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CHAPTER 3

Review of Ergodic Theory

In this chapter we present a brief review of ergodic theory. Many of the

results will be used in the sequel. For a more complete study of ergodic

theory the reader is referred to the excellent texts [Petersen, 1983] or

[Cornfeld, Fomin and Sinai, 1982].

3.1 Measure-Preserving Transformations

Let (X; B; ¹) be a normalized measure space.

De¯nition 3.1.1. The transformation ¿ : X ! X is measurable if

¿¡1(B) ½ B, i.e., B 2 B ) ¿¡1(B) 2 B, where ¿¡1(B) ´ fx 2 X :

¿ (x) 2 Bg:

De¯nition 3.1.2. We say the measurable transformation ¿ : X !
X preserves measure ¹ or that ¹ is ¿-invariant if ¹(¿¡1(B)) = ¹(B) for

all B 2 B.

De¯nition 3.1.3. Let (X;B; ¹) be a normalized measure space and

let ¿ : X ! X preserve ¹. The quadruple (X;B; ¹; ¿) is called a dynam-

ical system.

In practice, it is usually di±cult to check whether ¿ preserves a

measure since one does not have explicit knowledge of all members of B.

However, we often know a ¼-system P that generates B. For example,

if X is the unit interval, then the family P of all intervals is a ¼-system.

The following result is very useful in checking if a transformation is

measure preserving.

Theorem 3.1.1. Let (X;B; ¹) be a normalized measure space and

let ¿ : X ! X be measurable. Let P be a ¼-system (De¯nition 2.1.4)

that generates B. If ¹(¿¡1A) = ¹(A) for any A 2 P, then ¿ is measure

preserving (preserves ¹).

Proof. Let us de¯ne a new measure on B, ´(A) = ¹(¿¡1(A)) (see

Problem 3.1.10). The measures ¹ and ´ agree on the ¼-system P. By

Theorem 2.1.2, ¹ = ´ on B. ¤
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The following theorem gives a necessary and su±cient condition for

¿ -invariance of ¹.

Theorem 3.1.2. Let ¿ : X ! X be a measurable transformation

of (X;B; ¹). Then ¿ is ¹-preserving if and only if

Z

X

f(x)d¹ =

Z

X

f (¿(x))d¹ (3.1.1)

for any f 2 L1. If X is compact and (3.1.1) holds for any continuous

function f , then ¿ is ¹-preserving.

Two examples of measure-preserving transformations are presented

below. More examples can be found in the problem section at the end

of the chapter.

Example 3.1.1. Let X = [0; 1];B = Borel ¾-algebra of [0; 1] and

¸ = Lebesgue measure on [0; 1]. Let ¿ : X ! X be de¯ned by ¿(x) = rx

(mod 1), where r is a positive integer greater than or equal to 2. Then

¿ is measure preserving.

Proof. Let [a; b] ½ [0; 1] be a subinterval of [0; 1]. Its preimage

¿¡1([a; b]) consists of r disjoint intervals I1; : : : ; Ir and ¸(Ii) = 1
r (b ¡ a)

for i = 1; : : : ; r. Thus, ¸(¿¡1[a; b]) = ¸([a; b]). Since the family

P = f[a; b] ½ [0; 1]g is a ¼-system generating B, Theorem 3.1.1 implies

that ¸ is ¿ -invariant. ¤

Example 3.1.2. Let (X;B; ¹) be as in Example 3.1.1. De¯ne ¿ :

X ! X by ¿(x) = x + ® (mod 1), where ® > 0. Then ¿ preserves

Lebesgue measure.

Proof. As in Example 3.1.1 it is enough to show that ¸(¿¡1[a; b]) =

¸[a; b] for any subinterval [a; b] ½ [0; 1]. The preimage ¿¡1[a; b] consists of

one or two disjoint intervals and ¸(¿¡1[a; b]) = ¸([a; b]). A more natural

way to view this example is to interpret it as a rotation of the circle.

Then the ¿ -invariance of ¸ is obvious. ¤

The following theorem establishes the existence of invariant measures

for an important class of transformations.

Theorem 3.1.3. (Krylov{Bogoliubov Theorem) [Krylov and Bo-

goliubov, 1937] Let X be a compact metric space and let ¿ : X ! X be

continuous. Then there exists a ¿ -invariant normalized measure on X.
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Proof. Let º be a normalized measure on X. We consider a sequence

¹n =
1

n
(º + ¿¤º + ¢ ¢ ¢ + ¿n¡1

¤ º);

n = 1; 2; : : : , where ¿¤ is the operator on the space of measures de¯ned by

¿¤º = º ± ¿¡1. By Corollary 2.2.3, the sequence f¹ng1
n=1 is precompact

in the weak topology of measures, i.e., it contains a weakly convergent

subsequence f¹nkg1
k=1. Let ¹ be a limit point of this subsequence:

¹nk

weak¡! ¹

as k ! +1: We will prove that ¹ is ¿ -invariant, i.e., that ¹ is a ¯xed

point of ¿¤. To this end it is enough to show that for any continuous

function g : X ! R, Z

X

gd¹ =

Z

X

g ± ¿d¹: (3.1.2)

We have

j¹(g) ¡ ¹(g ± ¿)j = lim
k!+1

j¹nk
(g) ¡ ¹nk

(g ± ¿)j

= lim
k!+1

j 1

nk
(º + ¿¤º + ¢ ¢ ¢ + ¿nk¡1

¤ º)(g)

¡ 1

nk
(¿¤º + ¿2

¤º + ¢ ¢ ¢ + ¿nk¡1
¤ º + ¿nk

¤ º)(g)j

= lim
k!+1

1

nk
jº(g) ¡ ¿nk

¤ º(g)j · lim
k!+1

2 sup jgj
nk

= 0;

and (3.1.2) is proved. Continuity of ¿ is necessary to claim that ¹(g±¿) =

limk!+1 ¹nk
(g±¿). See Problem 3.1.15 for a counter example. ¤

3.2 Recurrence and Ergodicity

Let ¿ : X ! X be a transformation. The nth iterate of ¿ is denoted by

¿n, i.e.,

¿n(x) = ¿ ± ::: ± ¿(x)

n times. In the study of dynamical systems, we are interested in proper-

ties of the orbit f¿n(x)gn¸0. For example, in the recurrence of orbits of

¿ , i.e., the property that if the orbit starts in a speci¯ed set, it returns to

that set in¯nitely many times. If ¿ is measure preserving, then we have

a simply stated but powerful result regarding the recurrence of orbits.
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Theorem 3.2.1. (Poincar¶e Recurrence Theorem, 1899)

Let ¿ be a measure-preserving transformation on a normalized mea-

sure space (X;B; ¹). Let E 2 B such that ¹(E) > 0. Then almost all

points of E return in¯nitely often to E under iterations of ¿ .

This theorem has interesting physical and philosophical implications.

Proof. Let A be a measurable set with ¹(A) > 0, and let us de¯ne

the set B of points that never return to A, i.e., B = fx 2 A : ¿k(x) =2
A; k = 1; 2; : : : g: We will prove that

¿¡i(B) \ ¿¡j(B) = ;;
for i > j ¸ 0. If x 2 ¿¡i(B)\¿¡j(B), then ¿ j(x) 2 B and ¿ i¡j(¿ j(x)) =

¿ i(x) 2 B, which contradicts the de¯nition of B. Hence, we have

1X

i=0

¹(¿¡i(B)) = ¹([1
i=0¿

¡i(B)) · ¹(X) = 1:

Since ¹ is ¿ -invariant, this implies that
P1

i=0 ¹(B) · 1. Therefore,

¹(B) = 0. ¤
Example 3.2.1. Poincar¶e's Recurrence Theorem has an interesting

consequence for almost every number x 2 [0; 1]. Let ¿(x) = 10¢x (mod 1)

on [0; 1]. ¿ preserves Lebesgue measure ¸ and is closely related to the

decimal expansion of numbers. For any x 2 [0; 1), we have

x =
"1

10
+

"2

102
+

"3

103
+ : : : ;

where "i = [10 ¢ ¿ i¡1(x)]; i = 1; 2; : : : , so 0 · "i · 9. Then

¿(x) =
"2

10
+

"3

102
+

"4

103
+ : : : :

Let A = [0; 0:"1"2"3 : : : "n]. ¸(A) > 0, so almost every point visits A

in¯nitely many times. This means that the group of digits "1"2"3 : : : "n

repeats in¯nitely many times in the decimal expansion of almost every

number x 2 [0; 1).

Let (X;B; ¹) be a normalized measure space and let ¿ : X ! X

be a measure-preserving transformation on (X; B; ¹). If ¿¡1B = B

for some B 2 B, then ¿¡1(XnB) = XnB and the study of ¿ splits

into two parts: ¿ jB and ¿ jXnB . It is useful to have a concept of

indecomposability for measure-preserving transformations, so that if ¿

has this indecomposability property then the study of ¿ cannot be split

into separate parts. This property is called ergodicity.
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De¯nition 3.2.1. We call a measure-preserving transformation

¿ : (X;B; ¹) ! (X;B; ¹) ergodic if for any B 2 B, such that ¿¡1B = B,

¹(B) = 0 or ¹(X n B) = 0.

Since ergodicity is a property of the pair (¿; ¹), we often say that

(¿; ¹) is ergodic.

Example 3.1.1 is ergodic (see Example 3.2.2). Example 3.1.2 is er-

godic if and only if ® is irrational (see Problem 3.2.1).

Example 3.2.2. We will prove the ergodicity of ¿(x) = 2x (mod 1);

x 2 [0; 1].

Let A = ¿¡1(A) be an invariant set. Then, whenever x1 2 A and

¿ (x1) = ¿(x2); x2 2 A as well. Since ¿([0; 1
2
]) = ¿([1

2
; 1]), we have

¸(A) = 2¸(A \ [0;
1

2
]) =

¸(A \ [0; 1
2 ])

¸([0; 1
2 ])

or

¸(A \ [0;
1

2
]) = ¸(A) ¢ ¸([0;

1

2
]): (3.2.1)

Similarly, ¸(A \ [12 ; 1]) = ¸(A) ¢ ¸([12 ; 1]). For any B 2 B, let B1 =

¿¡1(B) \ [0; 1
2 ] and B2 = ¿¡1(B) \ [12 ; 1]. Then

¸(A \ ¿¡1(B)) = 2 ¢ ¸(A \ B1) = 2 ¢ ¸(A \ B2): (3.2.2)

Using (3.2.1) and (3.2.2), we can show by induction that

¸(A \ E) = ¸(A) ¢ ¸(E);

for any dyadic interval E (i.e., one with dyadic endpoints) and then for

any union of dyadic intervals. The set A can be approximated arbitrarily

closely by a union of dyadic intervals and we obtain, for any " > 0,

j¸(A \ A) ¡ ¸(A) ¢ ¸(A)j < ":

Since " > 0 is arbitrary, ¸(A) = ¸2(A), which implies that ¸(A) equals

0 or 1. Thus, ¿ is ergodic.

The symbol ¢ denotes the symmetric di®erence of sets: A¢B =

(A n B) [ (B n A).

De¯nition 3.2.2. Let (X;B; ¹; ¿) be a dynamical system. A set

B 2 B is called ¿ -invariant if ¿¡1(B) = B and almost ¿ -invariant if

¹(¿¡1(B)4B) = 0. Similarly, a measurable function is called ¿ -invariant

if f ± ¿ = f and almost ¿ -invariant if f ± ¿ = f ¹-a.e.
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Theorem 3.2.2. The following three statements are equivalent for

the transformation ¿ : (X;B; ¹) ! (X;B; ¹) preserving a normalized

measure ¹:

(1) ¿ is ergodic.

(2) ¹((¿¡1B)4B) = 0; B 2 B ) ¹(B) = 0 or 1.

(3) For any A;B 2 B with ¹(A) > 0, ¹(B) > 0, there exists n > 0 such

that ¹((¿¡nA) \ B) > 0.

We will prove Theorem 3.2.2 in a series of lemmas that are of inde-

pendent interest.

Lemma 3.2.1. If a normalized measure ¹ is ¿ -invariant and ¿¡1B ½
B, then there exists a set B1 ½ B; ¹(BnB1) = 0 and ¿¡1(B1) = B1.

Proof. We have B ¾ ¿¡1B ¾ ¿¡2B ¾ : : : . Let B1 =
T1

k=0 ¿¡k(B).

Then, B1 ½ B and ¹(B1) = limk!+1 ¹(¿¡k(B)) = ¹(B). Also,

¿¡1(B1) =
T1

k=1 ¿¡k(B) = B1. ¤

Lemma 3.2.2. If a normalized measure ¹ is ¿ -invariant and ¹(¿¡1(B) 4 B) =

0, then there exists a set B1 such that ¹(B 4 B1) = 0, and ¿¡1(B1) =

B1.

Proof. If ¹(¿¡1(B)4B) = 0, then ¹(¿¡1(B) n B) = 0. Let B2 =S1
k=0 ¿¡k(B). We can write

B2 n B = (
1[

k=0

¿¡k(B)) n B =
1[

k=0

(¿¡k¡1(B) n ¿¡k(B)):

Since ¹ is ¿ -invariant,

¹(B2 n B) ·
1X

k=0

¹(¿¡k¡1(B) n ¿¡k(B)) =
1X

k=0

¹(¿¡k(¿¡1(B) n B)) = 0:

Furthermore, ¿¡1(B2) =
S1

k=1 ¿¡k(B) ½ B2. By Lemma 3.2.1, there

exists B1 ½ B2; ¹(B2 n B1) = 0 and such that ¿¡1(B1) = B1. We have

¹(B1 n B) · ¹(B2 n B) = 0. Thus, ¹(B4B1) = 0. ¤

Lemma 3.2.3. If a normalized ¿ -invariant measure ¹ is ergodic,

then for any set B such that ¿¡1(B) ½ B, we have ¹(B) equal to 0 or 1.

Proof. Since ¿¡1(B) ½ B, we can ¯nd B1 ½ B such that ¿¡1(B1) =

B1 and ¹(B n B1) = 0 (Lemma (3.2.1). By ergodicity, ¹(B1) = 0 or 1.

Since ¹(B n B1) = 0 we obtain ¹(B) = 0 or 1. ¤
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Lemma 3.2.4. If a normalized ¿ -invariant measure ¹ is ergodic and

¹(A) > 0, then ¹([1
k=1¿

¡k(A)) = 1.

Proof. Let B =
S1

k=1 ¿¡k(A). Then ¿¡1(B) ½ B, and ¹(B) equals

0 or 1 by Lemma 3.2.3. It cannot be 0 since ¹(A) > 0. ¤

Ergodicity can also be characterized by means of functions:

Theorem 3.2.3. Let ¿ : (X;B; ¹) ! (X;B; ¹) be measure pre-

serving. Then the following statements are equivalent:

(1) ¿ is ergodic.

(2) If f is measurable and (f ± ¿)(x) = f(x) a.e., then f is constant a.e.

(3) If f 2 L2(¹) and (f ± ¿)(x) = f(x) a.e., then f is constant a.e.

Proof. It follows from Theorem 3.2.2 and the denseness of character-

istic functions both in the space of measurable functions and in L2(¹):

¤

Proposition 3.2.1. Let X be a compact metric space and let ¹

be a Borel normalized measure on X, which gives positive measure to

every non-empty open set. If ¿ : X ! X is continuous and ergodic with

respect to ¹, then

¹fx : f¿nx : n ¸ 0g is dense inXgg = 1

Proof. Let fUng1
n=1 be a base for the topology of X. Then f¿n(x) :

n ¸ 0g is dense in X , x 2 \1
n=1 [1

k=0 ¿¡kUn. This follows from the

fact that Y = [1
k=0¿

¡kUn is the set of points that go into Un after k

iterations of ¿ for some k ¸ 0. Since denseness requires that x visits

every Un, we need x 2 \1
n=1 [1

k=0 ¿¡kUn.

Since ¹ is measure preserving, ¹(¿¡1Y ) = ¹(Y ). But

¿¡1([1
k=0¿

¡kUn) ½ [1
k=0¿

¡kUn:

Hence, ¹(Y 4¿¡1Y ) = 0. By ergodicity, we have ¹([1
k=0¿

¡kUn) = 0 or

1. Since [1
k=0¿

¡kUn is a non-empty open set (by continuity of ¿), we

have ¹([k=0¿¡kUn) = 1. Thus,

¹(\1
n=1 [1

k=0 ¿¡kUn) = 1:

¤
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For ergodic transformations we have the following stronger version of

the Poincar¶e Recurrence Theorem, known as Kac's Lemma [Kac, 1947].

Let A be a measurable set with ¹(A) > 0 and let us de¯ne, for x 2 A,

n(x) = minfk ¸ 1 : ¿k(x) 2 Ag:

n(x) is the time of the ¯rst return of x to the set A.

Theorem 3.2.4. (Kac's Lemma) If ¹ is ¿ -invariant and ergodic,

and A is a measurable set with ¹(A) > 0, then
Z

A

n(x)d¹(x) = 1: (3.2.3)

In terms of the conditional measure ¹A(B) = ¹(A\B)
¹(A)

, this can be

written as Z

A

n(x)d¹A(x) =
1

¹(A)
;

which says that the expected time of return to a set A is 1
¹(A) .

Proof. Let us de¯ne Ak = fx 2 A : n(x) = kg, Bk = fx 2 X :

¿ k(x) 2 A and ¿ j(x) =2 A , for j = 1; : : : ; k¡1g and Ck = BknAk; k =

1; 2; : : : . It is easy to see that fAkg1
k=1 are mutually disjoint subsets

of A, fBkg1
k=1 are mutually disjoint subsets of X and Ak ½ Bk, for

k = 1; 2; : : : : Then

(Xn [1
k=1 Bk) \ ¿¡j(A) = ;; for j = 1; 2; : : : ;

so ¹(Xn [1
k=1 Bk) = 0 by Lemma 3.2.4. Hence, ¹([1

k=1Bk) = 1. On the

other hand, for any k ¸ 1, we have ¿¡1(Ck) = Bk+1 and

¹(Bk) = ¹(Ak) + ¹(Ck) = ¹(Ak) + ¹(¿¡1(Ck)) = ¹(Ak) + ¹(Bk+1):

Thus, we can write

¹(Bk) = ¹(Ak) + ¹(Bk+1)

= ¹(Ak) + ¹(Ak+1) + ¹(Bk+2) = ¢ ¢ ¢ =
X

i¸k

¹(Ai):

This implies

1 = ¹(
1[

k=1

Bk) =
1X

k=1

¹(Bk) =
1X

k=1

X

i¸k

¹(Ai)

=
1X

i=1

iX

k=1

¹(Ai) =
1X

i=1

i ¢ ¹(Ai) =

Z

A

nd¹:

¤
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Some details of this proof are further discussed in Problem 3.2.10.

Theorem 3.2.5. If ¹1 and ¹2 are two di®erent normalized ¿ -ergodic

measures, then ¹1 ? ¹2 (¹1 and ¹2 are mutually singular).

Proof. Let ¹ = ¹1+¹2

2
. Since ¹1 << ¹ and ¹2 << ¹, there exist in-

tegrable functions f1; f2 such that ¹1 = f1 ¢¹ and ¹2 = f2¢¹, respectively.

Let us de¯ne A1 = fx : f1(x) > 0g and A2 = fx : f2(x) > 0g. We will

prove that A1 and A2 are almost invariant (i.e., ¹(Ai¢¿¡1(Ai)) = 0,

i = 1; 2). We have ¹1(¿¡1(A1) n A1) = 0 (since ¹1(A1) = 1) and

¹1(¿
¡1(A1)) = ¹1(A1): Thus,

¹1(A1 n ¿¡1(A1)) = ¹1(A1) + ¹1(¿
¡1(A1) n A1) ¡ ¹1(¿

¡1(A1)) = 0:

Hence, ¹1(A14¿¡1(A1)) = 0 and there exists a ¿ -invariant set ~A1 such

that ¹1(A14 ~A1) = 0. Similarly, there exists a ¿ -invariant set ~A2 such

that ¹2(A24 ~A2) = 0. Then, the set A = ~A1 \ ~A2 is also ¿ -invariant.

Since ¹1 is ergodic, ¹1(A) equals either 1 or 0. Similarly, ¹2(A) equals

either 1 or 0. Let us consider all four possible pairs of values ¹1(A),

¹2(A). In three of the possible cases, 0 and 0, 0 and 1, 1 and 0, the

measures ¹1; ¹2 are mutually singular. In the fourth case, ¹1(A) =

¹2(A) = 1 and we have

¹1 = f ¢ ¹2;

where f = f1

f2
a.e. ¹2. Using Lemma 3.2.5 we obtain ¹1 = ¹2, which

contradicts the assumption ¹1 6= ¹2. ¤

Lemma 3.2.5. If ¹ is a normalized ¿ -ergodic measure and ¹1 << ¹

is a normalized ¿ -invariant measure, then ¹1 = ¹.

Proof. Since ¹1 << ¹, there exists an integrable function f ¸ 0,

such that ¹1 = f ¢ ¹. Since both ¹1 and ¹ are ¿ -invariant, for any

measurable set B, we have
Z

B

fd¹ = ¹1(B) = ¹1(¿
¡1(B)) =

Z

¿¡1(B)

fd¹ =

Z

B

f ± ¿d¹:

Hence, f = f ± ¿ ¹-a.e. Since ¹ is ergodic, f is constant a.e. Since both

measures are normalized, f ´ 1, a.e., and ¹1 = ¹. ¤

Let us consider the set M1 of normalized ¿ -invariant measures. It is

easy to show that M1 is convex. We will prove that the extremal points

of M1 are precisely the ¿ -ergodic measures.



38 3 Review of Ergodic Theory

Theorem 3.2.6. The extremal points of M1 are ergodic measures.

Proof. Let ¹ 2 M1 be a ¿ -ergodic measure. Let us assume that

¹ = ®¹1 + ¯¹2, where ¹1; ¹2 2 M1; ®; ¯ ¸ 0, and ® + ¯ = 1. Then

¹1 << ¹ and ¹2 << ¹ and by Lemma 3.2.5 we have ¹1 = ¹; ¹2 = ¹.

Thus, any ergodic measure is an extremal point of M1.

Now, let us assume that ¹ is an extremal point of M1. We will

show that ¹ is ergodic. If ¹ is not ergodic, then there exists an invariant

set A with 0 < ¹(A) < 1. Its complement Ac is also invariant and

0 < ¹(Ac) < 1. Let us de¯ne ¹1 = 1
¹(A)

¢ ÂA ¢ ¹ and ¹2 = 1
¹(Ac)

¢ ÂAc ¢ ¹.

Both ¹1; ¹2 2 M1 and we have

¹ = ¹(A) ¢ ¹1 + ¹(Ac) ¢ ¹2;

which contradicts the assumption that ¹ is an extremal point of M1.

¤

If X is a compact metric space, then M1 is compact in the weak

topology. Let us denote by Ex(M1) the set of extremal points of M1, i.e.,

the set of ergodic measures. By the Krein{Milman Theorem [Dunford

and Schwartz, 1964], there exists a measure M on Ex(M1) such that for

any ¹ 2 M1, there exists a function f¹ on Ex(M1) such that

¹ =

Z

Ex(M1)

f¹dM: (3.2.4)

The representation (3.2.4) is called the ergodic decomposition of ¹. In a

simpler case, where Ex(M1) is countable, we have for any ¹ 2 M1,

¹ =
1X

i=1

®i¹i;

where Ex(M1) = f¹ig1
i=1, and ®i 2 R; i = 1; 2; : : : .

Example 3.2.3. Let I = [0; 1] and ¿(x) = x be the identity on I.

Any measure ¹ is ¿ -invariant. The only ergodic measures are the Dirac

measures ±x; x 2 I. Thus, any measure can be represented as an integral

over Dirac's measures. This example shows that ergodic measures in the

ergodic decomposition of ¹ may have properties completely di®erent from

those of ¹ itself. For example, when we write an ergodic decomposition of

an invariant measure absolutely continuous with respect to ¸ we cannot

be sure that the components are also absolutely continuous with respect

to ¸.
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Let X be a compact metric space and let ¿ : X ! X be measurable.

For any x 2 X, we denote by !(x) a set of accumulation points of the

orbit of x : f¿n(x)g1
n=0.

De¯nition 3.2.3. A point x 2 X is called ¿ -recurrent if and only

if x 2 !(x), i.e., there exists a strictly increasing sequence of positive

integers fnig1
i=1, such that

x = lim
i!+1

¿ni(x):

We denote by R¿ the set of all ¿ -recurrent points.

For example: every ¯xed or periodic point is recurrent and for an

irrational rotation of the circle every point is recurrent.

The following theorem is a topological counterpart of the Poincar¶e

Recurrence Theorem.

Theorem 3.2.7. For any ¿ -invariant ¯nite measure ¹; ¹(X nR¿ ) =

0, i.e., any ¿ -invariant measure is supported on the set of ¿ -recurrent

points.

Proof. Let fBngn¸0 be a basis of open balls covering X with diam-

eters tending to 0 as n ! +1 and such that
S

n>N Bn = X, for any

N > 0. Let ¹ be a ¿ -invariant measure. By the Poincar¶e Recurrence

Theorem, we can ¯nd sets ~Bn ½ Bn of points returning in¯nitely many

times to Bn with ¹(Bn n ~Bn) = 0; n = 1; 2; : : : . If ¹(Bn) = 0, then we

de¯ne ~Bn = ;. Let
~X =

\

N¸0

[

n¸N

~Bn:

Then we have

¹(X n ~X) = ¹(
[

N¸0

[

n¸N

Bn n
\

N¸0

[

n¸N

~Bn)

= ¹((
[

n¸0

[

n¸N

Bn) \ (
[

N¸0

\

n¸N

(X n ~Bn)))

· ¹(
[

N¸0

[

n¸N

(Bn n ~Bn)) = 0:

Let x 2 ~X. Then for any " > 0 we can ¯nd a ball Bn0 with radius smaller

than ", such that x 2 ~Bn0
and therefore some image ¿k0(x) 2 Bn0

and

½(x; ¿k0) < 2", where ½ is the metric on X. Since " > 0 was arbitrary

and k0 can be chosen arbitrarily large, x 2 R¿ . Thus, we have ~X ½ R¿

and ¹(X n R¿) = 0. ¤
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Another important set of points is the set of nonwandering points

­¿ .

De¯nition 3.2.4. A point x 2 X is called nonwandering if and

only if, for any neighborhood U of x, there exists an n > 1 such that

U \ ¿¡n(U) 6= ;. The set of all nonwandering points is denoted by ­¿ .

Theorem 3.2.8. For a measurable transformation ¿ : X ! X,

R¿ ½ ­¿ . Thus, for any ¯nite ¿ -invariant measure ¹,

¹(X n ­¿ ) = 0: (3.2.5)

Proof. Let x 2 R¿ . Then there exists a sequence of positive integers

ni ! +1 such that ½(x; ¿ni(x)) ! 0, as i ! +1. For any neighbor-

hood U of x, we can ¯nd ni such that ¿nix 2 U . Thus, ¿¡ni(U)\U 6= ;.

This proves that R¿ ½ ­¿ . (3.2.5) follows by Theorem 3.2.7. ¤

3.3 The Birkho® Ergodic Theorem

Let ¿ : (X; B; ¹) ! (X; B; ¹) be measure preserving and E 2 B. For

x 2 X, a question of physical interest is: With what frequency do the

points of the orbit fx; ¿(x); ¿2(x); :::g occur in the set E?

Clearly, ¿ i(x) 2 E if and only if ÂE(¿ i(x)) = 1. Thus, the number

of points of fx; ¿(x); :::; ¿n¡1(x)g in E is equal to
Pn¡1

k=0 ÂE(¿k(x)), and

the relative frequency of elements of fx; ¿(x); :::; ¿n¡1(x)g in E equals
1
n

Pn¡1
k=0 ÂE(¿k(x)).

The ¯rst major result in ergodic theory was proved in 1931 by G.D.

Birkho® [Birkho®, 1931].

Theorem 3.3.1. Suppose ¿ : (X; B; ¹) ! (X;B; ¹) is measure

preserving, where (X; B; ¹) is ¾-¯nite, and f 2 L1(¹). Then there exists

a function f¤ 2 L1(¹) such that

1

n

n¡1X

k=0

f(¿k(x)) ! f¤; ¹ ¡ a:e:

Furthermore, f¤ ± ¿ = f¤ ¹ ¡ a:e: and if ¹(X) < 1, then
R

X f¤d¹ =R
X fd¹.

There are di®erent proofs of the Birkho® Ergodic Theorem, (see [Hal-

mos, 1956], [Cornfeld, Fomin and Sinai 1982], [Rudolph, 1990], [Krengel,
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1985]). Our presentation is based on [Randolph, 1968], which is closer to

Birkho®'s original proof. It is our belief that this proof is more intuitive

and can be easily grasped by novices in ergodic theory.

We present some lemmas ¯rst.

De¯nition 3.3.1. Given a real sequence x0; x1; : : : ; xn¡1 of ¯xed

length n, a term xj is called a vit (very important term) if at least one

of the sums

xj

xj + xj+1

...

xj + xj+1 + ¢ ¢ ¢ + xn¡1

is positive (i.e., strictly greater than 0).

Example 3.3.1. Let n = 5 and let the sequence be: ¡1; 1;¡1
2 ,

¡2
3 , 1. The vits are: ¡1; 1;¡2

3 ; 1. x2 = ¡1
2 is not a vit since ¡1

2 <

0;¡1
2 + (¡2

3) < 0 and ¡1
2 + (¡2

3 ) + 1 < 0.

Lemma 3.3.1. In any ¯nite sequence the sum of vits is greater than

or equal to 0. (If there are no vits we assume that their sum is 0).

Proof. We will use induction on the lengths of sequences. Let º

denote the sum of vits. For any sequence of length 1, the lemma holds

since either x0 ¸ 0 and º = x0 ¸ 0 or x0 < 0 in which case there are no

vits and º = 0. Let n ¸ 2 and let us assume that the lemma holds for

any sequence of length · n ¡ 1. Take any sequence of length n,

x0; x1; x2; : : : ; xn¡1: (3.3.1)

Form the sums

s0 = x0

s1 = x0 + x1

...

sn¡1 = x0 + x1 + ¢ ¢ ¢ + xn¡1:

We consider three cases:

Case 1: All sk · 0. Then x0 is not a vit of the sequence x0; x1; x2; : : : .

Hence all vits of (3.3.1), if there are any, are vits of the (n ¡ 1)-length
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sequence x1; x2; : : : ; xn¡1. Then º ¸ 0 by the inductive assumption.

Case 2: s0 > 0. Then x0 > 0; x0 is a vit of (3.3.1), and any other vit of

(3.3.1) is also a vit of x1; x2; : : : ; xn¡1. Hence º ¸ x0 > 0.

Case 3: s0 · 0; s1 · 0; : : : ; sk¡1 · 0 but sk > 0 with 1 · k · n ¡ 1.

Then,

0 < sk = sk¡1 + xk

0 < sk = sk¡2 + (xk + xk¡1)

...

0 < sk = s0 + (xk + xk¡1 + ¢ ¢ ¢ + x1)

Hence, x1 +x2 + ¢ ¢ ¢+xk¡1 +xk; x2 +x3 + ¢ ¢ ¢+xk; : : : ; xk¡1 +xk are all

positive and x1; x2; : : : ; xk¡1 are all vits of (3.3.1). Also, x0 is a vit since

0 < sk = x0 + (xk + xk¡1 + ¢ ¢ ¢ + x1). The vits x0; x1; x2; : : : ; xk¡1 have

sk > 0 as their sum. If there are any vits of (3.3.1) other than these, then

the others are also vits of the shorter sequence xk+1; : : : ; xn¡1, whose sum

is greater than or equal to 0 by the inductive hypothesis. Hence, º ¸ 0.

¤
For a function f 2 L1(X;B; ¹) and a ¹-preserving transformation

¿ , we de¯ne the ergodic averages

An(f) =
1

n

n¡1X

i=0

f (¿ i);

n = 1; 2; : : : .

Lemma 3.3.2. (Maximal Ergodic Theorem) Let ¿ be a transfor-

mation preserving the measure ¹, and f 2 L1(X;B; ¹). The set

M = fx : sup
n¸1

An(f)(x) > 0g

is measurable and Z

M

fd¹ ¸ 0:

More generally, for any ® 2 R and M® = fx : supn¸1 An(f )(x) > ®g,

we have Z

M®

fd¹ ¸ ®¹(M®):

Proof. For k = 1; 2; : : : , let Mk be de¯ned by

Mk = fx : sup
1·n·k

An(f)(x) > 0g:
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Obviously,

Mk = fx : sup
1·n·k

n¡1X

i=0

f(¿ i(x)) > 0g:

Thus, x 2 Mk if and only if at least one of

f(x)

f(x) + f(¿(x))

...

f(x) + f(¿(x)) + ¢ ¢ ¢ + f(¿k¡1(x)) (3.3.2)

is positive, i.e., if and only if f(x) is a vit of the sequence f(x); f(¿(x)),

: : : ; f(¿k¡1(x)). Since all f; f ± ¿; : : : ; f ± ¿k¡1 are measurable, Mk is a

measurable set. Moreover,

M1 ½ M2 ½ M3 ½ ¢ ¢ ¢ ½ Mk ½ Mk+1 ½ : : :

and M =
S1

k=1 Mk so M is also a measurable set and

Z

M

fd¹ = lim
k!+1

Z

Mk

fd¹

by the Monotone Convergence Theorem applied to positive and negative

parts of f; f+ and f¡. The convergence of this sequence implies the

convergence of its arithmetic means

lim
n!+1

1

n

nX

k=1

Z

Mk

fd¹ =

Z

M

fd¹:

Therefore the ¯rst part of the lemma will be proved upon showing that

nX

k=1

Z

Mk

fd¹ ¸ 0; n = 1; 2; 3; : : : : (3.3.3)

The sum in (3.3.3) is equal to

Z

Mn

f(x)d¹ +

Z

Mn¡1

f (x)d¹ + ¢ ¢ ¢ +

Z

M1

f(x)d¹ =

Z

¿¡1(Mn)

f(¿(x))d¹

+

Z

¿¡1(Mn¡1)

f(¿(x))d¹ + ¢ ¢ ¢ +

Z

¿¡(n¡1)(M1)

f(¿n¡1(x))d¹:
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By setting Nj = ¿¡j(Mn¡j); j = 0; 1; : : : ; n ¡ 1, we can write

nX

k=1

Z

Mk

f(x)d¹ =
n¡1X

j=0

Z

Nj

f(¿ jx)d¹ =
n¡1X

j=0

Z

X

f(¿ jx)ÂNj (x)d¹

=

Z

X

n¡1X

j=0

f(¿ jx)ÂNj
(x)d¹: (3.3.4)

We will establish (3.3.3) by showing that the integrand in (3.3.4) is

nonnegative for all x 2 X . The point x 2 Mk if and only if at least one

of the sums in (3.3.2) is positive and x 2 Mn¡j ; j = 1; : : : ; (n¡1) if and

only if at least one of

f(x)

f(x) + f(¿(x))

...

f(x) + f(¿(x)) + ¢ ¢ ¢ + f(¿n¡j¡1(x))

is positive. Since Nj = ¿¡j(Mn¡j); x 2 Nj if and only if ¿ j(x) 2 Mn¡j

and hence if and only if at least one of

f(¿ j(x)

f(¿ j(x)) + f(¿ j+1(x))

...

f(¿ j(x)) + f(¿ j+1(x)) + ¢ ¢ ¢ + f(¿n¡1(x))

is positive. Stated in terms of vits: x 2 Nj ; j = 0; 1; : : : ; n ¡ 1, if and

only if f(¿ j(x)) is a vit of the sequence

f(x); f(¿(x)); f (¿2(x)); : : : ; f(¿n¡1(x)): (3.3.5)

Consider any x 2 X and any j among 0; 1; 2; : : : ; n¡1. Either x =2 Nj , in

which case ÂNj (x) = 0, or else x 2 Nj in which case f(¿ j(x))ÂNj (x) =

f (¿ j(x)) is a vit of (3.3.5). Hence, for any x 2 X, the sequence (3.3.5)

has its sum of vits º(x) given by

º(x) =
n¡1X

j=0

f(¿ j(x))ÂNj (x);

which is nonnegative by virtue of Lemma 3.3.1. Since this sum is the

integrand in (3.3.4), we have established (3.3.3) and proved the ¯rst part
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of the lemma. The second part of the lemma follows upon replacing f

in the ¯rst part by f ¡ ®. ¤

Lemma 3.3.3. Let ¿ be a transformation preserving the measure

¹ and let f 2 L1(X;B; ¹). Let ® 2 R. If A is a measurable invariant set

such that for each x 2 A,

(a) sup
n¸1

An(f )(x) > ®; then

Z

A

fd¹ ¸ ®¹(A);

(b) inf
n¸1

An(f)(x) < ®; then

Z

A

fd¹ · ®¹(A):

Proof. First consider the special case ® = 0. Let g = f ¢ ÂA and

M = fx : sup
n¸1

1

n

n¡1X

i=0

g(¿ i(x)) > 0g:

By Lemma 3.3.2,
R

M gd¹ ¸ 0. The characteristic function ÂA is invari-

ant, i.e., ÂA = ÂA ± ¿ . Thus, g(¿ i) = f(¿ i)ÂA so

g(¿ i(x)) =

½
f(¿ i(x)); a.e. in A

0; a.e. in XnA:

Hence,

1

n

n¡1X

i¡0

g(¿ i(x)) =

½
An(f)(x); a.e. in A

0; a.e. in XnA:

Therefore, M ½ A di®ers from A by a set of measure zero and

0 ·
Z

M

gd¹ =

Z

A

gd¹ =

Z

A

fd¹;

which proves (a) under the special case ® = 0. In case ® is not zero,

then under the hypothesis in (a),

sup
n¸1

1

n

n¡1X

i=0

(f (¿ i(x)) ¡ ®) = sup
n¸1

(An(f)(x) ¡ ®) > 0

and

0 ·
Z

A

(f(x) ¡ ®)d¹ =

Z

A

fd¹ ¡ ®¹(A)

by the above special case, with f replaced by f ¡ ®. Hence (a) holds.

Now apply (a) with f replaced by ¡f and obtain (b). ¤
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Proof of Theorem 3.3.1. First we prove that the limit

f¤(x) = lim
n!+1

An(f )(x)

exists ¹-a.e. Let

A¡(x) = lim inf
n!+1

An(f)(x)

and

A+(x) = lim sup
n!+1

An(f)(x):

Both A¡ and A+ are measurable functions. Also,

A¡(¿(x)) = lim inf
n!+1

An(f)(¿(x))

= lim inf
n!+1

¡
¡f(¿n(x))

n
+ (

n + 1

n
)

1

n + 1

nX

i=0

f(¿ i(x))
¢

= lim inf
n!+1

An+1(f)(x) = A¡(x):

Thus, A¡ is ¿ -invariant and in the same way A+ is ¿ -invariant. For any

constants a < b, the set

Aa;b = fx : A¡(x) < a < b < A+(x)g

is a measurable set. Also,

¿¡1(Aab) = fx : ¿(x) 2 Aabg
= fx : A¡(¿(x)) < a < b < A+(¿(x))g = Aab

since A¡; A+ are ¿ -invariant. Moreover,

Aab ½ fx : inf
n¸1

An(f)(x) < a < b < sup
n¸1

An(f)(x)g:

Hence, by Lemma 3.3.3,
Z

Aab

fd¹ · a¹(Aab) · b¹(Aab) ·
Z

Aab

fd¹:

Consequently, ¹(Aab) = 0; for all a < b. Thus, ¹(A) = 0, where

A = fx : A¡(x) < A+(x)g =
[

a;b·Q
fx : A¡(x) < a < b < A+(x)g:

Thus, A¡(x) = A+(x) ¹-a.e. and f¤(x) = limn!+1 An(f )(x) exist

¹-a.e. and is ¿ -invariant.
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Now, we prove that f¤ 2 L1(X; B; ¹). We have kAn(jf j)k1 =

kjf jk1; f 2 L1(X;B; ¹) and by Fatou's Lemma,
Z

X

lim
n!+1

An(jf j)d¹ · lim
n!+1

Z

X

An(jf j)d¹ =

Z

X

jf jd¹:

Since jAn(f)j · An(jf j); n = 1; 2; : : : , we have
Z

X

jf¤jd¹ ·
Z

X

jf jd¹;

which proves that f¤ 2 L1(X;B; ¹). Furthermore, it proves that the

operator f 7¡! f¤ is a contraction on L1(X;B; ¹).

The last fact we have to prove is that
R
X

f¤d¹ =
R

X
fd¹, assuming

¹ is a ¯nite measure. We have
Z

X

An(f)d¹ =

Z

X

fd¹; (3.3.6)

for n = 1; 2; : : : . Since f¤ = limn!+1 An(f) ¹-a.e., for any bounded

function f , Lebesgue Dominated Convergence Theorem and (3.3.6) im-

ply Z

X

f¤d¹ =

Z
fd¹;

for any bounded function. Let f 2 L1(X;B; ¹) be arbitrary. For any

² > 0, we can ¯nd a bounded function fB such that kf ¡fBk1 < ². Then

k(f ¡ fB)¤k1 < ² and we have,

j
Z

X

f¤d¹ ¡
Z

X

fd¹j =
¯̄ Z

X

f¤
B + (f ¡ fB)¤d¹ ¡

Z

X

fB + (f ¡ fB)d¹
¯̄

· j
Z

X

f¤
Bd¹ ¡

Z

X

fBd¹j + k(f ¡ fB)¤k1 + k(f ¡ fB)k1

· 0 + 2²:

Since ² > 0 is arbitrary,
Z

X

f¤d¹ =

Z

X

fd¹:

¤

Corollary 3.3.1. If ¿ is ergodic, then f¤ is constant ¹¡a:e: and if

¹(X) < 1, then

f¤ =
1

¹(X)

Z

X

fd¹ a.e.
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Thus, if ¹(X) = 1 and ¿ is ergodic, we have

1

n

n¡1X

i=0

ÂE(¿ i(x)) ! ¹(E); ¹ ¡ a:e:;

and thus the orbit of almost every point of X occurs in the set E with

asymptotic relative frequency ¹(E).

We de¯ne the time average of f 2 L1(¹) to be

lim
n!1

1

n

n¡1X

i=0

f (¿ i(x));

and the space average of f to be

1

¹(X)

Z

X

f(x)d¹:

If ¿ is ergodic, Corollary 3.3.1 states that these averages are equal. The

converse is also true, i.e., if the time average equals the space average,

then ¿ is ergodic.

Example 3.3.2. Let ¿(x) = 10 ¢ x (mod 1); x 2 [0; 1]. ¿ preserves

Lebesgue measure ¸ and (¿; ¸) is ergodic. Let i = 0; 1; : : : ; 9 and Ai =

[ i
10 ; i+1

10 ). By the Birkho® Ergodic Theorem,

1

n

n¡1X

k=0

ÂAi(¿
kx) ! 1

10
;

for almost every x 2 [0; 1]. This proves the following famous result:

Theorem 3.3.2. (Borel Normal Number Theorem) For almost ev-

ery x 2 [0; 1] (with respect to Lebesgue measure), the frequency of any

digit in the decimal expansion of x is 1
10 , i.e., almost every x 2 [0; 1] is a

normal number.

Since for any real number x > 0 we can ¯nd an n ¸ 1 such that

x ¢10¡n 2 [0; 1], the Borel Normal Number Theorem holds for almost all

real numbers. It remains an open question as to whether ¼ is a normal

number.

Corollary 3.3.2. Let (X; B; ¹) be a normalized measure space and

let ¿ : X ! X be measure preserving. Then ¿ is ergodic if and only if
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for all A;B 2 B,

1

n

n¡1X

i=0

¹(¿¡iA \ B) ! ¹(A)¹(B):

Corollary 3.3.3. Lp-Ergodic Theorem (J. von Neumann).

Let 1 · p < 1 and let ¿ be measure preserving on the normalized

measure space (X;B; ¹). If f 2 Lp(¹), then there exists f¤ 2 Lp(¹) such

that f¤ ± ¿ = f¤¹-a.e. and k 1
n

Pn¡1
i=0 f (¿ ix) ¡ f¤(x)kp ! 0 as n ! 1.

Proof. Let us ¯x 1 · p < +1 and f 2 Lp(X; B; ¹). Since

kAn(f)kp · kfkp, we have by Fatou's Lemma,
Z

X

jf¤jpd¹ · lim inf
n!+1

Z

X

jAn(f )jpd¹ ·
Z

X

jf jpd¹:

Hence, the operator L : Lp ! Lp de¯ned by L(f) = f¤ is a contraction

on Lp(X;B; ¹). Since kf¤ ¡ An(f)kp
p =

R
X jf¤ ¡ An(f)jpd¹ and by

the Birkho® Ergodic Theorem An(f ) ! f¤ ¹-a.e., kf¤ ¡ An(f)kp ! 0,

as n ! +1 for any bounded function f 2 Lp(X;B; ¹). Let f 2
Lp(X;B; ¹) be a function, not necessarily bounded. For any ² > 0 we

can ¯nd a bounded function fB 2 Lp(X; B; ¹) such that kf ¡ fBkp < ².

Then, since L is a contraction on Lp(X; B; ¹), we have

kf¤ ¡ An(f )kp

= kf¤
B + (f ¡ fB)¤ ¡ An(fB) ¡ (An(f) ¡ An(fB))kp

· kf¤
B ¡ An(fB)kp + kAn(f) ¡ An(fB)kp + k(f ¡ fB)¤kp

· kf¤
B ¡ An(fB)kp + 2²;

which can be made arbitrarily small. ¤

3.4 Mixing and Exactness

Recall that ¿ is ergodic if and only if for all A;B 2 B,

1

n

n¡1X

i=0

¹(¿¡iA \ B) ! ¹(A)¹(B) as n ! +1:

De¯nition 3.4.1. We say ¿ : (X; B; ¹) ! (X;B; ¹) is weakly mix-

ing if for all A;B 2 B,

1

n

n¡1X

i=0

j¹(¿¡iA \ B) ¡ ¹(A)¹(B)j ! 0 as n ! +1:
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¿ is strongly mixing if for all A;B 2 B,

¹(¿¡nA \ B) ! ¹(A)¹(B) as n ! +1:

¿ is mixing of multiplicity r ¸ 1, if for any B;A1; A2; :::; Ar 2 B:

¹(¿¡n1A1 \ ¿¡n2A2 \ :::: \ ¿¡nrAr \ B) ! ¹(A1)¹(A2):::¹(Ar)¹(B)

as n1; n2; :::; nr ! +1 and jni ¡ nj j¡ > 1; i 6= j:

Obviously ¿ mixing of multiplicity r ) ¿ strongly mixing ) ¿

weakly mixing ) ¿ ergodic. Examples of ¿ ergodic but not weakly

mixing and ¿ weakly but not strongly mixing are known. There are

no known examples of ¿ strongly mixing but not mixing of multiplicity

r > 1.

The following result shows it is su±cient to check the convergence

properties on an algebra generating B.

Theorem 3.4.1. If ¿ : X ! X is measure preserving and P is a

¼-system generating B, then

(i) ¿ is ergodic if and only if for all A;B 2 P,

1

n

n¡1X

i=0

¹(¿¡iA \ B) ! ¹(A)¹(B)

as n ! +1.

(ii) ¿ is weakly mixing if and only if for all A; B 2 P,

1

n

n¡1X

i=0

j¹(¿ iA \ B) ¡ ¹(A)¹(B)j ! 0 as n ! +1:

(iii) ¿ is strongly mixing if and only for all A;B 2 P ,

¹(¿¡nA \ B) ! ¹(A)¹(B) as n ! +1:

Remark 3.4.1. The strong mixing of ¿ means that any set B 2 B

under the action of ¿ , becomes asymptotically independent of a ¯xed set

A 2 B. The weak mixing of ¿ means that B becomes independent of

A if we neglect a ¯nite number of initial iterations. The ergodicity of ¿

means B becomes independent of A on the average.

We will now express the foregoing concepts in functional form. For

that purpose, it is convenient to use the Koopman operator.



3.4 Mixing and Exactness 51

De¯nition 3.4.2. Let ¿ : (X; B; ¹) ! (X;B;¹) be a measurable

transformation. The operator U¿ : L1 ! L1 de¯ned by

U¿f = f ± ¿

is called the Koopman operator. It is easy to see that U¿ is well de¯ned

and that kU¿fk1 · kfk1 for any f 2 L1. Usually the Koopman

operator is de¯ned as an operator on L2, but for our purposes it is more

convenient to de¯ne it on L1.

Theorem 3.4.2. Let (X;B; ¹) be a normalized measure space and

let ¿ : X ! X be measure preserving. Then

(a) ¿ is ergodic if and only if for all f 2 L1; g 2 L1

1

n

n¡1X

k=0

Z

X

f (Uk
¿ g)d¹ !

Z

X

fd¹

Z

X

gd¹

as n ! +1.

(b) ¿ is weakly mixing if and only if for all f 2 L1; g 2 L1,

1

n

n¡1X

k=0

¯̄ Z

X

f(Uk
¿ g)d¹ ¡

Z

X

fd¹

Z

X

gd¹
¯̄
¡! 0 as n ! +1:

(c) ¿ is strongly mixing if and only if for all f 2 L1; g 2 L1;
Z

X

f(Un
¿ g)d¹ ¡!

Z

X

fd¹

Z

X

gd¹

as n ! +1.

There is a notion in ergodic theory that is even stronger than mixing.

This is the property of exactness, which was introduced in [Rochlin,

1964].

De¯nition 3.4.3. Let (X;B; ¹) be a normalized measure space and

let ¿ : X ! X be measure preserving such that ¿(A) 2 B for each A 2 B.

If

lim
n!1

¹(¿nA) = 1

for every A 2 B; ¹(A) > 0, then ¿ is exact.

It can be proved that exactness of ¿ implies that ¿ is strongly mixing.

The converse is not true in general. Note that if ¿ is invertible, it cannot

be exact, since

¹(¿A) = ¹(¿¡1¿A) = ¹(A); 0 < ¹(A) < 1;
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and by induction ¹(¿nA) = ¹(A) for all n.

Theorem 3.4.3. Let (X;B; ¹) be a normalized measure space and

let ¿ : (X; B; ¹) ! (X;B; ¹) be measure preserving. Then ¿ is exact if

and only if

BT =
1\

n=0

¿¡n(B)

consists of the sets of ¹-measure 0 or 1.

Proof. Let us assume that A 2 BT ; 0 < ¹(A) < 1 and let Bn 2 B

be such that A = ¿¡nBn; n = 1; 2; : : : : Since ¿ preserves ¹, we have

¹(Bn) = ¹(A); n = 1; 2; : : : : We also have ¿n(A) = ¿n(¿¡nBn) ½ Bn:

Hence, ¹(¿n(A)) · ¹(A) < 1 for n = 1; 2; : : : ; which contradicts the

exactness of ¿ . Let A 2 B and ¹(A) > 0. If limn!+1 ¹(¿nA) < 1,

we may assume that for some a < 1; ¹(¿n(A)) · a < 1; n = 1; 2; ::::

For any n ¸ 0 we have ¿¡(n+1)(¿n+1A) ¾ ¿¡n(¿nA): Thus, the set

B =
S1

n=0 ¿¡n(¿nA) belongs to BT . Since B ¾ A and ¹(B) ¸ ¹(A) >

0; ¹(B) = 1. On the other hand,

¹(B) = lim
n!+1

¹(¿¡n(¿nA)) = lim
n!+1

¹(¿n(A)) · a < 1:

¤

3.5 The Spectrum of the Koopman Operator and the
Ergodic Properties of ¿

Let (X;B; ¿; ¹) be a dynamical system with a ¯nite measure ¹. We recall

that the Koopman operator U¿ = U : L1(X;B; ¹) ! L1(X;B; ¹) is

de¯ned by

Uf = f ± ¿:

It is easy to see that kUfk1 · kfk1. Since constant functions are

U-invariant, kUk1 = 1 and 1 is always an eigenvalue of U . Since U

preserves integrals, all eigenvalues of U have modulus 1. We will study

the relation between the spectrum of U and the ergodic properties of ¿ .

Lemma 3.5.1. Let (¿; ¹) be ergodic. A number ´ such that ´k = 1

is an eigenvalue of U if and only if there exist mutually disjoint sets

C1; : : : ; Ck 2 B of positive ¹-measure such that ¿¡1(Ci) = Ci+1; i =

1; : : : ; k ¡ 1, and ¿¡1(Ck) = C1.
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Proof. ) Let f be an eigenfunction of U corresponding to ´. Then

U(fk) = fk ± ¿ = (f ± ¿)k = (Uf)k = ´kfk = fk

and fk is ¿ -invariant function. Since ¿ is ergodic, fk is constant, which

means that f attains at most k di®erent values. We can ¯nd a complex

number a0 2 C such that Ca0 = fx : f(x) = a0g is of positive ¹-

measure. Let C1 = Ca0
, and Ci+1 = ¿¡i(C1); i = 1; : : : ; k ¡1. We have

¿¡1(Ck) = fx : f(x) = a0

´k = a0g = C1.

( Let f =
Pk

i=1 ´k¡iÂCi
. Then Uf =

Pk¡1
i=1 ´k¡iÂCi+1

+ÂC1
= ´f .

¤

Theorem 3.5.1. (¿; ¹) is ergodic , 1 is a simple eigenvalue of U .

Proof. We have proved that ¿ is ergodic , any measurable ¿ -inva-

riant function is constant. ¤

Theorem 3.5.2. The following conditions are equivalent:

(i) (¿; ¹) is weakly mixing;

(ii) (¿; ¹) is ergodic and 1 is the only eigenvalue of U;

(iii) every eigenfunction of U is constant.

Proof. (i))(ii) Let ´ 6= 1; j´j = 1, be an eigenvalue of U , and let f

be an eigenfunction corresponding to ´. Let g ´ ¹f . We have

lim
n!+1

1

n

n¡1X

k=1

¯̄
¯̄
Z

X

f ± ¿k ¹fd¹ ¡
Z

X

fd¹

Z

X

¹fd¹

¯̄
¯̄

= lim
n!+1

1

n

n¡1X

k=1

¯̄
¯̄´k

Z

X

jf j2d¹ ¡ j
Z

X

fd¹j2
¯̄
¯̄

=

Z

X

jf j2d¹ ¢ lim
n!+1

1

n

n¡1X

k=1

j´k ¡ aj 6= 0;

where a = j RX fd¹j2= R
X jf j2d¹ · 1 (see Problem 3.5.1). This contra-

dicts (i).

(ii))(iii) The only eigenvalue of U is 1, so any eigenfunction of U is

¿ -invariant and hence constant.

(iii))(ii) This part requires a deeper proof that uses the general

spectral theorem [Dunford and Schwartz, 1964].

Both implications (i))(ii) and (ii))(iii) can be repeated for U ex-

tended to L2(X;B; ¹). Thus, we know that all eigenfunctions of U on
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L2 are constant. Let f 2 L2 be a nonconstant function with
R
X

fd¹ = 0.

Let g 2 L2. We will show that

lim
n!+1

1

n

n¡1X

k=1

¯̄
¯̄
Z

f ± ¿k ¢ ¹gd¹

¯̄
¯̄
2

= 0:

Let º be a measure on the spectrum ¾(U) de¯ned by

º(A) =

Z
(E(A)f)¹gd¹;

for all Borel subsets A ½ ¾(U), where E(¢) is the spectral measure cor-

responding to the operator U . For any complex number ´ 2 C with

j´j = 1, we have

U(E(f´g)f) =

Z

¾(U)

zÂf´gdE(z)f

= ´

Z

¾(U)

Âf´gdE(z)f = ´E(f´g)f:

Thus, E(f´g)f is an eigenfunction of U and is constant. We have

0 =

Z

X

E(f´g)f ¢ ¹fd¹ =

Z

X

E(f´g)2f ¢ ¹fd¹

=

Z
E(f´g)fE(f´g)fd¹;
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so E(f´g)f = 0, for any j´j = 1. We have

1

n

n¡1X

k=0

¯̄
¯̄
Z

X

f ± ¿k ¢ ¹gd¹

¯̄
¯̄
2

=
1

n

n¡1X

k=0

¯̄
¯̄
¯

Z

¾(U)

zkd(E(z)f; g)

¯̄
¯̄
¯

2

=
1

n

n¡1X

k=0

¯̄
¯̄
¯

Z

¾(U)

zkdº(z)

¯̄
¯̄
¯

2

=
1

n

n¡1X

k=0

ÃZ

¾(U)

zkdº(z)

!ÃZ

¾(U)

¹wkd¹º(w)

!

=
1

n

n¡1X

k=0

ZZ

¾(U)£¾(U)

zk ¹wkdº(z)d¹º(w)

=

ZZ

¾(U)£¾(U)

1

n

n¡1X

k=0

zk ¹wkdº(z)d¹º(w)

=

ZZ

¾(U)£¾(U)

1

n

1 ¡ (z ¹w)n

1 ¡ z ¹w
dº(z)d¹º(w):

The last equality holds because 1 ¡ z ¹w = 0 only for z = w and the

diagonal 4 = f(zw) 2 ¾(U) £ ¾(U) : z = wg is of (º £ º)-measure 0,

since the measure º vanishes on points. Since 1
n

1¡(z ¹w)n

1¡z ¹w ! 0; (º£º)-a.e.,

the Bounded Convergence Theorem yields

lim
n!+1

1

n

n¡1X

k=0

¯̄
¯̄
Z

X

f ± ¿k ¢ ¹gd¹

¯̄
¯̄
2

= 0:

This implies (see Problem 3.5.2) that

lim
n!+1

1

n

n¡1X

k=0

¯̄
¯̄
Z

X

f ± ¿k ¢ ¹gd¹

¯̄
¯̄ = 0:

In general, we replace f by f ¡ R
X fd¹ and obtain

lim
n!+1

1

n

n¡1X

k=0

¯̄
¯̄
Z

X

f ± ¿k¹gd¹ ¡
Z

X

fd¹

Z

X

¹gd¹

¯̄
¯̄ = 0;

which proves that ¿ is weakly mixing. ¤
De¯nition 3.5.1. Let J ½ N [ f0g. We de¯ne the density of J as

lim sup
n!+1

1

n
#(J \ f0; 1; : : : ; n ¡ 1g):
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Theorem 3.5.3. Let (X;B; ¿; ¹) be a dynamical system. The fol-

lowing conditions are equivalent:

(i) ¿ is weakly mixing;

(ii) for any A;B 2 B, there exists a subset J ½ N[f0g of density 0 such

that

lim
n!+1
n2NnJ

¹(¿¡n(A) \ B) = ¹(A)¹(B);

(iii) ¿ £ ¿ is weakly mixing;

(iv) ¿ £ T is ergodic, for any ergodic system (Y;A; T; º);

(v) ¿ £ ¿ is ergodic.

Proof. (i) , (ii) follows from the de¯nition of weak mixing and

the Koopman{von Neumann Lemma (Problem 3.5.3).

(ii))(iii) It is enough to show that for any A; B; C;D 2 B,

lim
n!+1

1

n

n¡1X

k=0

j¹(¿¡k(A) \ B) ¢ ¹(¿¡k(C) \ D)

¡ ¹(A)¹(B)¹(C)¹(D)j = 0: (3.5.1)

By (ii), there exist sets of density 0; J1 and J2, such that

lim
n!+1
n2NnJ1

j¹(¿¡n(A) \ B) ¡ ¹(A)¹(B)j = 0

and

lim
n!+1
n2NnJ2

j¹(¿¡n(C) \ B) ¡ ¹(C)¹(D)j = 0:

The set J = J1 [ J2 is of density 0 and

lim
n!+1
n2NnJ

j¹(¿¡n(A) \ B)¹(¿¡n(C) \ (D) ¡ ¹(A)¹(B)¹(C)¹(D)j

· lim
n!+1
n2NnJ1

j¹(¿¡n(A) \ B) ¡ ¹(A)¹(B)j ¢ ¹(¿¡n(C) \ (D)

+ lim
n!+1
n2NnJ2

¹(A)¹(B)j¹(¿¡n(C) \ (D) ¡ ¹(C)¹(D)j = 0:

Now (3.5.1) follows by the Koopman{von Neumann Lemma.

(iii))(iv) If ¿ £¿ is weakly mixing, then so is ¿ itself. Let (Y;A; T; º)

be ergodic. To prove that ¿ £ T is ergodic on X £ Y , it is enough to
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show that, for any A;B 2 B and any C;D 2 A,

lim
n!+1

1

n

n¡1X

k=0

¹(¿¡k(A) \ B)º(T¡k(C) \ D) = ¹(A)¹(B)º(C)º(D):

We have

lim
n!+1

1

n

n¡1X

k=0

¹(¿¡k(A) \ B)º(T¡k(C) \ D)

= lim
n!+1

1

n

n¡1X

k=0

³
¹(A)¹(B)º(T¡k(C) \ D)

+ (¹(¿¡k(A) \ B) ¡ ¹(A)¹(B))º(T¡k(C) \ (D)
´

= ¹(A)¹(B)º(C)º(D) + 0;

since by ergodicity of T , 1
n

Pn¡1
k=0 º(T¡k(C) \ (D) ! º(C)º(D), and by

weak mixing of ¿ , 1
n

Pn¡1
k=0 j¹(¿¡k(A) \ B) ¡ ¹(A)¹(B)j ! 0.

(iv))(v) ¿ is ergodic since ¿ £ Id is ergodic, where Id is the identity

on the space consisting of a single point. Thus, ¿ £ ¿ is ergodic.

(v))(i) For any A;B 2 B, we have

1

n

n¡1X

k=0

(¹(¿¡k(A) \ B) ¡ ¹(A)¹(B))2

=
1

n

n¡1X

k=0

¹(¿¡k(A) \ B)2 ¡ 2¹(A)¹(B)
1

n

n¡1X

k=0

¹(¿¡k(A) \ B)

+ (¹(A)¹(B))2

=
1

n

n¡1X

k=0

(¹ £ ¹)((¿ £ ¿)¡k(A £ A) \ (B £ B))

¡ 2¹(A)¹(B)
1

n

n¡1X

k=0

(¹ £ ¹)((¿ £ ¿)¡k(A £ X) \ (B £ X))

+ (¹(A)¹(B))2:

Since ¿ £ ¿ is ergodic, this converges to

(¹ £ ¹)(A £ A)(¹ £ ¹)(B £ B)

¡ 2¹(A)¹(B)(¹ £ ¹)(A £ X)(¹ £ ¹)(B £ X) + (¹(A)¹(B))2 = 0;

as n ! +1. By Problem 3.5.2, ¿ is weakly mixing. ¤
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3.6 Basic Constructions of Ergodic Theory

De¯nition 3.6.1. Induced Transformations

Let ¿ : X ! X be a measurable transformation preserving a normal-

ized measure ¹. Let A 2 B and ¹(A) > 0. According to Kac's Lemma,

the ¯rst return{time function n = nA is integrable and we can de¯ne a

transformation

¿A(x) = ¿n(x)(x); x 2 A:

The transformation ¿A : A ! A is called an induced transformation or

the ¯rst return transformation.

Figure 3.6.1 Figure 3.6.2

Example 3.6.1. Let ¿ be a tent transformation:

¿(x) =

½
2x ; for x 2 [0; 1

2 ];

2 ¡ 2x ; for x 2 (1
2 ; 1];

and let A = [0; 1
2 ]. We will construct the ¯rst return transformation

¿A. We use Figure 3.6.1 for the construction of ¿A while ¿A is shown in

Figure 3.6.2. We have n = 1 on [04 ; 1
4 ]; i.e., all points in [0; 1

4 ] return to

A in one iteration of ¿ ; n = 2 on [38 ; 4
8 ] (¿2( 4

8) = 0), i.e., points in [38 ; 4
8 ]

return to A in two iterations of ¿ ; n = 3 on [ 4
16 ; 5

16 ] and ¿3( 4
16) = 0;

n = 4 on [1132 ; 12
32 ] and ¿4(12

32) = 0. In general, if n = k on [ s
2k+1 ; s+1

2k+1 ] and

k is odd, then n = k + 2 on [4¢(s+1)
4¢2k+1 ; 4(s+1)+1

4¢2k+1 ] and ¿k+2(4(s+1)
4¢2k+1 ) = 0. If
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n = k on [ s
2k+1 ; s+1

2k+1 ] and k is even, then n = k+2 on [ 4s¡1
4¢2k+1 ; 4s

4¢2k+1 ] and

¿ k+2( 4s
4¢2k+1 ) = 0. This allows us to construct the consecutive branches

of ¿A inductively.

De¯nition 3.6.2. Integral Transformations

Let ¿ : X ! X be a measurable transformation preserving the

measure ¹, and let f : X ! N be an integrable function. Let us de¯ne

Xf = f(x; i) : x 2 X; 1 · i · f(x)g:

Then, we de¯ne an integral transformation ¿f : Xf ! Xf as follows:

¿f (x; i) =

½
(x; i + 1); if i + 1 · f(x);

(¿(x); 1); if i + 1 > f(x):

Example 3.6.2. Let ¿(x) be the tent transformation on X = [0; 1]

and let f(x) = 2 ¢ Â[0; 12 ) + 3 ¢ Â[ 12 ;1]. The integral transformation ¿f is

shown in Figure 3.6.3. We use the notation xn = (¿f)n(x); n = 1; 2; : : : .

The invariant measures for a transformation ¿ and the induced trans-

formation ¿A are closely related. We describe this relationship in the

following two propositions.

Figure 3.6.3

Proposition 3.6.1. Let ¿ be a transformation preserving a nor-

malized measure ¹ and let ¹(A) > 0. Then ¹jA is invariant under the

induced transformation ¿A.

Proof. Let B ½ A. For the measure ¹, we have

¹(B) = ¹(¿¡1B) = ¹(¿¡1B \ A) + ¹(¿¡1B n A)
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= ¹(¿¡1B \ A) + ¹(¿¡2B n ¿¡1A)

= ¹(¿¡1B \ A) + ¹((¿¡2B n ¿¡1A) \ A) + ¹(¿¡2B n (A [ ¿¡1A))

=
1X

i=1

¹(¿¡iB n [i¡1
k=1¿

¡kA) \ A) + lim
i!+1

¹(¿¡iB n ([i¡1
k=0¿

¡kA)):

We will show that

lim
i!+1

¹(¿¡iB n ([i¡1
k=0¿

¡k(A))) = 0: (3.6.1)

Let ¹A =
S1

k=0 ¿¡k(A). We have ¹( ¹A) = limi!+1 ¹
³Si¡1

k=0 ¿¡k(A)
´
.

Since ¿¡iB nSi¡1
k=0 ¿¡k(A) ½ ¹A nSi¡1

k=0 ¿¡k(A), (3.6.1) follows. Thus, we

have

¹(B) =
1X

i=1

¹((¿¡iB n [i¡1
k=1¿

¡k(A)) \ A)

=
1X

i=1

¹(¿¡iB \ Ai) = ¹(¿¡1
A (B));

where Ai = fx 2 A : n(x) = ig. ¤

Proposition 3.6.2. Let ¿ : X ! X be a measurable transforma-

tion and let A ½ X. Let the induced transformation ¿A : A ! A preserve

the measure ¹A. Then ¿ preserves the measure ¹, where

¹(B) =
1X

k=1

k¡1X

i=0

¹A(¿¡i(B) \ Ak);

B 2 B and Ak = fx 2 A : n(x) = kg. In particular,

¹(X) =
1X

k=1

k ¢ ¹A(Ak):

Proof. Let B 2 B. We have

¹(¿¡1(B)) ¡ ¹(B) =
1X

k=1

¹A(¿¡k(B) \ Ak) ¡
1X

k=1

¹A(B \ Ak)

= ¹A(¿¡1
A (B)) ¡ ¹A(B) = 0:

¤

The idea for the de¯nitions of measures ¹A in terms of ¹ and ¹

in terms of ¹A comes from the fact that constructions of induced and
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integral transformations are inverses of each other when ¿ is a 1-to-

1 transformation. Unfortunately, this is not the case in general. The

formula given in Proposition 3.6.2 is frequently used to construct an

invariant measure for transformations we cannot deal with directly. For

example, for transformations on an interval, that have critical points

(i.e., points where ¿ 0(x0) = 0), it can be used to prove the existence

of an invariant measure that is absolutely continuous with respect to

Lebesgue measure (acim). It turns out that if x0 is a critical point of

¿ , then it is often possible to ¯nd a neighborhood U of x0 such that

the induced transformation ¿U is piecewise expanding (although with a

countable number of branches). Then, we can prove the existence of an

acim for ¿U and, by using Proposition 3.6.2, for ¿ itself. More details on

this method can be found in [de Melo and van Strien, 1993].

Example 3.6.3. Let ¿(x) = 4 ¢ x ¢ (1 ¡ x); x 2 [0; 1]. In Figures

3.6.4 and 3.6.5 we show ¿U1 and ¿U2 , where U1 = [0; 1
2 ] and U2 = [14 ; 1

2 ].

¿U1 is not piecewise expanding, and it can be seen in the picture that ¿U2

is piecewise expanding. This can be proved rigorously. Both ¿U1 and ¿U2

have countably many branches, but we can show only a ¯nite number of

them. What is left out are almost vertical lines accumulating densely.

Figure 3.6.4 Figure 3.6.5

Proposition 3.6.3. Let the transformation ¿ preserve measure ¹,

and let ¿A be an induced transformation on A ½ X; ¹(A) > 0. We

assume that ¹(X nS1
n=0 ¿¡n(A)) = 0. Then (¿; ¹) is ergodic if and only

if (¿A; ¹A) is ergodic.
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Proof. First, let us assume that (¿; ¹) is ergodic. Let B ½ A be a

¿A-invariant set with ¹A(B) = ¹(B) > 0. Then B =
S1

n=0 ¿¡n
A (B) =

(
S1

n=0 ¿¡nB) \ A. Since ¿ is ergodic,
S1

n=0 ¿¡nB is a set of full ¹-

measure in X. Thus, B is a set of full ¹A-measure in A, which proves

the ergodicity of ¿A.

Let (¿A; ¹A) be ergodic. Let B ½ X be a ¿ -invariant set with ¹(B) >

0. Let ¹B =
S1

n=0 ¿¡n(B). Then ¿¡n( ¹B) ½ ¹B, for n = 1; 2; : : : : If

¹( ¹B \ A) = 0, then for n = 1; 2; : : : ; ¹( ¹B \ ¿¡n(A)) = 0, which is

impossible since ¹(X nS1
n=0 ¿¡n(A)) = 0. Thus, C = ¹B\A is of positive

measure. Since (¿A; ¹A) is ergodic, we have A =
S1

n=0 ¿¡n
A (C) ½ ¹B and

hence ¹(X n ¹B) = 0. Thus, (¿; ¹) is ergodic. ¤

Remark 3.6.1. Assume ¿ preserves an ergodic measure ¹; ¹(A) > 0,

and that ¿A preserves the measure ¹A = ¹jA. Then the construction of

Proposition 3.6.2 applied to ¹A gives back the measure ¹.

Proof. Let º be the measure obtained from ¹A via the construction

of Proposition 3.6.2. Then º is ¿ -invariant and º = ¹ on A. By the

¿ -invariance of º and ¹, º = ¹ on
S1

n=0 ¿¡nA; which is a set of full

measure. ¤

De¯nition 3.6.3. Natural Extension of a Transformation

Let ¿ : X ! X be a measurable transformation. We de¯ne a natural

extension T¿ of ¿ as follows: Let

X¿ = f(x0; x1; x2; : : : ) : xn = ¿(xn+1); xn 2 X; n = 0; 1; 2; : : : g;

and let T¿ : X¿ ! X¿ be de¯ned by

T¿ ((x0; x1; : : : )) = (¿(x0); x0; x1; : : : ):

T¿ is 1-to-1 on X¿ . If ¿ preserves a measure ¹, then we can de¯ne a

measure ¹ on X¿ by de¯ning ¹ on the cylinder sets

C(A0; A1; : : : ; Ak) = f(x0; x1; : : : ) : x0 2 A0; x1 2 A1; : : : ; xk 2 Akg

as follows:

¹(C(A0; A1; : : : ; Ak)) = ¹(¿¡k(A0) \ ¿¡k+1(A1) \ ¢ ¢ ¢ \ Ak):

Proposition 3.6.4. If ¿ preserves the measure ¹, then T¿ preserves

the measure ¹. (¿; ¹) is ergodic if and only if (T¿ ; ¹) is ergodic. (¿; ¹) is

weakly mixing if and only if (T¿ ; ¹) is weakly mixing.
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Proof. It is enough to check that T¿ preserves ¹ on cylinder sets.

We have

C(A0; A1; : : : ; Ak) = C(A0; ¿
¡1(A0) \ A1; ¿¡2(A0) \ A2; : : : ;

¿¡k(A0) \ Ak; ¿¡k¡1(A0) \ ¿¡1(Ak)):

Therefore,

T¡1
¿ (C(A0; A1; : : : ; Ak)) = C(¿¡1(A0) \ A1; ¿¡2(A0) \ A2; : : : ;

¿¡k(A0) \ Ak; ¿¡k¡1(A0) \ ¿¡1(Ak)):

Since

¹(¿¡k(A0) \ ¿¡k+1(A1) \ ¢ ¢ ¢ \ Ak) =

¹(¿¡k(¿¡1(A0) \ A1) \ ¿¡k+1(¿¡2(A0) \ A2); : : : ;

¿¡1(¿¡k(A0) \ Ak) \ ¿¡k¡1(A0) \ ¿¡1(Ak));

we have

¹¹(C(A0; A1; : : : ; Ak)) = ¹¹(T¡1
¿ (C(A0; A1; : : : ; Ak));

for any cylinder set.

Ergodicity If C is a ¿ -invariant subset of X, then A = f(x0; x1; : : : ) :

xi 2 C; i = 0; 1; : : : g is a T¿ -invariant subset of X¿ , and ¹(C) = ¹¹(A).

Thus, if ¿ is not ergodic, then T¿ is also not ergodic. This proves that

the ergodicity of T¿ implies the ergodicity of ¿ .

Now, let us assume that (¿; ¹) is ergodic. We will use von Neumann's

Ergodic Theorem. For any f 2 L1(X;¹), we have

1

n

n¡1X

k=0

f(¿k(x))
L1

!
Z

X

fd¹: (3.6.2)

Let F 2 L1(X¿ ; ¹¹) be of the form F (¹x) = f (xi0), where ¹x = (x0; x1; : : : )

2 X¿ and xi0 2 X; i0 ¸ 0. By (3.6.2), we have

1

n

n¡1X

k=0

F (T k
¿ (¹x)) =

1

n

n¡1X

k=0

f(¿k(xi0))
L1

!
Z

X¿

F (¹x)d¹¹: (3.6.3)

For any ¹x = (x0; x1; : : : ) 2 X¿ , we have xi = ¿ i0¡i(xi0); i = 0; 1; : : : ; i0.

For any integrable function G(¹x) on X¿ depending on a ¯nite num-

ber of coordinates, G(¹x) = G(x0; x1; : : : ; xi0), we can write G(¹x) =
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G(¿ i0(xi0); ¿
i0¡1(xi0); : : : ; xi0). Thus, (3.6.3) holds for G. Since func-

tions G of this form are dense in L1(X¿ ; ¹¹), (3.6.3) holds for any F 2
L1(X¿ ; ¹¹) and therefore (T¿ ; ¹¹) is ergodic.

Weak mixing Again, we will use the close relationship between

Lp(X;¹) and Lp(X¿ ; ¹), p = 1; 1. If (T¿ ; ¹) is weakly mixing, then for

any F 2 L1(X¿ ; ¹) and any G 2 L1(X¿ ; ¹), we have

1

n

n¡1X

k=0

jF (x) ¢ G(T k
¿ (x)) ¡

Z
Fd¹ ¢

Z
Gd¹j ! 0

as n ! +1. In particular, it is true for F (x) = f(x0) and G(x) = g(x0).

Thus, (¿; ¹) is weakly mixing. If (¿; ¹) is weakly mixing, we prove the

weak mixing of (T¿ ; ¹) in the same way we proved its ergodicity above.

¤

Example 3.6.4. Let S be a compact metric space with measure º

on a Borel ¾-algebra of subsets of S. Let X =
Q1

k=0 S with the product

¾-algebra and the product measure ¹ =
Q1

k=0 º. Let ¿ : X ! X be the

left shift on X, i.e.,

¿((x0; x1; x2; : : : )) = (x1; x2; : : : ):

Then ¿ is noninvertible (in general). We will construct a natural exten-

sion of ¿ . By De¯nition 3.6.3, we de¯ne

X¿ = fx = (y0; y1; : : : ) : yi = (x(i)
0 ; x(i)

1 ; : : : );

¿(yi+1) = yi; yi 2 X; i = 0; 1; : : : g:
By virtue of the condition ¿(yi+1) = yi; i = 0; 1; : : : , the sequences yi

are of the form

y0 = (x0; x1 : : : );

y1 = (x¡1; x0; x1; : : : );

y2 = (x¡2; x¡1; x0; x1; : : : );

...

yn = (x¡n; x¡n+1; : : : ; x¡1; x0; x1; : : : ):

It is natural then to write the double sequence ¹x = (y0; y1; : : : ) as one

two-sided sequence:

¹x = (: : : ; x¡n; x¡n+1; : : : ; x¡1;
#
x0; x1; : : : ):
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We interpret the transformation T¿ , de¯ned by T¿ ((y0; y1; y2; : : : )) =

(¿(y0); y0; y1; : : : ), as the left shift on the space of two-sided sequences.

De¯nition 3.6.4. Skew Product

Let (­;A; ¾; º) be a dynamical system and let (S;B; ¿!; ¹!)!2­ be

a family of dynamical systems such that the function ¿!(x) is A £ B

measurable. A skew product of ¾ and f¿!g!2­ is a transformation T :

­ £ X ! ­ £ X de¯ned by

T (!; x) = (¾(!); ¿!(x));

! 2 ­; x 2 X.

Proposition 3.6.5. If º is ¾-invariant and ¹! is ¿!-invariant for

! 2 ­, then the measure on A £ B

¹(A £ B) =

Z

A

¹!(B)dº(!) (3.6.4)

is T -invariant. If ¹ is a T -invariant measure and B is countably gen-

erated, then there exists a ¾-invariant measure º on A and a family of

measures f¹!g!2­ on B such that ¹! is ¿!-invariant, and the represen-

tation (3.6.4) holds.

Proof. We have T¡1(!; x) = f(¾¡1(!); ¿¡1
! (x))g and

¹(T¡1(A £ B)) =

Z

¾¡1(A)

¹¾(!)(¿
¡1
¾(!)(B))dº(!)

=

Z

¾¡1(A)

¹¾(!)(B)dº(!)

=

Z

A

¹!(B)dº(!) = ¹(A £ B):

If ¹ is T -invariant, then we de¯ne º(A) = ¹(A£X) for A 2 A. Obviously

º is ¾-invariant. For almost every ! 2 ­, there exists a measure ¹! such

that (E.1) holds. For any measurable A 2 A, we have
Z

A

¹!(¿¡1
! (B))dº(!) =

Z

A

¹!(B)dº(!):

Thus, ¹!(¿¡1
! (B)) = ¹!(B); º-a.e., for any B 2 B. If B is countably

generated, then we can ¯nd a set A1 2 A; º(A1) = 1 such that ¹! is

¿!-invariant for ! 2 A1. ¤

An important application of a skew product construction is the so{

called random transformation. Let ­ = §+ = Y fN[0g, where Y is a
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compact space with Borel probability measure ´. Let º = ´fN[(0)g be

the product measure and ¾ : ­ ! ­ be the shift to the left. Let fX;B; ¸g
be a measure space and f¿ygy2Y a family of transformations ¿y : X ! X,

such that ¿y(x) is a measurable function. A skew product T of ¾ and

f¿ygy2Y can be interpreted as a \random transformation" f¿y; ´g, where

the transformation ¿y is chosen according to the probability ´. If Y is

a ¯nite space this model is especially simple: We have a ¯nite number

of transformations f¿igk
i=1 that act with probabilities f´igk

i=1. If all the

¿i are nonsingular transformations (with respect to ¸), we can write the

Frobenius{Perron operator (see Chapter 4) of T´ = f¿i; ´igk
i=1. It is easy

to check that

PT´ =
kX

i=1

´iP¿i:

If the transformations ¿i 2 T (I), a theory analogous to that of Lasota{

Yorke (see Chapter 5 of this text) can be developed. See [Pelikan, 1984].
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Isomorphism of dynamical systems.

It often happens that two dynamical systems that appear to be com-

pletely di®erent behave essentially the same way. To formalize the no-

tion of \essentially the same", we introduce the notion of isomorphism

or conjugacy of dynamical systems. In this book we will use two notions

of isomorphism.

De¯nition 3.6.5. Measure Theoretic Isomorphism

Let (X;BX ; ¹; ¿) and (Y;BY ; º; T ) be dynamical systems. We say

that they are measure theoretically isomorphic (or conjugated) if there

exist ~X ½ X; ¹(X n ~X) = 0; ~Y ½ Y , º(Y n ~Y ) = 0 and a 1-to-1

measurable transformation h : ~X ! ~Y such that on ~X

¿ = h¡1 ± T ± h;

and ¹ = h¤º.

De¯nition 3.6.6. Topological Conjugation

Let (X;BX ; ¹; ¿) and (Y;BY ; º; T ) be continuous dynamical systems

on compact metric spaces X and Y , respectively. We say that they are

topologically conjugated if there exists a homeomorphism h : X ! Y

such that

¿ = h¡1 ± T ± h;

and ¹ = h¤º.

A measure theoretic isomorphism preserves measure theoretic prop-

erties of ¿ , while topological conjugation preserves both measure theo-

retic and topological properties of ¿ (e.g., periodic points).

Example 3.6.6. Let ¿ : [0; 1] ! [0; 1] be de¯ned by ¿(x) = 2x

(mod 1) and let T : §+ ! §+ be the left shift on the space of f0; 1g-
sequences. ¿ preserves Lebesgue measure ¸; while T preserves the prod-

uct measure ¹ = ºfN[0g, where º(0) = º(1) = 1
2
: For any x 2 [0; 1],

we de¯ne h(x) = ("0; "1; "2; : : : ), where x = "0

2 + "1

22 + ¢ ¢ ¢ + "n

2n+1 +

: : : . To guarantee uniqueness in the de¯nition of h(x), we assume that

the expansion never ends with an in¯nite sequence of 1's. The im-

age h([0; 1]) = ~Y ½ §+ and ¹(~Y ) = 1. For any x 2 [0; 1], we have

T ± h(x) = ("1; "2; "3; : : : ); h¡1 ± T ± h(x) = "1

2 + "2

22 + ¢ ¢ ¢ + "n

2n + : : : ,

which is obviously equal to ¿(x) = 2x (mod 1). Thus, ¿ and T are mea-

sure theoretic isomorphic. ¿ and T cannot be topologically conjugate to

each other because of the di®erent topological dimensions of [0; 1] and

§+.
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3.7 In¯nite and Finite Invariant Measures

Theorem 3.7.1. (Kakutani{Hajian [Hajian and Kakutani, 1964])

Let º be an in¯nite ergodic ¿ -invariant measure. Then any set of ¯nite

positive º-measure contains a weakly wandering set of positive measure.

(Weak wandering () in the sequence f¿¡kAg1
k=0 there are in¯nitely

many disjoint sets.)

Proof. Take E with 0 < º(E) < +1. Then f = ÂE is integrable.

The limit

lim
n!+1

1

n

n¡1X

k=0

f ± ¿k

exists in L1 (von Neumann's Ergodic Theorem) and is ¿ -invariant. By

ergodicity it must be a constant and since º(x) = +1, it is equal to 0.

Thus, for any F 2 B; º(F ) < +1,

lim
n!+1

1

n

n¡1X

k=0

º(¿¡k(E) \ F ) = 0:

By the Koopman{von Neumann Lemma (Problem 3.5.3), there exists a

subset N0 ½ N of density 0 such that

lim
k!+1
k2NnN0

º(¿¡k(E) \ F ) = 0:

Let fakg1
k=1 be a strictly positive sequence with

P1
k=1 ak < º(E). We

can ¯nd integers nk : 0 < n1 < n2; : : : such that
X

j<k

º(¿¡(nk¡nj)(E)\E) =
X

j<k

º(¿¡nk(E)\¿¡nj (E)) < ak; k = 1; 2; : : : :

(F = ¿¡nj (E) to obtain nk). Let

E0 = E n
[

k

[

j<k

¿¡(nk¡nj)(E):

By the choice of fakg+1
k=1, º(E0) > 0. If j < k we have

E0 µ E n ¿¡(nk¡nj)(E)

and

¿¡nj (E0) ½ ¿¡nj (E) n ¿¡nk(E) µ ¿¡nj (E) n ¿¡nk(E0):

Hence ¿¡nj (E0) \ ¿¡nk (E0) = ; and E0 is weakly wandering.

¤
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Corollary 3.7.1. Let ¿ and º be as in Theorem 3.7.1. An ergodic

in¯nite measure º admits no equivalent ¯nite invariant measure since

weak wandering implies no ¯nite invariant measure can exist.

Problems for Chapter 3

Problem 3.1.1. Prove that

(i) ¿¡1A \ ¿¡1B = ¿¡1(A \ B);

(ii) ¿¡1A [ ¿¡1B = ¿¡1(A [ B):

Problem 3.1.2. Prove

¿(¿¡1(A)) µ A (1)

and

¿¡1(¿(A)) ¶ A: (2)

Show examples with strict inclusions. Prove if ¿ is injective, then there

is equality in (2). If ¿ is surjective, then there is equality in (1).

Problem 3.1.3. Give an example of a measurable transformation

¿ such that ¿¡1¿ 6= ¿0 = Id.

Problem 3.1.4. Let ¿ be a measure preserving transformation on

(X;B; ¹). Let A 2 B. Prove that ¹(A n ¿¡1A) = ¹(¿¡1A n A).

Problem 3.1.5. Let (X;B; ¹) be a measure space. Let ¿ : X ! X

be a measurable transformation and A 2 B. Prove

(a) if either of the sets A n ¿¡1(A) or ¿¡1(A) n A has ¹-measure 0, then

A is almost ¿ -invariant, i.e., ¹(A¢¿¡1(A)) = 0;

(b) A is an almost ¿ -invariant set if and only if ÂA = Â¿¡1(A) a.e., i.e.,

ÂA is an almost ¿ -invariant function;

(c) if ¿ is nonsingular and if either ¹(A) = 0 or ¹(Ac) = 0, then A is

almost ¿ -invariant.

Problem 3.1.6. Let ¿ : R ! R be de¯ned by ¿(x) = 2x. Show

that ¿ is not measure preserving with respect to Lebesgue measure.

Problem 3.1.7. Let X = [0; 1) and let us de¯ne the Gauss trans-

formation

¿(x) =

½
0; if x = 0;

f 1
xg; if x 6= 0;
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where fyg denotes the fractional part of y. Let a measure ¹ be de¯ned

by

¹(A) =
1

ln 2

Z

A

1

1 + x
dx:

Prove that ¿ is measure preserving with respect to ¹.

Problem 3.1.8. Let ¿ : R2 ! R2 be de¯ned by ¿(x; y) = (2x; 1
2
y).

Prove that ¿ is measure preserving with respect to the Lebesgue measure

on R2.

Problem 3.1.9. Let (X;B; ¸) be a probability space, where X =

[0; 1]2 ½ R2, B is the Borel ¾-algebra, and ¸ is Lebesgue measure on X.

Let ¿ : X ! X be the baker transformation de¯ned by

¿(x; y) =

½
(2x; 1

2
y); x 2 [0; 1

2
); y 2 [0; 1];

(2x ¡ 1; 1
2y + 1

2 ); x 2 [12 ; 1]; y 2 [0; 1]:

Show that ¿ preserves ¸.

Problem 3.1.10. Let (X;B; ¹) be a measure space and let ¿ : X !
X be a measurable transformation. Show that the set function ´ de¯ned

by ´(A) = ¹(¿¡1(A)) de¯nes a measure.

Problem 3.1.11. Let (X;B; ¹) be a measure space and let ¿ : X !
X be a measurable transformation. Let A µ X be a subset of X . De¯ne

B ´ limn!1 ¿¡nA ´ \1
k=1([1

n=k¿¡nA). Prove that

(a) B = fx 2 X j x 2 ¿¡nA for in¯nitely many ng;

(b) B is ¿ -invariant;

(c) if ¿ is measure preserving and A is measurable and invariant, then

¹(A) = ¹(B).

Problem 3.1.12. Let (X;B; ¹) be a measure space and let ¿ : X !
X be a measurable transformation. Prove that if ¹ is ¿n-invariant, then

the measure ´ de¯ned by ´(A) = 1
n

Pn¡1
i=0 ¹(¿¡iA) is ¿ -invariant.

Problem 3.1.13. (Two-sided (p0; : : : ; pk¡1)-shift or Bernoulli sche-

me.) Let Y = f0; :::; k ¡ 1g and ¹ be a measure on Y such that

¹(fig) = pi; i = 0; :::; k ¡ 1 and
Pk¡1

i=0 pi = 1. Consider X = ¦1
¡1Y

with the product measure ¹. De¯ne ¿ : X ! X by

¿(fxig) = fyig;

where yi = xi+1. Show that ¹ is ¿ -invariant.
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Problem 3.1.14. (One-sided (p0; : : : ; pk¡1)-shift.) Let Y be as in

3.1.13, X = ¦1
0 Y with the product measure ¹. Let ¿ : X ! X be

de¯ned by (x0; x1; ::::) ! (x1; x2; ::::). Show that ¹ is ¿ -invariant.

Problem 3.1.15. Let X = f 1
n

: n = 1; 2; : : : g [ 0 and let ¿( 1
n
) =

1
n+1

for n = 1; 2; : : : and ¿(0) = 1. Prove that ¿ does not preserve

any ¯nite measure, i.e., that Theorem (3.1.3) does not hold without

continuity of ¿ .

Problem 3.2.1. Let X = [0; 1]: Let B be the Borel ¾-algebra on

[0; 1] and let ¸ be Lebesgue measure on [0; 1]. De¯ne ¿® : X ! X by

¿®(x) = x +® (mod 1), where ® > 0. Prove that ¿ is ergodic if and only

if ® is irrational.

Problem 3.2.2. Let (Y; ¹; ¿) be the Bernoulli scheme of Problem

3.1.13. Prove that ¿ is ergodic.

Problem 3.2.3. Let (X;B; ¿; ¹) be a measure preserving dynam-

ical system. Let B0 2 B and de¯ne Bk = ¿¡kB0; k = 1; 2; : : :. Let
~Bk = XnBk. Prove that

A = \1
k=0

~Bk

is an invariant set.

Problem 3.2.4. Let ¿ : X ! X be a measure preserving trans-

formation. Suppose each ¿ almost invariant set has measure 0 or ¹(X).

Show that ¿ is ergodic with respect to ¹.

Problem 3.2.5. Let ¿ : [0; 1] £ [0; 1] ! [0; 1] £ [0; 1] be de¯ned by

¿ (x; y) = (f(x); f(y)), where

f(t) =

½
2t; if 0 · t · 1

2 ;

2 ¡ 2t; if 1
2 < t · 1:

Show that ¿ is ergodic.

Problem 3.2.6. Let (X;B; ¹; ¿) be a dynamical system. Assume

¹ is the unique ¿ -invariant measure. Prove that ¿ is ergodic.

Problem 3.2.7. Let ¿(x) = (x ¡ 1)2; x 2 [0; 1]. Does ¿ have a

continuous invariant measure, i.e., one for which every point has measure

0?

Problem 3.2.8. Prove Kac's Lemma using Birkho®'s Ergodic The-

orem.
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Problem 3.2.9. Is it possible to have R¿ 6= ­¿?

Problem 3.2.10. In the proof of Theorem 3.2.4 we claimed that

¿¡1(Ck) = Bk+1, for k ¸ 1. Prove it.

Problem 3.3.1. Let X µ Rn be an open set, ¸(X) < 1. Let

¿ : X ! X be an ergodic transformation. Show that for almost every

x 2 X the set
©
¿k(x)

ª1
k=1

is dense in X.

Problem 3.3.2. Let (X; B; ¿; ¹1) and (X;B; ¿; ¹2) with ¹1 6= ¹2 be

two dynamical systems such that ¹1(X) = ¹2(X) = 1, where ¿ is ergodic

with respect to both ¹1 and ¹2. Prove that there exist sets A1; A2 2 B

such that A1 \ A2 = ; and ¹1(A1) = ¹2(A2) = 1.

Problem 3.3.3. Discuss the Birkho® Ergodic Theorem as it per-

tains to a ¯nite space X = fa1; a2; ¢ ¢ ¢; amg with counting measure ¹.

Problem 3.3.4. Let ¿ be a measure preserving transformation on¡
X;B; ¹

¢
, where ¹(X) = 1. Given E 2 B and x 2 X, de¯ne

Â¤
E(x) = lim

n!1
1

n

n¡1X

k=0

ÂE

¡
¿k(x)

¢
:

Prove that ¿ is ergodic if and only if Â¤
E(x) = ¹(E) for almost every

x 2 X.

Problem 3.3.5. Suppose ¿ : (X;B; ¹) ! (X;B; ¹) be an invertible

(i.e., both ¿ and ¿¡1 are measurable) and measure preserving transfor-

mation. Prove that ¿ is ergodic if and only if for each A;B 2 B,

lim
n!1

1

n

n¡1X

k=0

¹(¿kA \ B) = ¹(A)¹(B) (1)

Problem 3.3.6. Suppose ¿ : (X;B; ¹) ! (X; B; ¹) is measure

preserving. Then prove that ¿ is ergodic if and only if for all f; g 2
L2(X;B; ¹),

lim
n!1

1

n

n¡1X

k=0

­
Ukf; g

®
=

­
f; 1

® ¢ ­
g; 1

®
(1)

where Ukf = f ± ¿k.
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Problem 3.3.7. Suppose X = fa; b; c; d; eg; B is the set of all

subsets of X, ¹(a) = ¹(b) = ¹(c) = 1; ¹(d) = ¹(e) = 2 and ¿ is the

permutation which takes a to b, b to c, c to d, d to e and e to d. Show

that ¿ is measure preserving but not ergodic. Let f(x) = Âa;b;e(x). Find

the f¤ in the Birkho® Ergodic Theorem.

Problem 3.3.8. Assume that ¹ is a normalized ¿ -invariant mea-

sure. Let A ½ B be a ¾-algebra of ¿ -invariant (¹-a.e.) subsets of

X . Prove that the operator L : L1(X;B; ¹) ! L1(X; B; ¹) de¯ned

by L(f) = f¤ is actually an operator of conditional expectation:

L(f) = E(f jA):

Problem 3.3.9. Let ¿(x) = r ¢ x (mod) 1 , x 2 [0; 1], where r ¸ 2

is a positive integer. Generalize Example 3.3.2 for this transformation.

Problem 3.4.1. Prove that every Bernoulli scheme is strongly mix-

ing.

Problem 3.4.2. If the system (X; B; ¿; ¹) is weakly mixing, prove

that it is ergodic.

Problem 3.4.3. Let ¿ be a measure preserving transformation on

(X;B; ¹) where ¹(X) = 1. Show that ¿ is weakly mixing if and only if

for every f; g 2 L2(X;B; ¹),

lim
n!1

1

n

n¡1X

k=0

¯̄
¯
­
Ukf; g

®
¡

­
f; g

®­
g; 1

®¯̄
¯ = 0: (1)

Problem 3.4.4. Let (X;B; ¹; ¿) be a dynamical system. Let B0

be an algebra which generates B. If limn!1 ¹(¿¡nA \B) = ¹(A)¹(B),

for all A;B 2 B0, prove that the same is true for all A;B 2 B.

Problem 3.4.5. Show that the dynamical system (X;B; ¹; ¿),

where X = [0; 1] and ¿(x) = 2x (mod 1) is strongly mixing.

Problem 3.5.1. Let ´ 6= 1, j´j = 1. Prove that

lim
n!+1

1

n

n¡1X

k=0

j´k ¡ aj 6= 0;

for any 0 < a · 1.
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Problem 3.5.2. Let fang1
n=0 be a bounded sequence of positive

numbers. Prove that

lim
n!+1

1

n

n¡1X

k=0

ak = 0 , lim
n!+1

1

n

n¡1X

k=0

a2
k = 0:

Problem 3.5.3. Let fang1
n=0 be a bounded sequence of positive

numbers. Show that limn!+1
1
n

Pn¡1
k=0 ak ! 0 if and only if there exists

a subset N0 ½ N of density 0 such that limn!+1
n2NnN0

an = 0:

Problem 3.6.1. Let ¿ : X ! X preserve the measure ¹. Let f

be an integrable function on X. Show that integral transformation ¿f

preserves the measure ¹f de¯ned as follows:

¹f(A; i) =
1R

x
fd¹

¹(A);

where A 2 B; i · f .

Problem 3.6.2. Under the assumptions of Problem 3.6.1, show

that (¿; ¹) is ergodic if and only if (¿f ; ¹f ) is ergodic.


