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Math 380 Sec AA Final Exam April 1996

Professor: Richard Hall
Instructions: Please answer all 5 questions, which carry equal marks.
Calculators are permitted. Lined booklets are required.

1. Consider the Euclidean space E® along with its tangent spaces T,(E?). Sup-
pose f = ze™ is a real-valued function, ¢ = z?dr + xzdz is a 1-form,
W = (y—x)Uy—222Us is a vector field, p = (2,0,—1) € E3, and v = (2,—1,1)
is a tangent vector at p.

(a) Find the value of ¢(v), and also an expression for the real-valued function
o(W): E3 — R.

(b) Find the 1-form ¢ = df and the value (v).

(c) Find the wedge product ¢ A .

(d) Find a general expression for d(gf), where g is a function and 6 is a
1-form. In particular find d(f¢).

(e) Find an expression for the the vector field V = (Vi Vf) and also the
value V(p).

2. Suppose that F : E®> — E? is the mapping F = Ty o C, where Ty(p) = a+p,
C(p) = Cp, a is a fixed vector, and C is a fixed orthogonal matrix.
(a) Define an isometry in E® and prove that F' is an isometry.
(b) Define the derivative of a mapping; in particular find the derivative F, of
F' in the case that C' represents a rotation by 6 about the z-axis.
(c) Let a be a curve in E3. Suppose that x # 0 and that the ratio 7/xk =

constant. Describe the curves a and # = F(«). Justify your answers.
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3. Consider a unit-speed curve « in E3 with x >0 and 7 # 0. If o lies on a
sphere centre ¢ of radius r, prove the following:
(a) a—c=—pN —p'oB, where p=1/k and o =1/7.
(b) (rk)?> =1+ (p'or).

4. Consider M = x(D) C E? defined by the single Monge patch x(D) =
(u,v,uv), where D = {(u,v) € E3| |u+v|+ |u—v| < 2}. Suppose that
the function f is defined by f = zcos(z + y) restricted to M.

(a) Find the derivative x, and show that x is a proper patch. Conclude that
M is a surface in E3.

(b) Find the coordinate expression x*f : D — IR for f.

(c) Define the coordinate expression x*¢ of a 1-form ¢ on M. In particular

find the coordinate expression x*df for the differential df on M.

5. Prove one of the following two theorems:
(a) If a and B are unit speed curves in E? and k, = kg and T, = £73,
then a and [ are congruent, that is to say, there exists an isometry F
such that = F(«).

(b) Stokes’s Theorem: if ¢ is a 1-form on a surface M, and x: R — M is a

//x(w: ax¢'

2-segment, then



