a normalized measure space and
let € C B be a o-algebra. For f € £!(X,B, 1), we define the conditional
expectation of f with respect to € as the Radon—Nikodym derivative of
the measure fu), with respect to the measure ¢ and denote it by
E(f]¢):

d(fu,)

E(fle) = )
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Theorem 2.4.1. For a function g € £Y(X,& 1), we have g =

E(f|€) if and only if
/gdu = /fdu
A A

Example 2.4.1. Let (X,B, 1) be a normalized measure space and
let X =J>2; Ay, where A, € B and A, N A,,, =0 for m,n =1,2,....
and n # m. The partition {A,}5°, generates a o-algebra 2. In this
case, for any f € £1(X,B, 1), we have

E(f2) = Z@/A fdu - xa,.

n=1

for any A € €.

It is easy to check that the right hand side of the above equality satisfies
the condition given in Theorem 2.4.1.

Conditional expectations have all the properties of integrals. Some
other basic properties of conditional expectations are listed in the fol-
lowing:

Theorem 2.4.2. Let (X,B, 1) be a normalized measure space.
(a) If€; C € CWB and f € £1(X,B, ), then

E(E(f|¢2)|¢1) = E(f|¢1)-

(b) If¢&, C B,n = 1,2,..., is an increasing sequence of o-algebras
(€n C &y, for any n > 1) and € = o(lJ,,>; €»), then

E(f|€) — E(f|¢)

p-a.e. and in £1(X, €, u).
(c) If¢€, C B,n = 1,2,..., is a decreasing sequence of o-algebras
(€, DCyiq, for anyn > 1) and € = ﬂn21 ¢,,, then

E(f|€,) — E(f|€)
p-a.e. and in £1(X, B, u).

Problems for Chapter 2

Problem 2.2.1. Prove Scheffé’s Theorem (Theorem 2.2.4).
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Problem 2.3.1. Let f(x) =sin(z), = >0.
(a) Prove that f € BV|[0,2x].
(b) Find V(z) = Vjg 4 f, for any = > 0.

Problem 2.3.2. Prove that the function f : [0,27] — R defined by
zsin (1), if0<z<2r
J(@) = { 0, ifz=0
is not of bounded variation on [0, 27].

Problem 2.3.3. Let
f) = {

Prove that f € BV|0, 27].

2% sin (1), f0<az <2
0, if x =0.

Problem 2.3.4. Prove that if f € BV|[a,b], then f is bounded on
[a,b].

Problem 2.3.5. Suppose f,g € BV|[a,b]. Prove that fg € BV[a,b].

Problem 2.3.6. Let f, g be functions of bounded variation, g(x) >

o > 0. Prove that J; Ez)) is of bounded variation.

Problem 2.3.7. Let f : [a,b] — R satisfy a Lipschitz condition.
Prove that f € BV{a,b.

Problem 2.3.8. Let f have support in [b, ¢] and let it be of bounded
variation. Let g have support in [—a,a] and [* |g(t)|dA(t) < 1. Prove
that

‘/[b—a,c—i-a](f *g) < V[b—a,c+a]f )
where * denotes convolution:
400

+oo
feglt) = / F(8)g(t — s)AA(s) = / 9($)£(t — $)dA(s),

— 00 — o0

teR.

Problem 2.3.9. Let f € BV|[0,1] and let points 0 = ap < a1 <
- < ap = 1 be given. Construct a sequence of functions ®, € £,
| [(@n)llc < 1, [@,dN = 0, n = 1,2,..., such that the integrals

[ f®,dX\ approximate Zle |f(a;) — flai_1)|-



