THE FINITE FRIEDMAN-STANLEY JUMPS:
GENERIC DICHOTOMIES FOR BOREL HOMOMORPHISMS

ASSAF SHANI

ABSTRACT. Fixn=1,2,3,... or n = w. We prove a dichotomy for Borel homo-
morphisms from the n-th Friedman-Stanley jump ="" to an equivalence relation
E which is classifiable by countable structures: if there is no reduction from =17
to F, then in fact all Borel homomorphisms are very far from a reduction. For
this we use a different presentation of =*", equivalent up to Borel bi-reducibility,
which is susceptible to Baire-category techniques.

This dichotomy is seen as a method for proving positive Borel reducibility
results from =7". As corollaries we prove: (1) for n < w, ="" is in the spectrum
of the meager ideal. This extends a result of Kanovei, Sabok, and Zapletal for
n = 1; (2) =1% is a regular equivalence relation. This answers positively a question
of Clemens; (3) for n < w, the equivalence relations, classifiable by countable
structures, which do not Borel reduce =" are closed under countable products.
This extends a result of Kanovei, Sabok, and Zapletal for n = 1.

We also present a counterexample to Conjecture 14.1.6 from [Kan08].

1. INTRODUCTION

This paper is a contribution to the study of equivalence relations on Polish spaces
up to Borel reducibility. Given equivalence relations £ and F' on Polish spaces X
and Y respectively, a map f: X — Y is said to be a reduction of E to F'if for any
r1, T2 € X,

o B xy <— f(l‘l) F f(l‘Q)

We say that E is Borel reducible to F, denoted F <p F' if there is a Borel
measurable function which is a reduction of E to F. In this case, we think of F
as no more complicated than F'. Borel reducibility is the most central concept in
the study of equivalence relations on Polish spaces. Say that E and F' are Borel
bireducible, denoted £ ~5 F, if E <p F and F' <p E. An equivalence relation
E on a Polish space X is Borel if E is a Borel subset of X x X, with the product
topology. More generally, F/ is analytic if FE is an analytic subset of X x X, that
is, F is the projection of a Borel subset of X x X x Y for some Polish space Y.
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A central motivation for the field is to study the complexity of various classifica-
tion problems in mathematics. Generally speaking, separable mathematical objects
can be coded as members of some Polish space. Natural notions of equivalence,
such as isomorphism between countable graphs, isometry between separable metric
spaces, or homeomorphism between compact metric spaces, can then be seen as
equivalence relations on Polish spaces. These are generally analytic, and sometiems
Borel. Another point of view is the study of (Borel) definable cardinality between
quotients of Polish spaces. A reduction of E to F' corresponds to an injective map
between from quotient space X/FE to Y/F. So we study injective maps between
such quotient spaces, but only consider “sufficiently nice” maps, those which lift to
a Borel map between Polish spaces.

Given an equivalence relation £ on X, the Friedman-Stanley jump of F is the
equivalence relation £+ on XN defined by

v ETy <= Vnam(z(n) E y(n)) and VnIm(y(n) E z(m)),

equivalently, if {[z(n)]g: n € N} = {[y(n)]g : n € N}. The quotient E*/XN may
be identified with Py, (E£/X), the countable powerset of £/X.

The iterated Friedman-Stanley jumps, =1%, are defined recursively along the
countable ordinals as follows (see [Gao09, 12.2.6]).
+

e =70 is the equality relation on R, =g,
o =T+ ig defined as (=+)*,
o =" is defined as [],., =", for a limit ordinal A.

The equivalence relation ="' is often denoted as =". The Friedman-Stanley jumps
play a central role in the theory of equivalence relations. A classification problem is
considered “classifiable using countable sets of reals as complete invariants” if it is
Borel reducible to ="; “classifiable using countable sets of countable sets of reals as
complete invariants” if it is Borel reducible to =*2; and so on.

An equivalence relation is classifiable by countable structures if it is Borel
reducible to an isomorphism relation on a space of all countable L-structures, for
some countable language L. (See [Kan08, 12.3], [Gao09, 3.6], [Hjo00]). A Borel
equivalence relation which is classifiable by countable structures is Borel reducible
to =1 for some countable ordinal « (see [Fri00, Theorem 1.5]).

When studying some equivalence relation F, we would like to compare it, in terms
of Borel reducibility, to a given Friedman-Stanley jump ="%. The results in [HKL9S]
provide a powerful tool for proving that E is Borel reducible to ="®. There are
flexible tools to prove irreducibility results between some E and =%, such as the
study of pinned cardinals [L.Z20,URL17] and the use of symmetric models in [Sha21].

Problem 1.1. Fix a countable ordinal a.. Develop tools to construct a Borel reduc-
tion from =% to some other equivalence relation.

In this paper we provide such tools for o < w. First, we note that Problem 1.1
is well understood for =7, that is, @« = 1. There are many results reducing ="
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to other equivalence relations'; for example, [For00, Theorem 65 part 2|, [Kayl17,
Theorem 1.1], and [CMRS23, Proposition 3.5]. There are also three general results
for constructing such a reduction:

e Marker [Mar07, Theorem 1.2] provides a model theoretic criterion for a first
order isomorphism relation ¢ to reduce =": if the type space S(T) is
uncountable.

e Larson and Zapletal [LZ20, Theorem 2.8.11] provide a set theoretic criterion
for an analytic equivalence relation E to reduce =": if E is unpinned in the
Solovay extension.

e Kanovei, Sabok, and Zapletal provided the following Baire-category tool.

Theorem 1.2 (Kanovei-Sabok-Zapletal [KSZ13, Theorem 6.24]). Let £ be an an-
alytic equivalence relation. Then either

e =" is Borel reducible to E, or
e any Borel homomorphism from =1 to F maps a comeager set into a single
E-class.

Given equivalence relations £ and F' on Polish spaces X and Y, amap f: X — Y is
a Borel homomorphism from E to F, denoted f: F —pg F, if for any 1,29 € X,

1 By — f(.%j) F f(CCQ)

Theorem 1.2 says that if there is no Borel reduction of =" to FE, then in fact all
Borel homomorphisms from =% to E are trivial, on a comeager set.
We mention two immediate difficulties in generalizing this to the higher jumps.

Remark 1.3. For n > 2, =1 does not behave well, in terms of Baire-category, with
the product topology given by the Friedman-Stanley jump. See Claim 1.22 below.

Remark 1.4. For 1 < k < n, there is a natural Borel homomorphism from
=" to =** which is not “completely trivial”. For example, the homomorphism
u: (RN — RY from =2 to =%, defined by u(z)((n,m)) = z(n)(m), where
(,): NxN — Nis a bijection. This is the “union homomorphism”, taking a
set of sets of reals {{z(n)(m): m € N} : n € N} to an enumeration of their union
{z(n)(m) : n,m € N}.

With these two modifications in mind, we provide a complete Baire-category
analysis of all Borel homomorphisms from =*", n < w, to equivalence relations
which are classifiable by countable structures. This is the main result of the paper.

Theorem 1.5. There are Borel equivalence relations F,, for n < w, and Borel
homomorphisms u}: F,, = F}, for 1 <k <n < w, so that for each n < w, F,, and
="*" are Borel bireducible, and the following dichotomy for Borel homomorphisms
holds. For any equivalence relation £ which is classifiable by countable structures,
either

Tn the literature, =" takes many names, including Eq™, Eep1, F, and 5.
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e F), is Borel reducible to F, or

e for any Borel homomorphism f: F,, —p E there is some k < n so that
the homomorphism f factors through uj on a comeager set, that is, there
is a Borel homomorphism h: Fj, —p E, defined on a comeager set, so that
hou(xz) E f(x) for a comeager set of  in the domain of F,,. (See Figure 1.)

-n

FTL ~B=

N

Fy--"-E
Ficure 1. (Vf: F, —»p E)(3k <n3h: F, —»p E)

Remark 1.6. As remarked above the equivalence relations Fj,, n > 1, are necessarily
different than =*". For n = 1, the equivalence relation F} is simply =*. Let Fy be
the trivial equivalence relation on a space {*} with a single element, and consider
the trivial homomorphism u}: Fy —p Fy. Then the second bullet of Theorem 1.2
for = has the same form as Figure 1 with £ = 0 and n = 1.

Remark 1.7. We see Theorem 1.5 as a tool to prove that =" is Borel reducible
to some equivalence relation F. In order to prove that such reduction exists, it
suffices to find a Borel homomorphism which is “sufficiently different” from the
homomorphisms uj, for £ < n.

The definition of the equivalence relations F;,, appearing in Theorem 1.5, is given
in Section 1.1. A group action inducing F;, is presented in Section 1.2. We then
prove the following corollaries of Theorem 1.5. The definitions and background are
presented in each subsection.

(1) (Section 1.3.) For n < w, =" is in the spectrum of the meager ideal. This
was proved for n = 1 in [KSZ13].
(2) (Section 1.4) =** isregular. This answers positively a question of Clemens [Cle22].
(3) (Section 1.5) Fix n < w. Suppose G, k € N, are classifiable by countable
structures and =*" £p Gy. Then =*" £Lp [,y Gr. This was proved for
n = 1in [KSZ13].
Several open questions related to these results are posed in the relevant subsections.
In Section 1.6 we note that the Borel complexity of F, is IT3,, which is the op-
timal potential complexity of =" by [HKL98]. In Section 1.7 we prove that the
equivalence relation F» provides a counterexample to [Kan08, Conjecture 14.1.6].
We first focus on proving a corollary of Theorem 1.5, that F}, preserves its complex-
ity on comeager sets (see Section 1.3), which is proved in Section 5 (Theorem 5.1).
In Section 2 we sketch some ideas from [KSZ13], for proving that =% retains its
complexity on comeager sets, and explain the main difficulties towards n > 2. The
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main construction, which will eventually lead to the necessary reductions of F,, is
presented in Section 4. In Section 3 we present some technical results regarding
Vaught transoforms for the actions presented in Section 1.2.

In Section 6 we present some ideas behind the proof of Theorem 1.2 from [KSZ13],
and explain the remaining difficulties towards extending these to the n > 2 case. In
particular, we will use the following lemma.

Lemma 1.8. Let £ be an equivalence relation which is classifiable by countable
structures and let f: F,, —p E be a Borel homomorphism which does not factor
through uy, k < n, on a comeager set. Then there are equivalence relations Ej, for
k < n, Borel homomorphisms 7}}: £ =5 L, WZ—H: Eyi1 —p Ey,and fi: F, —p g
so that the following diagram commutes on comeager sets, and so that f, does not
factor through uf for I < k.

u2 ’LLS u4 un
Fe—— R+ F«—— .. " F,
b b

2 w3 w3 e
Byt Bt gt .t g

The proof of Theorem 1.5 is then completed in Section 7.

Remark 1.9. The proof of Lemma 1.8 is the only place in which we use that E
is classifiable by countable structures. Extending the lemma for a wider class of
equivalence relations will similarly extend Theorem 1.5, as well as Theorem 1.29
and Proposition 1.32 below.

Question 1.10. Is Lemma 1.8 true for all analytic equivalence relations?

Problem 1.11. Find a model theoretic condition for an isomorphism relation =,
to reduce =", extending the result [Mar07, Theorem 1.2] for n = 1.

Problem 1.12. Find a set theoretic condition for an equivalence relation E to
reduce =*", extending the result [LZ20, Theorem 2.8.11] for n = 1.

1.1. The definition of F;, and v} from Theorem 1.5. Consider the Polish space
((2M)M)«, with the natural product topology. We use the following standard notation:
the space 2 is identified with the discrete space with two elements {0, 1}. The ordinal
w is identified with the set of natural numbers N = {0,1,2,...}. The space 2" is
identified with the space P(N) of all subsets of N.
Given x € ((2Y)N)*, we define a sequence A%, n =1,2,..., as follows.
o A7 = {x(0)(k): k € N}.
e For I € N, define a?' = {2(0)(k) : z(1)(1)(k) = 1}, a subset of A?,
Given A® and a®! for [ € N, define
e A7, ={a®*: k € N}, and
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o al, = {az* : x(n+1)(I)(k) = 1}, a subset of A2, .
For m < w, and x € ((2Y)N)™ we define similarly A% forn =1,2,...,m.
Definition 1.13. For 2 < n < w, define X,, C ((2¥)M)" as the set of all z such that:
(1) (V1 <i<n)(Ym)3k)z(i)(k)(m) =1,
(2) (V1 <i<n)(Vk)(Fm)z(i)(k)(m) = 1;
(3) (V1 <i<n)(Vk, Iy, ) (x(i—1)(1) = z(i—1)(la) = x(3)(k) (1) = z(i)(k)(l2)).
Observation 1.14. From condition (1) it follows that for any n < w,

o If v € X,, then A} = J A}, for any k < n.
e Form <w, m <n,z,yecX,,if AZ, =AY then A7 = A/ for all k < m.

Observation 1.15. In the construction above, we used the binary sequence (i +

1)(t) € 2V to code a subset of A?,,, via its enumeration (af’k c ke N). Condition

(3) says that for z € X,,, if [; and [, are identified in this enumeration, af’ll = af’b,
then they are also identified by x(i + 1)(¢). Condition (2) says that for z € X,,, for
x,l

each © < mn, a;}, is a non-empty subset of AY,,.

Remark 1.16. Note that X, is a dense G4 subset of ((2Y)¥)". For condition (3)
this is true since for a dense G5 set of z € ((2M)™)", z(i — 1)(I;) # x(i — 1)(Iy), for
Ly # 1y

Definition 1.17 (Main definition: F,, and u}).
(1) For n < w, the equivalence relation F, is defined on X,, by

rF,y <= A, =A.
The equivalence relation F,, is defined on X, by
rF,y <= Vn<w(A; =AY).
(2) Given m < n, define u,: X,, — X, as the natural projection map to the first

m copies of (2Y)N. Then u" : F,, —5 F,, is a Borel homomorphism. For n < w, the
homomorphism u_; can be seen as the union map, sending the set A7 to its union

T _ Uy 1 (@)
An—l - An—l :

The map = — A* can be seen as a reduction of F,, to =*". Specifically, there is
a Borel map from X,, to (2M)" (the domain of =*"), sending each z € X,, to some
z € (2M)*" “enumerating” the set AZ.

1.2. Group action. In this section we present the equivalence relations F}, as orbit
equivalence relation, when restricted to a (large) subdomain.?

Consider the Polish group S, of all permutations of N, with its natural action
a: Seo (Y)Y permuting the sequence of reals. The induced orbit equivalence
relation on (2M)N is not =T, but is Borel bireducible with =" (see [Gao09, Exercise

2In this section, and throughout the paper, we use colors for emphasis and clarification. The
reader is advised to view these pages in color.
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8.3.4]). The two equivalence relations in fact agree on the comeager set of all injective
sequences of reals.

Consider also the natural action by: See ™ 2V, permuting binary sequence. Let
b: Seo ~ (29N be the diagonal action, g4 (7, )n = (g5, Tn)n. Recall the definition of
Fy on (2Y)N x (2M)N. When permuting a sequence of reals (the first coordinate) using
a, the action of b on the second coordinate updates the binary sequences, so that
they still carve out the same subset of reals as before. To recover all the symmetries
of Fy, we also want to allow S, to act via a on the second coordinate.

Note that the actions a and b on (2M)Y commute, and so give rise to the product
action ¢ = (b, a) of the product group Ss X Ss

¢ Sao X Sae v (29N
Define an action
g1 Sao X Seo ~ (2N x (2
by
(9, 1) ar & = (g -0 2(0), (g, 1) -c 2(1)).

The corresponding orbit equivalence relation agrees with F5 on the large, comeager
set, of all x € (2Y)N x (2Y)N for which z(0) is an injective enumeration of A?
and <af’l : 1 € N) is an injective enumeration of A3 (recall the definitions from
Section 1). More generally:

Definition 1.18. For n < w define
an: (Sxo)™ ~ (21"
so that for g € (S,)" and z € ((2Y)N)"
(90, )k +1) = (9(k),g(k + 1)) -cx(k +1)

and (g -, £)(0) = g(0) -0 2(0).
Let X™ be the set of all z € X,, so that z(0) is an injective enumeration of Al

and for each k < n, (ai’l cle N> is an injective enumeration of Af_ ;.

Claim 1.19. For each n < w.

(1) X is a comeager subset of X,,, and is a,-invariant.
(2) On X™ the orbit equivalence relation induced by a,, is F),.

Remark 1.20. The group action provides another point of view that the presen-
tation F,, is better behaved than =*". For example, ="2, defined on ((2"¥)M)N as
the Friedman-Stanley jump of =", is naturally induced (on a subdomain) by an
action of the infinite support wreath product group So, ! Se. This group is de-
fined as the semi-direct product S, X (Ss)N with the natural permutation action of
Soo ™ (Seo)N. Similarly, the higher jumps =" can be presented (on a subdomain)
as an orbit equivalence relation induced by a natural action of an iterated wreath
product of S,,. (See [CC22, Proposition 2.3] for example, where variations of the
Friedman-Stanley jump are considered.)
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1.3. The spectrum of the meager ideal.

Definition 1.21 (Kanovei-Sabok-Zapletal [KSZ13, Definition 1.16]*). An analytic
equivalence relation F is in the spectrum of the meager ideal if there is an
equivalence relation F' on a Polish space Y so that

e F and F' are Borel bireducible;
e For any non-meager set C' C Y, F' | C is Borel bireducible with F.

For F as in the second bullet, we say that F' retains its complexity on non-
meager sets.

Kanovei, Sabok, and Zapletal [KSZ13] concluded from Theorem 1.2 that =", on
RY retains its complexity on non-meager sets, and is therefore in the spectrum of the
meager ideal. The higher jumps do not retain their complexity, with the topology
coming from the jump operation.

Claim 1.22. There is a comeager set C' so that (=72 [ C') <p =",

Proof. Recall that =2 is defined on the space (RM)N. Let C' C (RY)N be the set of
all z € (RY)N so that for any n,m,l,k € N, (n,m) # (l,k) = z(n)(m) # z(1)(k).
C is a comeager subset of (RM)N.

Define g: C — (R x R)N by g(z) = ((z(n)(m),z(n)(k)) : n,m,k € N). Fix a
bijection e: N — N3, which extends naturally to a homeomorphism é: (R x R)Y —
(R x R)N. Define f: C — (RxR)N by f=¢éoh.

For x € D, the sets {x(n)(m): m € N} are disjoint for different values of n.
f(x) is an enumeration of the equivalence relation partitioning the set of reals
{z(n)(m) : n,m € N} into the sets {{x(n)(m): m € N} : n € N}. It follows that
[ is a reduction of (=72 | C) to (=gxr)". Since =g ~p =gxr, we conclude that
(=21 C) <p =T, as required. O

Theorem 1.23. For each 1 < n < w, =" is in the spectrum of the meager ideal.

Since F,, ~p =" it suffices to prove the following.

Proposition 1.24. F, on X,, retains its complexity on non-meager sets.

Proof. First we make the following two observations.

1) For each n < w, each F,, class is meager in X,,.
: g
(2) For any k < n < w, u} is not a reduction on any non-meager set.

Fix a non-meager set Z C X,,. We prove that F,, <g F, [ Z. First, we claim that
there is a Borel homomorphism f: F,, —pg F, [ Z which is a reduction on a non-
meager set. For such f, the second bullet of Theorem 1.5 fails: if f factors through
uy on a comeager set, for £ < n, then it would follow that u} is a reduction on a
non-meager set, contradicting (2) above. We then conclude, by Theorem 1.5, that
F,, is Borel reducible to F,, | Z.

3Kanovei, Sabok, and Zapletal studied the behavior of equivalence relations on I-positive sets
for various ideals I. Here we only mention the case where I is the meager ideal.
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Note that if Z is F,-invariant, it is easy to find a homomorphism f as claimed:
simply let f be the identity on Z, and a constant function outside of Z. In general,
we can find such a homomorphism using large section uniformization, as follows.
We will use below category quantifiers and the Vaught transform. See [Kec95, 8.]]
and [Gao09, 3.2].

Recall that, once restricted to a comeager invariant set X™  F, can be presented
as an orbit equivalence relation induced by a continuous action of the Polish group
G = (S%)™ (see Section 1.2). We may assume that Z C X™. Fix a countable dense
set Go C G. Since almost every orbit is dense, the set Z' = G - Z is comeager. For
any g € G, g~'Z' is comeager, that is, V*x € X(g-z € Z'). We conclude that V*z €
XV*g € G(g-x € Z'). That is, the invariant set B = {z: Vg € G(g-x € Z')}
is comeager. By [Kec95, Theorem 18.6] there is a Borel map h: B — G so that
h(z)-x € Z' for all x € B.

Finally, define f: X — Z as follows. Fix zp € Z and an enumeration (7, )nen of
Go. If 2 € X\ B, f(x) = 2. If z € B, define f(x) =, - h(z) -z for the minimal n
so that 7, - h(z) - x € Z. Then f is a Borel homomorphism as claimed. O

:+a

Conjecture 1.25. For each countable ordinal «, is in the spectrum of the

meager ideal.

Question 1.26. Is the spectrum of the meager ideal closed under

(1) the Friedman-Stanley jump operation;
(2) countable products.

1.4. A question of Clemens. In the context of definable cardinality of quotients
of Polish spaces, a Borel homomorphism corresponds to a definable map between
two such quotients, and a Borel reduction corresponds to an injective definable map.

Definition 1.27 (Clemens [Cle22]). Let E and F' be Borel equivalence relations on
Polish spaces X and Y respectively. Say that E is prime to F' if for any Borel

homomorphism f: F —p F, E retains its complexity on a fiber, that is, there is
y € Y so that F is Borel reducible to E [ {z € X : f(z) F y}.

Primeness is a strong form of Borel-irreducibility, which holds between many pairs
of benchmark equivalence relations (see [Cle22, Theorem 1]).

In the classical context of cardinality, primeness corresponds to a pigeonhole prin-
ciple: any function f: A — B has a fiber of cardinality |A|. This is true if and only
if the cardinality |B| is strictly smaller than the cofinality of |A|. Recall that the
cardinality |A| is regular if it is equal to its cofinality, that is, if for any |B| < |A|,
any function from A to B has a fiber of size |A|.

Following this analogy Clemens defined regular equivalence relation as follows.

Definition 1.28 (Clemens [Cle22]). A Borel equivalence relation E is regular if
for any Borel equivalence relation F, if F' <g E then E is prime to F.

Clemens [Cle22, Question 7.3] asked if =1 is regular. We confirm this. (Nota-
tional warning: what we call here =" is denoted by F,, in [Cle22].)
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Theorem 1.29. For any equivalence relation E which is classifiable by countable
structures, either =% <p F or =*% is prime to E. In particular, =1% is regular.

Proof. Note that all the properties above respect Borel bireducibility. In particular,
if B ~p E' then F is prime to F' if and only if £’ is prime to F. Therefore, it suffices
to prove the theorem with F,, instead of =*%.

Fix E as in the theorem and assume that F, is not Borel reducible to E. Let
f: F, —p E be a Borel homomorphism. By Theorem 1.5 there is some £k < w,
a Borel homomorphism ¢: F, —p F, defined on a comeager set, and a comeager
C C X,, so that for any = € C,

g(ui(x)) E f(z).

View ((29)M)« as ((29)M)F x ((2NM)N)@\k. Recall that u¢ is the projection from
(2MNE x ((2MM)«\F o ((2Y)N)F By the Kuratowski-Ulam theorem (see [Kec95,
Theorem 8.41 (iii)]) there is y € ((2¥)")¥ so that C, = {z € (2")N)*\* : (y,2) € C}
is comeager in ((2V)N)“\¥. Note that {y}xC, is contained in the fiber {x € X,, : f(z) E g(y)}.
We will finish the proof by showing that F,, is Borel reducible to F, | {y} x C,,.

Consider the homeomorphism ¢: ((2YM)M)\e — ((2¥)N)« | defined by ¢(2)(l) =
z(I+ k). Then for 2,z € ((2N)N)“\*,

(Y, 21) Fo (Y, 22) == o(21) Fo 6(z2).

The set ¢(C,) is comeager in ((2V)¥)*, as ¢ is a homeomorphism. Since F, retains
its complexity of comeager sets, there is a Borel reduction h: F, — F, [ ¢(Cy).
Finally, the map

v (y, 07 (h(x)))

is a Borel reduction of F,, to F,, | {y} x Cy, as required. O

Clemens [Cle22, Lemma 7.6] showed that if o > 2 is not of the form w?, for some
countable ordinal 3, then =" is not regular.

Question 1.30 (See [Cle22, Question 7.3]). For a countable ordinal f, is =+’
regular?

As in Definition 1.28, Clemens defined an equivalence relation F as prime if
for any Borel equivalence relation F, either £ <g F or E is prime F. In the
context of definable cardinality, when not every two sizes are comparable, this is a
strengthening of being regular. A positive answer to Question 1.10 will imply that
=T¢ is prime.

Question 1.31. Is =" prime?

1.5. Non-reduction to products. Given equivalence relations Ej on X, the
product equivalence relation [[, Ej is defined on the space [[, X} by

x HEk y < x(k) Ey y(k) for all k.
k
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We write EN for the product [], Ej where Ej, = E for all k. The product operation
plays an important role in the study of Borel equivalence relations. For example,
it follows from the dichotomy theorem proved by Hjorth and Kechris [HK01] that
the equivalence relation E}', also known as Fj, is an immediate successor of Ey with
respect to <. When studying jump operations on Borel equivalence relations, a
product is often used to define the limit stages of iterated jumps. The definition of
=" as [[,, ="" is one such example. The following result shows that, for n < w,
="1" cannot be presented as a product of strictly simpler equivalence relations.

Proposition 1.32. Fix n < w. For k < w, let E; be an equivalence relation,
classifiable by countable structures, so that =*" £ Ej. Then =" £z [[, Ej.

Proof. We may replace ="" by F,,. Note that a Borel homomorphism f: F,, —p
[1; Bk can be identified with a sequence of Borel homomorphisms f;: F,, —p Ej.
By Theorem 1.5, each fj, factors, on a comeager set, through ;' ;. It follows that
f factors through u)' , on a comeager set. In particular, a Borel homomorphism
f: F, = ][, Ex cannot be a reduction. O

This was proved (for all analytic equivalence relations) for n = 1 by Kanovei,
Sabok, and Zapletal [KSZ13, Corollary 6.30]. The result is phrased there in terms
of intersections of equivalence relations. Given equivalence relations Fj, on a common
space X, let their intersection (), Ej be the equivalence relation on X defined by
r (), Br y < z Ejy for every k.

There is a close relationship between products and intersections. Note that [ [, Ej
can be written as an intersection of equivalence relations Ej, on [ [, X so that £ ~p
Ey for each k. Furthermore, the intersection (), Ej is Borel reducible to [], Ek,
witnessed by the diagonal map X — X", z + (z,x,...). Therefore Proposition 1.32
is equivalent to a similar result for intersections:

Corollary 1.33. Fix n < w and a Polish space X. For k < w, let E, be an

equivalence relation on X, classifiable by countable structures, so that =" £z E..
Then =tn ﬁB ﬂk Ek

1.6. Borel complexity. The equivalence relations =", n < w, are naturally writ-
ten as ITy, | relations on their domains, where =" is II9, and each application of the
Freidman-Stanley jump operator adds an alternating V 3 quantification. The equiva-
lence relations =*" are in fact simpler, in terms of potential complexity [HKI98].
We refer the reader to [Lou94] or [HKL9S8] for the definition. An equivalent defi-
nition is: F is potentially T', for a point-class I, if E is Borel reducible to some
equivalence relation F'; where F'is in I

Hjorth, Kechris, and Louveau [HKL98| proved that the optimal potential com-
plexity of =" is precisely II3, . In fact, they proved that among S.-actions =*" is
a maximal equivalence relation with this potential complexity. Moreover, they ex-
tended these results for the transfinite jumps and completely classified the possible
potential complexities of Borel equivalence relations induced by an S, action.
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Here we simply note that the equivalence relations F;,, defined to optimize Baire-
category considerations, naturally have the optimal potential complexity.

Proposition 1.34. The relation F), is H8+n as a subset of X,, x X,,.

Proof. For Fy, which is =", a direct computation shows that it is ITS.
We define relations Q,, on X,, x 2, for 0 < n < w, so that
e (), isIl, 1, and
o for 1 < n, for z,y € X,11,  F,1 y if and only if u"™!(z) F, u""!(y) and
Vi 3ng Vi, b (upf1 (2), 2(n=1) (L)) Qu-1 (upti(y), y(n—1)(l2)) = z(n) (1) (L) = y(n) (n2)(l2)].

Assuming this, for 1 < n, as @,_; is II,, the expression in the square brackets is
¥, which shows that F,.; is II] ,, as required.

For n = 0, define @y as equality on 2. Note that we identify X as a space with
1 member, and so we identify Xy x 2% with 2N, For n > 1, given (z,v) € X,, x 2N,

recall the definition of A% = {aflfl tle N}. Define a2 = {a2’; : v(t) =1} C AZ.
Given (z,v), (y,w) € X,, x 2V, define

(x,v) Qn (y,w) <= AT =AY Nal¥ = al™.
The relation (z,v) Qn11 (y,w) is true if and only if
(z Fr y) AV, [ (uy o (2), 2(n = 1)(h)) @n (un 1 (y),y(n = 1)(L2)) = v(lh) = w(l2)].
Inductively, £, is IT0 ,, and @, is II9 ;. We conclude that Q41 is IO ,,. O

1.7. A counter example. We saw above several advantages of the presentation
F, of =*": it has the correct topology, optimal Borel complexity, and is induced by
a simpler group action. In this section we note that F, provides a counter example
to the following conjecture, attributed to Zapletal in [Kan08].

Conjecture 1.35 ( [Kan08, Conjecture 14.1.6]). Let X,Y be Polish spaces, P C
X xY a Borel set, F' a Borel equivalence relation on X and E a Borel equivalence
relation on P so that for any (z,y), (¢/,y') € P,

(z,y) E(2'.y) = z Fy.
Assume that G is a Borel equivalence relation so that for any z¢ € X,
El{(z,y) e P: xz Fxy} <pG.
Then £ <g F x G

Recall that Fy is = on X = (2Y)N, and F; is an equivalence relation on X, C
(2NN x (2M)N which is Borel bireducible with =",

Claim 1.36. For any z € (2M)N,
FQ r {(ZL‘,y) € X2 . X F1 l‘o} SB Fl.
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Proof. Fix xo € (2M)N. Define f: {(x,y) € Xy : z Fy 29} — (2Y)N by

flz,y)(n)(k) =i < (VK" € N)(z(K) = 2o(k) = y(n)(k') = i)
= (3K € N)(@(k') = zo(k) A y(n)(K') = 0).

The equivalence between the definitions above follows from the definition of X,
Definition 1.13 (3). Then f is a reduction of Fy [ {(z,y) € Xy : « F} zo} to F;. O

Note that for (z,y) € X, we view each y(n) € 2V as coding a subset of A%, via
the enumeration of A7 by z. Since an enumeration of A7° is fixed, via z(, we simply
code subsets of A7° (members of Agz’y)) as subsets of N, by identifying k with xy(k).
In particular, f(zq,y) =y for any y.

Now Conjecture 1.35 with E' = Fy, P = X5, and F' = G = F; (which is =1),
would implie that Fy <p F} x F}, and so =77 <p =" x =71, This is a contradiction,
as =T X =" ~pg =T,

2. COMPLEXITY ON COMEAGER SETS: SOME IDEAS AND SOME OBSTACLES

One obstacle towards the n > 1 case was already encountered. The natural topol-
ogy coming from the Friedman-Stanley jump operation does not work (see 1.22), and
we therefore had to find the “correct” presentation of these equivalence relations, as
in Section 1.1.

Let us focus on a corollary of the main theorem, that the equivalence relations F,
retain their complexity on comeager sets (see Section 1.3). In this section we sketch
some ideas behind the proof for F7, and explain why a different type of construction
is necessary to deal with F,, for n > 1.

2.1. The case n = 1. The fact that F; (which is =) retains its complexity on

comeager sets was proven in [KSZ13]. Given a comeager set C' C (2¥)N, let C* be

its Vaught transform (see [Gao09, 3.2.2]), C* = {a € (2M)N: (V*g € Sx)g-a € C}.
Fix a map g: (2Y) — (2Y)N. Define fo: (2Y)N — (2N)N<N by

folx)(k, 1) = g(z(k))(1).
Fix a bijection e: N — N x N. This extends naturally to a homeomorphism
e: (2NN — 2NN Let C: (29N — (2Y)N be a Borel map so that for x € (2NN if
the set enumerated by x is finite, then C'(z) = x, and if the set enumerated by z is
infinite, then C'(z) is an injective enumeration of the same set. Define

f=Coéo fo.

For a “sufficiently generic” choice of map g, it can be verified that f(x) € C* for all
x € (2Y)N. Tt follows that there is a Borel map p: (2Y)N — S so that p(z)- f(z) € C.
Finally, the map z +— p(z) - f(z) is a reduction of F; to Fy | C.
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2.2. The case n > 1. Below we explain why a direct generalization of the construc-
tion in Section 2.1, to construct a map reducing F5 to some comeager subset of Fj,
does not work. Fix (z,y) € (2M)N x (2M)Y in the domain of F,. We would want to
define f(z,y) to be of the form (u,v) so that (u,v) is “sufficiently generic”, in the
sense that it lands in the Vaught transform of some comeager set.

We can start by defining u from x as before, so that u is “sufficiently generic”. We
may hope to define v from y in the same way, so that v is also “sufficiently generic”.
The problem can be seen from the group action presentation in Section 1.2. At
the second level, we have the usual permutation action of S, (the action a), but
also another copy of S, acting “from behind” via the action b. The construction in
Section 2.1, which is invariant under the action a, is not invariant under the action
b, and therefore the resulting map will not respect Fs.

This difficulty can also be seen from a set theoretic perspective. Let A = A” and
B = A", their corresponding classifying Fi-invariants. We may want to replace the
space Py, (N) (which is identified with 2V) with the space Py,(A). Now we may
hope to follow the construction of Section 2.1 to find a “definable” map taking some
Y € Py,(A4) to a “sufficiently generic” member of Py,(B). (The quotation marks
are intended to mean that once translated in a reasonable way to a map defined
on our Polish space Xs, it will be Borel definable, and land in some comeager set.)
This construction should be done independently of the enumerations of A and Y,
for the resulting map to be a homomorphism F, —pg F5. This hope is immediately
crushed. Such constructions are common with A = w, or more generally an ordinal,
but impossible for higher rank sets.

The point of this discussion is to mention that our construction of v, towards
f(x,y) = (u,v), has to rely on the enumerations coming from z, while ultimately
being independent of those, up to Fs-equivalence. It cannot be done by a direct
iteration of the previous construction. The main new construction, which deals
with the n > 1 case, is presented in Section 4, Definition 4.1.

We also present in Section 4.1 a variation of the above sketched construction for
the n = 1 case. This variation is needed simply to “align” the two constructions, as
in Section 4.3.

3. PERMUTATIONS

In various points below we will want a member of some product space, constructed
in a specific way, to land in some comeager set. As in Section 2.1 we will be able
to guarantee this only after applying a group action. The following lemma will be
used to deal with the construction for the n > 1 case.

Let S, X,Y1,...,Y} be infinite sets, considered as discrete metric spaces. Consider
the space (2°)% x (2X)¥1 x ... x (2X)¥ with the product topology. Consider the
natural diagonal action of Sym(X) on (2%)% x (2%)¥1 x ... x (2%)¥ acting on all
copies of X simultaneously. For ¢ = 1,...,k, consider the natural action of and
Sym(Y;) on (2%)% x (2X)M x ... x (2X)¥*. These actions commute, leading to an
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action
Sym(X) x Sym(Y;) x - -+ x Sym(Y3) ~ (25)% x (2%)" x ... x (2%)¥,

We consider each Sym(Y;), and Sym(X), as a topological group with the point-wise
convergence topology, and Sym(X) x Sym(Y;) x --- x Sym(Y)) with the product
topology.

Lemma 3.1. Let D C (25)% x(2%)Y1x- - - x (2%)¥* be dense open. Fix (¢, &y, .., &)
(25)% x (2%)11 x ... x (2%)Y* satisfying the following assumptions:

m

(1) For any finite permutation 7 of X, the set
Dr¢=A{(01,...0x) : (m- ¢, 01,...,0) € D}

is dense in (2X)" x - x (2%)¥k,
(2) (a) For any finite partial function 7: X — {0,1} and any i € {1,...,k},

there are infinitely many y € Y; so that &(y)(—), considered as a function
X — {0,1}, extends 7.

(b) Given finite partial functions 7: S — {0,1}, 7,: Y; = {0,1},i =1,... Kk,
there are infinitely many = € X so that &;(—)(x), considered as a function
Y; — {0,1}, extends 7;, for every i = 1,...,k, and ((x)(-), considered
as a function S — {0, 1}, extends 7.

Then the set

G = {(gagla"'agk) € Sym(X) X Sym(yvl) XX Sym(Yk) : (97917"'agk) ' (C?glw"

is dense open in Sym(X) x Sym(Y7) x - -+ x Sym(Y%). In particular, if D is assumed
to be comeager, then G is concluded to be comeager.

Proof. First, since the map Sym(X) x Sym(Y;) x - -+ x Sym(Y) — (25)% x (2X)1 x
cex (29 (9,915 96) = (959155 gk) - (G &, &), is continuous, then G is
open as the pre-image of D.

Next we prove that G is dense. Fix finite partial permutations 7, mq, ..., 7
of X,Y1,...,Y, respectively. We need to find an extension of these in G. Let
X,Y1,...,Y, be the finite supports of 7,7y, ..., T, respectively.

By assumption (1), D is dense. Fix (01,...,0;x) € Dy, which agree with
(m - &1,y - &) on (2%)11 x o x (2%)Ye . Since D is open, we may find finite
X.Y1,..., Y, extending X,V;,...,Y,, and a finite set S, so that if (¢',&},... &)
agree with (-, d1,...,0) on (29)% x (2X)¥1 x ... x (2%)¥% then ({', &, ...,&,) € D.
It remains to find (g,¢1,...,9x), extending m,7y,..., 7, so that (g,91,...,9%) -
(¢, &1,...,&) and (7 - (, 61, ...,0;) agree on (29)% x (2%)¥1 x ... x (2%)¥%,

For each i = 1,...,k, for each y € Y; \ Vi, consider the function 7,: X — {0, 1},
T,(x) = 6;(y)(x). By assumption (2)(a), there are infinitely many 3’ € Y; so that
&(y)(-) and 7,(-) agree on X. It follows that there is a finite permutation g;
extending m; so that (g; - &)(y)(-) and &(y)(-) agree on X, for all y € Y;\ Y;.

k) € D}
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It follows that (m,¢91,...,9k) - ((,&1,...,&) and (7 - (,01,...,0;) agree on (ZS)X X
(2)2)?1 X oo X (2)?)?]6'

Note that conditions (2)(a) and (2)(b) of the lemma are invariant under the group
action. We apply condition (2)(b) to (m,91,...,9x) - ((,&1, ..., &). We may write
(ﬂ-vgl? s agk> ’ (C?gla s 7£k) as (7T ’ <7 (7T7gl) ) 517 T (ﬂ-vgk) ’ &C)ﬂ where (ﬂ-vgi) ’ él
refers to the action Sym(X) x Sym(Y;) ~ (25)% x (2%)¥i,

For each i = 1,...,k, for each z € X \ X, consider the function 77: Y, — {0,1},
77(y) = &(y)(z). Define also 77: S — {0,1} by 7%(s) = (- ¢)(x)(s). For each
2 € X\ X there are infinitely many 2/ € X so that ((r, g;)-&)(-)(«') extends 77 and
(m - C)(2")(—) extends 7. It follows that there is a finite permutation g extending
7 so that ((g,¢;) - &)(-)(x) and 6;(-)(x) agree on Y;, for all i and any z € X \ X,
and (g - ¢)(-)(z) agrees with 7 - {(-)(z) on S for any z € X \ X. We conclude that
(9,915, 9%) - ((, &1, ..., &) and (7 - (,61,...,6) agree on (2%)% x (2¥)11 x ... x
(2%)¥k | as required. O

3.1. The n =1 case. When dealing with the first coordinate of F,, we only have
the action a: S~ (2V)N. More generally, we deal with product actions of the form

Sym(Y]) x -+ x Sym(Yy) ~ (2%)1 x - x (27)Y%,

Lemma 3.2. Fix a dense open D C (2%)¥1 x ... x (2%)¥ and countable infinite
sets My,..., My . Then there is a dense open set D' C (2X)Mt x ... x (2%)Mr 50
that for any ¢ € (2%)¥1 x ... x (2%)¥ if ¢ satisfies the following property: given
any finite partial injective functions 7;: M; — Y;, i = 1,..., k, there are extensions
a;: M; — Y;sothat (C(i) o o : i < k), a member of the space (2X)M1 x ... x (2%)M,
is in D', then the set

G={(g1,---,9x) € Sym(Yy) x --- x Sym(Yy) : (g1,..-,9%) - ¢ € D}

is dense open in Sym(Y;) x --- x Sym(Y%). In particular, if D is assumed to be
comeager, then there is a comeager D’ so that G is concluded to be comeager.

Proof. First, since the map Sym(Y;) x --- x Sym(Y;) — (2%)¥ x ... x (2%)¥,
(g1,---,9%) — (g1, .-, 9k) - C, is continuous, then G is open as the pre-image of D.

Next, we describe the set D’ so that if ( satisfies the assumption in the lemma,
then the set G is dense. First assume that M; = Y; and take D’ to be D. The
assumption tells us that for any finite partial permutations 7;: M; — Y; there are
extensions to total injective maps «;: Y; — Y so that ({(i)oa;: i <k) € D. If
«; were all bijections, so in Sym(Y;), we would be done. Nevertheless, since D
is open, we may find bijections o; of Y; which extend 7; and are sufficiently close
to «; so that (((i)oo;:i<k) € D as well. Finally, for any infinite countable

My, ..., M, we may fix bijections M; — Y;, resulting in a homeomorphism between
(2% x oo x (2%)Y and (2%)M1 x .. x (2X)Me We let D’ be the image of D. [
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4. THE MAIN CONSTRUCTION

Definition 4.1. Fix a function
a: (2NN NXxN—2
(which will be chosen to be “sufficiently generic”). Define
B: (2M)<N (2N<N><N)N by
B(xr,...,x)(m)(t, k) = a(zyot,...,z 0t k,m), for t € NN, k,m e N.
Each z; is considered a function N — 2, and so z; o t is a member of 2<N. Define

~: (QN)N . (2N<N><N)N<N><N by

V(@)(t, k) = Bz ot)(k).
Remark 4.2. e The function v is continuous.
e The function ~ is a homomorphism from the orbit equivalence relations

Sym(N)~ (2" to Sym(N<N x N)~(28 NN

Sym(N)~ (2NN to Sym (NN x N (28 xRNt
e The definition of v relies on a choice of a. We will show that there is some
a for which v satisfies the properties which we need. This will happen for a

N <Ny NxN

chosen generically, with respect to the product topology 22~
Notation 4.3. Let N = N<V x N,

It will be convenient, to utilize the construction above, to work with the space
(2M)N instead of (2N)N. To illustrate the construction, consider the following lemma.

Say that a € (2M)N is injective if it is a sequence of distinct reals: a(i) # a(4)
for i # j. Say that a € (2V)Y is separated if any distinct n, k € N are separated by
one of the members of a: there is some ¢ € N so that a(i)(n) # a(i)(k).

Lemma 4.4. For a generic « the following holds. Suppose x € (2M)Y is separated
and y € (2M)N is injective and separated. Then the pair (¢, &) = (y(x),v(y)) €
(29)% x (2X)"1 where S = N, X = N, and Y; = N, satisfies the assumptions (2) in
Lemma 3.1. That is:
e for any finite 7: N — {0,1} there are infinitely many (¢,k) € N so that
v(y)(t, k)(—) extends 7, and
e for any finite 7,: N — {0,1} and 7o: N — {0,1} there are infinitely many
(s,d) € N so that v(y)(-)(s,d) extends 7 and y(z)(s,d)(-) extends 7.
Proof. Consider the second bullet, which corresponds to condition (b) Lemma 3.1.
Fix finite partial function 7: Y — {0,1}, 75: S — {0,1}. Recall the definitions.
Fix d,k € N and s,t € NN s = (s1,...,8,), t = (t1,...,t;) for some m,l. We
abbreviate

x[s,t] = (z(s1) ot,...,x(sm)0t) € (2™,
ylt,s) = (y(t1) os,...,y(t) o s) € (2°N)"
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Then
A(&)(s, d)(t, k) = o
VW)t k)(s, d) = alylt, s], d, k).
So we need to find infinitely many (s, d
alx[s,t], k,d) = 7o(t, k), for all (¢, k) in the domain of 7.
() a(ylt 8], d k) = (4, k), for all (£, k) in the domain of 7.

Since z is separated, given t; # to € N<N there is some i € N so that z(i) o t; #
x(i) o to. Construct a sequence s* € N<N so that for any two distinct t1,¢, in the
domain of 75 there is some ¢ so that x(s})ot; # x(s})ots. Note that if s is a sequence
which contains s* then z[s, t1| # z[s, t5], for any distinct ¢;,¢5 in the domain of 75.

Since y is injective, for any t; # t5 the finite sequences of reals y o t; and y o s;
are not equal. Then for any s whose range contains a long enough initial segment
of N (depending on t1,ts), y[t1, s| # y[t2, s]. We may find some s™ so that for any
s which contains s™*, for any distinct ¢1,¢s in the domain of 7y, y[t1, s] # y[ts, s|.

Fix s which contains both s* and s**. Then for any (1, k1), (t2, k2) from the
domain of 75 or 71, if the tuples (t1, k1), (t2, ko) are distinct, then

e the tuples (x[s, t1], k1), (z[s, t2], k2) are distinct, and
e the tuples (y[t, s, k1), (y[ts, s, k2) are distinct.

We claim that, for a generic choice of a, there are infinitely many d € N for which
(%) holds with (s,d). It suffice to prove that for any finite number M there is a
dense open set of o € 22NN for which there are at least M many values of d
so that (%) holds for (s,d). Indeed, given any finite amount of information about «,
for a large enough d we have that

o a(x[s,t], k,d), a(y[s,t],d, k) is not yet defined,
e and the tuples (y[t, s|,d, k), (z[s, t], k, d) respectively are distinct for distinct
(t,k) in the domains of either 7, 7.

We may therefore extend a by adding arbitrarily many values of d for which (x)
holds for (s,d). Note that there are only countably many dense open sets for a €
22 =IXNXN jnyolved in the argument above, independently of , y.

Finally, note that the property for v(y) in the first bullet is the same as the
property for y(z) in the second bullet. Since y is separated, which is the only
assumption we made on x in the proof, we conclude the first bullet as well.

g

4.1. A variation for the n = 1 construction. We will also modify the con-
struction in the n = 1 case, as outlined in Section 2.1, to be compatible with the
above. Fix a continuous function By: (2Y)<N — (2M)N (which will be chosen to be
“sufficiently generic”). Define 7p: (2¥)N — (2V)V by

Yo(z)(t, k) = Bo(x o t)(k), for t € NN k € N.
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Remark 4.5. e The function ~y is continuous.
e The function 7y is a homomorphism from the orbit equivalent relation

Sym(N)m(gN)N to Sym(N<N % N)m(2N<NXN)N<NXN‘

The function By is constructed as follows. Fix comeager sets C,, C ((2V)N)™.
Fix a continuous ag: 2% — (2V)N with the property that for any pairwise distinct
T1, .., € 28 (ao(21),. .., a0(z,)) € Cp (see [Kec95, Theorem 19.1]). Define
Bo: (2NN — 2NN by By = ag o ¢, where ¢: (2V)<N — 2N is a continuous injective
map.

Notation 4.6. We will say “for almost any " or “for a generic 53" to mean [y
constructed with an appropriate choice of the comeager sets C,,.

As in Lemma 4.4, consider the following example.
Lemma 4.7. Suppose # € (2Y)Y is injective. Then for any comeager C' C (2V)V,
for a generic By, Yo(x) € (2V)¥ satisfies the assumption in Lemma 3.2, with X = N,
Y, = N, and M; = N. That is, for ¢’ C (2V)N given by Lemma 3.2, for any
finite partial injective 7: N — N there is an extension o: N — N of 7 so that
Yo(xz) oo € C".

Proof. We describe how to choose the sets C, C ((2Y)V)" in the definition of S3y.
Fix a bijection e: N — N<N and let N,, = {e(i) : i < n}, for 0 < n. For each n € N,
fix a bijection s,: N — N, x N, inducing a homeomorphism §,: (2V)¥=*N — (2NN,
In particular, 51D’ is dense open in (2V)VN which we identify with ((2V))V,
and in turn with ((2V)N)". Choose comeager C, which is a subset of 71D’ for
any bijection s: N — N,, x N which agrees with s, on all but finitely many values.
Since x is injective, x o t; # x oty for distinct t1,t, € N<N. By the choice of S,
(Bo(x 0 €e(0)),...,Bo(xoe(n—1))) € C, for all 0 < n.

Let 7: N — N be a finite partial injection. Recall that N = N<N x N. Choose n
so that the image of 7 is included in N, xN. Let s: N — N,, XN be a bijection which
extends 7 and agrees with s, on all but finitely many values. Note that §7!(yy(x) o
s) € (2V)NoxN which is identified with (Bo(z 0 €(0), ..., Bo(z o e(n — 1)))), is in C,
and therefore 79 o s € D', as required. O

We will also need the following variation of Lemma 4.4.

Lemma 4.8. For generic a and [ the following holds. Suppose z € (2¥)N is
injective, and y € (2V)Y is injective and separated. The pair (¢,&1) = (yo(2),v(y)) €
(25)% x (2X)Y1 where S = N, X = N, and Y; = N, satisfies the assumptions (2) in
Lemma 3.1. That is:
e for any finite 7: N — {0,1} there are infinitely many (¢,k) € N so that
v(y)(t, k)(-) extends 7, and
e for any finite 7: N — {0,1} and 7o: N — {0,1} there are infinitely many
(s,d) € N so that y(y)(-)(s,d) extends 7 and y(z)(s,d)(-) extends 7.

Most aspects of the proof are similar to Lemma 4.4
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4.2. A change of countable base set. Recall Notation 4.3: N = N<N x N,

Definition 4.9 (Definition of F* on X*). Consider the space ((2")")*, which is
naturally homeomorphic to ((2¥)N)*. We may define F* on X* C ((2V)V)", as F,
was defined on X,, C ((2M)Y)" in Section 1.1. See Section 5.1 for more details.

The equivalence relation F)' is isomorphic to F;, via a homeomorphism of their
domains. To prove that F, retains its complexity on comeager sets, it suffices to
prove that F retains its complexity on comeager sets.

4.3. The homomorphism f: F, — F.
Definition 4.10. Define f: ((2Y)M)* — ((2Y)M)" by f = o x "M%, That is,
f((&:i<n)) = (1), 7(&): 0 <i<n).

Remark 4.11. For a generic choice of £, and «,

e f sends X,, to X, the domains of F), and F] respectively.
e f is a continuous reduction of £}, to F;.

5. COMPLEXITY ON COMEAGER SETS

In this section we prove the following corollary of the main theorem (see Sec-
tion 1.3). This will illustrate the construction of the map f, and the techniques
developed so far.

Theorem 5.1. For 1 < n < w, F, retains its complexity on comeager sets. That
is, F,, <g F,, | C for any comeager C' C X,,.

Recall that our main construction is useful to deal with injective and separated
sequences (see Lemma 4.4). The following lemma gives a reduction to the case of
injective and separated sequences. Its proof is deferred to Section 5.1.

Lemma 5.2. There is a Borel reduction ¢: F,, —p F, so that for any x € X,,, if
x € Tmage(v) then z(i) € (2")N is injective for i < n and separated for 0 < i < n.

As discussed in Section 4.2, it suffices to prove that F retains its complexity on
comeager sets. Fix a comeager C' C X*. We will find a Borel reduction f from F),
to F' sending injective and separated sequences into C. This will show that f o1
is a reduction from F,, to F); | C.

Proposition 5.3. For a generic choice of §y and «, if z € X, is such that x(i) €
(2")N is injective for all i < n and separated for 0 < i < n, then

(Vg € Sym(N)") g - f(z) € C.
Proof. We prove by induction on 0 < k < n that
(*x) V*h € Sym(N)¥™ the fiber O p(z)jp41 is comeager in ((2N)N)™\E+L,
First, assume that (x) holds for 0 < k, k + 1 < n, and prove that (x4;1) holds.
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Claim 5.4. V*h = (hy, ..., h;) € Sym(N)*!, the pair
(i1, he) - f(2)(K), (hg,id) - f(2)(k + 1)) € 2%) x (2W)Y
satisfies the conditions of Lemma 3.1, with S = N, X = N and Y; = N, with
respect to the comeager set
a,b) € (2NN x (2MN ¢ the fiber D = Coio(riayimrans  ((2V)V)" V642 ig comeager} .
(h1K)-(f(2)[k),a,

Proof of the claim. By assumption (%), V*h = (ho, ..., hg), the set Din, | no)-fa)k) ©
(2M)N is comeager, for D as above. It follows that V*h = (hg,...,hs), the set
Diny s mohi)-f@)k) S (2V)N is comeager, for any finite permutation 7 of N. This
concludes condition (1) in Lemma 3.1.

Recall that f(z)(k) = vy(z(k)) and f(z)(k + 1) = y(x(k + 1)). Since x(k) is
separated and z(k + 1) is injective and separated, it follows from Lemma 4.4 that
the pair (f(z)(k), f(x)(k + 1)) satisfies condition (2) in Lemma 3.1. Note that both
parts (a) and (b) of condition (2) are invariant under the group action and so true
for the pair

((hi-1, i) - f()(F), (hy;id) - f(2)(k 4 1))

as well. This concludes the proof of the claim. U

We conclude from Lemma 4.4 that

(V*(ho, - . ., hg) € Sym(N)*)(v* (R}, hgy1) € Sym(N)?) the fiber

Clhoroshio 1) F (@) 1E, (i1 bl hi)- () (B), (B -hig by )-f () (k+1) 1S comeager in ((QN)N)”\’““,
and therefore
(V*h € Sym(N)**2) the fiber C,. (s 512 is comeager in ((2V)V)"\F 2,

Finally, we prove the base case of the induction. Let C; be the set of all z € (2V)V
so that the fiber C, C ((2V)™)"\! is comeager. Then C; C (2V)V is comeager. Recall
that f(2)(0) = v (x(0)), and 2(0) € (2V)" is injective by assumption. By Lemma 4.7
and Lemma 3.2, for a generic choice of Sy,

(V*ho € Sym(N)) ho - (f(2)(0)) € Ch.

Let Cy be the set of all (a,b) € (2MV)N x (2V)¥ so that the fiber C,;, C ((2V)V)"\2
is comeager. We claim that, V*hy € Sym(N), the pair

(ho - f(2)(0), (ho,id) - f(z)(1))
satisfies the conditions of Lemma 3.1. For part (1), note that as (C2)n,.f(2)(0) 18
comeager V*hy € Sym(NV), then the same conclusion holds for mohg, V*hg € Sym(NV),
for any finite permutation 7m of N. For part (2), the pair (f(z)(0), f(z)(1)) satis-
fies the conditions (a) and (b), for a generic choice of a and Sy, by Lemma 4.8,
as z(0) is injective and z(1) is injective and separated. As before, since these con-

ditions are invariant under the group action, they are also satisfied by the pair
(ho - f(2)(0), (ho,id) - f(z)(1)). We then conclude from Lemma 3.1 that

(V*ho € Sym(N)) (" (hg, ha) € Sym(N)?) (- ho- f(2)(0), (g~ ho, ha) - f(2)(1)) € Co,
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and therefore
(V*(ho, h1) € Sym(N)?)(ho - f(2)(0), (ho, h1) - f(z)(1)) € Cs,

concluding that (%) holds.

Finally, we conclude the proof of the proposition. In case n < w, we conclude
at stage n — 1 that (V*h € Sym(N)") [h- f(x) € C], as required. Assume now that
n = w. Let C, C ((2Y)M)* be the set of all a € ((2V)V)* for which the fiber
C, C ((2M)M)¥\* is comeager. We have that V*h € Sym(N)“, for any k < w,
h-f(x) | k € Cg. Tt follows that for any sequence of finite permutations 7w €
Sym(N)*, V*h € Sym(N)“, (woh) - f(z) | k € Cy.

Note that the action a: Sym(N)~(2V)Y is generically ergodic, that is, there
is a comeager subset of (2V)Y in which every orbit is dense. Similarly, the ac-
tion Sym(N)¥ ~ ((2V)V)¥ is generically ergodic, and for any k < w the action
Sym(N)“\e A~ ((2V)N)@\k is generically ergodic. Note that the orbit of some
b € ((2M)M)"\* is dense if and only if for every k < | < w the orbit of b restricted
to ((2V)M)F) is dense. By thinning out the comeager set C, we may assume that
if £ € ((2V)N)« is such that £ | k € C}, for all k < w, then the orbit of £ | [k,w) is
dense for Sym(N)“\F ~ ((2M)N)“\* | for every k < w.

Claim 5.5. Assume that & € ((2V)™)“ is such that 7+ (£ | k) € Cy, for any sequence
of finite permutations 7 € Sym(N)¥, for all k& < w. Then

(V*g € Sym(N)*)g - € € C.

Proof. Tt suffices to prove that for any dense open set C C D C ((2V)M)¥, the
set {g € Sym(N)“ : ¢g-& € D} is dense open in Sym(N)¥. Fix a sequence of finite
permutations 7 € Sym(N)¥. We need to find an extension of it, g € Sym(N)*,
so that g -{ € D. Since (m,id) - (£ [ k + 1) € Ciqy, the fiber Dixia) 1) €
((2V)N)«\k+1 s dense open. Since the orbit of & | [k + 1,w) is dense, we may find
some h € Sym(N)“\**1 so that h- & | [k + 1,w) € Diniay(nt1)- Then g = (m,id, h)
is the desired extension of 7w so that g-& € D. U

It follows now that
(V*h € Sym(N)*)(V*g € Sym(N)*)g - (h- f(z))) € C,
and so (V*h € Sym(N)¥) [h- f(x) € C], as required. O
We now fix sufficiently generic a and [y, so that the conclusion of the proposition
holds, and so that f is a reduction from F, to F*. For any = € (V)N (Vg €
Sym(N)")[g - fov(z) € C]. We may now construct the reduction using a large
section uniformization theorem. By [Kec95, 18.6] there is a Borel map p: X,, —

Sym(N)™ so that p(x) - fo(z) € C for any x € X,,. Since ¢ and f are reductions,
and [ is invariant under the action, we conclude that

v p(x) - foi(z)
is a Borel reduction of F,, to I}y [ C.
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5.1. Different base sets for F,. Recall the definition of the equivalence relation
F, on the domain X, C ((2Y)M)" in Section 1.1. Given a sequence of countable
infinite sets N = (N; : i < n), define analogously an equivalence relation F,(N) on
a domain X,,(N) C [],_, (2V))¥+1. Fix bijections 7;: N — N;. These lead naturally
to a homeomorphism

[T = T = (@
i<n i<n
Define Xn(]\7') to be the preimage of X,,, and Fn(]\7) to be the pullback of F,.
Equivalently, these objects can be defined directly as in Section 1.1. For example,
given z € ., (2Y1)"i+1 we may define A7 = {z(0)(¢) : t € N1}, a countable subset
of 2N A2 = {al®: s € Ny}, where ai® = {z(0)(t): z(1)(s)(t) =1} C A%, and

define A3, ..., A7 analogously. We then have that x F,,(N) y if and only if A7, , =
Ay, forall k <n.

5.2. Proof of Lemma 5.2. We will construct a Borel reduction ¢: F,, — F,, so
that for any x € Image(v), z(i) € (2Y)V is injective for i < n and separated for
0<i<n.

First we describe the map in terms of the classifying invariants A? associated to
x € X,,. Note that if A7,..., A? are all infinite, then there is some 2’ € X,, which is
injective and is Fj,-equivalent to z (that is, A = A¥ for 1 <4 < n). For an injective
x € X, the condition of being separated corresponds to: for any 1 < i < n, for any
u # v € A; there is some Z € A;;; so that Z contains exactly one of {u,v}.

Given some A,, ..., A, = A7, ..., AZ we construct new sets By, ..., B, which will
correspond to AY, ..., AY for some y € X,, which will be defined as y = ¥(z). We
may assume that there are infinitely many reals S = {xi,%s, ...} which are not in
A7 for any x. Define inductively

L] Bl = A1 U S,

° Bk+1 = Ak+1 U {{CL, b} Tac Ak, b e By \ Ak}
Note that B; \ A; is infinite for i = 1,...,n. For 1 < i < n, given u,v € By, we
find some set Z € By, separating them. If u,v are both in Ay, let a € By \ Ag,
then {u,a} € By, separates {u,v}. If u,v are both in By \ Ag, let a € Ay, then
{u,a} € Byy1 separates {u,v}. If u € Ay and v € By \ Ay, let a € By \ Ag be
different than v, then {u,a} € By, separates {u,v}.

Finally, note that the sets (Ay, ..., A,) are uniquely defined from (By,...,B,),
where the members of A; are the members of B; which do not include any member of
S in their transitive closure. This fact corresponds to the map we are constructing
being a reduction.

Remark 5.6. We will later use the following fact. Suppose x,x2’ are such that
A = A¥ fori =1,...,k, k < n. Let B! be the result of the construction applied to
2’. Then By = By, and for any distinct u,v € By, there is Z which is both in By,
and By, so that Z separates {u,v}.
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It is left to find a Borel map sending x to y so that AY are as B; to A? as above.
Given z € X,,, we define

bo(x) =y = (y(k) : k<n),

so that y(0) € (2VNN and y(k) e (VNN for k> 1) as follows. First we
define y(0). For n € N (in the left copy of NUN), y(0)(n) = 2(0)(n). For n € N (in
the right copy of NUN), y(0)(n) = %,. That is, y(0) comprises of two sequences,
one is x and the other is the sequence of new reals S as above.
Given y(k) € (2NN)NUNEC define y(k + 1) € (2NINFTHNUNET,
eforn € N, for m € N, y(k + 1)(n)(m) = z(n)(m), and for t € NFF
y(k+1)(n)(t) = 0.
o for (m,t) € N2 = NxNF1 4 (k+1)((m,t))(a) = 1ifand only ifa = m € N
or a =t N1
Define N = (N; : i < n) by Ng = NUN, N, = NUN*L Then 1) is a Borel reduction
of F, to F,(N) so that if y = 1o(z) then the sets AY, AY, ... are constructed from
A7, A% ... as above.
Let 7 be the homeomorphism which is a reduction of F,(N) to F,,. If y = oty (x)
then the sets AY, A%, ... are infinite and separated. The only issue at this point is
that y(k) may be a non-injective enumeration of the set AY. We invoke a cleanup

function eliminating multiplicities, to end up with injective sequences. Recall from
Section 2.1 the Borel map C: (2M)Y — (2M)N 5o that for z € (2M)N,

e if the set enumerated by x is finite, C'(z) = z,
e if the set enumerated by x is infinite, C'(x) is an injective enumeration of the
same set.

Another property of this map is that C'(z) does not depend on the reals appearing
in the sequence x, but only on whether x(n), z(m) are equal, for n,m € N.

Next, extend this to a map Cp: (2V)N x 28 — (29)N x 2N which, after applying
C to the first coordinate, corrects the second coordinate to carve out the same
subset. That is, given (z,v) € (2Y)¥x 2V and Cy(x,v) = (2, v'), {z(i) : v(i) =1} =
{2/(7) : /(i) = 1}. This in turn extends to a map

C: (2" x (2N — 2M) x (29N,

defined so that if C(z,y) = (2/,3/), then Co(z,y(i)) = («/,4/(i)), for all i € N. For
k+1 < n, define Cy: ((2Y)N)™ — ((29)M)" by

Cr(z(0), ..., x(k), x(k+1), z(k+2),...) = (x(0),...C(z(k), x(k+1)), 2(k+2),...).

If n < w define C),_1(2(0),...,2(n—1)) = (z(0),...,C(x,-1)). Note that the maps
Cy, k < n, commute with one another on the domain X,,. Finally, define

(2NN S (2NN by €F = CyoCho. ...
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Note that C* is well defined also in the case n = w, as the n’th coordinate of C*(z)
is fixed by C}, 11 0Cpio0.... The map

Yp=C"omoty: X, > X,

is now the desired reduction, concluding the proof of Lemma 5.2. U

6. SOME IDEAS AND OBSTACLES TOWARDS THE MAIN THEOREM

We begin working towards a proof of Theorem 1.5. First we make a slight refor-
mulation. Then we briefly sketch the ideas for the case n = 1, and emphasize some
difficulties for extending these to n > 2.

6.1. A reformulation. We will prove Theorem 1.5 in the following equivalent for-
mulation. For equivalence relations F' and E on the same domain, say that F
extends F'if ' C E. For n < m < w we may view F}, as an equivalence relation on
X, defined by x F,, y <= x [n F, y | n, for x,y € X,,. In this case F,, extends
F,,, for n < m.

Theorem 6.1. Fix 1 < n < w. For any equivalence relation F, classifiable by
countable structures, which extends F},, either

e F), is Borel reducible to E, or
e For some k < n, E extends F} on a comeager subset of X,,.

Given a Borel homomorphism f: F' —p FE, define £*, on the same domain as F,
as the pullback of E: x E* y <= f(z) E f(y). Then (1) E* extends F, and
(2) E* is Borel reducible to E (witnessed by f). The definition above, of F,, as an
equivalence relation on X,,, is the pullback of F;, by the homomorphism .

Proof of Theorem 1.5 from Theorem 6.1. Given an analytic equivalence relation F
and a Borel homomorphism f: F,, —p FE, as in Theorem 1.5, apply Theorem 6.1 to
E*. In the first case, we conclude that F), is Borel reducible to £*, and is therefore
Borel reducible to F as well. Otherwise, there is k¥ < n and a comeager C' C X, on
which E* extends Fy. We may find a Borel partial function ¢*: X, — X,,, defined
on a comeager subset of Xy, so that g*(x) extends z, and g*(x) € C, for any z in the
domain of ¢g*. In particular, g* is a homomorphism from Fj, to E*. Define g = fog*.
Then g: F, —p E is a Borel homomorphism.

Finally, we see that f factors through uy, via g, on the comeager set C. Given
x € C, since E* extends Fy on C, x and ¢g* o u}(x) are E*-related, and so f(z) and
flg*oul(z)) = goup(x) are E-related. O

6.2. The case n = 1. Fix an analytic equivalence relation £ on (2¥)N so that
Fy, C E. Recall that Fj is a trivial equivalence relation, with just one class, so
the second clause in Theorem 6.1, stating that £ extends F{ on a comeager set,
states that F has a comeager equivalence class. Assume that E does not have
a comeager class. [KSZ13, Theorem 6.24] then proves that Fj is Borel reducible
to E as follows. Recall the homomorphism f: Fy; —pg I} defined in Section 2.1.
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We claim that it reduces F} to E. Since E extends F}, it remains to show that
iy = f(z) F f(y). Note that there are three different ways for z,y € (2M)N
to be not Fi-related:

a. x and y enumerate disjoint sets;
b. one of the two sets is contained in the other;
c¢. non of the above.

For example, if = # y as in case a. above, one can show that then (f(z), f(y)) €
(E°)* C E° and so f(x) £ f(y), as required.

Notation 6.2. For a,b € (2")N, write a Ub for some member of (2M)Y enumeration
the union of the sets enumerated by a and b. We will ask questions about whether
such sequence is equivalent to another, according to F; or E. As both extend Fi,
the answer does not depend on the enumeration of a Ub. We will similarly use the
notations a \ b and a N b, whenever these are not empty, for some member of (2M)"
enumerating the corresponding sets.

Whenever a Ub, aNb, or a\ b are infinite, we always take the notation to be
an injective enumeration of the corresponding set. One important aspect of the
definition of f in Section 2.1 is that for any a, b in the image of f, both are infinite,
and the sets a Nb and a \ b are either empty or infinite.

Assume now that x F; y according to case c. Following the definition of f, we
may write f(x) and f(y) as aUc and bU ¢, where a = f(z \ y), b = f(y \ x), and
c= flzny).

It follows from E being meager that V*(a, b, ¢) € (2¥)Nx (2MNx (2NN [aUc £ b U ().
Let C C ((2Y)M)® be the corresponding comeager set. As before, for a “suffi-
ciently generic” choice of the function g: 2% — (2M)¥ in Section 2.1 it can be
verified that for disjoint non-empty 21, 29, 23, for almost all (g1, g, 93) € (Sx)?,
(g1 - f(21),92 - f(22),95- f(z3)) € C. Applying this to the disjoint non-empty sets
x\ v,y \ x,z Ny, it then follows that f(x) £ f(y), as required.

6.3. The case n > 2. Our efforts so far were to find a Borel homomorphism
f: F, —p F,, landing in comeager sets (after a Vaught transform). Using this
homomorphism we will be able to extend the ideas in Section 6.2 to prove the fol-
lowing: if = F,, y differ only at the last coordinate (so their restrictions to X,,_; are
F,_1-equivalent), then f(z) £ f(y). See Lemma 7.3.

A new difficulty arising in the n > 2 case is dealing with = ¥, y which are already
Fi-inequivalent for some k£ < n. The issue with trying to extend these arguments
directly is a proliferation of cases to consider. For example, suppose x(0) and y(0)
are already Fij-inequivalent. There are three cases a., b., and c. as above. Consider
case c., so we have that z(0) Ny(0),z(0) \ y(0),y(0) \ (0) are not empty. We would
now need to view each set in z(1), which is considered a subset of x(0), as a union
of two sets, a subset of (0) Ny(0) and a subset of z(0) \ y(0). Given two different
members of z(1), we would need to worry about whether they may agree on either
their restrictions to x(0) Ny(0) or (0) \ y(0). Similarly, we would have to keep track
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on which members of z(1) and y(1) agree on the intersection z(0) Ny(0). While this
may be handled for n = 2, when n >> 2 there are ever more cases to consider and
divisions to keep track of.

The solution will be to “decompose” the equivalence relation E (which extends
F,) to a sequence of equivalence relations Ej, so that Ej extends both Fj and E.
While this is not generally possible, it is possible generically. This is the content of
Lemma 7.4.

The proof of Lemma 7.3 relies on the Baire-categoric techniques developed above,
and will be a natural extension of the arguments in Section 5. The proof of
Lemma 7.4 will involve higher set theoretic techniques as well.

7. PROOF OF THE MAIN THEOREM

We now prove the main result, Theorem 1.5, in its equivalent formulation, The-
orem 6.1. As above, it will be convenient to work with F* instead of F), (see
Section 4.2). We prove the following, which is equivalent to Theorem 6.1.

Theorem 7.1. Fix 1 < n < w. For any E which is classifiable by countable
structures and which extends F;, either

e [, is Borel reducible to E, or
e For some k£ < n, E extends F}; on a comeager subset of X.

Towards that end, fix 1 < n < w, and E as above which extends F. Assume
that £ does not extend F}¥ on a comeager set, for any £ < n. We must prove that
F,, is Borel reducible to E. Recall the definition of f: F,, —p F,,, Definition 4.10 in
Section 4, and the definition of ¢ : F,, — F,, from Lemma 5.2. Since E extends F’,
fow: F, —»p E is a homomorphism.

Claim 7.2. There are maps « and 3y so that f o is a reduction of F}, to E.

Towards that end, fix x,y € X, in the image of ¥ so that = F,, y. We need to
prove that f(z) £ f(y). We will split into countably many cases. In each case we
will show that f(x) £ f(y) for generically chosen o and fy. This will conclude the
proof of the claim.

Lemma 7.3. Fix 0 < k < w. Let Ey.; be an analytic equivalence relation, defined
on a comeager subset of X ;, extending F;;,; on this domain. Assume that Ej
does not extend F}¥ on any comeager set. Let x,y € Xj41 be in the image of 1.

Assume that © Fri1 y yet (x [ k) Fy, (y [ k). Then fii1(2) Fr1 feta(y), where
fi: Fi, —p F} is the homomorphism 7y x v*\M% as in Definition 4.10.

Lemma 7.4. There are analytic equivalence relations Ej for k < n, defined on
comeager subsets of X, so that

(1) Ej extends F}, on a comeager set;
(2) Ex4q does not extend F} on any comeager set;

(3) E C Ej, on a comeager set, for each k < n. That is, on a comeager set, if
xEythenx [k Eyy | k.
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In fact we get the following picture, on comeager sets, with F,, = E:

Ff D F, D F 2.. 2F:
N N N N
Ey O FE, O E 2 ... 2k,

Remark 7.5. The lemma is equivalent to Lemma 1.8. See Section 6.1.

Finally, the proof of the main theorem terminates as follows. Let k£ be minimal

so that | k Fj, y | k. Tt follows from Lemma 7.3, and that fy(z | k) = f.(z) | k,
that f(z) [ k £ f(y) | k, and therefore f(x) £ f(y), as required.

We note that, without the assumption that E is classifiable by countable struc-
tures, the proof works if we assume that £ can be decomposed as in Lemma 7.4
above. In the terminology of Theorem 1.5, we get the following variation.

Theorem 7.6. Given analytic equivalence relations Fj for £ < n and a diagram of
Borel homomorphisms which commute on comeager sets as in Lemma 1.8, so that
fx does not factor through uf for I < k < n, then F,, <p E,.

We conclude the paper by proving Lemma 7.3 and Lemma 7.4.

7.1. Proof of Lemma 7.3. For this subsection we fix f = fri1: Fro1 — Friq.
Since f is a homomorphism and x [ k F, y | k, we may assume that x [ k =y | k.
Now x(k),y(k) € (2Y)N are Fi-inequivalent. There are three options:

a. The two subsets of 2 enumerated by z(k), y(k) are disjoint;
b. one of the two sets is contained in the other;
c. neither of the above.

When we use set notation, such as z(k) Ny(k), or z(k) \ y(k), we refer to the sets
enumerated by z(k),y(k), respectively. We assume that £ > 1. For k = 0 the
arguments are similar to Section 6.2.

Case a. Assume that z(k) and y(k) enumerate disjoint subsets of 2V. Since z |
k =y | k, and by the definition of f, we may write f(x) = (a,r) and f(y) = (a, s),
where a € ((2V)V)* and r,s € (2V)V. We view (a,r,s) as a member of the space
(2MM)F x (2NN x (2M)N. The following is a consequence of our assumption that
Ej11 does not extend Fj, on any comeager set.

Lemma 7.7. V*(x,y,2) € (2V)M)F x 2M)N x MV [(z,y) Pry1 (z,2)].

Proof. Given z € ((2V)M)*, consider the equivalence relation E, on (2M)V, y E,
z <= (z,y) Exs1 (z,2). The lemma is equivalent to the statement: for almost
every x € ((2M)N)* every E, class is meager. If this fails, then for almost every
z € ((2V)M)* there is a comeager equivalence class in E,. In this case, we conclude
that Fj,1 extends F} on the comeager set of all (z,y) € ((2V)M)* x (2M¥)N so that
y is in the comeager equivalence class of E,. O
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Cosmetic modifications. As in Section 1.2, there is a natural action
Sym(N)* x Sym(N) x Sym(N) ~ ((2M)M)F x 2NN x 2NV,
More specifically, expressing the group as
Sym(N)*~! x Sym(N) x Sym(N) x Sym(N)
and the space as
(@M)M)F 1 2NN x (2M) < 2M)",
the blue copy of Sym(NV) acts on the three blue copies of N diagonally, and the two
copies of Sym(N) act separately on the two copies of (2V)¥ as in Section 1.2. The
point is that the two projections ((2V)M)* x (2M)N x (2M)N — ((2V)N)*+1 (the maps
(a,b,c) — (a,b) and (a, b, c) — (a,c)) are equivariant.
Claim 7.8. Given a comeager set C' C ((2M)M)* x (2M)N x (2M)N | for almost any
B and «,

V*(g, h1, hy) € Sym(N)* x Sym(N) x Sym(N) [(g, by, he) - (a,7,8) € C].

Applying this claim to the comeager set C' we get from Lemma 7.7, we conclude

that for some (ga h1> h2>7 (ga hl) ’ (aa 7“) Ek+1 (g: hZ) ’ (a? 5)7 and so f(x) EkJrl f(y)7 as
required for Lemma 7.3. We finish Case a. by proving the claim.

Proof of the claim. We will use the following variation of Lemma 4.4, in the case
that & > 1.

Lemma 7.9. For a generic a the following holds. Suppose x € (2M)Y is separated
and y1,yo € (2V)N are injective and separated. Assume further that y;,y, are dis-

joint. Then the triplet (¢,&1,82) = (7(2),¥(y1), ¥(y2)) € (2%)% x (2%) x (2%)*2,
where S = X =Y, =Y, = N, satisfies the conditions in part (2) of Lemma 3.1.

If £ =1, the following variation of Lemma 4.8 will be used:

Lemma 7.10. For generic a and 3y the following holds. Suppose x € (2¥)N is
injective, and y;, y» € (2V)N are injective and separated. Then the triplet (¢, &1, &) =
(0(2), 7(y1),7(y2)) € (2°)% x (2%)"1 x (2%), where § = X = V1 =Y = N,
satisfies the conditions in part (2) of Lemma 3.1.

As in Claim 5.4 we get: V*(hg, ..., h,_1) € Sym(N)¥ the triplet
(P2, o) f (2(k=1)), (B, i) f (2 (R)), (i1, 1) f(y(R))) € (27)7 > (2%) ¥ x (27)Y

satisfies the conditions of Lemma 3.1 with k. = 2, S = X =Y; =Y, = N, with
respect to the comeager set

{ab,) € (@)Y (k1) (fla) [k~ 1),a,b,c) € C)
We conclude from Lemma 3.1 that

(V*(ho, - - hie—1) € Sym(N)*) (V" (hi_y, by, B;) € Sym(N)?)
(A T k=1)-(f () [ k=1), (hia, l_yhie1) - f (2 (k=1)), (g hae, i) f (@ (R)), (g hoe—, B f (y(K)))
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is in C, and therefore V*(hq, ..., hx_1, h}, h2) € Sym(N)* x Sym(N) x Sym(N)
(A 1 k=1)-(f(2) [ k=1), (A2, hr)-f (@ (k=1)), (e, hy) - f (2(R)), (i, 1)~ f (y(R))) € C,

concluding the proof of the claim. Il

We remark that if £ = 0, the proof is similar, using the following variation of
Lemma 4.7.

Lemma 7.11. Suppose z,y € (2M)Y are injective enumerations of two disjoint sub-
sets of 2Y. Then for any comeager C' C (2V)¥ x (2V)¥, for a generic 3, the pair
(vo(z),70(y)) € 2M)N x (2M)N satisfies the assumption in Lemma 3.2, with X = N,
K:YQZN, andM1:M2:N.

Case b. Assume that z(k) enumerates a subsets of y(k). We skip the details of this
case, as they are similar and slightly simpler than Case c.

Case c. Assume that z(k) and y(k) enumerate two sets so that (k) Ny(k), z(k) \
y(k), and y(k) \ (k) are not empty. As before we focus on the case k > 1. We may
assume that any member of 2% which appears both in z(k) and y(k) appears in the
same coordinate x(k)(i),y(k)(i). Recall the definition of v(x(k)) € (2V)V. We may
identify it with a member of (2V)519%2 where S is the set of all (¢,k) € N so that
the image of ¢ is contained in x(k) Ny(k), and Sy = N \ S;. Note that both S
and S, are infinite. The space (2V)%1992 is naturally identified with (2V)51 x (2V)%2,
giving a homeomorphism
e ((2M)M)F x (27)% 5 (27)% = (2W)V)F x 2M)N.

Note that we may write f(z) = t(a,&,&) and f(y) = i(a,&o, &) for some a €
(2MYMYE & € (2M)%1, £1,& € (2V)%2. The following is a consequence of our as-
sumption that Ej,; does not extend Fj on a comeager set.

Lemma 7.12. V*(a, 60, 51, 52) € <<2N)N)k X (2N)Sl X (ZN)SQ X (2]\7)52 [L(a> 507 61) Ek+1 L(CL, 507 52)]

Proof. Assume for contradiction that the statement fails. Since almost every Ej;
class is dense, and ¢ is a homeomorphism, it follows that

¥ (a, €0, 61, &) € ((27)M)F x (2%)% x (2%)% x (27)™ [e(a, &0, &1) Errr 1(a, o, &)]

Given a € ((2V)M)*, consider the equivalence relation E, on (2V)% x (2N)%2
(&0,&1) Eu (C0,¢) <= 1(a,&0,&1) Ersr t(a, o, ¢1). Then for almost every a €
(Y)M)F, ¥*(€o, €1, 62) € (2)%1 x (27)%2 x (2%)%2 (€0, &1) Ei (€0,82)].

Fix a bijection Sy — Si, giving a homeomorphism s: (2V)%1 — (2V)%2. Then
(V'a € ((2M)M)) (V" (&0, &1, €2) € (2%)™ x (27)% x (2V)) [(&0, &) Ea (&0, 5(82))]-
Note that for any a the map ((y, (1) — (s7((1),8((p)) is an E,-invariant homeo-

morphism (2V)51 x (2V)%2 — (2V)51 x (2V)%2. We conclude that
(V'a € (2M)M))(V* (6o, &1, €2,63) € (27)% x (27)%2 x (27) = (27)™)

(€0,61) Ea (€0, 5(82)) Ea (&2,5(%0)) Ea (&2,83)
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That is, for almost every a € ((2V)N)* there is a comeager equivalence class for
E,. As in Lemma 7.7 we conclude that FEj,; extends Fj on a comeager set, a
contradiction. O

Cosmetic modifications. As in Section 1.2, there is a natural action
Sym(N)* x Sym(S;) x Sym(S,) x Sym(Ss) ~ ((2V)V)F x (251 x (28)52 x (2V)%2.
More specifically, expressing the group as
Sym(N)*! x Sym(N) x Sym(S;) x Sym(S,) x Sym(Ss)
and the space as
(MM x (2M)% x (27)% x (27)2 x (27)%,

the blue copy of Sym(N) acts on the four blue copies of N diagonally, while the
groups Sym(S;), Sym(Sy), Sym(S;) act separately on the spaces (2V)%1, (2V)%,
(2N)%2, The point is that the projection maps ((2V)V)F x (2V)%1 x (2V)52 x (2V)52 —
((2MYMEFL (a, b, c,d) — 1(a, b, c) and (a,b,c,d) — (a,b,d), are equivariant.

The following holds for a generic choice of 5y and « as in Section 4.

Claim 7.13. Given a comeager set
O C((2M)M)F x (2M)% x (27)% x (27),
V*(g, 89, 01, 92) € Sym(N)* x Sym(S;) x Sym(Sy) x Sym(Ss),
(9-a,(g(k —1),0) - &0, (9(k = 1),61) - &, (g(k = 1),01) - &) € C.

Applying this claim to the comeager set C' we get from Lemma 7.12, we conclude
that for some (g, dg, 01, 02),

1((g,00,01) - (a,&0,&1)) Lt ¢((g; 0, 02) - (a; o, &2)),
and so t((a,&,&1)) Erir t((a,&o,&2)), that is, f(z) Fri1 f(y), as required for

Lemma 7.3.

The proof of the claim is similar to that in Case a., where the following variations
of Lemma 4.4 and Lemma 4.8 are used. Recall Remark 5.6. Since x,y are in the
image of ¢, then x(k), y(k) are jointly separated, that is, for any distinct n,k € N
there is 7 in z(k) Ny(k) so that z(k)(i) = y(k)(7) separates n, k.

Lemma 7.14. For generic a and Sy the following holds. Fix x € (2")N, and y;, 9, €
(2NN g0 that the sets y1 Ny2, y1 \ Y2, ¥2 \ ¥1, are non-empty. Assume that y, yo
are injective and jointly separated. Let S; C N be the set of all (¢, k) for which the
image of ¢ is contained in y; Nya, Sy = N\ S;. Let & € (2N)%1, &,& € (2V)*
be so that (£1,&) and (&1, &3) correspond to v(y;) and 7(ys) via the identification
of (2V)%1 x (2V)%2 with (2V)V. Then the conditions in part (2) of Lemma 3.1 are
satisfied for ((,&1,&,&3), where k =3, S =X = N, Y, = 5, Y, = Y3 = 5y, for
either

e ( = 7(z), assuming x is separated,

e ( = y(x), assuming z is injective.
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Proof. The new aspect here is in part (2)(a) of Lemma 3.1. Fix a finite partial
function 7: N — {0,1}. For each ¢ = 1,2,3, we need to find infinitely many
(s,d) € Y; so that &(s,d)(—) extends 7. This is analogous to the arguments about
v(z) in the proof of Lemma 4.4, just that now we must find (s, d) € 51, when i = 1,
and (s,d) € Sy, when i = 2, 3.

By assumption, given t; # t, € N<N| there is i € y; Ny so that y; o t,(i) =
Yo o t1(i) # Yy 0 to(i) = y1 o ta(i). We can therefore find s* € N<N whose image is in
Y1 Ny, so that for any s which contains s* and any distinct ¢, ¢5 in the domain of
T, y1[s, t1] # yi[s, ta] and ysos, t1] # yals, t2]. (Using the notation from the proof of
Lemma 4.4.)

Now for any d € N, (s*,d) € S;. As before, for a generic «, there are infinitely
many d for which & (s*,d)(—) = v(y1)(s*,d)(—) extends 7. Next, fix some s extend-
ing s* so that the image of s is not contained in y; N yo. Then (s,d) € Sy for any
d € N. Again we may find infinitely many d for which &(s,d)(—) = v(v1)(s,d)(—)
extends 7, and infinitely many d for which &5(s,d)(—) = v(y2)(s,d)(—) extends
T. U

We remark that for £ = 0 the following variation of Lemma 4.7 is used.

Lemma 7.15. Suppose z,y, z € (2M)N are injective enumerations of pairwise disjoint
subsets of 2Y. Then for any comeager C' C ((2™)N)3, for a generic 3y, the triplet
(Yo(2), Y0 (y), 70(2)) € 2M)N x (2NN x (2M)N satisfies the assumption in Lemma 3.2,
with X = N, Y, = Yo = Y5 = N, and M, = My — My = N.

7.2. Proof of Lemma 7.4. First we recall some background.

7.2.1. E-Pins. Let E be an analytic equivalence relation on a Polish space X. As-
sume that P is a forcing poset and 7 is a P-name which is forced to be a member
of the Polish space X, as interpreted in the generic extension. The pair (P, 7) is an
E-pin if

PxPIlFn E T,
where 7, 7, are the interpretation of 7 according to the left and right generics re-
spectively.

Lemma 7.16 (see [L.Z20, Proposition 2.1.2]). For E, P, 7 as above, (P, ) is an E-
pin if and only if in any extension of V', given two filters G, G5 which are separately
P-generic over V, 7[G4] E 7[Gs).

The reader is referred to [LLZ20, Chapter 2| for more on pins. Below we will use
specifically-designed pins in certain symmetric ZF models, following [Sha21].

7.2.2. Symmetric models. Let P, be Cohen forcing for producing a generic member
of ((2Y)M)". This can be defined as the poset of all Borel sets up to inclusion mod
meager (see [Zap08]). An important fact we will use is that given a sufficiently
large countable model M, the set of x € ((2V)N)" which are P,-generic over M is
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comeager. We will consider the equivalent combinatorial presentation of P, as the
poset of all finite approximations, ordered by extensions.
Let G C P, be generic over V and x € ((2Y)M)" in V[G] be the corresponding
generic member. Note that r € X,,, since X,, C ((2V)N)" is comeager. Let
A = Ay,
for k < n, as in Section 1.1. Consider the models V'(A,,), the minimal extension of V'

which contains A,, and satisfies ZF. Such models were studied by Monro [Mon73].
Their relationship to the Friedman-Stanley jumps was introduced in [Sha21].

Remark 7.17. For £ < n, the poset P, can be naturally presented as a product
P;. x P* where P adds a member of ((2Y)N)"\* by finite approximations.

Fact 7.18. There is a poset Q,, in V(A,,), definable from A, over V, and a Q,-name
o, for a member of X,,, so that it is forced that A% = A,,.

Proof. Take Q,, to be the poset to add, by finite approximations, a countable enu-
merations of the hereditary closure of A,. The sequence (A, : k < n) may be viewed
as a member of the space [],_, (24)4k+1 = (2N)41 x (241)42 5 (242)4s . Af-
ter forcing with Q,,, given enumerations of the sets A;, Ay,..., we may naturally
translate this to a member of ((2Y)Y)", as in Section 5.1, and this will be our ¢,,. [

Remark 7.19. (Q,,0,) is an F,-pin in the model V(A4,). Given an equivalence
relation F which extends F),, then (Q,,0,) is an E-pin as well.

Definition 7.20. Let R* to be the product Q x P¥, and let pf be an RF-name
for the member of ((2V)N)™ whose restriction to ((2V)Y)¥ is oy, and its restriction to
(2MN)"\k is added by PE.

The useful property of R is that it allows us to add the set A, over the model
V' (Ag) in a sufficiently homogeneous way.

Fact 7.21. There is an Rf-generic R over V(A;) so that AR — 4

Fact 7.22. For any two conditions p,q € R¥ there is an automorphism of R¥ (in
k
V(Ax)) sending p to ¢ and fixing the name for Aj".

We will use the following property of the models V' (A,,) (see [Sha2l, Lemma 4.5]).

Lemma 7.23. If B € V(A4,,) is definable from A,, over V, and B C V(A) for k < n,
then B € V(A) and is definable from Ay over V.

For example, if r is a real in V(A;) which is definable from Ay, then r € V.

Proof. Let B be the RF-name for the set which is defined from Al according to the
definition of B from A,. It follows from Remark 7.22 that for b € V(Ay), if there
is some condition in R¥ forcing that b € B, then every condition in R® forces that
b € B. We may now define B in V(Ay) as the set of all b € V(A) for which it is
forced that b € B. 4
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7.2.3. From pins to sets. Let E be an equivalence relation which is classifiable by
countable structures. Using the Scott analysis, we have a complete classification of
E, x — B,, assigning a hereditarily countable set to each x in the domain of E.
This map is absolute, so that B, is always the same set, no matter in which model
(containing x) we perform the calculation.

Lemma 7.24. Let F and z — B, be as above and assume that (Q,,, 0,,) is an E-pin
in V(A,,). Then thereis aset B € V(A4,,), definable from A,,, so that Q,, IF B = B,,,.

Proof. For any two Q,-generics Gy, Gy over V(A,), B,,c] = Bos,jcs- So the set
B = By, is in V(A,), definable as the unique set which is forced to be equal to
B,, . Note that B, just like A,,, is likely not hereditarily countable in V' (A4,,). O

Lemma 7.25. Let B, € V(A,) be a set which is definable from A,, over V. Let
M be a sufficiently large countable substructure, C,, C ((2¥)M)" the set of all P,-
generics over M. Note that C, is comeager and C,, C X,,. Define E,, on C,, by

B,y < B, =B,

where BY is the set defined in M (AY) from AY according to the definition of B,, from
A,. Then FE, extends F, on C,. Moreover, for k < n, E, extends F}, on a comeager
set if and only if B, € V(Ay) is definable from Ay, over V.

Proof. If x F), y then AY = A7 and so B = BY. Therefore £, extends F,, on C,,.
Assume that B, € V(Ay) and is definable from Ay over V. For x,y € C,, if
x| k=ylkthen M(A}) = M(AY) and therefore Bf = BY, as both are definable
using the same definition from A7 in the model M (Af), and so « E,, y by definition.
We conclude that E,, extends F} on C,,.
Next, assume that FE, extends Fj, k < n on a comeager set. Then for any P,-
generics x,y over V, if A7 = A} then BZ = BY, as calculated in V(AZ), V(AY)

respectively. It follows that for any two RE-generics Ry, Ry over V(Ay), pealil _

Bﬁﬁ [RQ], so B,, can be defined in V' (Ay) as the unique set which is forced to be equal
to BI".
Ul

7.2.4. Concluding Lemma 7.4. It was convenient to use the equivalence relations Fy’
before. For now let us return to the usual presentation and prove the equivalent:

Lemma 7.26. Let E be an equivalence relation, classifiable by countable structures,
which extends F,, but does not extend Fj on any comeager set, for & < n. Then
there are equivalence relations Ej for k£ < n, defined on comeager subsets of X}, so
that

(1) E) extends Fj on a comeager set;
(2) Ejy1 does not extend Fy on any comeager set;

(3) E C Ej, on a comeager set, for each k < n. That is, on a comeager set, if
xEythenx [k Eyy | k.
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Fix E as in the statement of the lemma. Apply Lemma 7.24 to the E-pin (Q,, 0,,)
in V(A,), and get a set B € V(A,) as in Lemma 7.24. B is definable from (Q,,, 0,)
and therefore definable from A,. It follows from Lemma 7.25 that B ¢ V(A;) for
k <n.

Fix ordinals 7, 8 so that B € P#(n). For 1 < k < n define the ordinal oy to be
the least so that t.c.(B) NP (n) ¢ V(Ak_1), and let By = t.c.(B) N P**(n). Since
B, is a subset of V/(Ay) which is definable from A,,, it follows from Lemma 7.23 that
By € V(Ay) is definable from Ay over V. Let B, = B.

We now define equivalence relations Ej from By, as in Lemma 7.25, so that Fj
extends Fy on a comeager subset of X}, and does not extend Fj_; on a comeager
set. Note also that for £ < n, since By is defined as the intersection of By, with
P (n), then Ej extends Fri1 on a comeager set. Moreover, E, and E agree on a
comeager set. This concludes the proof of the lemma.
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