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O n  Certa in  F u n c t i o n a l  D e r i v a t i v e s  1 

R. L. H A L L  2 

Communicated by M. R. Hestenes 

Abstract. The functional derivative VJy=Fy-(d/dx)F¢ of the 
functional J[y]=f~F(x,y,y')dx may be computed by the limit 
VJy(x) = lima~0(AJ/A~), where Ao- is the area under a positive local 
variation at x, provided the height of the variation vanishes faster than 
the square of its width. This justifies the use of this limit by Gelfand and 
Fomin (Ref. 1). 
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1. Introduction 

We consider functionals J :  Y-~X  of the form 

b 

J [y ]  = j~ F(x, y, y') dx, (1) 

where Y is the set of real, twice continuously differentiable functions on 
[a, b], X is the real line, and F :  R 3 ~ R has second-order  partial derivatives 
all continuous. The difference 

AJ[y;  h] = J [ y  + h ] - J [ y ]  

has the following unique representat ion (Ref. 1): 

~ [ y ;  hi -- d:[y;  hi + n [y; h], (2) 

where the differential dJ is continuous and linear in h and 

lhim[lR [Y; hlt/iihtl] = 0. (3) 
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The norm H" [t on Y is given by 

llyII = maxly (x)l + maxly'(x)l, 

where the maximum is taken over [a, b]. We note that the Gfiteaux 
and Fr6chet differentials coincide for the class of functionals considered 
here (Ref. 3). 

The functional derivative (or functional gradient) VJy of J is defined by 
the following expression (Ref. 2, p. 117): 

dJ[y ;  h] = (VJy, h), (4) 

where the inner product on Y is given by 
b t "  

= Ja f(x)g(x) dx. if, g) 

For the class of functionals (1), we have 

VJy(I)=Fy(x, y, y ' ) - (d/  dx)Fy,(x, y, y'). 

We consider the following statement: 

VJy(x) = lim (AJ/Ag), 
A c r ~ O  

(5) 

where ho- is the area under a positive variation h which is localized at x. 
Gelfand and Fomin (Ref. 1) in their text on the Calculus of Variations use 
Eq. (5) to discuss the invariance of functional extrema under coordinate 
transformations and also to treat extrema with functional side conditions. In 
this paper, we make more precise the limit process under which Act ~ 0 and 
establish the conditions for which Eq. (5) is correct. 

2. Local Variations 

We choose a real, twice continuously differentiable function g with the 
following properties: 

g ( x ) = 0 ,  lxl-> 1, 

g(x)>>-O, ixl<l, 
0 < max[g(x)] -< 1, 

0 < maxlg'(x)[--< 1, 

3c  > 0 and x0 ~ ( -1 ,  1) such that g(xo) > c. 
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It follows that positive, nonzero numbers A, B, C exist such that 

Also, 

1 1 1 

f g ( x )dx=A,  f_ g2(x)dx=B, f_ (g'(x))2dx=C. 
1 1 1 

0<HgI1~2. 

We use g to construct a local variation h~t at Xo. Thus, 

h~,(x) = tg((x - Xo)/S ); 

and, setting 

we have 

&r = f, hs,(x) dx = s t A ,  

Also, 

I = [Xo-S, Xo + s], 

fx h ~ , ( x )  dx = st2B, 

0 < llh~ll ~ t(s + 1)Is. 

j~ (h's,(x)) ~ dx = t2C/s. 

3. Example 

Consider the functional 

:[y] = J~ {y2(x)+ (y'(x)) 2} dx. 

For variations h ~ Y satisfying h ( a ) =  h ( b ) =  0, we find that 
b b 

 JIy; hl = fo 2(y-y")h dx + Io {h2+(h')2}dx" 

From Eq. (4), the functional derivative becomes 

vy,(x) = 2{y (x)-  y"(x)}, 

which is a continuous function of x. Hence,  

b t *  

A J/Act = VYy(Xo)+ (1/Ao') J_ {VJ,(x)-VJ,(Xo)}h(x) dx 
b 

f {h2+(h')  2} dx. +(1/Act)  
Ja 
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Choosing the local variation hst at x0, we find that 

IM/  Aor - VJy(xo)l <- s s u~ IVJ,.(x ) -  VJy(Xo)l + (B + C/s2)t/  A.  

It is clearly necessary in this case to require that t / s 2 - O ,  in order  to have 

lim ~ _ ~ o ( A 1 / ~ )  = V1~ (Xo). 

4. General Case 

Consider functionals of the form 

J [y]  = F(x,  y, y') dx, 

where F(x, y, z )  has continuous partial derivatives up to second order in all 
three variables. 

Lemma 4.1. Given y ~ Y, suppose that h ~ Y with h(a)  = h(b)  = O. 
Then, for each B > 0 ,  there exists M8 such that, for all h, tlhll< 8, we have 

IAJ[y; hl - d J [y ;  h]l ~ Mo(b - a)ilhll 2 

Proof. By Taylor 's theorem, we have 

F(x,  x + h, y ' +  h ' ) - F ( x ,  y, y') = Fy(x, y, y')h + Fy,(X, y, y ')h '  + rl, 

where 

rl = ½{Fyy (x, y + Oh, y ' +  Oh')h 2 + 2Fy/(x, y + Oh, y ' +  Oh')h'h 
+ Fy,y,(x, y + Oh, y ' +  Oh')(h')2}, 

and 0 < 0 < 1. Therefore,  
b t "  

= | (Fyh+Fy ,h ' )dx+R[y ;  h], AJ[y;  h] 
Ja 

where 

t "  b 

R[y ;  h] = Ja rl dx. 

We consider the set S C R 3 given by 

S ={(x, y + Oh, y ' +  Oh'): given y, Hhll< S, O -  < O-< 1, a ~ x  ~b}.  
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Since y c Y and h a Y, S is bounded and the closure .~ of S is compact. 
Fyy, Fw,  Fy,y, are continuous; therefore, there exist M~, ~ M2, M3 < eo such 
that 

We write 

suplFy, [ < M ~ , _  suplFy,,I < M~, sup]Fy,y,l < M3. 
S g g 

~(M1 +2M~ +M~) ,  

and we find that 

IN[y; hi[ = rl dx <- Irll dx ~Ms(b-a)LIh[[ 2. 

Thus, the temma is established. 
Let h be a local variation at xo with tlhll < ,~ and a < xo < b; then, by the 

above temma, we have 

AJ[y; h] - fx (Fy - (d/dx)Fy,) h dx <-M~2sl]hll 2. 

We note that 2s has replaced b - a on the right-hand side of this inequality, 
because the local variation vanishes outside the interval I = [xo-s ,  Xo + s]. 
Hence, 

AJ/Ao- - VJy(x0)- (1/Ao-) Jz {VJ~(x)-VJy(xo)}h(x) dx <-?d~2stlhllZ/Acr, 

that is, 

l A Y / A  o- - VJy (x0)t-< 2s suplVJy (x) - VJy (Xo)l + 4M~t(s + 1)2/ As  2 
I 

Thus, provided t/s2-~ O, we have 

lim ( A J / A o - )  = VJy(Xo). 
A¢r~O 

(6) 

We conclude that the necessary and sufficient condition on the limit process 
for computing the functional derivative ~Tjy of any functional of the form (1) 
from the quantity AJ/Ao. is that t/s 2 -~ 0 as Ao- -. 0, where the shape g(x) of 
the local variation is arbitrary subject to the given constraints. 

Another way of writing (6) is the following: 

AJ[y; h] = (VYy(xo) + e)Ao', (7) 
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where  e ~ 0  as Ao-+0 .  Eq. (7) expresses the change  in J[y] due to a local 
variat ion at Xo in terms of  the variat ions derivative VJy at Xo and the area 4o- 
under  the variation.  
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